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PREFACE

“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, I TEACH GEOMETRY
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS
COURAGE + DREAMS = SUCCESS”

It is a matter of great pride and honour for me to have received such an overwhelming
response to the previous editions of this book from the readers. In a way, this has inspired
me to revise this book thoroughly as per the changed pattern of JEE Main & Advanced. I
have tried to make the contents more relevant as per the needs of students, many topics
have been re-written, a lot of new problems of new types have been added in etc. All
possible efforts are made to remove all the printing errors that had crept in previous
editions. The book is now in such a shape that the students would feel at ease while going
through the problems, which will in turn clear their concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition
e Theory has been completely updated so as to accommodate all the changes made in JEE
Syllabus & Pattern in recent years.

e The most important point about this new edition is, now the whole text matter of each
chapter has been divided into small sessions with exercise in each session. In this way the
reader will be able to go through the whole chapter in a systematic way.

o Just after completion of theory, Solved Examples of all JEE types have been given, providing
the students a complete understanding of all the formats of JEE questions & the level of
difficulty of questions generally asked in JEE.

e  Along with exercises given with each session, a complete cumulative exercises have been
given at the end of each chapter so as to give the students complete practice for JEE along
with the assessment of knowledge that they have gained with the study of the chapter.

e Last 10 Years questions asked in JEE Main &Ady, IIT-JEE & AIEEE have been covered in all
the chapters.

However I have made the best efforts and put my all teaching experience in revising this
book. Still I am looking forward to get the valuable suggestions and criticism from my
own fraternity i.e. the fraternity of JEE teachers.

I would also like to motivate the students to send their suggestions or the changes that
they want to be incorporated in this book. All the suggestions given by you all will be
kept in prime focus at the time of next revision of the book.

Amit M. Agarwal
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Session 1

Scalar and Vector Quantities, Representation of Vectors,
Position Vector of a Point in Space, Direction Cosines,
Rectangular Resolution of a Vector in 2D and 3D Systems

Vectors represent one of the most imporiant mathematical
systems, which is used to handle certain types of problems

in Geometry, Mechanics and other branches of Applied
Mathematics, Physics and Engineering,.

Scalar and Vector Quantities

Physical quantities are divided into two categories-Scalar
quantities and Vector quantities. Those quantities which
have only magnitude and which are not related to any
fixed direction in space are called scalar quantities or
briefly scalars. Examples of scalars are mass, volume,
density, work, temperature etc.

A scalar quantity is represented by a real number along
with a suitable unit. Second kind of quantities are those
which have both magnitude and direction, such quantities
are called vectors. Displacement, velocity, acceleration,
momentum, weight, force etc., are examples of vector
quantities.

I Example 1. Classify the following measures as
scalars and vectors
(i) 20 m north-west
(iii) 30 km/h
(iv) 50m/s towards north
(v) 107 coloumb

Sol. (i) Directed distance -Vector
(ii) Force-Vector
(iii) Speed-Scalar
(iv) Velocity-Vector
(v) Electric charge-Scalar

(i) 10 Newton

Representation of Vectors

Geometrically, a vector is represented by a directed line
segment.

For example, a= AB. Here, A is called the initial point and
Bis called the terminal point or tip.

A directed line segment with initial point A and terminal

point B is denoted by AB or AB. Vectors are also denoted

by small letters with an arrow above it or by small bold
- 5 >
letters, e.g. a, b, c etc. or a, b, ¢ etc.

B
/
A

Here, in the figure a = AB and magnitude or modulus of
a is expressed as |a| =| AB| = AB (Distance between initial
and terminal points).

Remarks

1. The magnitude of a vector is always a non-negative real
number.

2. Every vector AB has the following three characteristics

Length The length of AB will be denoted by | AB | or AB.

Support The line of unlimited length of which AB is a
segment is called the support of the vector AB.

Sense The sense of AB is from A to B and that of BA is
from B to A. Thus, the sense of a directed line segment is
from its initial point to the terminal point,
I Example 2. Represent graphically

(i) A displacement of 60 km, 40° east of north

(ii) A displacement of 50 km south-east
Sol. (i) The vector OP represent the required vector.

N
P
40° /60 km
w 0 5 E
S0
4
Ko
S

(i) The vector OQ represent the required vector.



Types of Vectors

1. Zero or null vector A vector whose magnitude is zero
is called zero or null vector and it is represented by 0.

The initial and terminal points of the directed line
segment representing zero vector are coincident and
its direction is arbitrary.

2. Unit vector A vector whose modulus is unity, is
called a unit vector. The unit vector in the direction of
a vector a is denoted by a, read as “a cap’. Thus,
laj=1

a Vector

A=——=—
|a] Magnitude of a

. Like and unlike vectors Vectors are said to be like
when they have the same sense of direction and
unlike when they have opposite directions.

. Collinear or parallel vectors Vectors having the

same of parallel supports are called collinear vectors.
5. Coinitial vectors Vectors having the same initial
point are called coinitial vectors.

6. Coplanar vectors A system of vectors is said to be
coplanar, if they lie in the same plane or their
supports are parallel to the same plane.

7. Coterminous vectors Vectors having the same
terminal points are called coterminous vectors.

8. Negative of a vector The vector which has the same
magnitude as the given vector a but opposite
direction, is called the negative ofa and is denoted
by —a. Thus, if PQ= a, thenQP=—a.

9. Reciprocal of a vector A vector having the same
direction as that of a given vector a but magnitude
equal to the reciprocal of the given vector is known as
the reciprocal of a and is denoted by a™' . Thus, if
|a|=a, then|a™|=Va.

Remark
A unit vector is self reciprocal.

10. Localised vector A vector which is drawn parallel to
a given vector through a specified point in space is
called a localised vector. For example, a force acting
on a rigid body is a localised vector as its effect
depends on the line of action of the force.

Free vectors If the value of a vector depends only on

its length and direction and is independent of its
position in the space, it is called a free vector.

11.

Remark
Unless otherwise stated a!l vectors will be considered as free vectors

Chap 01 Vector Algebra

12. Equality of vectors Two vectorsa and b are said to
be equal, if

@lal=|b]
(ii) they have the same or parallel support.
(iii) they have the same sense.
Two unit vectors may not be equal unless they have
the same direction.

| Example 3. In the following figure, which of the
vectors are:

(i) Collinear
(i) Equal
(iii) Co-initial
(iv) Collinear but not equal
a c
b
~«— scale —»
unit
d

Sol. (i) a.c and d are collinear vectors.

(ii) @ and care equal vectors
(iii) b,c and d are co-initial vectors

(iv) a and d are collinear but they are not equal, as their
directions are not same.

Position Vector of
a Point in Space

Let O be the fixed point in space and X’ OX, Y’ OY and
Z' OZ be three lines perpendicular to each other at O.
Then, these three lines called X-axis, Y-axis and Z-axis
which constitute the rectangular coordinate system. The
planes XOY, YOZ and ZOX, called respectively, the
XY-plane, the YZ-plane and the ZX-plane.

3
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Now, let P be any point in space. Then, position of P is
given by triad (x, y, z) where x, y, z are perpendicular
distance from YZ-plane, ZX-plane and XY -plane
respectively.

The vector OP is called the position vector of point P
with respect to the origin O and written as

OP = xi +yj +zk
where i, j and k are unit vectors parallel to X-axis, Y-axis
and Z-axis. We usually denote position vector byr.

Remarks

1. If Aand Bare any two points in space having coordinates
(% y1. 2)) and (x,, y,, 2,) respectively, then distance between
the points Aand B8 = \(x, = 1,)2 + (y5 — 1) + (2 - 2,)%.

2. Using distance formula, the magnitude of OP (orr) is given by
|OP| = J(x =0)2+ (y =01 + (z - 0)% = x%+ y? + 2

3. Two vgctor§ are equal if they.have same components. i.e. if
a =ai+ aj + akandb = bi + byj + bk are equal, then
a=b.ay=banda=by

I Example 4. Find a unit vector parallel to the vector
=3i+4j.

Sol. Leta =—3i + 4j

Then, |a] = ,/(—3)2 +(4)? =5
- 1
.. Unit vector parallel toa =a =—-a

[a]
_—31+4_|=—_3'i~+13
5 5 5

I Example 5. Let a =12i +njand |a| =13, find the
value of n.
Sol. Here,a = 12i + n}
= la]= ‘/m =13
= 144 + n® =169

= 2225 or n=%5

1 Example 6. Write two vectors having same
magnitude.

Sol. Leta =2i + j+k and b=1++2k

Then, |a|=|b|=y22+12+1° =46

I Example 7. _If one side of a square be represented by
the vectors 3i+ 4 j+ 5k, then the area of the square is
(a) 12 (b) 13
(©)25 (d) 50

Sol. (d) Leta =3i +4j+5k then |a |
=\E4z+52 =\/9T16+25=5\/2_
Thus, the length of a side of square = 542
Hence, area of square = (5v2)? =25X2 =50

Direction Cosines

Let r be the position vector of a point P(x, y,z). Then,

direction cosines of r are the cosines of angles o, and y
that the vector r makes with the positive direction of X,Y

"and Z-axes respectively. We usually denote direction

cosines by I, m and n respectively.

In the figure, we may note that AOAP is right angled
triangle and in it we have

x
coso =— (r stands for|r|)
r

Similarly, from the right angled triangles OBP and OCP,
we get

cosB=X and cosy:E
r r

Thus, we have the following

x X X
cosOL=l=———-o——=— =
\’xz +y2 L
cosPp=m=—=X_ B SO
x? +y? +2° [fl r
z z z
and cosy=n=————="1==
xX+y?4z? I or

Clearly, P+m?+n®=1.

Here, .= ZPOX,B=ZPOY,y=ZPOZ and i, j and k are
the unit vectors along OX, OY and OZ respectively. '




Remarks
1. The coordinates of point 2 may also be expressed as
(i, oy, ),

2 lho_l\umlws Ireme and ar, proportional to the direction
cosinas, are called the direction ratios of vector rand are
denated by a dand ¢ respectively,

3 e a4+ b + ok thena dand ¢ are direction ratios of the
Qiven vector,

AlsOL it a” + 07 + ¢ = L thena band ¢ will be direction
cosines of given vector,

| Exal![ple 8. The direction cosines of the vector
Si-4j+5k are
@ —‘ :‘3, d
5°5
_1L e 08
V2 V2" 2
Sol. (b) ¥ =31 - 4] +5k

w

(b)

(©) (d)

1 4L
|~ %5~

Sl %

= ||1a\[:;"+(-\)’+5“=5\5
Hence, direction cosines are 3 3 o
52 52 5

.3 -4 1
SRR

1 Example 9. Show that the vector i+ j +K is equally
inclined to the axes OX,0Y and 0OZ.

L&)

Sol. Leta =i+j +k
Ifa makes angles e, B, y with X, Y and Z-axes respectively,
then
" 1 1
DS (X = =

« \/1 FETITIN )

cosf} = 715
and cosy .
and SY = 7-

BRA

Thus, we have cosat = cosf} = cosy, e =B =y
Hence, a is equally inclined to the axes,

Rectangular Resolution of a
Vector in 2D and 3D Systems

In Two Dimensional System

Any vector r in two dimensional system can be expressed
asr=xi +)j The vectors xi and yj are called the

perpendicular component vectors of r,

Chap 01 Vector Algebra 5

The scalars x and y are called the components or resolved
parts of r in the directions of X-axis and Y-axis,
respectively and the ordered pair (x, y) is known as
coordinates of point whose position vector is r.

X
o

Also, the magnitude of r=4/x* +y” and if 8 is the

>
inclination of r with the X-axis, then® =tan™ ( )
x

In three Dimensional System

Any vector r in three dimensional system can be
expressed as

r=xi+)+:zk

¥
/ \Q\\ ,

g
ol X
2 7

/k /
74
2

The vectors A, yj and zk are called the right angled
components of' v,

The scalars x, y and 2 are called the companents or
resolved parts of v in the divections of X-axis, Y-axis and
Z-axis, respectively and ordered triplet (x, 3, 2) is known
as coordinates of P whose position vector is r, Also, the
magnitude or modulus of

rnlﬂn\l;z+\\‘: 2t

1 Example 10. Let AB be a vector in two dimensional
plane with the magnitude 4 units and making an angle
of 30° with X-axis and lying in the first quadrant.

Find the components of AB along the two aves of
coordinates, Hence, represent AB in terms of unit
vectors T and .
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Sol. Let us consider A as origin. From the diagram, it can be — AB cos 30° = 4 cos 30°
seen that the component of AB along X-axis N3
=4X -2— = 2\/5
and the component of AB along Y-axis
1
=ABSin30°=4X§=2

Hence, AB= 2«/5 + 23

Exercise for Session 1

1. Classify the following measures as scalars and vector :
(i) 20 kg weight (ii) 45°
(iii) 10 m south-east (iv) 50 m/sec?
2. Represent the following graphically: )
(i) A displacement of 40 km, 30° west of south (ii) a displacement of 70 km, 40° north of west

3. In the given figure, ABCDEF is a regular hexagon, which vectors are:

(i) Collinear (i) Equal
(iii) Coinitial (iv) Collinear but not equal

4. Answer the following as true or false
(i) aand aare collinear.
(i) Two collinear vectors are always equal in magnitude.
(iii) Zero vector is unique.
(iv) Two vectors having same magnitude are collinear.

5. Find the perimeter of a triangle with sides 3i +4] + 5k, 41 3] -5k and 7i +j.
6. Find the angle of vector a =61 +2j — 3k with X-axis.

7. Write the direction ratios of the vector r= 1 - ] +2k and hence calculate its direction cosines.



Session 2

Addition & Subtraction of Vectors, Multiplication
of Vector by Scalar, Section Formula

Addition of Vectors
(Resultant of Vectors)

1. Triangle Law of Addition

If two vectors are represented by two consecutive sides of
a triangle, then their sum is represented by the third side
of the triangle, but in opposite direction. This is known as
the triangle law of addition of vectors. Thus, if AB=a,
BC=band AC=c, then AB+ BC=ACie.a+b=c.

o]

¢ =a+b

A B

2. Parallelogram Law of Addition

If two vectors are represented by two adjacent sides of a
parallelogram, then their sum is represented by the
diagonal of the parallelogram whose initial point is the
same as the initial point of the given vectors. This is
known as parallelogram law of vector addition.

Thus, ifOA=2a,0B=band OC=c
Then, OA+ OB= OCie.a+b=c, where OCis a diagonal
of the parallelogram OACB.

8 C

b c=a+b

Remarks

1. The magnitude of a + bis not equal to the sum of the
magnitudes ofa and b.

2. From the figure, we have OA + AC = OC (By triangle law of
vector addition)
orOA + OB = OC (- AC = OB), which is the parallelogram
law. Thus, we may say that the two laws of vector addition are
equivalent to each other.

3. Polygon law of addition

If the number of vectors are represented by the sides of a
polygon taken in order, the resultant is represented by the
closing side of the polygon taken in the reverse order.

E D

A B
In the figure, AB+ BC+ CD+ DE+ EF= AF

4. Addition in Component Form

If the vectors are defined in terms of 1, j and k ie. if
a=a,i +a,j+askandb=b,i+b,j+bsk, then their
sum is defined as N R

a+b=(a; +b;)it+(a; +b,)j+(as +b3)k.

Properties of Vector Addition

Vector addition has the following properties
(i) Closure The sum of two vectors is always a vector.
(ii) Commutativity For any two vectorsa and b,

= a+b=b+a
(iii) Associativity For any three vectorsa, bandc,
= a+(b+c)=(a+b)+c

(iv) Identity Zero vector is the identity for addition. For
any vector a. '

= 0O+a=a=a+0

(v) Additive inverse For every vector a its negative
vector —a exists such thata +(-a) =(-a) +a=0
i.e. (—a) is the additive inverse of the vector a.

I Example 11. Find the unit vector parallel to the
resultant vector of 2i+4j—5k and i+2j+ 3k.
Sol. Resultant vector, r = (2i + 43 —sk)+(i+ 2} + 3ﬂ)
=3i+6j -2k
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Unit vector parallel to r = 2 r

Ir|

(314 6) - 2k)

KR SR )

= ;;(:si +6) - 2k)

I Example 12. If a,b and c are the vectors represented
by the sides of a triangle, taken in order, then prove
that a+ b+ c=0.

Sol. Let ABC be a triangle such that

BC=a,CA=bad AB=¢
A

B a o]

Then,a+ b+ ¢c=BC+ CA+ AB
=BA+ AB
=-AB+ AB

a+b+c=0

(+BC+ CA=BA)

Hence proved.

I Example 13. If S is the mid-point of side QR of a
APQR, then prove that PQ+ PR=2PS.
Sol. Clearly, by triangle law of addition, we have

P
Q s R
PQ+QS=PS (i)
and PR+ RS=PS )

On adding Egs. (i) and (ii), we get
(PQ+ QS) + (PR + RS) =2PS
= (PQ+ PR) +(QS+ RS) =2P$S
= PQ+ PR+0=2PS
[+ S is the mid-point of QR " QS = - RS]
Hence, PQ+ PR=2PS Hence proved.

| Example 14. If ABCDEF is a regular hexagon, prove
that AD+ EB+ FC =4AB.
Sol. We ha .,
AD+ EB + FC= (AB+ BC+ CD)+(ED+ DC+ CB)+FC
= AB + (BC+ CB) +(CD+ DC) + ED+ FC

w AB+ O+ O+ AB+2AB = 4AB
(" ED= AB, FC=2AB)
Hence proved.

Subtraction of Vectors

Ifa and b are two vectors, then their subtraction a— b is
defined as a— b= a +(~b), where ~b is the negative of b
having magnitude equal to that of b and direction
opposite to b.

If a=a,’i+az:i+a31.<
b=b,i+b,j+bsk
a-b=(a, =b,)i+(a; —b;)j+(a; —bs)k

and
Then,

Properties of Vector Subtraction
(i)a—b#b-a

(i) @=b)—c#a—(b-c)

(iii) Since, any one side of a triangle is less than the sum
and greater than the difference of the other two sides,
so for any two vectors a and b, we have
(a)|a+b|<|a|+|b]| (b)|a+b|=|a| - |b]
(c)]a—b|<]a|+|b] (d)|a-b|2|a|-|b]

Remark
If Aand Bare two points in space having coordinates (x,. y;, z,)
and (x,, ¥2. Z,), then
AB = Pofition Vector of B — Position Vector of A
= (x50 + ¥l + 2K) = (X, + y] + 2,K)
= (=i + (v = Wi +(25 - 2k



1 Example 15. If A=(0,1),8=(1,0), C=(1,2) and
D=(2,1), prove that vector AB and CD are equal.
Sol. Here, AB=(1-0)i+(0-1)j=i-}
and  CD=(2-1)i+(1-2)j=i-]
Clearly, AB= CD

| Example 16. If the position vectors of A and B
respectively i +3j -7k and 5i -2 j+4k, then find AB.

Sol. Let O be the origin, then we have
OA =i+3j-7k
and OB =5i-2j+4k
Now, AB =OB-O0A = (5
=4i-5j+11k

—2j+ 4k)— (i+3j - 7Kk)

I Example 17. Vectors drawn from the origin O to the
points A,B and C are respectively a,b and 4a - 3b. Find
AC and BC.

Sol. We have, OA =a,0B=band OC=4a-3b

Clearly, AC=OC-OA =(4a-3b)—(a)
=3a -3b

and BC=0C- OB =(4a —3b)-(b)=4a—4b

I Example 18. Find the direction cosines of the vector
joining the points A(1,2,— 3) and B(-1,-2,1), directed
from A to B.

Sol. Clearly, AB = (-1 — 1)i +(—2—-2)j+(1+3)k = —2i - 4j+4k

Now, |AB| = (-2)? + (—4)* +(4)* =36 =6

AB  —2i-4j+4k

.. Unit vector along AB= FAE, = 7
- l - 3}+Ek
3 3 3

I Example 19. Let o, and y be distinct real numbers.
The pomts with posmon vectors
o 1+|3_|+ yk Bx+y_|+a k and 71+a1+|3k
(a) are collinear
(b) form an equilateral triangle
(c) form a scalene triangle
(d) form a right angled triangle
Sol. (b) Let the given points be A, Band C with position vectors
0d +Bj + 7k, Bi + 7 + odk and ¥ + o + k.
As, o, 3 and v are distinct real numbers, therefore ABC
form a triangle.

Clearly, AB=O0B- OA = (Bi + +ak) - (o + Bj + yi)
=(B - )i +(y = B)j + (o - )k

Hence proved.

Chap 01 Vector Algebra 9

A (al + pj + vk)

. B c
(Bi +v] + ak) (11 + o) + pk)

Now, |AB|=(B-0a) +(y-B) +(@-7)
Similarly, BC= CA = (B — &) +(y = B)* + (ot — ¥)*
. AABC is an equilateral triangle.

1 Example 20. If the position vectors of the vertices of
a triangle be 2|+ltj k, ai+51+ k and 3i+6; 3K,
then the triangle is

(a) right angled
(c) equilateral

(b) isosceles
(d) None of these
Sol. (a, b) Let A, B, C be the vertices of given triangle with
position vectors, 2+ 43 —k,4i+ S:i +kand3i+ 6:i -3k
respectively.
Then, we have
OA =2 +4j-k OB=4i+5j+k
and OC=3i+6j-3k
AB= OB-0A =2i + j +2k
BC=-i+j—4k
and AC=i+2j-2k
Now, AB=|AB|=./2% +1? +2? =3
BC=[BC| = {(-1)* +(1)° +(~4)’ =32
and AC=|AC|=1* +22 +(-2)* =3
*  AB=ACand BC® = AB® + AC?

- The triangle is isosceles and right angled.

Clearly,

I Example 21. The two adjacent sides of a
parallelogram are 2i +4j— 5k and |+2]+3k Find the
unit vectors along the diagonals of the parallelogram.

Sol. Let OABC be the given paralielogram and let the adjacent

sidef OAAand 93 be represented by a = 2i + 4j—5k and
b=1i+2j + 3k respectively.
-Now, the vectors along the two diagonals are

a+b

o] a
d,=a+b=3i+6j-2k
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The required unit vectors are

=4 divej-2k
|dy| ;}32 +6° +(=2)°
=23i05-2¢
77
p a,=d___-i-2j+sk
ldsl -1t + (2 +8°

__1:

2~ 8
Joo oo oo
| E_xample 22. If a and b are any two vectors, then
give the geometrical interpretation of the relation
|a+ b|=|a—b.

Sol. Let OA=aand AB=b. Completing the parallelogram
OABC.

k

Then, OC=bandCB=a

From AOAB, we have

OA+ AB=0B = a+b=0B ..(i)

From AOCA, we have #
OC+ CA=0A

= b+ CA=a = CA=a-b ...(ii)

Clearly, |a+ b|=|a— b| = |OB|=|CA|

Diagonals of parallelogram OABC are equal.

OABC is a rectangle.

= OALOC = alb

I Example 23. If the sum of two unit vectors is a unit
vector, prove that the magnitude of their difference is
V3.

Sol. Let4 and b be two unit vectors represented by sides OA and
ABofaAOAB.

Then, OA= 4, AB=b
OB=O0A+ AB=d+b
(using triangle law of vector addition)

Itis given that, |4|=|b|=[4+b|=1

= |OA| +|AB|=|OB|=1
AOAB is equilateral triangle.
Since, |OA|=|4| = 1=|-b|=|AB|

Therefore, AOAB’ is an isosceles triangle.
= ZAB’O = LAOB' =30°
= ZBOB’ = ZBOA + ZAOB’ =60° +30° = 90°
: (since, ABOB’ is right angled)
. In ABOB’, we have
|BB'* = |OB[* +|OB’|*
sl el
a+ b| +,a— bl

22 =12 +|a- b

li-B|=+3

Hence proved.

Multiplication of a
Vector by a Scalar

Ifais a vector and m is a scalar (i.e. a real number), then
ma is a vector whose magnitude is m times that of a and
whose direction is the same as that of a, if m is positive
and opposite to that of a, if m is negative.

- Magnitude of ma =|ma| = m (magnitude of a) =m|a |
Again, ifa=a,i +a,] +ask,

then ma =(ma,)§ +(ma2)j+(ma,)f<

Properties of Multiplication
of Vectors by a Scalar
The following are properties of multiplication of vectors
by scalars, for vectors a, b and scalars m,n
(i) m (-a) =(-m) a = —(ma)
(i) (-m) (-a) =ma
(iii) m(na) =(mn) a = n(ma)
(iv)(m+n)a=ma+na
vym(a+b)=ma+mb

| Example 24, If ais a non-zero vector of modulus a
and m, is a non-zero scalar, then ma is a unit vector, if

@m==1 (b)m =|a|
1

©m=— dm=
a| (dm=%2

Sol. (c) Since, ma is a unit vector, |ma| =1
= [m|la|=1
1
= |m|=r- = m:tl

L la



| Example 25. For a non-zero vector a, the set of real

numbers, satisfying | (5 - x)a |<|2a| consists of all x
such that

(@0<x<3
b)3<x<7
(©)-7<x<-3
d)-7<x<3
Sol. (b) We have, |(5 - x) a|<]| 2a|
5 x||al<2a|
= [5—x|<2
= -2<5-x<2
= 3<x<7

| Example 26. Find a vector of magnitude (5/2) units
which is parallel to the vector 3i+4j.

Sol. Here, a =3i + 4j

Then, |a| = ,'32 +4% =5
.. A unit vector parallel to
g=an S w btvad) )
la| 5
Hence, the required vector of magnitude (5/2) units and
parallel toa
S 5, S las
=-.a=---(3i+4
2 2 5( »
=-(3i+4))

Section Formula

Let A and B be two points with position vectors a and b
respectively. Let P be a point on AB dividing it is the ratio
m:n.

Internal Division

If P divides AB internally in the ratiom : n. Then the
position vector of P is given by

m R n
Ae— L B

O &=~

OP=mb+na

m+n

Chap 01 Vector Algebra 11

Proof

Let O be the origin. Then OA =a and OB =b. Let r be the
position vector of P which divides AB internally is the
ratiom: n. Then

AP m
PB n
or nAP =mPB
or  n(PV of P—PV of Ay=m (PV of B—PV of P)
or n(r— a)=m(b —r)
or nr —na=mb—mr
or r(n+m)=mb +na
mb +na
or r=———-o
m+n
+
- 0P=mb na
m+n

External Division

If P divides AB externally in the ratiom:n. Then, the
position vector of P is given by

Proof

Let O be the origin. Then OA=a, OB= b. Let r be the
position vector of point P dividing AB externally in the

.ratiom:n.
Then, iE:—"—l

BP n
or nAP =mBP
or nAP =mBP
or  n(PVof P—PV of A)=m (PV of P—PV of B)
or n(r —a)=m(r —b)
or nr —na =mr —mb
or ‘ r(m —n) =mb —na

mb —na
or r=—m———
m-n

- 0P=mb—na

m-=n
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Remarks

1. Position vector of mid-point of ABis 2 ’b.
2

2. In A ABC, having vertices Aa), B(b) and C(c)
Af(a)

B (b) C(o)

(i) Position vector of centroid js 2+ P+€
3

(ii) Position vector of incentre is
BCa + ACb+ ABc
" AB+BC+ AC
(iii) Position vector of orthocentre is
tan Aa + tan Bb + tan Ce
tan A+ tanB + tanC
(iv) Position vector of circumcentre is
sin2Aa + sin28b + sin2Ce
sin2A+ sin28 + sin2C

I Example 27. If D, £ and F are the mid-points of the

sides BC, CA and AB respectively of the AABC and O be
any point, then prove that
OA+ OB+0C=0D+0OE + OF
Sol. Since, D is the mid-point of BC, therefore by section
formula, we have

B D (o
oD = OB +0C
2
= OB+0C =20D ..(i)
Similarly, OC+ OA= 20E ...(ii)
and OB+ OA=20F ..(1ii)

On adding Eqgs. (i), (ii) and (iii), we get
2(OA+ OB + OC) =2(0OD + OE+ OF)
= OA+ OB+ OC= OD+ OE+ OF
Hence proved.

| EXample 28. Find the position vectors of the points
which divide the join of points A (2a — 3b) anq
B(3a —2b) internally and externally in the ratio 2:3.
Sol. Let P be a point which divide AB internally in the ratio 2:3,

Then, by section formula, position vector of P is given by

op = 433 =2b) +3(2a ~ 3b)

2+3
_6a-4b+éa-9b_12 13
5 57 5

Similarly, the position vector of the point (P’) which
divides AB externally in the ratio 2: 3 is given by
—2b)—-3(2a -3b
op’ = X% = 2b) ~%2a ~3b)
2-3
_6a—4b—6a+9b _5b _

I Example 29. The position vectors of the vertices A, B
and C of a triangle are i — j— 3k, 2i+ j—2k and
~5i+2j -6k, respectively. The length of the bisector
AD of the ZBAC, where D is on the segment BC, is

@ 3470 b)
4 4
11

(c) 3 (d) None of these
Sol. (b) A(i-j-3k)
. BL c
(2i +j - 2k) (-5i + 2] - 6k)
(a)IABI=I(2§+3—2f<)-(i—j—31?)]
=|i+2j+K

=\)12 +22+12 =JZ
|AC| = (=5 +2j - 6k) - (i — j - 3k)
=|-6i +3j-3K|

= J(~6)? +3? +(-3) =54 =36

BD :DC=AB :AC:.ﬁ:l
36 3
... Position vector of D = 1(=51+2) = 6k) +3(2i + j - 2Kk)
1+3
1,4 - o
=—;(i+5j—12k)



AD = Position vector of D —Position vector of A

AD=%(§+5}-12R)—(3—j-sﬁ):%(—:ﬁ-&‘?})
=2(-i+3))
|AD = 2 (-1 +3* = 2410

| Example 30. The median AD of the A ABC is bisected
at E.BE meets AC in F. Then, AF : AC is equal to

(a) 3/4 (b) 1/3
(© 172 ) 1/4
Sol. (b) Let position vector of A w.r.t. Bisa and that of C w.r.t. B
is c.
A(a)
A
F
1
B(0 D C(c
(0) ) (c)
Position vector of D w.r.t.
_O+c_c¢
2 2
Position vector of
c
a+—
=—2=2,2 (i)
2 2 4
Let AF: FC=A:1and BE:EF=p:1
Ac+a
Position vector of F =
1+ A
Now, position vector of
p{EL}?) +1-0
o R )
p+1
From Egs. (i) and (ii), we get
Ml g NP
2 4 (Q+A)Q0+p) (1+A)(1+p)
5 Lol
2 (1+A)(1+p)
and _1. = _—M’l__—
4 (1+A)(1+p)
1
A=-
Y 2
1
AF__AF__ X _2_1
AC AF+FC 1+)A 3 3
2
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Magnitude of Resultant of Two Vectors
Let R be the resultant of two vectors P and Q. Then,
R=P+Q
[R|=R=yP? +Q% +2PQcos6
Qsin®

= = t e e T
where, |P|=P,|Q|=Q, tana. P +QcosB

Deduction When |P|=|Q|,i.e. P=0Q
Psin®
P+ Pcos®

sin© g
2

tano =

= =tan
1+cos6

0
==
2
Hence, the angular bisector of two unit vectors a and b is

along the vector suma+b.

Remarks
1. The internal bisector of the angle between any two vectors is
along the vector sum of the corresponding unit vectors.

2. The external bisector of the angle between two vectors is along
the vector difference of the corresponding unit vectors.

B(b)

u(a-b)

p(a+b)

Internal
bisector
A(a)

External
bisector

I Example 31. The sum of two forces is 18 N and
resultant whose direction is at right angles to the
smaller force is 12 N. The magnitude of the two forces
are

(@ 13,5 (b)12,6
(c) 14, 4 (d11,7
Sol. (a) We have, |P|+|Q|=18N;|R|=|P+ Q|+ 12N
o =90°
P+ Qcos6=0
= Qcos®=-P

Now. R?=P?+ Q% +2PQcos0
= R*=P*+Q%+2P(-P)=Q" - P?
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A\
P
122 =(P+Q)(Q - P)=18(Q - P)

=5
= Q—-P=8 and Q+P=18
= Q=13,P=5

.. Magnitude of two forces are 5 N.and 13 N.

I Example 32. The length of longer diagonal of the
parallelogram constructed on 5a+2b and a—3b, when
it is given that |a|=2+2,|b|= 3 and angle between a

and bis E, is
4

(@15 (b) V113
(c) V593 (d) V369

Sol. (c) Length of the two diagonals will be
d, =|(5a+2b) + (a—3b)|
and d, =|(5a +2b)—(a—3b)|
= d;=|6a— b|,d, =|4a+5b|
Thus,

d, = \|6a|* +|-bl* +2|6a| [~ b|cos(n - n/4)

-— 2 . ~.—L -
—J;(ZJE) +9+122J§3( Ji) 15

T

d, =\/|4T.|2 +|5b|* +2]4a||5b| cos =
1
= [16X8+25%9 +40X 242 X3 X —=
F V2

=4/593
. Length of the longer diagonal = v/593

1 Example 33. The vector ¢, directed along the internal
bisector of the angle between the vectors
a=7i-4j—4k and b=-2i - j+2k with |c| = 5V, is

@2 -7j+2i9 ) 26 +5]+20

(c)g(f+7i+2fo (d)g(—si+si+zl“o

Sol. (a) Let a= 7i— 4j— 4k
and b=-2i-j+2k

Now, required vector ¢ = A (i + L)
la] |b|
=3 7“:_43‘41‘&_‘_—2;—34-212
9 3

= %(i ~7j+2k)

2_A?
|e|* = — x 54 =150
81
= A=%15
5 a - N
= c=i§(i—7j+2k)
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Exercise for Session 2

N O OR WN R

©

10.
11

12
13.
14.
15.
16.

17.

fa=2i- }+2f(and b=—i+ ]— f(, then find a + b. Also, find a unit vector along a+ b.

Find a unit vector in the direction of the resultant of the vectors i+ 2} + 3?(. o 2] +kand3i+ ]

Find the direction cosines of the resultant of the vectors (i + ]+ R), (—-i +] + f(),(i —]+ ﬁ) and (i + ]— i().
In a regular hexagon ABCDEF, show that AE is equal to AC+ AF-AB

Prove that 30D+ DA+ DB+ DCis equal to OA+ OB-OC.

In a regular hexagon ABCDEF, prove that AB+ AC+ AD+ AE+ AF=3AD.

ABCDE is a pentagon, prove that AB+ BC+ CD+ DE+ EA=0.

The position vectors of A B, C,D are a, b, 2a + 3band a—-2b, respectively. Show that DB =3b - a and
AC=a+3b. o

f P(—1, 2) and Q(3, —7) are two points, express the vector PQin terms of unit vectors iand ] Also, find
distance between point P and Q. What is the unit vector in the direction of PQ?

If OP =2i + 3] — k and 0Q=3i-4j + 2k, find the modulus and direction cosines of PQ.

Show that the points A B and C with position vectors a =3j—-4j -4k, b=2i- ]+ kand c= i-3] -5k
respectively, form the vertices of a right angled triangle.

If a=2i+2j—kand|xa|=1,then find x.
fp=7i -2j+ 3kand q=3i+ ] +5k, then find the magnitude of p-2q
Find a vector in the direction of 51 — j+ 2k , which has magnitude 8 units.

If a=i+2]j+2kand b=3i+6]+ 2k, then find a vector in the direction of a and having magnitude as | b|.

15

Find the position vector of a point P which divides the line joining two points A and B whose position vectors are

i+ 2] —kand -i+ ]+ k respectively, in the ratio2: 1.
(i) intemally (i) externally

If the position vector of one end of the line segment AB be 2i+ 3] —kand the position vector of its middle point

be 3(i + j+ k). then find the position vector of the other end



Session 3

Linear Combination of Vectors, Theorem on Coplanar
& Non-coplanar Vectors, Linear Independence

and Dependence of Vectors

Linear Combination of Vectors

A vector r is said to be a linear combination of vectors a, b
and c.. etc., if there exist scalars x, y and z etc., such that
r=xa+yb+zc+..

For examples Vectors r; =2a + b+3cand

r, =a +3b ++2care linear combinations of the vectors
a,band c.

Collinearity and Coplanarity of
Vectors

Relation between Two Collinear Vectors

(or Parallel Vectors)

Let a and b be two collinear vectors and let X be the unit
vector in the direction of a. Then, the unit vector in the
direction of b is X or —X according as a and b are like or
unlike parallel vectors. Now, a =|a| X and b=%]b| X.

|a l) ” (Ial)
a=|—|[|b|x=a=%|—|b
(I bl b]
= a=}\b,.wherel.=iM
[b]
Thus, if a and b are collinear vectors, thena =Ab or
b=2Aa for some scalar A i.e, there exist two non-zero

scalar quantities x and y so that xa + yb =0

An Important Theorem

Theorem : Vectors a and b are two non-zero,
non-collinear vectors and x, y are two scalars such that

xa+yb=0
Then, x=0,y=0
Proof Itis given that xa+yb=0 s:4(1)

Suppose that x #0, then dividing both sides of (i) by the
scalar x, we get

...(ii)

Now, Y is a scalar, because x and y are scalars.
x

Hence, Eq. (ii) expresses a as product of b by a scalar, so
that a and b are collinear. Thus, we arrive at a

_contradiction because a and b are given to be

non-collinear.
Thus our supposition that x #0, is wrong.
Hence, x =0. Similarly, y =0
Remarks
a=0b=0
or
1.xa+yb=0 =4{x=0,y=0
or
al|lb
2. If a and b are two non-collinear (or non-parallel) vectors, then
xna+ y,b=xa+ y,b

= X=X, and y; =y,
Proof xya + y;b=x,b+ y,b
= (5 —x)a +(y; — y)b=0
= xy—xy=0andy, — y,=0
[-a and bare non-collinear]

= . h=Exandy =y,
Ifa=ai+a2i+a3kandb=b.§+bzi+b3l-(.thena||b
" a_z_3

b b b

Test of Collinearity of Three Points
(i) Three points A, B and C are collinear, if AB = ABC
(ii) Three points with position vectorsa, b and ¢ are

collinear iff there exist scalars x, y and z not all zero
such that xa + yb +zc=0, where x +y +z =0

Proof Let us suppose that points A, B and C are
collinear and their position vectors are a, b and ¢
respectively. Let C divide the join of a and b in the
ratio y : x. Then,

c=m+)b
x+y
or xa+yb-(x+y)=0

or xa+)b+2¢=0, wherez=~(x+y)



Also, x+y+z=x+y—(x+y)=0

Conversely, let xa + 3b +zc =0, where x + y +2 =0,

Therefore,

@+yb=—zc=(x+y)k
c_n+_\b

(cx+y=-2)
or

x+y

This relation shows that ¢ divides the join ofa and b

in the ratio y : x. Hence, the three points A, Band C
are collinear.

(iii) Ifa:a,i+azib =b,i+ b,jand c=c,§+c:} then
the points with position vector a, b and ¢ will be

a, a, 1
collinear iff| b, b, 1|=0.
¢, ¢ 1

Proof The points with position vector a, b and ¢ will
be collinear iff there exist scalars x, y and z not all
zero such that,

x(a,1+a,)) +3(by1+baj) +2(c,1 +¢2j) =0 and
x+y+z=0
= xa, +yb, +zc, =0

xa, +yb, +zc, =0

x+y+z=0

Thus, the points will be collinear iff the above system
of equation’s have non-trivial solution
Hence, the points will be collinear

a b o a a; 1
iff la, b, c,|=Oor|b, b 1|=0.
1 1 1 6 ¢ 1

I Example 34. Show that the vectors 2i - 3j+4k and
—43+6]—8f( are collinear.
Sol. Let a=2i-3j+4k and b=—i+6j-sk
Consider, b= —4i+6)—8k = -22i-3j+ 1k)=—2a
. The vectorsa and b are collinear.
I Example 35. Show that the points A(1,2.3),8(3,4,7)

and C(~3,—2,—5) are collinear. Find the ratio in which
point C divides AB.

Sol. Clearly, AB =(B-1i+(4-2j+(7-3)k

=2i+2j+1k
and  BC=(-3-3i+(-2-)j+(-5-7k
=6i-6)-12k
= —32i +2j+4k)=-3AB
BC=-3AB

Chap 01 Vector Algebra 17

& A, Band C are collinear,
Now, let C divide ABin the ratio k 1, then

oc= OB +1-0A
k+1
N - = (33 3 D 3. 2- -'.|~
= -3i—:j-5k=“3‘+41+7k)+(lv i+ 3K)
k+1
fooiosk = (1) [2h+2); 7k+3)~
-} =23 = . Do [AR2)s (7R3
= -3i-2j-sk (k“) (kﬂ]J [“l
3k +1 k42
=-3 = -2and ——- = -
. k+1 k+ C k

-2
-

From, all relations, we get k = T
Hence, C divides AB externally in the ratio 2:3,

1 Example 36. If the position vectors of A,B,C and D
are2i+j,i- 3}, Si+2] and i+ A}, respectively and
AB||CD, then A will be

()-8 (b) -6
@8 (d) 6
Sol. (b) AB = (i - 3j) = (2 + )= -1 -4j:
CD =(i + Aj) - (3i +2j) = =20 + (A - 2)j;
AB||CD = AB=xCD
—i—4j=x{20+ (A -2
= -1=-2x,—~4=(A -2)x

= x=%andk=—6

I Example 37. The points with position vectors
60i+3j, 40i —8j and ai — 52j are collinear, if a is

equal to
(@ —0 (b) 40
(©) 20 (d) None of these

Sol (a) The three points are collinear if

60 3 1
40 -8 1|=0
a =52 1

= 60 (—8+52)—3(40 — @) +(—2080+8a) = 0

=5 2640—-120+3a—-2080+8a =0
11a = —440

= a=-40

I Example 38. Let a, b and c be three non-zero vectors
such that no two of these are collinear. If the vector
a+2b is collinear with ¢ and b+ 3c is collinear with a
(A being some non-zero scalar), then a+2b+6c is equal
to

(@0
(©) Ac

(b) Ab
(d) Aa
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Sol. (a) Asa+2b and ¢ are collineara +2b = Ac¢ il

Again, b + 3c s collinear with a.

b+3c=pa -..(ii)

Now, a+2b+6c=(a+ 2b)+6c=Ac+6¢
=(A +6)c
Also, a+2b+6c=a +2b+3c)=a +2ua

From Eqs. (iii) and (iv), we get
(A +6)c=(2 +1)a

Buta and ¢ are non-zero, non-collinear vectors,
A+6=0=21+1

Hence, a+2b+6c=0

Theorem of Coplanar Vectors

Leta and b be two non-zero, non-collinear vectors. Then
any vector r coplanar with a and b can be uniquely
expressed as a linear combination xa + ¥b; x and y being
scalars.

Proof Let a and b be any two non-zero, non-collinear
vectors and r be any vector coplanar with a and b.

We take any point O in the plane ofa and b

B
b
N P
o M a &
Let OA=2a,0B=b and OP=r

Clearly, OA, OB and OP are coplanar.
Through P, we draw lines PM and PN, parallel to OB and
OA respeetively meeting OA and OB at M and N
respectively.
We have, OP = OM + MP

=OM +ON [* MP =ON and MP || ON] ...(i)
Now, OM and OA are collinear vectors
OM = x OA = xa, where x is scalar.
Similarly, ON = yOB = yb, where y is a scalar.
Hence, from Eq. (i),OP=xa +yborr=xa+y’b
Uniqueness: If possible, letr =xa +ybandr=x"a+y’b
be two different ways of representing r.
Then, we have xa+yb=x"a+y’b
= (x-=x")a+(y—-y")b=0
But a and b are non-collinear vectors

x—x"=0andy -y =0

= x'=xandy’ =y
Thus, the uniqueness in established.

=

. (i)
=(L+1)a .(iv)

Test of Coplanarity of Three Vectors

(i) Three vectors a, b, ¢ are coplanar iff any one c?fl}?cm
is a linear combination of the remaining two, i.e. iff
a =xb + yc where x and y are scalars.

(ii) If three points with position vectors
a=ajita,jtaslk,b=bji+b,j+bsk

andc =c,§ +¢,j +c4k are coplanar,

a, a as
then|b, b, by|=0.
€ € C3

If vectors a,b and c are coplanar, then there exist
scalars x and y such that ¢ = xa + yb.

Hence, c,; +cj+esk=x(ayi+a,j+ask)

+y(by 1+ b, + bsk)
Now, ;j and k are non-coplanar and hence
independent.
Then, ¢, =xa, +yb,,c, =xa, +yb,

and . ¢; =xa; +yb,

The above system of equations in terms of x and yis
consistent. Thus,

a b ¢ a, a, ay
a b, c,|=0o0r|b, b, by |=0
as by c 6t 6 c3

Remark
Ifvectors x,a + y,b+ Z1C. X2 + yy
are coplanar(wherea, band ¢ are
oo
X2 Y2 2
X3 Y3 z3

b+2z,cand x;a + y3b+2z;¢
non-coplanar).

Then, =0

Test of Coplanarity of Four Points

(i) To prove that four points A(a), B(b), C(c) and D(d)
are coplanar, it is just sufficient to prove that vectors
AB, ACand AD and coplanar.

(i) Four points with position vectors a,
coplanar iff there exist scalars x,y,
zerosuchthat xa+yb+zc+ud
X+y+z+u=0.

b,c andd are
z and u not all
=0, where
(iii) Four points with position vectors

a=aq,i +a2j+a3fc.

b=b, i+b,j+b,k

c=cii+e,j+ek

and d=d\i+d,j+d,k



ay a; az 1
will be coplanar, iff by by bs 1 =0
€y ¢; ¢3 1
d, d, dy 1
dy-a, d;,-a, dy—a,
or bi—a; b -a; by-a,|=0
€1 —a; c¢;—a, c3;-—ay

Theorem on Non-coplanar
Vectors

Theorem 1
Ifa, b, c, are three non-zero, non-coplanar vectors and
x, Y,z are three scalars such that

xa +yb +2c=0.
Then x=y=z=0. )
Proof It is given that xa + yb +2zc =0 (i)
Suppose that x #0

Then Eq. (i) can be written as

xa=-yb-2zc
= am—Lbi=mt )
X X

" ;
Now, Y and Z are scalars because x, y and z are scalars.
X x

Thus, Eq. (ii) expresses a as a linear combination ofbandc.

Hence, a is coplanar with band ¢ which is contrary to our

hypothesis because a,b and c are given to be non-coplanar.
Thus, our supposition that x # 0 is wrong.

Hence, x =0 '

Similarly, we can prove that y =0and z=0

Theorem 2
Ifab and c are non-coplanar vectors, then any vector r
can be uniquely expressed as a linear combination
xa +yb + zc; x, y and z being scalars.

' or
Any vector in space can be expressed as a linear
combination of three non-coplanar vectors.
Proof Take any point O.
Let a, b, c be any three non-coplanar vectors and r be any
vector in space.
Let OA=2,0B=b,

oC=c,OP=r
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Here, the three lines OA, OB, OC are not coplanar. Hence,
they determine three different planes BOC, COA and AOB
when taken in pairs.

Through P, draw planes parallel to these planes BOC, COA
and AOB meeting OA, OBand OCin L, E and N
respectively. Thus we obtain a parallelopiped with OP as
diagonal and three coterminous edges OL, OE and ON
along OA, OB and OC, respectively.

. b
E S
M P
r
L
N > it
[ g R
(o}
~.OL is collinear with OA.

~. OL = xOA = xa, where x is a scalar.

Similarly, OE = y b and ON =zc,

where y and z are scalars. ‘

Now, OP =OR +RP =(ON + NR) + RP
=ON +OL +OE [* NR= OL and RP = OE]
=0OL+ OE +ON =xa +yb + z¢c

Thus, r=xa+yb+zc

Hence, r can be expressed as a linear combination of a, b
andc.

Uniqueness If possible let

r=xa+yb+zc

r=x"a+y’b+z’c

be two different ways of representing r, then we have
xa+yb+ze=x"a+y’b+z’c

= (x=x")a+(y—y )b+(z—-2z")c=0

Now a, b and ¢ are non-coplanar vectors

and

x—-x"=0,y—-y'=0 and z-2"=0
= x=x,y=y'
Hence, the uniqueness is established.

and z=2'

Remark
Ifa, b, c are any three non-coplanar vectors in space, then
xna+ y,b+2zc=xa+yb+zc

= N=Xp N =Yty =2y

Proof x;a + y;b+z,c = x;a + y,b+ 2,¢

= (X = x)a +(yy = y2)b+ (2, = 25)e =0

=. N =x=0y-y,=0 and 2 -2,=0
= Xy =Xa = Y2 and =2,
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I Example 39. Check whether the given three vectors
are coplanar or non-coplanar.
=2i -2j+4k,~2i+4j-2k, 4i-2j-2k
Sol.Let a =— 2;—23+ 4k
b=-2i+4j-2k and c=4i-2j-2k
Now, consider
-2 -2 4
=2 4 -2(=-2(-8-4)+2(4+8)+4(4-16)
4 -2 =2
=24+24-48=0
- The vectors are coplanar.

I Example 40. If the vectors 41 + 11j+ mk, 7§ +2j+6k

and i+ 5j+a|2 are coplanar, then m is equal to

(a) 38 (b)o
(©) 10 (d)-10
Sol. (c) Since the three vectors are coplanar, one will be a linear
combination of the other two.
4i + 11j + mk = x(71 + 2 + 6k) + (i + 5] + 4k)

= 4=Tx+y w{i)
11=2x +5y ..(ii)
m=6x+4y (i)
From Egs. (i) and (ii), we get
x= L andy = &
11 11
From Eq. (iii), we get
m=6x—1+4 x2=10
11 11

Trick Since, vectors 41 + 11} +mk,7i + 2} + 6k and
i+ 55+ 4k are coplanar.
4 11 m
7 2 6
1 5 4

=0

= 4(8—30)—11(28 —6) + m(35—2)=0
= -88—-11x22+33m=0
= —-8—-22+3m=0
= 3m=30 = m=10

| Example 41. If a, b and c are non-coplanar vectors,
prove that 3a —7b—4c, 3a —2b+c and a+b+2c are
coplanar.

Sol. Letao =3a -7b-4cB=3a-2b+c

and Yy=a+b+2c
Also, let a=xP+y-vy
=» 3a-7b-4c=x(3a-2b+c)+y(a+b+2¢c)

=@Bx+y)]a+(-2x+y)b+(x+2y)c

Since, a, b and c are non-coplanar vectors.
Therefore,

3x+y=3-2x+y=-7
and x+2y=—4
Solving first two, we find that x =2 and\ = — X These
values of x and y satisfy the third equation as well.
So, x +2and y = — 3 is the unique solution for the above
system of equation.
= a=28-3y
Hence, the vectors ct. B and Y are coplanar, because a is
uniquely written as linear combination of other two.

Trick For the vectors &, B, ¥ to be coplanar, we must have

3 -7 4
3 -2 1 |=0Q whichis true
1 1 2

Hence, o, B, Y are coplanar.
| Example 42. The value of A for which the four
points 2i + 3j—k, i +2j+ 3k, 3i +4j—2k and
i— Aj+ 6k are coplanar

(@8 (b)o
(-2 d)6
Sol. (c) The given four points are coplanar.
2 1 3 1
3 2 4 A
=0
13 -2 6
1 11 0
2 1 3 1
- 0 0 0 —HA+2) g
-1 3 =2 6
1 1. 1 1
Operating (R, — R, -R -R,)
2 1 3

= AA+2)-1 3 —2(=0 > A=—2
11 1

I Example 43. show that the points P(a +2b+c),

Q(a-b-c),R(3a+b+2c) and S(5a+ 3b+5¢) are
coplanar given that a,b and ¢ are non-coplanar.

Sol. To show that P, Q, R, S are coplanar, we will show that
PQ, PR, PS are coplanar.

PQ=-3b-2¢
PR=2a-b+c
PS=4a+b+4c
Let PQ = xPR +)PS
= —3b—2c=x(23—b+c)+y(«la+b+4c)

-3b-2c=(2x+4yh +(-x+y)b +(x+4y)e



As the vectors a, b, ¢ are non-coplanar, we can equate their

coefficients.

= 0=2x+4y

= -3=-x+y

= —2=x+4y

x= z,-y = = 1is the unique solution for the above system of
equations.

= PQ =2PR-PS

PQ PR, PS are coplanar because PQ is a linear combination
of PR and PS

= The points P, Q, R, S are also coplanar.
Trick For the vectors PQ, PR and PS to be coplanar, we

0 -3 =2
must have[2 -1 1 |=0which is true
4 1 4

. The PQ, PR, PS are coplanar.
Hence, the points P, Q, R, S are also coplanar.

Linear Independence and
Dependence of Vectors
1. Linearly Independent Vectors

A set of non-zero vectorsa,,a,....,, a, is said to be linearly
independent, if
X,a; +Xp3; +... +x,a, =0

= : X) =X ==X, =0.

2. Linearly Dependence Vectors

A'set of vectora,,a,....,a, is said to be linearly
dependent, if there exist scalars xy, Xz,..., X, Ot all zero
such that x,a, + x;a; +....t X2, =0

Properties of Linearly Independent
and Dependent Vectors
(i) A super set of a linearly dependent set of vectors is
linearly dependent.
(ii) A subset of a linearly independent set of vectors is
linearly independent.
(iii) Two non-zero, non-collinear vectors are linearly
independent.
(iv) Any two collinear vectors are linearly dependent.
(v) Any three non-coplanar vectors are linearly
independent.
(vi) Any three coplanar vectors are linearly dependent.
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(vii) Three vectorsa =ali + uz:i + a,f(. b= b,i + b_.] + b,f(
andc=c,i+c)+ ¢4k will be linearly dependent

a, a; a,
vectors iff | b, b, by |=0.
€ €2 €3

(viii) Any four vectors in 3-dimensional space are linearly
dependent.

| Example 44. Show that the vectors
i-3j+2k 2i ~4j—k and 3i+2j-k and linearly

independent.
Sol. Let a=1i-3j+2k
B=2i-4j-k
and y=3i+2j-k

Also, let xot +yB +2zy =0

x(i-3j+2k)+ yi-4j-K)+z@Bi+2j-k) =0
or(x + 2y+37.)i+(—3x -4y +22)}+(2x—y—:)f( =0
Equating the coefficient of i 3 and k, we get

x+2y+3z2=0
-3x-4y+2z2=0
2x—-y—-z=0
1 2 3
Now, -3 —4 2 (=1(4+2)-2(3-4)+3(3+8)=41#0

2 =1 -1

.. The above system of equations have only trivial solution.
Thus,x=y=2z=0
Hence, the vectors o, and ¥y are linearly independent.
Trick Consider the determinant of coefficients of i, 3 and k

1. -3 "2
ie |2 =4 -1|=1(4+2)+3-2+3)+24+12)

3 2 1

=6+3+32=41#0

- The given vectors are non-coplanar. Hence, the vectors

are linearly independent.
I Example 45. If a= i+ j+ k b=4i+3j+4k and
c= f+a]+BIA( are linearly dependent vectors and
|c|=+/3, then
@a=1p=-1
@Qa=-1p=%1

bya=1p =1
doa=+1p=1
Sol. (d) The given vectors are linearly dependent, hence there
exist scalars x, y and z not all zero, such that
m+yb +2e=0
e, x(i+j+k)+y(4i+3j+ 4k) +2(i + oj + Pk) =0
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ie. (X‘*'4}'+2)i+(x+3y+(lz)j+(x+4y+Bz)l1=0 - Trick |c|=,)1+a2+l32=~/5
= X+4y+z=0x+3y+0az=0x+4y+Pz=0 =5 a’+pi=2
1 4 1 1 1 1
For non-trivial solution|1 3 « =0=p=1 -+ a, band care linearly dependent, hence| 4 3 4 (=0
1 4B 4 a B
[e?=3=1+0%+p%=3 = B=1
= a?=2-B*=2-1=1 af=1 = a==*l1
a=%1

Exercise for Session 3

1. Show that the points A(1, 3, 2),B(-2, 0, 1) and C(4,6, 3) are collinear.
2. Ifthe position vectors of the points A, B and C be a, band 3a —-2b respectively, then prove that the points A, B
and C are collinear.

3. The position vectors of four points P, Q, R and S are 2a + 4c, 5a + 3v3b + 4c, - 2/3b + c and 2a+ ¢
respectively, prove that PQ is parallel to RS.

4. If three points A, B and C have position vectors (1, x, 3).(3,4,7)and (y,-2,-5), respectively and if they are
collinear, then find (x, y).

5. Find the condition that the three points whose position vectors, a = ai +bj +ck,b=i+ cj andc=-i -j are
collinear.

6. Vectors aand b are non-collinear. Find for what values of x vectors ¢ = (x-2)a+band d=(2x + )a=bare
collinear?

7. Leta, b, c are three vectors of which every pair is non-collinear. If the vectors a + band b+ ¢ are collinear with ¢
and a respectively, then find a+ b+ c.

8. Show that the vectors i — j -k, 2i + 3j +kand7i + 3] -4k are coplanar.
9. Ifthe vectors 2i —j + l;. i+ Zi -3k and 3i + aj +5k are coplanar, then prove thata =4,

10. Show that the vectors a-2b+3c, ~2a+3b-4c and —b + 2c are coplanar vector, where a, b,c are non-coplanar
vectors.

71. Ifa, band care non-coplanar vectors, then prove that the four points 2a+3b-c, a - 2b+3c, 3a + 4b -2cand
a-6b+6c are coplanar.



JEE Type Solved Examples :
Single Option Correct Type Questions

o Ex. 1 The non;zero vectors a,b and c are related by
a =8b andc =-7b angle between a andc is

n n
(@ 2 (b) =

(= (d)o
Sol. (c) aand b vectors are in the same direction, band c are in
the opposite direction.

= a and c are in opposite directions.
. Angle between a and c is .

® EX. 2 A unit vector a makes an angle—} with Z-axis. If

a+i +j is a unit vector, then a is equal to

LI bl K
Wt B O3t e
(c) —%—% % (d) None of these

Sol. (c) Let a =i + mj + nk, where > + m* + n? = 1. a makes an

angle % with Z-axis.

—

n=—P+mi=l )

V2

li+m+ L
a=i1 -
V2

(8]

i % a X
a+i+_|=(l+l)l+(m+l).|+$

1 i
Its magnitude is 1, hence (I +1)° + (m + 12 = 3 ...(ii)

From Eqgs. (i) and (ii), we get

Hence,

® Ex. 3 If the resultant of two forces of magnitudes P and Q
acting at a point at an angle of 60° is J7Q, thenP/Q is

3
(a)1 (b)i
(c)2 (d)4

Sol. (c) R? = P* + Q' +2PQ cos
= (V7Q)? = P* + Q* + 2PQ cos 60°
= 70 =P+ Q'+ PQ

= P*+PQ-6Q° =0

= P? +3PQ -2PQ-6Q° =0
= P(P +3Q)-2Q(P +3Q)=0
= (P-2Q)(P +3Q)=0
—y P-20=0 or P+3Q=0

P-20=0 = £—2
Q

© Ex. 4 A vector a has the components 2p and 1 w.r.t. a

rectangular cartesian system. This system is rotated through
a certain angle about the origin in the counter clockwise
sense. If with respect to a new system, a has components
(p+1)and 1, then

1
(@ap=0 (b)p=lorp=—§—

1
(c)p=—10rp=; dp=lorp=-1
Sol. (b) We have, a =2pi + )

On rotation, let b be the vector with components(p + 1) and

1 s0 that,
b=(p+1)i+]
Now, la|=|b] = a*=b"
= 4p’+1=(p+1)2+1 = 4p’ =(p+1)°
= 2p=%(p+1) = 3p=-1 or p=1

P 3 P

® Ex. 5 ABC is an isosceles triangle right angled at A.
Forces of magnitude 22,5 and 6 act alongBC, CA and AB
respectively. The magnitude of their resultant force is

(a)4 ()5
(©11+2V2 (d)30
Sol. (b) Rcos® =6cos0° + 242 cos(180° — B) + 5¢0s270°
Rcos® =6 —2v/2 cos B (1)
Rsin® =6sin 0° + 2v25in(180° — B) + 55in270°
Cc
5 2\V2
A 6 8
Rsin® =2V2sinB -5 (i)

From Eqs. (i) and (ii), we get
R?* =36 + Bcos® B — 242 cos B + 8sin® B + 25 — 20V2sin B
=61+ 8(cos’ B + sin’ B) = 24V2 cos B — 20y/2sin B
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W ABC is a right angled isosceies triangle.
ie LB = LC =45°
2 1 1
RT=61+8(1) =242 = =202 — =25
8(1) - 242 i V2 =
R=5

® Ex. 6 A line segment has length 63 and direction ratios
are3,-2 and 6. The components of line vector are

(a) =27,18,54 (b) 27, - 18,54
(c)27,-18,-54 (d)=27,-18,-54
Sol. (b) Let the components of line segment on axes are x, y
and z,
So, X ytaziaest
Now, Led 2o k
3 =2 6

BK)* + (=2k)? + (6k)* = 63°
k=810
7
~.Components are (27, - 18, 54) or (=27, 18, —-54).

® Ex. 7 If the vectors 6i —2j +3k, 21 +3j -6k and
3i +6) — 2k form a triangle, then it is

(a) right angled (b) obtuse angled

(c) e-quilatera| (d) isosceles
Sol. (b) AB = Position vectors of B Position vector of A

=(21 +3j - 6k) — (61 - 2j + 3k) = — 4i + 5] -9k
= | AB|= 16 +25 + 81 =122
BC =i +3j+ 4k
= | BC|=1+9+ 16 =+26 and AC = -3i + 8] -5k
= |AC|=+%8
Therefore, AB* =122, BC? =26 and AC* =98
= AB® + BC?* =26 + 122 =148

Since, AC? < AB® + BC?, therefore AABC is an obtuse angled
triangle.

® Ex. 8 The position vectors of the points A, B and C are
(2i +j -I-(), @3i- 2} +l;) and(i +4} —3k) respectively. These
points.

(a) form an isosceles triangle

(b) form a right angled triangle

(c) are collinear

(d) form a scalene triangle

Sol. (c) AB=(3-2)i +(-2-1)j+ (1 + 1)k
. =i-3j+2k
BC=(1-3)i +(4+2)] + (-3 -1k
=-2i +6j- 4k

CA=@=Dl e =)+ (=1+nk
=1 =) -2l
| AR =T+ = V4
IDC| = 4+ 361 16 = V56 =2V
[CA|= 140 ¢ 4=Vl
So.|AD| +|AC] =|DC| and angle between Alland BC s 180",
So, points A, B and C cannot form an frosceles triangle.

Henee, A, B and C are collinenr,

® Ex. 9 The position vector of a point C with respect to B is
i+ and that of B with respect to A is i = j. The position

vector of C with respect to A is

@ai (b) 2j
(©=-2j (d)=2i
Sol. (a) Since, position vectors of a point C with respect to B is
BC=i+]) (i)
Similarly, AB=i-]} (i)

Now, by Egs. (i) and (ii),
AC=AB+BC =2{

® Ex. 10 Ina AABC, if 2AC =3CB, then 20A +30B is
equal to

(a)soCc - (b)-OC

(c)OocC (d) None of these
Sol. (a) 20A +30B =2(0C + CA)+3(OC + CB)

=50C+2CA + 3CB =50C (" 2CA = -3CB)

® Ex. 11 Ifa,b,c andd be the position vectors of the
points A, B, C and D respectively, referred to same origin O
such that no three of these points are collinear and
a+c=b+d, then quadrilateral ABCD is q

(a) square (b) rhombus
(c) rectangle (d) parallelogram .
Sol. (d) Given, at+c=b+d
1 1
= —@+¢)=-
@+ O="0b+a)

Here, mid-points of AC and BD coincide, where AC and BD
are diagonals. In addition, we know that, diagonals of a
parallelogram bisect each other.

Hence, quadrilateral is parallelogram.

® Ex. 12 P is a point on the side BC of the AABC and Q is
a point such that PQ is the resultant of AP,PB andPC.
Then, ABQC is a

(a) square

(b) rectangle

(c) parallelogram

(d) trapezium



Sol. (c) AP+PB+ PC =PQ or AP+ PB =PQ+CP
= AB =CQ

Hence, it is a parallelogram.

® Ex. 13 If ABCD is a parallelogram and the position
vectors of A, Band C are i +3j +5k, i +j +k and 7} +7]+7k,

then the position vector of D will be
(a) 7i+5j+3k (b) 7§ +9j+11k
(¢) 9i+11j+13k (d)8i+8j+8k

A

Sol. (b) Let position vector of D is xi + j + zk, then AB = DC.

= -2j-ak=( -1+ -y)j+0-
= x=7,y=9andz =11
Hence, position vector of D will be 7 + 93 + 11k.

z)f(

® Ex. 14 P is the point of intersection of the diagonals of

the parallelogram ABCD. If O is any point, then
OA +OB +0OC +OD is equal to

(a)OP (b) 20P

(c)30P (d) 40P

Sol. (d) We know that, P will be the mid-point of AC and BD.

& OA + 0OC =20P
and OB + OD =20P
On adding Eqs. (i) and (i), we get
OA + OB + OC + OD = 40P

i)
(i)

® Ex, 15 IfC is the middle point of AB and P is any point

outside AB, then
(a)PA +PB =PC
(b) PA+PB=2PC
(c)PA+PB+PC=0
(d)PA +PB+2PC =0
Sol. (b) PA + PB =(PA + AC) +(PB + BC) - (AC +
=PC + PC -(AC -CB) =2PC - 0

BC)

(+ AC =CB)
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P B
PA + PB =2PC

® Ex. 16 IfO be the circumcentre and O” be the
orthocentre of the AABC, then O’ A +O’B +0’C is equal to
(a) 00’ (b)20'0  (c)200"  (d)0
Sol. (b) 0’'A=0'0 +0OA
0’'B=00’+ OB
0’'C=00 +0C
= O'A+0’B+0’C=30'0 +0A + OB +0C
A

«B : ~C
Since, OA +OB +0C=00"=-00
O’A+0’'B+0'C=20'0

® Ex. 17 Five points given by A, B,C, D andE are in a
plane. Three forces AC, AD and AE act at A and three forces
CB, DB andEB act B. Then, their resultant is
(a) 2AC (b)3AB
(c)3DB (d) 2BC
Sol. (b) Points A, B, C, D and E are in a plane.
Resultant = (AC + AD + AE) + CB + BD + EB)
=(AC + CB) + (AD + DB) + (AE + EB)
=AB + AB + AB=3AB

® Ex. 18 If the vectors represented by the sides AB and BC
of the regular hexagon ABCDEF be a andb, then the vector
represented by AE will be

(a)2b-a (b)b—a
(c)2a-b (da+b

Sol. (a) As in figure, AB=a, BC=b,
So, AD=2band ED =a
E D

Now, AE + ED = AD
= AE=AD-ED=2b-a
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® Ex. 19 Ifa+b +tc=0and|a|=3,|b|=5,|c|=7, then the

angle between a andb is

@ g ®) g
@7 @
Sol. (v)

Let 6 be the angle between a and b. Then, ZC=n -0,
3245272

cos(m —0) =
23)(5)
—cosf = =L
2
8=60°="
3

® Ex. 20 Ifa andb are the position vectors of A and B
respectively, then the position vector of a point C on AB
produced such that AC =3AB is
(a)3a-b (b)3b-a
(c)3a-2b (d)3b-2a
Sol. (d) Since, given that AC =3AB. It means that point C divides
AB externally.

Thus, AC:BC =3:2

o) (o]
_3:-b-2-a
3-2

Hence, ocC =3b-2a

® Ex. 21 Let A and B be points with position vectors a and
b with respect to the origin O. If the point C on OA is such
that 2AC =CO, CD is parallel to OB and |CD|=3|OB|, then
AD is equal to

@3b-2 ()3b+>
(© 3b-—:— (d) 3b+§

Sol. (c) Since, OA =a, OB =b and 2AC = CO

2
By section formula, OC = ;a

Therefore, |CD|=3|0B|

= CD =3b

= OD=OC+CD=§n+3b
Hence, AD=OD—0A=§&+3b-—a

=3b—-l-a
3

® Ex. 22 If position vectors of a point A isa+2b and a
divides AB in the ratio 2 : 3, then the position vector of B is

(@)2a-b (b)b-2a
(c)a-3b (d)b

Sol. (c) If x be the position vector of B, then a divides AB in the
ratio 2 : 3. .

a=2X+3a+2b)
2+3

= 5a —3a -6b=2x
= x=a-3b

® Ex. 23 IfD,E andF are respectively, the mid-points of
AB, AC and BC in AABC, then BE + AF is equal to

(@DC ) %sp
(c) 2BF ) %BF

Sol. (a) BE+ AF = OE-OB + OF-0A

®Ex.24 Ina quadrilateral PQRS, PQ = q, QR =5,
SP=a—b. IfM is the mid-point of QRand X is a point of
SM such that, SX = gSM, then

(@)PX = PR
5
(b)PX = %PR

(c)PX = gpn

(d) None of the above



Sol. (b) If we take point P as the origin, the position vectors of Q
and S are a and b -a respectively.

In APQR, we have

PR=PQ+QR = PR=a+b
. Position vectorof R=a + b

= PVofM=a—+(a+—b)=(a+.1.b)
2 2

Now, SX=§SM
= XM=SM-SX=SM—§$M=§5M
SX:XM=4:1
4(a+1b)+1(b—a)
= PVofX=—_27
a+1
w2t o P )
5 5
3
= PX =ZPR

® Ex. 25 Orthocentre of an equilateral triangle ABC is the
origin O. If OA =a, OB =b, OC =, then AB +2BC +3CA
is equal to

(a)3c (b)3a
()0 (d)3b .
Sol. (b) For an equilateral triangle, centroid is the same as
orthocentre
OA +0OB +0C -0
3
i OA+OB+0C=0
Now, AB +2BC +3CA
=O0OB -0A +20C-20B +30A -30C
=-0B+20A -0C '

=—(0OB+0A +0C) +30A=30A=3a

® Ex. 26 Ifa,b, andc are position vector of A,BandC
respectively of AABC and if |a—b|=4,|b— =2

|c - a| =3, then the distance between the centroid and

. incentre of AABC is

1

(a1 (b) 3
1 2
(c) 5 (d) 5
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Sol. (c) Let G be centroid and I be incenter.

|Gll_|m_OGI_|2a\+3b+4c_a+h+::|
I 5]

® Ex. 27 Let position vector of points A, B and C of trian-
gle AABC respectively be i+j+ 2%k, i+ 2§+ k and
2i+j+ k. Let L, [, and 5 be the lengths of perpendiculars

drawn from the orthocenter ‘O’ on the sides AB, BC and CA,
then (L, + [, + ;) equals

2 3

S By

(a)JE ()J-6—

"3 3

NO 7 il

(c) 5 (d) 3
Sol. (c) A(1,1,2
2 V2

(1,2, 1) 2 @ ¢ 1)

Clearly, triangle formed by the given points i + j + 2k,
i+2j+ kand2i + j + kis equilateral as AB = BC = AC =+/2.
.~ Distance of orthcentre ‘O’ from the sides is equal to inradius

of the triangle.
A ﬁ(‘[i)z 1
.'.l|=Iz=ls=inradius=r=—= 43 =T
T ooaEy W
' 3
= (Il+lz+l,)=%=%

® Ex. 28 ABCDEF is a regular hexagon in the XY -plane
with vertices in the anticlockwise direction. IfAB = 2i, then
CDis

(a)i+3] (b)i+2j
(0)-i+3j (d) None of these
Sol. y
E D
F M c
-
»X
A 2l |B
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ABis a!ong the X-axis and BD is along the Y-axis.
AB=2i = AB=BC=CD-=.... =
From the figure, BM = BCsin60° = 25in60° = /3
BD =23}
BC = BCc0s60°1 + BCsin60°j =1 + /3]
CD =BD-BC =2V3j—(i +3j) = -i + V3]

® Ex. 29 The vertices of triangle are A(1,1, 2), B(4,3,1) and

C(2,3,5). A vector representing the internal bisector of the
ZLAis

(a)i+]+2k (b) 2i —2j +k
() 2i +2j +k (d) None of these

Sol. (c) From the figure, we have
b=AC=1+2j+3k

c=AB=3i+2j+k
A(1,1,2)

and

B c
4,3.1) (2.3,9)

. Unit vector along the bisector of ZA is given by
b+c _(1+2)+3k)+@i+2j-k)

2 J1a
_2i+2j+k
T Ve

~ Any vector along the angle bisector of
cA=21+2]+k

@ Ex. 30 Leta=(1,1,—1),b=(5,—-3,—3) andc=(3,-1,2). If

. a+b
r is collinear with c and has length | l. thenr equals
3
(a) 13c (b) i-z—c
@ +2c
(c) xc 3
Sol. (c) Let r =Ac ¢
Given |r| =|Ml¢|
2 2B et
2 ~
|63 —2j — akd =2)A|3i - + 2k
V56 =2|A|V14
A=%1

r=%tc

© Ex. 31 In a trapezium, the vector BC=AAD. We will then
find thatp = AC +BD is collinear with AD. Ifp=p AD, then

(a)p=A+1 (b) A=p+1
() A+p=1 (d)p=2+A
Sol. (a) We have, p=AC + BD =AC + BC +CD
=AC + AMD + CD

=).AD+(AC+CD)=7LAD+AD =(A +1)AD
Therefore, p=pAD = p=A+1

@ Ex. 32 [f the position vectors of the points A, B and C be
i+ji-jand ai +bj + ck respectively, then the points A, B

and C are collinear, if

(@)a=b=c=1
(b)a =1 b and c are arbitrary scalars
(c)a=b=c=0

(d) c =0,a = 1and b is arbitrary scalars
Sol. (d) Here, AB = =2, BC =(a — 1)i + (b + 1)j + ck
The points are collinear, then AB = A(BC)
—2j=k{(a— i+ (b +1)j + &k}
On comparing, Ka-1)=0kb+1)==2kc=0
Hence, ¢ = 0,a =1and b is arbitrary scalar.

® Ex. 33 Leta, b and ¢ be distinct non-negative numbers
and the vectors ai +aj +ck, i +k, ci +¢j + bk lie in a plane,
then the quadratic equation ax? + 2cx +b =0 has

(a) real and equal roots

(b) real and unequal roots

(c) unreal roots

(d) both roots real and positive
Sol. (a) af + aj + ck, § + kand d + § + bk are coplanar
a a ¢
1 0 1f=0=c'=ab=0
¢

-~

(-] o

For, equation ax® + 2cx + b =0
D=dc —dab=0

So, roots are real and equal.

® Ex. 34 The number of distinct real values of A for which
the vectors A'i +k, i = A'j and 1 +(2A = sind)j = Ak are
coplanar is

(a)0 ()1

()2 (43
Sol. () PutA=0 = AT+ A"+ 2h —sind =0

Let f(A) = AT 4+ A 42X =sind

= LA)=FA +3A7 +2-cosA)>A Ve R

S(A) = 0 has only one real solution A = o,



© Ex. 35 The points A(2 - x,2,2), B(2,2-y,2),
C(2,2,2-z)andD(1, 1, 1) are coplanar, then locus of
P(x,y,z)is

(3) .l + l + l =3

Xy b)x+y+z=1

O+ + L 1@
T —— (d) None of these
Sol. (a) Here.AB:xi_y_‘i

AC=xd-zk; AD=(x-1)i-j-k

As, these vectors are coplanar

x -y 0
= x 0 - =0=.l_+l+l=1
%=1 A Xy z

® Ex. 36 p=2a-3b,q=a-2b+candr=—3a+b +2¢,

wherea, b, ¢ being non-zero non-coplanar vectors, then the
vector—2a +3b—c is equal to

(a)p-4q (b)

() 2p—3q+r (d)ap-2r
Sol. (b) Let —2a +3b—c=xp +yq + zr

=7q+r

= —2a+3b-c=@2x+y-3z)a+(-3x—-2y+2z)b
+(y +2z)c
2x+y—-3z=-2-3x-2y+2z=3

and y+2z=-1

JEE Type Solved Examples :
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On solving these, we et x =0,y =~ Z, z= :

SRl e !:79%*_!)_

Trick Check alternates one-by-one
ie (a)p—4q=-2a+5b-4c

sl LA

® Ex. 37 Ifa, anda, are two values of a for which the unit

vectorai +bj + -;-ﬁ is linearly dependent with i+2jand

S 1 1
j—2k, then — +— is equal to

a, a,
! =16 -1
(@)1 ®) 2 (c)—”— @~
Sol. (C)a§+b3+%l’c=l(i+2})+ m(} - 2k)
= a=l.b=21+mam:lm=-_4—1
a+ bj+%f(isunitvcctor

az+b2=2 = Saz—a—l—lzo
4 16

a, and a, are roots of above equation
1. 1 _a+a _ 16

= —+
a a, aa, 11

More than One Correct Option Type Questions

® Ex. 38 The vectori +xj + 3k is rotated through an angle
0 and is doubled in magnitude. It now becomes
4 +(4x - 2)} + 2k. The values of x are

<2
(a1 (b) %

4

(92 (d);
Sol. (bc) Leta =i + 5 + 3k,

B=4i+(4x-z)j+zfc

Given, 2|a| =| B

= 2,/10 + x* =420 + 42x - 1)

= 10+ x* =5+ (4x* —4x+1)
= 3x*-4x-4=0

x=2, 2
= %7

® Ex. 39 a,b andc are three coplanar unit vectors such
that a +b +c=0. If three vectors p,q andr are parallel to
a,b andc respectively, and have integral but different magni-
tudes, then among the following options, |p + q+r| can take
a value equal to

(@1 (b)o ©Vi (@2
Sol. (c,d) Leta,band c lie in the XY-plane.
Leta=lb=-11+ ﬁ}undc=—li—£]
2 2 2 2

Therefore,|p + q + r| =|Aa + b + vc|

Ai+u[—ii+?]]+v(—%§ —-‘?—3)

=.(A—%—§)i+{—3—01-v)]|

o o
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el YOI W P
=%,j(x—p)’ +(—v)P+(v=A)

=%m=ﬁ

= |p + q+ r|can take a value equal to v3 and 2.

® Ex. 40 A,B,C and D are four points such that
AB =m(2i - 6] +2k),BC =(i - 2j) and
CD =n(-6i + 15j — 3l2). If CD intersects AB at some pointE,
then
(a)mZ% (b)n23l ©m=n (m<n
Sol. (a,b) Let EB = p AB and CE =¢CD
Then0< pandg<1

. D

A
Since, EB+ BC+ CE=0
pmi2i — 63 + 2k) + (1 —23) + gn(~6i + 15] —3k) =0
=(2pm + 1 —6gn)i + (=6pm —2 + 15gn)j + (2pm — 6gn)k = 0

= 2pm—6gn+1=0,
—6pm—2+15gn=0
2pm—6gn =0
Solving these, we get
1 il g=e
B (2m) (3n)
1
0<——<1 and 0<—51
(2m) (3n)
= m2 . and n2 :
2 3

© Ex. 41 If non-zero vectors a andb are equally inclined to
coplanar vectorc, then c can be

O R
‘b)|a|lt||b|“ ﬁ%

O A
© z|a||b+l|b|a * z|a||a+llb|

L
a) * [b]

Sol. (b,d) Since, a and b are equally inclined to c, therefore ¢ must
be of the form ¢ ‘j

b

Ib] lal _,_ lallal [_a_+,_]

Now, BT P jal+ b1 fal + ol Ual * [
b
b] _lal__,__lalltl [1+_)

Also 161" 2a+ b1 al+[bi\al bl

a b
. : Bt S 2
Other two vectors cannot be written in the from I[I 3 ]bl]

© Ex. 42 The vectors xi +(x +1)] +(x +2)k,

(x +3)i +(x +4)] +(x +5)k and

(x+6)i +(x + 7)]' +(x+ 8)12 are coplanar if x is equal to
(a1 (b)-3 (©4 o

Sol. (a,b,c,d) )
A+ (x+ )]+ (x + 2)k, (x +3)i + (x + 4)j + (x + 5)k and

(x+6)i+(x+7)]+(x+ 8)!2 are coplanar. We have
x x+1 x+2

x+4 x+5
x+7 x+8

determinant of their coefficients as | x+3
x+6
Applying C; = C, — G, and C3 = C; — G, we have
x 1 2
x+3 1 2|=0. Hence, x € R.
x+6 1 2

© Ex. 43 Given three vectors a, b, and ¢ are non-zero and
non-coplanar vectors. Then which of the following are
coplanar.
(a)a+b,b+cc+a (b)a—b,b+cc+a
(©)a+bb-cc+a (da+bb+cc-a
Sol. (b,c,d) c+a=(b+ c)+(@-b)
at+b=(b-c)+(c+a)
at+tc=(@+b)+(c-a)
So, vectors in options (b), (c) and (d) are coplanar.

® Ex. 44 in a four—dirpensional space where unit vectors

along the axes are 3,}.k and, anda,,a,,a,, a, are four

non-zero vectors such that no vector can be expressed as a
linear combination of others and (A — D@, —a,)+

M@z +a3) +y(ay +a, - 2a,)+a, +8a, =0, then

2 2 1
A=1 (p=-2 2 (8l
@A=1(bp 3 (©)y . ()8 -

Sol. (a, b, d)
(A = 1), =a;) + p(a, +ay) + Y, + ay=2;)+ay+8, =0
fe. (A =1a +(1=A+p =2y, +(+y+ Day+(y+8)a, =0
Since, ay, a5 ay and ay are lincarly independent, we have
A=1=01=2+p=2ymo,
Hty+1=0 and y4+3=o
Le. k-l.u-zmny+|-0,y+§-o

2 1 1
Hence, A=l == yme” Sa-
3 3 3
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Statement | and Il Type Questions -

Directions (Ex. Nos. 45-51) This section is based on
Statement | and Statement I1. Select the correct answer
from the codes given below.

(a) Both Stateme}xt I and Statement II are correct and
Statement II is the correct explanation of Statement I

(b) Both Statemept I and Statement II are correct but
Statement II is not the correct explanation of
Statement 1

(c) Statement I is correct but Statement II is incorrect
(d) Statement II is correct but Statement I is incorrect

© Ex. 45 Statement | If|la|=3,|b|=4and|a +b|=5,
then|a —b|=5. g
Statement Il The length of the diagonals of a rectangle is
the same.
Sol. (a) We have, adjacent sides of triangle |a| =3, |b| = 4

The length of the diagonal is|a + b| =5

Since, it satisfies the Pythagoras theorem,a L b

So, the parallelogram isa rectangle.

Hence, the length of the other diagonal is|a — b| =5.

© Ex. 46 Statement | /fla+b|=|a—b]| thenaandb

are perpendicular to each other.
Statement Il [f the diagonals of a parallelogram are equal
in magnitude, then the parallelogram is a rectangle.
Sol. (a) a + b=a — b are the diagonals of a parallelogram whose
sides are a and b.
|a+ b|=|a-b]|
Thus, diagonals of the parallelogram have the same length.
So, the parallelogram is a rectangle, i.e.a Lb.

© Ex. 47 Statement | If] is the incentre of AABC, then
|BC[IA +|CA|IB +| AB|IC=0

Statement Il The position vector of centroid of AABC is
OA +0B+0C

3
Sol. (b) We know that,
m_|CBIOA+|CAIOB+|AB|0C
N |BC|+|CA|+]|AB|
A + OB + OC
and Go=28t00 2

3

© Ex. 48 Statement | [fuand v are unit vectors inclined
at an angle o and X is a unit vector bisecting the angle
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1t v

v
between them, then x = =
2 5in—

2

Statement Il If ABC is an isosceles triangles with
AB = AC =1, then vectors representing bisector of angle A is

, AB + AC
given by AB = —
Sol. (d) We know that the unit vector along biscetor of unit
u+tv

*. where 0 Is the angle between
2cos—
2

vectors u and v is

vectors u and v.
Also, in an isosceles AABC in which
AB = AC, the median and bisector from A must be same line,

o Ex. 49 Statement | /fa=2i +k, b =3j + 4k and
c=2Aa +Ub are coplanar, thenc =4a —b.

Statement Il A set vectorsa,,a,,as,...,a, is said to be
linearly independent, if every relation of the form

La, +a, +has+....+,a, =0 implies that

=1, =0 (scalar).

Sol. (b)a, b and c are coplanar c=Aa+pub = A =4andp =-1

L=l=b=..

® Ex. 50 Statement | Let A(a), B(b) and C(c) be three
points such thata = 2i + k,b=3i -} +3k and
c=-i+ 7j —5k. Then, OABC is a tetrahedron.
Statement 11 Let A(a), B(b) and C(c) be three points such
that vectorsa, b and ¢ are non-coplanar.
Then OABC is a tetrahedron.
Sol. (a) Given vectors are non-coplanar.

Hence, the answer is (a).

© Ex. 51 Statement | Let a,b,c and a be the position
vectors of four points A, B,C and D and

3a—2b +5c—-6d=0. Then points A, B,C and D are
coplanar.

Statement Il Three non-zero linearly dependent co-initial
vectors (PQ, PR andPS) are coplanar. Then

PQ =APR +pPS, where A and | are scalars.

Sol. (a)
3a —2b + 5¢ — 6d =(2a —2b) + (=5a + 5¢) + (6a —6d)

==2AB +5AC -6AD =0
Therefore, AB, AC and AD are linearly dependent.
Hence, by Statement II, Statement [ is true.
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JEE Type Solved Examples :
Passage Based Questions

53. (b) Hence, P divides ALin the ratio 3:1 and P divides DB in the

(Expsz:asg; ul) 54) ratio 1: 3 Similarly Q divides DB in the ratio 1: 3.
. Nos. 52 .
ABCD is a parallelogram. L is a point on BC which divides Thus, DQ = ;DB
BC in the ratio 1:2. AL intersects BD at P. M is a point on 1
DC which divides DC in the ratio 1:2 and AM intersects and PB = ;DB
BDinQ. h
54. (b) .~ PQ=2DB,
® Ex. 52 Points P divides AL in the ratio
i 8 =1:2
(a)1:2 (b)1:3 ie. PQ:DB
(€)3:1 (d)2:1 PassageH

(Ex. Nos. 55 to 56)

® Ex. 53 PointQ divides DB in the ratio X
Let A, B, C, D, E represent vertices of a regular pentagon

Ea; ;z; E:; 123] ABCDE. Given the position vector of these vertices be
L ' a,a + b, b, Aa and Ab respectively.
® Ex. 54 PQ:DB is equal to AD
2 1 ® Ex. 55 The ratio— is equal to
(@)= (b)—~ BC
3 3 3n 3n 2n T
1 3 (a) 1— cos—: cos— (b) 1+ 2cos—: cos—
(c) 3 (d) = 5 5 5

T T
Sol. (Ex. Nos. 52-54) (1+2 cos 2cos; (d) None of these

52. (o)
® Ex. 56 AD divides EC in the ratio
2n 3n
(a)cos—:1 b —:1
g (b) cos s
(c)1:2cos§ (d)1:2
Sol. (Ex. Nos. 55-56) Given ABCDE is a regular pentagon
BL=-b A R
1
AL=a+-b
3

Let AP =AAL and P divides DB in the ratiop : 1 —p & 25
Then,  AP=la+ %b ) £ w5 C
Also, AP=pa+(1-p)b ..(ii) 255
From Egs. (i) and (ii), D

A+ rya b

a+ 3 =pa+(1-p) Let position vector point A and C be a and b, respectively.
A =4l1 AD s parallel to BC and AB is parallel to EC.
i A Therefore,
an 3 1=-p AOCB is a parallelogram and position vector of Bisa + b.
A= 3 The position vectors of E and D are Ab and Aa respectively.
4 Also, OA = BC = AB = 0OC =1(let)



Therefore, AOCB is rhombus.
ZABC = LAOC = 3—1:
5

and £0AB=/BCO=n - F 2%

5 5
Further, OA=AE=1andOC=CD=1
Thus, AEAO and AOCD are isosceles.

In AOCD, using sine rule we get.

ocC _ oD
Sin—n sini
5
= OD= L =0E
2cos—
= AD=0A+0D=1+
2cos—
5
1+ 2cos =
LR [ WO S
Bc 2cos£ 2cos ™
5 5
LI -
0C 5. os&
cos—
5
Passage II1

(Ex. Nos. 57 to 58)

In a parallelogram OABC vectorsa, b, ¢ respectively, the
position vectors of vertices A, B, C with reference to O as
origin. A point E is taken on the side BC which divides it in
the ratio of 2 :1. Also, the line segment AE intersects the
line bisecting the angle ZAOC internally at point P. If CP
when extended meets AB in point F, then

® Ex. 57 The position vector of point P is

lajlc] [a , €
@ 3cl+ 22 I(Ial *m)

3la||c]| (a c]
b) —————| — +—
® Ser+ 2ailjal el

dajle] (a ¢
(°’3|c|+z|a|(|a|+lcl)

(d) None of the above

® Ex. 58 The ratio in which F divides-AB is

2la b 1al
@ =g ® o

3a| PO [
© Jal-3le || ¢ )BHcl —a||
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Sol. (Ex.Nos. 57-58)

Cle) 1E 2 Bb)

o A@

Let the position vector of A and C be a and c respectively.
Therefore,
Position vector of
B=b=a+c (1)
Also, position vector of
Wik (i)
3 3

Now, point P lies on angle bisector of ZAOC. Thus,

Position vector of point

(i)

Also, let P divides EA in ration t : 1. Therefore, Position vector
of P

(i)

a+3c
Mt _Gr+tatie
p+1 3+ 1)
Comparing Egs. (iii) and (iv), we get
}‘(a c]_(3u+1)a+3c

..(iv)

&L el
lal * le| 30 +1)
= A, i mdi:#
lal 3w+1) ] p+1
3c|—lal _
3fa|
= A__ 1, 3ald
le| 3edal 3|c| +2Ja|
3a|

st <)
Slel+2ailal "id)

58. (;2 }ct F divides 4B in ratio ¢: 1, then position vector of F is
a

t+1
Now, points C, P, F are collinear, Then, CF = mCP

. ,(Hc)_c:m{ el (1+1]_c}
t4+1 3c|+2al\la] |d

Comparing coefficients, we get
t 3|c|
—_— =
t+1 3c|+2a|
-1 _ la]-3c]|
t+1  3c|+2a|
po el
Ye|=la|

57. (b) So, position vector of P is

and
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JEE Type Solved Examples :
Matching Type Questions

® Ex. 59 In the Cartesian plane, a man starts at origin and
walks a distance of 3 units of the North-East direction and
reaches a point P. From P, he walks a distance of 4 units in
the North-West direction to reach a point Q. Construct the
parallelogram OPQR with PO and PQ as adjacent sides. Let
M be the mid-point of PQ.

Column I Col )14
A. The position vector of P is 3 .
5 ® Zd+d
B. Th iti is - -
e position vector of R is (q) % G+5))
C. The position vectbr of M is (M 2v2(-i+3)

D. If the line OM meets the diagonal PR (s) /2

* a2
in the point T, then OT equals T(' +5J)

Sol. A-» B> r,C—>¢,Dos

(A) Let iand j be the unit vectors along OX and OY
respectively.
Now, OP =3 and ZXOP = 45° implies that
OP = (3cos45°)i + (3sin45°)] = %(i +}
(B) Again, ZXOR = 135° and OR = 4 implies that
OR = iz(-i +)=2v2(-1+j)

JEE TYpe Solved Examples :
Single Integer Answer Type Questions

(C) The position vector of Qs given by
P

P+PQ=0P+OR =—(-i+7j
OP+PQ S+

4 3
45°
0

(aeon- (g
2
_2i+10) _i+5j
Tz 2
(D) Now, PT: RT =1:2
1(OR) + 2(OP)
3

OM =

oT =

(i3 {23

3
V2

7

Therefore,

(i+5))

® Ex. 60 P and Q have position vectors a andb relative to
the origin O and X, Y divide PQ internally and externally
respectively in the ratio 2:1. Vector XY is Aa + b, then the
value of |\ + | is

Sol. (0) Since, X and Y divide PQ internally and externally in the

raﬁt.az:l, thenX=2b+a

andy =2b-a
. XY = Position vector of y-Position vector of x

=2b-a

® Ex. 61 If A(L,—1,-3), B(2,1,— 2) and C(-5, 2, - 6) are the
position vectors of the vertices of AABC. The length of the
M0

bisector of its internal angle at A is , then value of A is

Sol. (3) We have, AB =1 + 2] + k, AC =—6i + 3] -3k
= |AB|=+v6 and |AC|=3V6
Clearly, point D divides BC in the ratio AB: AC, i.e.1:3
(=51 + 2] - 6k) + 320 + j —2k)
1+3

.~.Position vector of D =

(i +5) - 12k)

ad
4
o vy & A 3. 9
AD=%(i +5) - 12k) -1 - § - 3k)= S + 3))
= ]ADl:AD:%Jﬁ
A=3



® Ex. 62 Let ADC bo a telangle whose centrold Is G,
orthocentre Is Hand clreumeentra Is the orlyin ‘0", If D Is
any point in the plane of the trlangle such that no three of
O, A, Cand D are collinear satlsfytng the relation

AD DD+ CHA-3HG = AHD, then what Is the value of the
sealar ‘A’

S0l LUS ==l = bt o= (g =)

e (U (ORI (R Y

(n l: £9) ot

“20 =20 = 2(d = ) =201 s A =2

® Ex. 63 Leta,b ande be unit vectors such that

wAb—=c =0.lf the area of triangle formed by vectorsa and
b is A, then what is the value of 16A? ?
Sol. (3) Glvenn + b w ¢

Now, vector ¢ n nlong the dingonal of the parallelogram which
has adjucent side vectors n nnd b, Since, ¢ Iy also a unit vector,
telnngle formed by vectorsn and b 1s an equilateral triangle,

Then, Area of triangle = -\/—4-" =9 Ale {:—) = 16A* =3

Va
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® Ex. 64 Find the least positive integral value of x for
which the angle between vectors a = xi~3)- k and

b= 2x1 + x) ~k is acute.

Sol. (2) Leta = xl =3) - fc and b = 2x1 4 x) - f¢ be the adjacent

slden of the parallelogram.
Now angle betweena and b s acute, i.c. |a+bl>|a-b|

es foxd 4+ (x =) = 2k[ > |- b ~x )

or ox? 4 (x =3)t + 4> x* 4 (x +3)°

or 8xt ~12x+4>0 or 2x* =3x+1>0
1
or 2x=1)(x=1)>0 = x-<-2-orx>1

Hence, the least positive integral value is 2.

® Ex. 65 If the points a(coso. + isiny), bcosB +1sinP)

and c(cosy + i siny) are collinear, then the value of | z| is ...

(where z =bc sin(B —y) + ca sin(y —a) +ab sin(o +B) +31)
acos0. asinot 1 ’

Sol. (3)[bcospp  bsinp

ccosy

1|=0
csiny 10
=> besin(y = P) + asin(at = ) + absin(B —a) =0

= lz|=3
Subjective Type Questions
© Ex. 66 A particle in equilibrium is subjected to four = oy, N
forces O
. o 45.125,3 J12 12 eing=0 )
Bipesiy Fi=M% SETIAST] 3437+ weine = i)
3 3
F3=V(-ii-]—2‘]+}-k) TRARTA (i)
137 137 13 o o
i j L o 4 =—
and F, =w(cos0 | +sin0 J) m Eq. (ili), we get u+ v =

Find the values of u,vand w in terms of 6.
Sol. Since, the particle is in equilibrium.
R+F,+F+F =0
~10k + u(il ol E-f() + v(—ii i -3—f()
13 13 13 13 13 13
+ w(cosOi + sin6}) = 0

= (ﬂ‘- .. wcoso)l + (——l—gu A2 wslno)]
13 13 13

+ (1u+ lv—m)fu-()
13 13

‘From Eq. (ii), we get

12
- E(u + V) + wsin@ =0

12(1
= = —(ﬁ) + wsin® =0
13\ 3
40
= w =—— =40 cosec 6
sin®

On substituting the value of w in Eqs. (i) and (ii), we get
u—-v=-=130cotd

130

and u+v=—
3
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On solving, we get

u+ 6?5--65cot9

v+ 6—;5-+ 65cot® and w =40 cosec 6

® Ex. 67 Find all values of ‘A’ such that x, y, z #(0,0,0)
and(i +j +3k) x +(31 =3j +k) y +(-41 +5])z

=A(xi + i+ zl;), where i, § andk are unit vectors along the

coordinate axes.
Sol. Here,

1+ 3 +3k)x + (31 - 3] + k)y + (-4i +53)z = M + 33 + zk)
On comparing the coefficients of i, j and k, we get

x+3y —4z=2Ax

= (1-M)x+3y-4z=0 (i)
x=3y+5z=0Ay
= x=(B+A)y+5z=0 (i)
Ix+y=»Az
= 3x+y-Az=0 (i)
The Egs. (i), (ii) and (jii) will have a non-trivial solution, if
1-A 3 -4
1 -B+A) 5|=0
3 1 -\

[~ (xy,2)#(0,0,0)..A=0]
=1 =A)AB+A)-5}-3{-A —15}-4{1 +3(A +3)} =0
= (1 = A)A?+3A =5} =3{-A —15} = 4{3A +10} = 0
= AB+2A+A=0
= AN +2) +1)=0
= AMA+1)2=0
A=0 or A=-1

® Ex. 68 IfG is the centroid of the AABC and if G’ is the
centroid of another AA’ B’ C’, then prove that

AA’+ BB’ +CC"=3GG’.

Sol. Here,

G is centroid of AABC and G’ is centroid of AA’ B'C’, shown as
in figure.

Clearly, AA’=AG+ GG+ G’'A’ (polygon law)
BB =BG + GG’ + G'B’
CC'=CG+CG' +G'C

On adding these
AA"+ BB + CC' =3GG’ + (AG + BG + CG)
HG'A'+G'B +G'C)
=3GG’ + (AG + 2DG) + (G'A’ + 2G'D)
(using AD and A’ D’ as the medians of AABC and
AA’B'C, respectively)
=3GG’' +(AG+ GA)+ G'A’+ A’G’
=3GG'+0+0
- AA’ + BB + CC’' =3GG’
Aliter
We know by triangle law
AA’=0A’-0A
BB’ = OB’ - OB
cCc’'=0C' -0cC
= AA’+ BB + CC =(0A’+ OB’ + 0C’)
-(0A + OB + OC)
=30G’ -30G’ =3GG’

® Ex. 69 IfD,E and F are the mid-points of the sides

BC, CA and AB, respectively of a AABC and O is any point,
show that

() AD+BE+CF =0

(ii) OE+OF +DO =0A

2 1 1
iii) AD +—-BE +—CF =-AC
(i 3 3 2

Sol. Consider the point O as origin, we have,

B(b) D(d) Cle)

(i) AD+BE + CF==(d -a) + (e=b) + (f-¢)
=(d+e+f)—(@+b+c)=0 [usingEq. ()]
= AD+BE+CF=0
(ii) Here, OE + OF + OD=e + f - d
=ﬂ+ ﬂ_b—+£=a=0!\
2 2 2
OE + OF + OD = OA

1
(iii) Here, AD + §BE + :IYCF=(d -a)+ ;(e-—b)+ g(f-c)

=b+c_n+g(_c__-t_g_b)+l(§_ﬂ_c)
2 3\ 2 S\ 2

11 t 2 4 11 1)
=al=1+-+-|+b|-==+- +c(—+———
( 3 6] (2 3 6) 2 3 3




- - l-n + -l-c-!(c-n)
2 2

-

‘:/\C

[ERRN

2
AD+ T "‘cp S AC

® Ex. 70 If A andB be two vectors and k be any scalar
quantity greater than zero, then prove that

|A+B] su+k)|/\|’(|+}‘]|n P
Sol. We know, (1 + k)|A|* + (| + i‘)l“l'
= AL+ MA B+ -'L-|n|’ 0)

1
Also, NAP + {-_uq' zz(u/\r-im*]’ =2ANB (D)
(since, Arithmetic mean 2 Geometric mean)
So.(1 + k)AL + (\ + i)uu‘ SIAP B+ 2A] By
=(|Al+B)
And also, |A| + |B| 2|A +B|

[using Eqs. (i) and (ii)]
Hence, (1 + k)]/\|’+(l + %)uq’ 2|A+8}

® Ex. 71 IfO is the circumcentre and O’ the orthocenter of
AABC prove that
(i) SA +SB+SC =35G, where S is any point in the plane
of AABC.

(i) OA+0B+0C =00’

(i) O’A+0’B+0°C = 20’0

(iv) AO’+0’B+0°C = AP
where, AP is diameter of the circumcircle.

Sol. Let G be the centroid of AABC, first we shall show that
circumcentre O, orthocenter O’ and centroid G are collinear

and O'G =20G.

Let AL and BM be perpendiculars on the sides BC and CA,
respectively. Let AD be the median and OD be the
perpendicular from O on side BC.If Ris the circumradius of
circumcircle of AABC, then OB = OC = R,

In AOBD, we have OD = Rcos A i)
In AABM, AM = ABcosA =ccosA L (i)
Form AAQ' M, AU = AMsec(90° ~ C)
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=ccosA cosec C

= .cos A=2RcosA
inC

sin
( a _ b _ ¢ =2R]
sinA sinB sinC
A0 =2(0D) (i)
Now, AAGO" and AOGD are similar.
o6 o 22 (using Eq. ()]
0-G GA A0 2
= 20G6=0G

(i) We have, SA + SB + SC=SA +(SB + sC)
=8SA +2SD (-~ Dis the mid-point of BC)
=(1 +2)SG =35G
(ii) On replacing S by O in Eq. (i), we get
OA + OB + OC =30G
=20G + 0G = GO + OG

=0G + GO’ = 00

(ii)O'A + OB+ O'C=30'G [from Eq. (i)]
=20G+0G
=20'G + 2GO (-20G=00G)
=200

(ivyAO+ OB+ O'C=2A0+(0A+ OB+ O'C)
=2A0' +20'0 (From Eq. (iii)]

=2(A0 + 0'0)=2A0 = AP
(" AQis the circumradius of AABC)

® Ex. 72 Ifc=3a+4b and 2c = a - 3b, show that,

(i) c anda have the same direction and |c|>|a|

(ii) c and b have opposite direction and|c|>|b|.
Sol. We have,

c=3a+4band2c=a-3b
= 23a+4b)=a-3b

= S5a=-11b
11
= =-—b and b=—ia
5 11
& 5 . 5
(i) c=3a+4b=3a+ 4(—1—;11) (usmgb:——a]
11
=h-Qa=l—2|
11 11
which shows that ¢ and a have the same direction.
Andc=£a
13
= I€l=ﬁlll= lel>]a]

(ii) We have, ¢ = 3a + dbanda = - % b
c-:!(—-l-l-h) + {hu_gb, 4b
S 5

13
cw=--—b
5
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This shows c and b have opposite directions.

Also, |c|=‘—~?b‘=-‘£|b| = |c|>|b]

® Ex. 73 A transversal cuts the sides OL, OM and diagonal

ON of a parallelogram at A, B and C respectively.

OL OM ON
Prove that — + — = —,

OA OB oOC
Sol. We have,

ON =OL + LN =OL + OM
Let OL =x0A,OM =yO0B

and ON =:0C

So, |OL|= x|OA|,|OM|=y|OB| and |ON|=z|OC|

OL OM
X=—,y=——andz =—

OA OB

~.From Eqgs. (i) and (ii), we have

M

.
/

A L

20C = x0A +yOB

= x0A+yOB-zO0C=0

.Points A, B and C are collinear, the sum of the coefficients of
their PVmust be zero.

= x+y—-z=0
e oL, OM_ON
h OA OB OC

(i)
(i)

® Ex. 74 IfD,E andF be three points on the sides BC, CA
and AB, respectively of a AABC. such that the points D, E

BD
andF are collinear then prove that — - — - —

(Menelau’s theorem)

Sol. Here, D, E and F be the points on the sides BC,CA and AB

respectively of AABC. Such that points D, E and F are
collinear, be Shawn as the adjoining figuece.

Let B as the origin, BA =aand BC =¢
Then, BF = ka and BD =lc

where, k and [ are scalars.

=

So, that BE =

=

-(i)

...(ii)

...(iii)

BD _ ana BF 4
BC BA
BC:BD=1:1
B€ _yaloyisy BC 251
BD ! BD !
BD_ I 4 BA_1
DC 1-I BF k
 _BA_ 1 _ AF_k-1
BF BF k
Now, let E divide the line AC in the ratio of x: y
BD BF
X —ty.—
xc+ya i k
x+y x+y
E— __y
I(x + y) Kx +y)

Since, D, E and F are collinear.

Sum of coefficients must be zero.

x E.4

Hence,1 - ——— ————=0

U

Ix+y)

kx+y)
y

x
(x+y)———;=0 = x+y=

!

® Ex. 75 LetA(t) = £,(i)i + f,(8)] and
B(t) =g\(t)i +g,(t)j t €[0,1), where f,, f,, g, and g, are

continuous functions. Then show that A(t) and B(t) are

parallel for somet.

Sol. If A(t) and BSt) are non-zero vectors for all t
and A(0) =2i +3j, A(1) =61 + 2], B(0) =3i + 2,
and B(1) =2i +6j.

In order to prove that A(t) and B(t) are parallel vectors for
some values of t. It is sufficient to show that A(t) = AB(t) for

some A.

= {AOF+ £ = Ma®i + g0}
filt) =Rhgit and fy(t) = Aga(t)

=

L

=
‘Let

Also,

and

£(8)  g(t)

H(t)ga(t) = filt)ge = 0

[using Egs. (i), (ii) and (iii)]

for some t € [0,1]

S = filhgat) - f()g(). t € [0,1]
Since, f;, fo, g and g, are continuous functions.
. F(t) is also a continuous function.

£10) = £,(0)g2(0) - £,(0) £:(0)

=2X2-3Xx3=4-9= -5<0

J0) = fDg:1) - &i(1) £1)



=6X6-2X2=32>0

Thus, F(t) is a continuous function on [0, 1] such that
F(0)-F(1) < 0.

By intermediate value theovem, there exists some t € (0, 1)
such that

=0
= AO8A) = fut)gt =0
= A(t) = AB(t) for some A.

Hence, A(t) and B(t) are parallel vectors,

® Ex. 76 Prove that ifcosa #1 ,cosP #1andcosy #1, then
the vectorsa = {cosat +j +k,b =1 +jcosP +k,
c=i+])+kcos Y can never be coplanar,

Sol. Suppose that, a, b and ¢ are coplanar,

cosQt 1 1
= 1 cosp 1 |=0
1 1 cos
On applying R, = Ry = Rjand Ry = Ry - R,
cos o 1 1
= 1-cosat cosf-1 0 =0
1-cosQ 0 cosy-1

= coso(cosP — 1) (cosy = 1) = (1 — cosat)(cosy —1)
—(1=cosa)(cosp—-1)=0
On dividing throughout by (1 = cosa)(1 = cosB)(1 = cosY), we
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= xS Ay F = Ak pz
Lyt A

= x=AFH,y A » 0

= l—x=l—l-—|ll—y=x ;‘*"

L
10

S P (U, [N RTINS -
I=x 1=y l=z I1=A=j1 Aut—l Atp—1
R
Atp=-1

. _l_. + _.l__ + ._l._. =]
l=x 1=y 1-2
Aliter
Thus, above problem could also be solved as
x 11 X1 0 1-2
1y =0= |0 y=1 I=-2(=0
1 1 z 1 1 z
(using R, = R, = Ryand R, = R, = R,)
1 0 -1
2S(x=1)y-=1)z-1) 0 1 -1[=0
=1 -1 -2
l=x 1=y 1=z
" 1 1 1
(usmg R = — R,. R; = ——Ry, Ry — —R,]
Xio= y-1 z-1
z
= (-1)- (1) =
(l-x) - y)‘ e
(expanding along R)
= —1 __1 +(l—z)—l=
(=x) (-y) (-2)
= —+L+_l_=

get
coso 1 1 -
1-coset 1-cosp 1-cosy
- 1
- —1-cosat) +1 " 1 " -
1-cosat 1-cosp 1-cosy
1 1 1
= -1+ + + =
(1-cosat) (1—cosP) (1—cosy)
1
1 L _
l-cosa 1-cosp 1-—cosy
= cosec’ = + coscc2 B +cosec?l = 2, which is not possible.
2
As, cosec? < 21, cosec? E 21
2 2
and coseczg 21

** They cannot be coplanar.

® Ex. 78 Ifa,b andc be any three non-coplanar vectors,

then prove that the points l,a + mb + nyc, l,a + m,b + n,c,

la +myb +nyc and lya + myb + nyc are coplanar, if
L m n 1

[, my ny 1

2 My m =0

L m ny 1

ly my ng 1

Sol. We know that, four points having position vectors, a,b,c and

® Ex. 77 If the vectors xi +j +ki+yj +kandi +)+ 2k
are coplanar where,x #1,y #1and z #1, then prove that

Sol. The vectors are coplanar, if we can find two scalars A and
such that

(d+ ]+ k)= A+ 33+ k) +pcd + ]+ k)

d are coplanar, if there exists scalars x, y, z and t such that
xa+yb+ze+td=0 where,x+y+z+t=0

So, the given points will be coplanar, if there exists scalars
X, , z and t such that

x(ha + mb + nic) + y(la + mpb + nye) + z(lya + myb + nyc)

+t(lia + mb+ n,c)=0
where,x+y+z+1t=0
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=(hx + Ly + Lz + LiH)a + (mx + myy + myz + mgt)b

+ (mx + nyy + nsz + nyt)e =0

where, x+y+z+t=0
hx+ Ly +lz+1t=0

mx+ myy + myz + mgt =0

mx + ny + nyz + gt =0

and x+y+z+t=0

Eliminating x, y, z and t from above equations, we get

L L
mom My Myl 0
mo onp N3Ny
11 1 1

® Ex. 79 Ifr,,r, andr; are the position vectors of three
collinear points and scalars [ and m exists such that
r; =l r, +mr,, then show that[+m=1.

-(i)
(i)
. (iii)
(i)

Sol. Let A, B and C be the three points whose position vectors-

referred to O are 1, I, and Iy, respectively.
AB=0OB-OA=r,-1
BC=0C-OB=r-1,

Now, if A, B and C are collinear points, then AB and AC are in
the same line and BC = A (AC)

= (5 -n)=A(r,-x)

= L=-A+(A+1)n,
= I3 =—An + mr,

where, I=-Xandm=A+1

= l+m=-A+(A+1)=1

® Ex. 80 Show that points with position vectors
a—2b +3c,—2a+3b —cand4a —7b +7c are collinear. It is
given that vectors a,b and ¢ and non-coplanar.
Sol. The three points are collinear, if we can find X, X, and Xy
such that
Ai(@=2b+3¢)+ A, (-2a+3b —¢) + As
(4a-7b +7¢c)=0withd, + A, + A, =0
On equating the coefficients a. b and ¢ separately to zero, we
get Ay —2h; + 4y =0,-2X, + 3k, —7\; = 0 and
3 —A;+7h3=0
On solving we get A, =-2 A, =1, A, =1
Sothat, A, + A, + A, =0

Hence, the given vectors are collinear.



Vector Algebra Exercise 1:
Single Option Correct Type Questions

1. Ifa=3i-2j+kb =2i-4j-3kand c = —i+2j+2k, 9. If O is the origin and the position vector of A is 4i+5j,
thena+b+cis then a unit vector parallel to OA is
(a)3i - 4j (b) 31 + 4J 4. ) =i
(©4-4j (d) 4 + 4 @ 7 ey
~ 1 - -
. What sh i =3i+4j-2Kk L 4i+s) d) ——(41 - 5]
2 ' at should be a'ddedm\:ectora 3i+4j-2kto get (c)m(4|+5_|) ( )m( i-5))
its resultant a unit vector i ?
(a) -2i —4j +2k (b) - 2i+ 4] -2k 10. The position vectors of the points A, Band C are
()2 + 4 —2k (d) None of these i+2j -k i+j+kand2i+3j+ 2k, respectively. If A s
24 oa 2 A ~ the origin, then the positien vectors of Band
3. Ifa=2i+ j—8k and b=1i +3j — 4k, then the magnitude Z,h:::n as the origin, then fhe P
of a+ b is equal to (@) i+2k i+]+3k )]+ 2k i+]+3k
(a) 13 (b)? ©-j+2ki-j+3k  (@-F+2ki+j+3k
() 3. () % 11. The position vectors of P and Q are 5i + 4j + ak and
2 . . 1 —i+2j— 2Kk, respectively. If the distance between them
4. If a=2i+5j and b=2i— j, then the unit vector along is 7, then the value of a will be
a + b will be (a) -5,1 (b)5,1
b k]
@ 'J—’ ® i+ (©05 @10 B
2 . 12. If position vector of points A, Band C are respectively i,
() V2(1+3) ) —}51 and k and AB = CX, then position vector of point X is
‘ @-i+j+k - b)i-j+k
5. The unit vector parallel to the resultant vector of ©i+j-k @i+)+k

21+ 4j—>5kand i+2j+3kis o
13. The position vectors of A and Bare 2i —9j — 4k and

Loae o & a a o
(a) ;(31 +6) —2k) 61 — 3j - 8k respectively, then the magnitude of AB is

. i+j+k (a) 11 ®) 12
e ()13 ‘ (d)14
© i+j+2k 14. If the position vectors of Pand Q are (i +3) — 7k) and
IJE (51 - 2j + 4k), then | PQ] is
(d) ﬁ"i -j+8k) (a) V158 (b) V160
i o - () V161 (@) V162
=3+ 43k b=—1+2j =3i+j, then th A a _a
6. Ifa=1+ ?‘J;ﬂ" l"t 2 ;ZJ:'_k and cESk | aente 15. If the position vectors of P and Q are i + 2j — 7k and
i is A & o
unit vector f)ng its resul an3 i 51 —3j + 4k respectively, the cosine of the angle between
(a)3i +5) + 4k (b) % PQ and Z-axis is
- 4 11
(© 1'L:.j7+4_k (d) None of these @ V162 ® V162
5 =5
7.1fa =(25)and b =(1, 4), then the vector parallel to (©) V162 ' @ V162
((a)-;— b))is L 16. If the position vectors of A and Bare i+3j- 7k and
a) (3,5 ’ A 8 D X ¢ . s
©0.3) @ .5 5i — 2j + 4k, then the direction cosine of AB along Y-axis

8. In the AABC, AB =a, AC=cand BC=b, then 8 7 &
(a)a+ b+c=0 (b)a+b-c=0 W (b) =y
(c)a-b+c=0 (d)-a+b+c=0 © -5 @n
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17. The direction cosines of vector a =3} + 4j +5k in the
direction of positive axis of X, is

3 4
A i
(a) T () *s
3 4
O} o (d) =
18. The direction cosines of the vector 3i — 4+ sk are
341 3 =4 1
- W RN A

3 -4 1 3 4 1
© 7= = = d) —=, —=, 4=
i RN AN A
19. The point having position vectors 2} + 3j + 4k,
3i+4j+2kand 4i +2 + 3Kk are the vertices of
(a) right angled triangle
(b) isosceles triangle
(c) equilateral triangle
(d) collinear
20. If the position vectors of the vertices A, Band C of a
AABC are 7§ +10k, - i + 6] + 6k and — 41 + 9 + 6k,
respectively. The triangle is
(a) equilateral
(b) isosceles
(c) scalene
(d) right angled and isosceles also
21. If a, b and c are the position vectors of the vertices A, B
and C of the AABC, then the centroid of AABC is

a+b+c 1 b+c
@ 3 (b);(a+ 2 )
@ailtE @2thre

22. If in the given figure, A =a,0B=Dband AP: PB=m:n,

then OP is equal to
P

A B
()
na + mb
(a)m’:::b ®) =t
—nb
(c) ma —nb @===
m-n

23, If aand bare position vector of two points A, Band C
divides ABin ratio 2: 1, then position vector of C is

a+2b 2a+b
(a)'T_ (®) 3

a+2 atbh
(c) 5 (d) 2

24,

25,

26

27.

28.

29,

30.

31.

32,

33.

The position vector of the points which divides
internally in the ratio 2 : 3 the join of the points 2a = 3b
and 3a —2b, is

13
@ineh
5"

(b) El -—=b
5 5

(c) 2l = b (d) None of these
5 5
If O is origin and C is the mid-point of A (2 - 1)and
B(~4,3). Then, value of OCis
@i+] ®i-]
(©-i+] ()-i-]
If the position vectors of the points A and Bare -
i+3j - kand3i - j—3k, then what will be the position
vector of the mid-point of AB )
(a)i+2j-k (b)2i + j -2k
(2i+]j-k d)i+j-2k

The position vectors of A and Bare j-i+ 2k and

3i — j + 3k. The position vector of the middle point of

the line ABis
1, 1, =& 2 4 D&
Si-2j+k 2i-3+ 2k

@) E=20% bia=yt3

1, 3=

(c) %i - EJ + Ek (d) None of these

If the vector bis collinear with the vector a= (22, -1, 4)
and| b| =10, then

(aatb=0 (b)at2b=0

(c)2at b=0 (d) None of these

If a =(1,-1) and b= (-2 m) are two collinear vectors,
then mis equal to

()4 ®)3

(c)2 (d)o

The points with position vectors 103 + 33,121 - 5jand

ai +11j are collinear, if ais equal to

()-8 () 4

(©8 (d) 12

The vectorsi+2j+3f(,l§+4j+7f(.—3§—2}—5f(are
collinear, if A is equal to

(a) 3 () 4

(©)5 e

If the pointsa +b,a —b and a + kb be collinear, then k is
equal to
(a)o

(c) =2

(®)2

(d) Any real number
If the position vectors of A, B,C and D are
2i+i-3j31+2jand i+ Aj respectivel
then A will be
(a) -8

(c)8

y and AB||CD,

(b) -6
@6



34, If the vectors 3i + 2 — k and 6i — 4xj + yk are parallel,

then the value of x and y will be
(a)-1.-2 ®)1.-2
(c)-L2 @dazuz2

35. If aand b are two non-collinear vectors and xa + yb=0
(a) x = 0, but y is not necessarily zero
(b) y = 0, but x is not necessarily zero
()x=0,y=0
(d) None of the above

36. Four non-zero vectors will always be
(a) linearly dependent

(b) linearly independent
(c) either (a) or (b)
(d) None of the above
37. The vectors a, b and a + b are
(a) collinear (b) coplanar
(c) non-coplanar (d) None of these

38. If (x,y,z) #(0,0,0) and (i + j + 3k)x + (31 —3j + K)y
+(— 41 +5j)z = A(d +3j+zk), then the value of A
will be
(a)-20 (b) 0, -2
(€)—-10 @0 -1

39. The number of integral values of p for which
(p+1)i-3j+ pi,pi +(p+1)j—3kand
-3+ p} +(p+ 1)k are linearly dependent vectors is
(a)0 ®)1
(c)2 @3

40. The vectors AB=3i + 4k and AC=5i - 2j + 4k are the
sides of a AABC. The length of the median through A is

(a) V18 ®) 72
© 33 (d) V288

41. In the figure, a vectors x satisfies the equation x—w=v.

Then, x is equal to
A

B—w D v ¢
(a)2a+b+c (b)a+2b+c
(c)a+b+2¢c (da+b+c

42, Vectorsa =i+2j+3k,b=2i—j+kande=3i+j+4k
are so placed that the end point of one vector is the
starting point of the next vector. Then the vectors are
(a) not coplanar
(b) coplanar but cannot form a triangle
(c) coplanar and form a triangle
(d) coplanar and can form a right angled triangle
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43. 1f OP = 8 and OP makes angles 45° and 60° with OX=axls
and OY-axis respectively, then OP ls equal to
(@82 +]) 2R DR CARRERD)

CECERRELY @ et )

44, Leta,b and ¢ be three units vectors such that
3a + 4b +5¢ = Then which of the following statements
is true?
(a)ais parallel to b
(b) a is perpendicular to b
(c)a is neither parallel nor perpendicular to b
(d) None of the above

45. A, R C, Dand E are five coplanar points, then
DA + DB+ DC+ AE+ BE+CE s equal to
(s) DE (b) 3DE
(c)2DE (d) 4ED

46. If the vectors a and b are linearly independent satisfying
(\/5 tanB+1)a +(«/§ sec0-2) b =0, then the most
general value of 6 are

(a) nx—%—,ne ' 4 (b)2nnt¥-.n eZ

() nxt-’-;:ne Z (d)2nn+%,n ez
47. The unit vector bisecting OY and OZ is

@ i +j§+ k ®) %E

@isk =i 2

48. A line passes through the points whose position vectors
are i+ j—2kand i-3j+ k. The position vector of a
point on it at unit distance from the first point is

Loe e T 0 i
@3 6i+j-7k) (b)é(4i+93—lsk)

© G - 4j +3K) @ %(i — 4} +3Kk)

49. If D, E and F are the middle points of the sides BC,CA
and AB of the AABC, then AD+ BE+CFis
(a) a zero vector (b) a unit vector
(o (d) None of these

50. If P and Q are the middle points of the sides BC and CD
of the parallelogram ABCD, then AP + AQ is equal to

(a) AC ® %AC
2 3
Al 2
(b) 3 C (d) 5 AC
51. The figure formed by the four points i + j - k, 2i +3j,
3i+5)—2kand k - jis

(a) rectangle (b) parallelogram
(c) trapezium (d) None of these
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52,

85.

56.

57.

58.

59.

60.
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A and Bare two points. The position vector of A is
6b—2a. A point P divides the line ABin the ratio 1 : 2. If
a — bis the position vector of P, then the position vector
of Bis given by

(a)7a —15b

(b)7a + 15b

(c)15a —7b

(d)15a +7b

. If three points A, Band C are collinear, whose position

vectors are i - 2j — 8k, 5 - 2k and 11} +3j + 7k
respectively, then the ratio in which B divides AC is
(@1:2 b)2:3

(c)2:1 d1:1

. If in a triangle, AB=a, AC=b and D, E are the

mid-points of ABand AC respectively, then DEis equal
to

a_b a b
(3)4 7 (b);—;
b 2 : L
© @33
If ABCD is parallelogram, AB =2i + 4j — 5k and

AD = i+ 2j + 3k, then the unit vectors in the direction of
BDis

1 - - & D B ” a
(a)ﬁ(|+2_]—8k) (b)g(l+2.|—8k)

1 - - s 1 2 1 {
(c) e (-1-2j+8k) (d) 6_9( i-2j+8k)

If A, Band C are the vertices of a triangle whose position
vectors are a, b and c and G is the centroid of the AABC,
then GA + GB + GCis

@@o (b)A+B+C
a+b+c a+b-c

() ~a (d) 5

If ABCDEF is regular hexagon, then AD+ EB + FCis

equal to

()0 (b) 2AB

(c)3AB (d) 4 AB

ABCDE is a pentagon. Forces AB, AE, DCand ED act at
a point. Which force should be added to this system to
make the resultant 2AC?
(a) AC

(c) BC

If ABCDEF is a regular hexagon and
AB+AC+AD+AE+ AF =AAD, then A is equal to

(a)2 ()3

(c) 4 ()6

Let us define the length of a vector ai + b+ ck as
|a|+|b| +|c|. This definition coincides with the usual
definition of length of a vector ai + bj + ck if and only if

(b) AD
(d) BD

61.

62.

63.

64.

65.

66.

67.

68.

(@A)a=b=c=0
(b) any two of a,b and c are zero
(c) any one of a,b and c is zero
(da+b+c=0
If aand b are two non-zero and non-collinear vectors,
thena+banda—b are
(a) linearly dependent vectors
(b) linearly independent vectors
(c) linearly dependent and independent vectors
(d) None of the above
If|a +b|<|a—b|, then the angle between a and b can
lie in the interval.
(a)(-m/2, m/2) (b)(0, )
(c)(r/2, 3m/2) (d) (0, 2m)
The magnitudes of mutually perpendicular forces a, b
and care 2, 10 and 11 respectively. Then the magnitude
of its resultant is
(a) 12
()9
If i — 3j + k bisects the angle between a and — i + 2j+2k,
where a is a unit vector, then
1 i o sghe ard

=—{(411 + 88) — 40k

(a)a 105( 1+88) )

(b) 15
(d) None of these

1 ° 4 i
a=—(411 + 88j+ 40k
(b) o5 A+ 88) )
1 - a ~

=—(—411 )—
(c)a 105( i+ 88) — 40k)
1 » - a

d)a = —(411 —88j —
(d)a 105( 1-88) — 40k)

Let a =i be a vector which makes an angle of 120° with a
unit vector b. Then, the unit vector (a + b)is

1, ‘/51 ? 2
(ﬂ)—il*'?J (b)—?“'lj
1. 4B, V3o 1.
(c) e (d) P

Given three vectorsa =6i - 3j, b = 2i — 6jand
¢=-2i+21jsuch thatoe =a + b+ c Then, the resolution
of the vector o into components with respecttoa and b

is given by
(a)3a-2b (b)3b-2a
(c)2a-3b (d)a-2b

‘I’ is the incentre of AABC whose corresponding sides
are a, b, c respectively. aIA +bIB +¢ ICis always equal to
(a)o (b)(a+b+c)BC

(c)(@a+b+c)AC (d)(a+b+c)AB

If x and y are two non-collinear vectors and ABCisa
triangle with side lengths b and ¢ satisfying (20a - 15b)x
H15b-12¢c)y +(12c - 20a)(x x y)=0, then AABC is

(a) an acute angled triangle (b) an obtuse angled triangle

(c) a right angled triangle (d) a scalene triangle



69. 1f x and y are two non-collinenr vectors and a, b and ¢

represent the sides of a AABC sntlslying
(a=Db)x+(b=c)y+(c=a)(xxy)=0, then AABC In
(where x Xy is perpendicular to the plane of x and y)
(n) an acute angled trinngle

(b) an obtuse angled trlnngle

() n right angled trinngle

() o sealene trinngle

If the resultant of two forces is of magnitude P and equal

to one of them and perpendicular to it, then the other
force is

) V2 (b r
(c) V3 (d) None of these

If'b is a vector whose initial point divides the join of' 51
and 5j in the ratio k : 1 and whose terminal point in the
origin and | b |< V37, then k lies in the interval

() [=6,-1/6)] (b) [=o0, =6] U [~1/6, =]

(c) [0,6] (d) None of these

1643+ 7] +8lc, 21 4+ 3§ + 4k and 21 + 5] + 7k are the
position vectors of the vertices A, Band C respectively

of AABC. The position vector of the point where the
bisector of ZA meets BC is

(a) %(6! + 13} + 18k) (b) %((,i +12) - 8k)

(c) %(-M -8} -9k) (d) g(-(yi -12] + 8i)
Ifa and b are two unit vectors and 0 is the angle
between them, then the unit vector along the angular
bisector of a and b will be given by

a-b a+b

@ s ©/2) ) 2c0s 0/2)
(c) Ak (d) None of these
cos(0/2)

A, B,C and D have position vectorsa,b,cand d,
respectively, such thata —b =2(d - c). Then,
(a) AB and CD bisect each other

(b) BD and AC bisect ecach other

(c) AB and CD trisect cach other

(d) BD and AC trisect each other

On the xy plane where O is the origin, given points,
A(1,0), B(0,1) and C(1,1). Let P, Q and R be moving point
on the line OA, OB, OC respectively such that

OP = 451(0A), 0Q = 60t(0OB), OR = (1-1)(OC) with

t > 0.1f the three points P, Q and Rare collinear, then the
value of t is equal to

1 7
(a) T (b) T
(c) L (d) None of these
100
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76, 1{ n, b and ¢ are three non-coplanar vectors such that

ne bt e=odand bt ¢+ d=a, then a+ b+ c+dis
equal 1o

(n) 0 (b) un

(c)3b (d) (2 + B)e

“The position vectors of the points P and Q with respect
to the origin O arca = i+3j=2lcand b= 3i - j -2k,
respectively. If M is a point on PQ, such that OM is the
bisector of POQ, then OM is

(u)Z(I - ] ) f() ()2l + ] ~ 2k

(©)2(-1 + ) = k) (hy2(i + J + k)

ABCD is a quadrilateral. E is the point of intersection of
the line joining the mid-points of the opposite sides. If O
is any point and OA +.0B + OC+OD = xOE, then x is
equal o

(n) 3 (b) 9

(c)7 ()4 ;

In the AOAB, M is the mid-point of AB, C is a point on
OM, such that 20C = CM. X is a point on the side OB
such that OX = 2XB. The line XC is produced to meet

OAinY. Then, oy is equal to
YA

1 2
() 5 (b) ;
3 2
(c) g ' (d) F

. Points X and Y are taken on the sides QR and RS,

respectively of a parallelogram PQRS, so that QX = 4XR
and RY = 4YS, The line XY cuts the line PRat Z.
Then, PZ is

21 16
a) —PR —_
(a) = (b) 5 PR
17
(c) % PR (d) None of these

Find the value of A so that the points P, Q, Rand S on the
sides OA, OB, OC and AB, respectively, of a regular
tetrahedron OABC are coplanar. It is given that

OO0 LOR 1 .49 o

OA 3'0B 2'0C 3  AB
(n))»:% ®)A=-1
©)A=0 (d) for no value of A

. OABCDE is a regular hexagon of side 2 units in the

XY-plane. O being the origin and OA taken along the
X-axis. A point P is taken on a line parallel to Z-axis
through the centre of the hexagon at a distance of

3 units from O. Then, the vector AP is

(@) =1 +3)+ 5Kk ®) 1-V3]+5k
(©-1+31+5k (@) 1+v3]+ 5k
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Vector Algebra Exercise 2 :

~ More than One Option Correct Type Questions

83. If the vectors i — }, j + k and a form a triangle, thena

may be
(@-i-k (b)i-2j-k
©2j+j+k @d)i+k

84. If the resultant of three forces
F,=pi +3j—k,F, =6i—kand F, =—5i + j+ 2k
acting on a particle has a magnitude equal to 5 units,
then the value of p is
(a)-6 (b) —4
(c)2 (d)4

85. Let ABC be a triangle, the position vectors of whose
vertices are 7j + 10k, — i +6j + 6k and — 41 +9j + 6k

Then, AABC is
(a) isosceles (b) equilateral
(c) right angled (d) None of these

86. The sides of a parallelogram are 2i +4j—skand
i +2]j + 3k. The unit vector parallel to one of the

diagonals is

Vector Algebra Exercise 3 :
= Statement | and Il Type Questions

(a) ;(33 +6j-2k) () %G? -6j-2k)

; - - 1 z 2 P
—(i+2j+8k (d) —1-1-2j~2k
Ogisim  BGEEReEE

87. If A(—4,0,3)and B(14,2 -5} then which cne of the

following points lie on the bisector of the zngle betwesn

OA and OB (O is the origin of reference)?

(a)(224) (b)(2.11.5)
(c)(-3,-3,-6) (d)(L12)
88. proint§+i§—jandp§+q:i+r}2 are collinezr, then
(a)p=1 (b)r=0
(c)geRr (dg=1

89. If a, b and c are non-coplanar vectors and 7. is 2 rezl

number, then the vectorsa +2b <3¢ 2b—pcand (2. —1Ijc
are coplanar when
@neRr ®n=3

(c)2=0 (d) no valpe of 2.

» Directions (Q. Nos. 90-92) This section is based on
Statement | and Statement Il. Select the correct answer

from the codes given below.
(a) Both Statement I and Statement II are correct and
Statement 11 is the correct explanation of Statement I
(b) Both Statement I and Statement II are correct but
1l is not the correct explanation of Statement 1

Statement
ncorrect

(c) Statement I is correct but Statement I is i
(d) Statement Il is correct but Statement I is incorrect

90. Statement I In AABC,AB+BC+ CA=0
Statement Il 1f OA =2,0B = b,then AB=a+b

91. Statement ] a =i+ pj + 2Kk and b=23 +3j = gk are

pamllel\'ectot's.if;::gandq:-t

Statement II a=a,§+a:j—a,ﬁand b=.\j'.‘-j-5‘i
arepara].lel—':—’=a—’.
by by

92. Statement I If three points P. Q and R have pasition

vectors a, b and c respectively, and 2a +3b -3¢ =Q then
the points P, Q and R must be collinear.

Statement I1 If for three points A, Band C.AB=Xx AC
then points A, Band C must be collinear.



Vector Algebra Exercise 4 :
Passage based Type Questions
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Passage I
(Q. Nos. 93 and 94)
= Let OABCD be a pentagon in which the sides OA and CB
are parallel and the sides OD and AB are parallel.
Also, OA:CB=2:1and OD:AB=1:3.

C B

93. The ratio Ox. is
XC

() 3/4 (b) 1/3
(c)2/5 (d) 1/2
94, The ratio ax is
XD
(a) 5/2 )6
(€)7/3 (d) 4
Passage 11

(Q. Nos. 95 and 96)
= Consider the regular hexagon ABCDEF with centre at O
(origin).
95. AD + EB +FCis equal to
(a)2AB
(c) 4AB
96. Five forces AB, AC, AD, AE, AF act at the vertex A of a
regular hexagon ABCDEF. Then, their resultant is

(b)3AB
(d) None of these

(a)3A0 (b)2A0
(c) 4A0 (d)6A0
Passage III

(Q. Nos. 97 to 99)

® Three points A,B and C have position vectors
~2a+3b+5c,a+2b+3cand7a—c with reference to an
origin O. Answer the following questions.

97. Which of the following is true?
(a) AC =2AB (b) AC =-3AB
(c) AC =3AB (d) None of these

98. Which of the following is true?
(a)20A -30B+0C =0
(b)20A +70B+90C =0
(c)OA+0B+0C=0
(d) None of the above

99, Bdivided AC in ratio

(a)2:1 (b)2:3
(c)2:-3 @1:2
Passage IV

(Q. Nos. 100 and 101)

= If two vectors OA and OB are there, then their resultant
OA +OB can be found by completing the parallelogram
OACB and OC =OA +OB. Also, If [OA|=|OB}| then the
resultant will bisect the angle between them.

100. A vector C directed along internal bisector of angle

between vectors A =71 —4j— 4kand B=—2i — j+2k
with |C] =56 is

(a)%(i —j+k) (b)%(i ~7j+2k)

© g(si +5]+2Kk) @ 3(-55 +5]+2K)

101. If internal and external bisectors of ZA of AABC meet
the base BC at D and E respectively, then (D and E lie on
same side of B)

BD + BE
(a BC=+ (b) BC?> = BDX DE
2 11
C) —=—+ —
(c) B an (d) None of these
Passage V

(Q. Nos. 102 and 103)

= Let C:r(!)=x(t)Ai+y(t)j+z(t)I2 be a differentiable
curve, i.e. lim w
x—0 h
- F)=x(t)i+y’ () j+2" )k
If r’(t) , is tangent to the curve C at the point

{’[x(t).y(t),z(t)] and r’(t) points in the direction of
increasing t.

exist for all ¢,

102. The point P on the curve r(t)=(1—-2t)i + t*j + 2k
at which the tangent vector r’(t) is parallel to the radius
vector r (t)is
() (-112) ®)(1,-1.2)

(©)-11,-2) )12

103. The tangent vector tor (t)=2t%1 + (1= 1)+ (3% + 2k
at(2,0,5)is
(a) 4i + j -6k
()28 - j+ 6k

(b) 41 = j + ok
(@28 +j -6k
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o| Vector Algebra Exercise 5 :
Matchmg Type Question

104. a and b form the consecutive sides of a regular hexagon ABCDEF.

Column I Column II
a | if CD:— xa+ yb, then P x= -2
b. IfCE=xa +.}lx then B q. fx::lﬁ -
& A= b b B p=l
d. IfAD= —xhrgnﬁ K m__*-s.—‘ y; 27 ) -

Vector Algebra Exercise 6 :
Single Integer Answer Type Questions

105. If the resultant of three forces F; = pi +3j —
F, = —51 + 3 +2k and F; = 6i-k acting on a particle has
a magnitude equal to 5 units. Then, what is difference in
the values of p?

106. Vectors along the adjacent sides of parallelogram are
=i -'-2_|+kandb 21+4_]+k Find the length of the

longer diagonal of the parallelogram.
107, If vectorsa =i +2j—k,b=2i— j+ kandc=Ai+j+2k
are coplanar, then find the value of (A—4).

108. If a + bis along the angle bisector of aand b, where
|a|=A|bl, then the number of digits in value of Ais

Vector Algebra Exercise 7 :
 Subjective Type Questions

109.

110.

111.

Let p be the position vector of orthocentre and g is the

position vector of the centroid of AABC, where
circumcentre is the origin. If p= kg, then the value of k is

In a AABC, a line is drawn passing through centroid
dividing ABinternally in ratio 2: 1and ACin A :1
(internally). The value of A is

A vector a has component 2p and 1 with respect to a

rectangular cartesian system. The system is rotated
through a certain angle about the origin in the counter
clockwise sense. If with to the new system, a has
components (p +1) and 1, where p take the values p, and
P2. Then, the value of 3| p, + p,|is

112. A vector a has components a;, a, and a4 in a right
handed rectangular cartesian system OXYZ. The
coordinate system is rotated about Z-axis through angle

T Find components of a in the new system.
2

Find the magnitude and direction of , —r, when|r|=5
and points North-East while |r,| =5 but points
North-West.

113.

114,

115,

Let OACB be a parallelogram with O at the origin and
OCa diagonal. Let D be the mid-point of OA. Using
vector methods prove that BD and CO intersects in the
same ratio. Determine this ratio.

AABC is a triangle with the point P on side BC such that
3BP =2PC, the point Q is on the line CA such that
4CO = QA. Find the ratio in which the line j joining the
common point R of AP and BQ and the point S divides
AB.



116.

17.

Vector Algebra Exercise 8 :

In a AABC internal angle biscctors Al, Bl and CI are

produced to meet opposite sides in A’, B’ and C’,
respectively. Prove that the maximum value of
Al-BI-cl . 8

————ms, | §
AA’-BB’-CC" 27

Let ry, ra, 3, 1, be the position vectors of points

P,, P, Py,....., P, relative to an origin O. Show that if the
vectors equation ar; +a,r; +...+a,r, =0holds, then a
similar equation will also hold good with respect to any
other origin O’, if @, + a; + a3 +....+a, =0.

118.

119.
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Let OABCD be a pentagon in which the sides OA and CB
are parallel and the sides OD and AB are parallel as
shown in figure. Also, OA:CB=2:1and OD: AB=1:3.
If the diagonals OC and AD meet at x, find OX : OC.

Ifu, v and wis a linearly independent system of vectors,

examine the system p,q and r, where

p =(cos a)u +(cos b)v +(cos c)w

q=(sina)u + (sin b)v + (sin c)w

r =sin(x + a)u +sin(x + b)v +sin(x + c)w for linearly
dependent.

" Questions Asked in Previous Years Exam

120.

121,

122,

123.

124,

If the vectors AB =31 + 4 kand AC =51 —2j + 4kare
the sides of a AABC, then the length of the median

through A is [JEE Main 2013, 2003]
(a) V18 (b) V72
() V33 @ Va5

Let a, b and c be three non-zero vectors which are
pairwise non-collinear. Ifa +3b is collinear with ¢ and
b + 2c is collinear with a, then a + 3b + 6 ¢ is [AIEEE 2011]
(a)a+c (b)a
(OF (do
The non-zero vectors a, b and c are related by a =8b and
c¢= —7b. Then, the angle between a and cis

[AIEEE 2008)
(b) 0

T
(d) 3

(a)m
n
(c) &

If C is the mid-point of ABand P is any point outside AB,
then [AIEEE 2005]
(a)PA+PB+PC=0 (b) PA + PB+2PC =0

(c) PA+ PB=PC (d) PA + PB=2PC

Ifa, b and c are three non-zero vectors such that no two
of these are collinear. If the vectora +2b is collinear
with cand b +3c s collinear with a (A being some
non-zero scalar), then a +2b + 6 cis equal to
(a) Aa (b) Ab

(c) Ac do

[AIEEE 2004]

125.

126.

127.

128.

Ifa, b, c are non-coplanar vectors and A is a real number,
then the vectorsa +2b +3c, Ab+4cand (2A —1)c are
non-coplanar for [AIEEE 2004]
(a) all values of A
(b) all except one value of A
(c) all except two values of A
(d) no value of A
Consider points A, B, C and D with position vectors
7i-4j+7k, i—6j+10k, —i —3j+ 4k and 5i - j+5k,
respectively. Then, ABCD is a [AIEEE 2003]
(a) square (b) rhombus
(c) rectangle (d) None of these
a a* 1+d° )
If{b b* 1+b®|=0and vectors(1,a a®), (1, b, b*)and
c ¢t 1+¢?

(1,¢,¢?) are non-coplanar, then the product abc equal to

[AIEEE 2003]
(a) 2 (b) -1

()1 (do

The vector i + xj+3ﬁ is rotated through an angle 6 and

dgubled in rpagnjludc, then it becomes
4i+(4x—2)j+2k. The value of x are

@ {—;.2} () (%2)

© E o} @ f2.7)

[AIEEE 2002]
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Answers

Exercise for Session 1 Exercise for Session 3 -
1. (i) vector (ii) scalar (iii) vector (iv) scalar 4.(2-3) 5.a-2b=1
2: N 6.x= 1 7.0
3
o,
& Chapter Exercises
w 40° = . E 1.(c) 2.(a) 3.(a) 4. (d) 5.(a) 6. (c)
7.c)  8.(b) 9.(c) 10.(d) 1L.(a) 12.(a)
é§ : 13.(d) 14.(d) 15.(6) 16.(b) 17.(c) 18.(b)
" 19.(c) 20.(d)  21.(a) 22.(b) 23.(a) 24.(b)
. paa— G R 25.(c) 26.(b) 27.(b) 28.(c) 29.(c) 30.(c)
(i) a, .2 (iv) b,z x,2 31 (a) 32.(d) 33.(b) 34.(a) 35.(c) 36.(a)
4. (i) True (ii) False 37.(b) 38.(d) 39. (b) 40.(c) 41.(b) 42.(b)
(i) False , (iv) False 43.(b) 44.(d)  45.(b) 46.(d) 47.(c) 48.(a)
I gyl 49. (@) 50.(d) 51.(c) 52.(a) 53.(b) 54.(d)
- 55.(c) 56.(a)  57.(d) S8.(c) 59.(b) 60.(b)
7. Direction ratios are 1, — 1, 2 and Direction cosines are ——1—. =l 2 6L(b) 62.() 63.(b) 64.(d) 65.(c) 66.(c)
V6'V6' V6 67.(a) 68.(c) 69.(a) 70.(a) TL() 72 (a)
Exercise for Session 2 73. (b) 74.(d) 75.(b)  76.(a) 77:(b) 78.(d)
. T w. @ 5. & o 79.(b) 80.(a)  8L.(b) 82.(c) 83.(ab,d)84.(bc)
Livk i -ﬁk Bz plt ’sﬁj g—z—k 85.(ac) 86.(ad) 87.(ac,d) 88.(ab,d) 89.(ab,c)90. (c)
L ) 91.(a) 92.(a)  93.(c) 94.(b) 95.(c) 96.(d)
) (f’ﬁ 3 97.(c) 98.(2)  99.(d) 100.(b) 10L(c) 102.(a)
ad_g}p[gj%f-_%‘ 103. (b) 104.a—>q,r;bop,r
o LT 5 g sl 105. (2, - 4) 106. (7) 107. (2)
10.959, =i- it 55 3 108. (1) 109. (3) 110.(2) 111.(2)
13. J36 14_L(5i_]+2ﬁ) 112 (ay, —a;, @) 113,545, West to East
. E 114.2:1 115.6:1 118.2:5
15.7/3, (i + 2] +2k) o 120.(c) 121.(d) 122.(a) 123.(d) 124.(d) 125.(c)
16. (i) -%i & ;j* %ﬁ (ii) -3 + 3K 126.(d) 127.(6)  128.(a)

17. 41 + 3]+ 7k



Solutions

1.2+ b+ c=0C+2-1Di+(-2-4+2)j+0-3+2)k

=41-4j
2. Let bshould be added, thena + b=1
= b=i-a=1-01+4j-2k)

=-2i-4j+2k
3 |a+ =B+ 4j-12K
=3+ £+12)=13
4 a+b=4i+4j,

+ 3 13 2
Therefore, unit \Wr:“l—:ﬁ=_‘+°‘

\32 V2

5. Resultant vector = (21 + 4j —5Kk)+({ + 2j + 3K)

‘3l+6j—.k
Unitvccmr-m————js"—°k —(31 +6j—2K)
Vo9+36+4 7
6. R=31+5)+4k
3i+5)+ 4k
= R="—m ——
5\2

~

8. AB+BC+CA=0

= a+b-c=0

4i+5) 1 e &
9. Uni t00A =—==—=({1+5
Unit vector parallel to RS \,“( J)

10. oA ={+2j-koOB=i+j+k
and 0C =21 +3j+2k
Position vector of Bw.r.t originat Aat
AB=0B-0A =-j+2k
Position vector of C w.r.t. origin at A is .
AC=0C-0A=i+j+3k

1

-

L7={G+ 1)+ (-2 +@+2)
= a+2=t3 = a=-51
12 AB=CX = j - i = position vector of point X -k
Position vector of point X=—i + j + k
13. AB=(6-2)i +(-3+9))+ @+ 9k
=ai+6)+ 12k
JAB|=V16+25+ 144 =14
14, PQ=G-1)i +(-2-3)j + (4 + 7k
=4i-5)+ 1k
|PQ| = V16+25+ 121 = V162

. 2+ b=31+9j=31 +3)). Hence, it is parallel to (1, 3).
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15. PQ=0Q-OP =4i-5j+ 11k

16.
7 et e Sy

V3t +aiest VS0
18.

19.

20.

24,

25.

26.
27.

28.

PO 4 ¢ S y..Dg
|PQ| Jxo V162”162

cosy= T where yis the angle of PQ with Z-axis.
AB=4i-5j+11k
-5 -5
irecti ine along Y-axis = —————o— = ——
Direction cosine along Y-axis Recmain e

3

Vector A =3i — 4] + 5k. We know that, direction cosines of
5

3 -4
=\F+ £+5 32+ a+5 3P+ a5
3 4 1
Here, 0A =2i +3j+ 4k
‘OB=31+4j+ 2k
and OC=41+2]+3k
So, AB=i+j-2k BC=i-2j+kCA=2i-j-k
Clearly, | AB| =|BC| =|CA| = V6
So, these points are vertices of an equilateral triangle.
Given, position vectors of A, B and C are 7j + 10k,
—-i+6)+ 6kand —41+9)+ 6k, respectively.
|AB|=|-i-j-4k|=V18
|BC|=|-31+3j|=V18
|AC|=|—41+2j-4k|=36
Clearly, AB = BC and (AC)? =(AB)* +(BC)?
Hence, triangle is right angled isosceles.

Position vectors of the points which divides internally is
32a -3b) + 232 —2b) _12a-13b
5

Coordinate DfClS(z - —1+3) -11)

~1+]
3i_j_3ﬁ2+3+3j_k=2§+3—2f<
2 Poai-jedk

It is given that b is collinear with the vector a.
b=2a (i)
=220 — Aj + 4Ak
Also, |bl=10
= VR +(=M) +(4h)? =10
= 2507 =100
= A=%2 ... (ii)
From Eqs. (i) and (ii), we have .
b=12a = 2a+ b=0
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29,

30.

31.

32

33.

34,

Textbook of Vector & 3D Geometry

Condition for collinearity, b=2A a
= (=2i+m)=r(i-))
Comparison of coefficient, we get
= A=-2and-A=m
So, m=2
If given points be A, B and C, then AB = k(BC) or
21 - 8j = k{(a—12)i + 16j]
1

= g
2
Also, 2=k(a-12)
= a=8
1 2 3
A 4 7|=0
=3 =2 =5
=3 A=3
(a=b)—(a+b)=[(a+kb)-(a-Db)]
= —2b=(k+1)b
_ Hence,k € R
AB=-i-4jCD=-2i +(A-2)j
AB||CD
-1 —4
So, _—2=F—2-:l—- =-8
= A=-6
Obviously, 2 = 2 —
—4x y
= =-landy=-2

35.

36.

37.
38.

39.

If a and bare two non-zero, non-collinear vectors and x and y

are two scalars such that xa+ yb=0then x=0andy =0
because one will be a scalar multiple of the other and hence

collinear which is a contradiction.
Four or more than four non-zero vectors are always linearly
dependent.
These are coplanar because 1 (a)+1(b)=a+Db
Comparing the coefficients of i jand k, and the corresponding
equations are
x+3y-4z=Ax or (1-A)x+3y—-4z=0
x—(A+3)y+52=0
3x+y—-Az=0

These Egs. (i), (ii) and (iii) have a non-trivial solution, if
(1-2) 3 -4

1 -(A+3) 5

3 1 -2

(i)
.. (i)

.. (i)

=0=>A=0-1

The vectors are linearly dependent
p+1 -3 P
p ptl -3
-3 p ptl
1 -3 P
(p-2)t p+1 =3|=0
1 p P+l

=0

40.

41.

)

43.
4.

45.

46.

47.

48.

1 -3 p
= 2Ap-1)|0 p+4 3-p =0
0 p+3 1
= Ap-1)(p+4+(p+3))=0
= (p-1)(p*+7p+13)=0
Roots of p? +7p+13 =0are (imaginary)

p=1
Only integral value of pis 1. L
_(B+5)i+ (0-2)j+ 4+ 4k

PVof AD = 2
=4i-J+ 1k
|AD| = VI6+16+1 =33
A
B D [}
v=b+c¢
w=b+a
We have, x=v+w=a+2b+c
Note that a+b=c¢

Here is the only vector 4(~2i + j* k), whose length is 8.
3a+4b+5¢=0

Hence, a, b and c are coplanar.
No other conclusion can be derived from it.
A, B, C, D and E are five coplanar points.
DA + DB+ AE + BE + CE
=(DA + AE) + (DB + BE) + (DC + CE)
=DE + DE + DE =3DE
V3tan+1=0and3secd-2=0

(i
6

=

= 0=2nm + 1171:'" €Z
jand k are unit vectors along Y and Z-axes, then unit vector
j+k

B

bisecting OY and OZ is

o
We have, Al + j - 2k)and B(i -3j+ k)



On line AB points C and €’ are at distance 1 unit from A.
OC = OA + AC, where AC is unit vector In direction of AI
& OC = OA + _A..ll

|AB|
0OC’=0A - -ﬂ‘—

|AB)

Similarly,
- 49, AD =0D - OA
= b+ e b+ c-2n
2 2
[where, Ots the origin for reference)

BE=OE-0B=%"_)

Similarly,

_c+a=2b
T2

_0+ b-2b
s

and CF

A(a)

B(b) D C(c)

Now, AD+ BE+ CF=2%¢"22

c+a-2b a+b-2c
=

0
2 2

1 .
50. AP=AB+BP=AB+%BC=AB+EAD )
1 )
AQ=AD + DQ:AD+%DC=AD+EAB o (i)

0 __Q c

P

A B

By Eqgs. (i) and (ii), we get
AP + AQ = g(AB + AD)

=3B+ BO)=2AC
2 2

51. LetA=(1,1,-1), B=(23,0),C=(3,5-2) and D=(0,~1,1).
So, AB=(1,2,1), BC=(1,2,-2),CD=(-3,-6,3)
and DA =(1,2,-2).
Clearly, BC || DA but AB in not parallel to CD.
So, it is a trapezium.

52. OP = 1(OB) +2(6b-2a)

1+2

Chap 01 Vector Algebra 53

A (6b-28)

(o]

=5 3(n =~ h)=0B+12b~4a
=5 OB=7a~15b

53. Let the B divide AC in ratio A ¢ 1, then
. §+3)+7k) + § -2 -8l
st —2k = 2L )+ 7k) e L
A+1
= IN-2=0
= A= g, i ratio=2:3

54, We know by fundamental theorem of proportionality that,
DE=1BC
2
A
D, E
B C
In triangle, BC=b-a
Hence, DE = %(b —a)
85, Since, AB+ BD=AD
BD = AD-AB
= =( + 2§+ 3k) - (21 + 4j - 5Kk)
=-i-2j+8k

Hence, unit vector in the direction of BD is
-i-2j+8k _-i-2j+8k
|-i - 2] + 8K J69
Position vectors of vertices A, B and C of the AABC = a,band

¢ We know that, position vector of centroid of the triangle,
Gg=2t b+c

3
Therefore, GA + GB + GC

=(a_n+ b+ c)+(b_n+ b+ c)+(c_a+ b+ c)
3 3 3

=§(2a—b—c+2b—n—c+2c—n— b)=0

56.

57. A regular hexagon ABCDEF.
E D



54

58

59.

60.

61.

62.

63.

65.

66.

. We must have A(i —3j + sk)=a+

Textbook of Vector & 3D Geometry

We know ﬁ:om the hexagon that AD is parallel to BC or
AD =2BCis parallel to FA or EB = 2FA and FC is parallel to
ABor FC =2AB.

Thus, AD + EB + FC =2BC + 2FA + 2AB
=2(FA + AB + BC) =2(FC) =2(2AB) = 4AB
AE + ED + DC + AB

=AD + DC+ AB=AC + AB
Obviously, if BC is added to this system, then it will be
AC+ AB+ BC=AC + AC =2AC.

By triangle law, AB = AD - BD,AC = AD - CD
E D

Therefore,
AB+ AC + AD + AE + AF
=3AD + (AE - BD) + (AF — CD) =3AD

Hence, A =3 (-* AE = BD,AF =CD)

la|+]b [+|c|= Va2 + b* + ¢

< 2|ab|+2|bc|+2|cal=0

& ab = bc = ca =0 < any two of a,b and c are zero

Since, a and bare non-collinear, so a + b and a — b will also

be non-collinear.
Hence, a + band a — bare linearly independent vectors.

|]a+b|<|a—b|
= £<9<2£
2 2

R=+4+100+121 =15

2k+2j-1i
3
3a =3A( —3j + 5k) — 2k + 2 - 1)
=iBA+1)=j@2+9%) + k(151 -2)

or 3a|= A +1)° +@+9A)* +(154 =2)
9 =(3% +1)2 +(2+9X)* + (151 —2)°

Therefore,

2

or
2
or 31502 —18A =0 =>A = 0,—
. 35
IfA=0a=1i-2j —2k (not acceptable)
2 41, 88, 40 »
A=—a=—i-—)-—Kk
For 35 105 105J 105
b= cos120°i + 5in120°)
1; 34
b=--i+—
or 3 >
s 17,3, 1. B
Therefore,n+b=l——i+7}-5|+-2~j

a=a+b+c=6i+12]

67.

68.

69.

70
71.

72,

o=xa+yb=6x+2y=6

Let
and -3x =6y =12
x=2,y=-3
& o =2a-3b
Let the incentre be at the origin and be
A(p),B(q) and C(r) . Then,
IA=pIB=qandIC=r
Incentre I is M, where p = BC,q=ACandr = AB
+b+c
Incentre is at the origin. Therefore,
ap +bq+cr _ o
a+b+c .
or ab+bq+cr=0
= alA + bIB+cIC=0
Since x, y and x Xy are linearly independent, we have
20a—15b =15b—12c =12c—20a =0
= LIBLI e
3 4 5

Hence, AABC is right angled. .
As x, y and x Xy are non-collinear vectors, vectors are
linearly independent.
Hence,
a-b=0=b-c=c-a
ora=b=c
Therefore, the triangle is equilateral.

|AB|=|Q =VP*+ P* = P2
The point the divides 51 and 5] in th ratio of
Eids (5j)k + (5i)1
k+1
b= 51 + 5kj
k+1
Also |b|< /37
+ +
-6 Z1/6
1
= m~/25+25k’ <37
or 5V1+ k% <BT(k+1)

On Squaring both sides, we get
25(1+ k%) <37 (k® + 2k + 1)
or 6k*+37k+6 2 0or(6k+1)(k+6) >0

k € (—oo, —6)u[-%, w]

Let the bisector of ZA meets BC at D, then AD divides BC in
the ratio AB: AC.

.. Position vectors of D
_|ABJ(@2i + 5] + 7k)+|AC|(2i + 3] + 4k)
|AB|+|AC|
|AB|=|-2i - 4] - 4k|=6

Here,
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and

|AC|=|-2i =2} - k|=3
= Position vector of D
_ 621 + 53 + 7k) + 321 + 3} + 4k)
643
_ 181 +39) + 54k
9

= i((,i +13) + 18k)

b

Vector in the direction of angular bisector of a and b is L]
2

a+b

Unit vector in this direction is

a+b|

) & 8

a+b

+ From the figure, position vector of E is S

74,

75.

76.

Now in triangle AEB, AE = ABcosg

a +b 0
= = cos—
2 2
; . . +b
Hence, unit vector along the bisector is ————.
2cos(0/2)
a-b=2(d-c¢)
a+2c_b+2d
2+1 2+1

Hence, AC and BD trisect each other as LHS is the position
vector of a point trisecting A an C, and RHS that of Band D.

Again, it is given that the point P, Q and R are collinear.

= PQ =AQR
= 1504)-31)=A[1-0G+ 3) —60t]]
= = Al -0)i + (1 -618)]]
45t 60t
= —_— ———
t—-1 1-61t
3t _ 4
t—1 1-61t
= 3(1-61t) =4(t—1)
= 3-183t =4t—4 = 187t =7
t=—
187
We have,a + b+ c=od
and b+ c+d=[a
" a+b+ctd=(@+1)d
and a+b+ctrd=B+1)a

= (a+1)d=P+1)a
Ifa # -1, then(@+1)d=@+1)a

77.

78.

79.
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= d=-——ﬁ”a
o+l
= a+ b+c=0d
=) a+r hbh+c =u(»6.—lJ:
o+
= [I-M]:fb¢c=0
a+1 J

a,band care coplanar which is contradiction to the given
condition.

S u=~-1

andsoa+ b+c+d=0

Since |OP |4 0Q = V14, AOPQ s an isosceles.

Hence, the internal bisector OM is perpendicular to PQ znd M
is the mid-point of P and Q. Therefore,

0M=-;(0P+0Q)=2§ +j-2k

(o]
x| 7
\
P M Qg
Let OA =2,0B=b,0C=c¢
and OoD=d
Therefore, OA + OB+ OC + OD
=a+b+c+d
P, the mid-point of AB, is 2* 2.
Q, the mid-point of CD, is = ; L ;
: . . a+b+c+d
Therefore, the mid-point of PQ is ————
- ; i . a+b+c+d
Similarly, the mid-point of RS is ————
ie. op=3tbtc+d
4
= x=4
(o]
)/ X
A(a) M B(b)

OA =a,OB=b
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Lgl : —=A,

Now points Y, C and X are collinear.
Y YC =mCX

a+b 2 a=m&—ma+b

6 A+1 3. 6

Comparing coefficients of a and b

and Sl

4(Sa + 4b)+ a+5b
80. 3 5 ___21(a+b)=2_1
4+1 25 25

S(b) y R(a+b)

Z74x

P(o) Q(a)
4a+b)+a _5a+4b
5
4b+a+b _a+5b
5

PVof X is

PV of Y is

Now, PZ =mPR
PZ = mia+b)
Let Z divided YX in the ratio A :1

PV of 2 m MOX A OF
A+1

(Sa + 4b)+a_+ib
5
BES A+1
Comparing coefficients of a and b
—_ 5A+1

5(A+1)
m= AL +5

5(A+1)
A=4

4 (Sa + 4b)+25_b

and

5 5

PZ=——2 7 >

4+1

5 —ima+b)

81.

82,

83.

85.

21a+b) _ 21,0
25 25

Let OA =a,0B=band OC =¢,
1
then AB=b —aand 0P=§a.
00=1b0R=1c
T2 3

Since P, Q, R and S are coplanar, then
PS =oPQ +BPR

(PS can be written as a linear combination of PQ and PR)

=a(0Q —OP) + 3 (OR - OP)
ie. OS—OP =—a +ﬂ)§+%b+;c

a o, B
= 0s=(1-0-B)=+—b+=
= AB)J 2 3"

Given 0S =AAB =A(b-a)

From Eq. (i) and Eq. (ii), B = 0, 1_;_“. 28 e % Y

= 2L =143\ or A=-1
C
D 2
2 2 Ng
E 09 8
27N 5
2 o 4 2
-60° K
0] 2 A(2,0,2)

Here, coordinate of Q are (2cos60°, 25in60°)

= Q(1,+3,0)
P(1,+3,2)
OP=3"
= 1+3+z2 =3 or z°=5
z=45

P(1,+3,45) = OP =i + 3] + 5k
Now, AP=0P-0A =i + 3} + 5k —2i
=-i+3j+ 5k
a=[x(i-)z(+ k) '

=x(i+k),+(-2j-k)
Let R be the resultant. Then

R=FE+E+F=(p+1)i+4j
Given, |R|=5. Therefore, (p +1)* +16 =25

or p+1==13 or p=2-4
We have, AB=-i - j- 4k BC=-3i+3j
and CA =4i -2} + 4k

Therefore,| AB|=|BC|=3v2 and |CA|=6

. (i)
...(ii)



86.

8r.

89

90.

91.
92,

Clearly,  |AB|*+] BC|*=|AC[?

Hence, the triangle is right angled isosceles triangle.
Leta=2i + 4j—5kand b =1 + 2j + 3k

Then, the diagonals of the parallelogram are

p=a+b
and q=b—a_
ie. p=3i+6j-2k q=-i-2j+8k

So, unit vectors along the diagonals are

1.3 04 & 1 N ~
-(31+6)—2k) and — (-1 -2j
7 J ) \/6—9-( i-2)+ 8k)
0A=—4§+3|.(;OB=14§+23_5|}
=—4i+3k;b=l4i+2]—5f(

5 15
A & i 2R R
r= E[—IZI +9j +141 + 2j —5k]

Ae a0 2N s -
=—[21+2j+ =220+
1512+ 2+ ak]= "2l + § + 2k]

Points A(i + J ), B(i — J) and C(pi + gj + rk) are collinear
Now, AB = -2

and BC=(p—1)i+(g+1)j+rk
Vectors AB and BC must be collinear
= p=1,r=0andg#-1
n o2 3
For coplanar vectors,[0 A |=0
0 0 2A-1
or (Zl.—l)l=00rk=0.%

In AABC,AB+BC =AC =-CA
or AB+BC+CA=0

OA + AB = OB is the triangle law of addition.
Hence, Statement 1 is true and Statement 2 is is false.

1 2 3
E=§=; = p=§a.ndq=4
2a+3b—5c=0
b—a) =5(c—2)
= AB=-§AC

Hence, AB and AC must be parallel since there is a common
point A. The points A, B and C must be collinear.

Solutions (Q.Nos. 93-94)

Let the position vectors of A, B,C and Dbea, b,cand d,
respectively. Then,

OA:CB=2:1
= OA =2CB = a=2b-c) .. (i)
and OD:AB=1:3
' 30D = AB
= 3d =(b-a)=b-2(b-c) [using Eq. (i)
=-b+2¢ w. (i)

LetOX:XC=A:1and AX: XD=}:1
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Now, X divides OC in the ratio A : 1. Therefore,

PV of X = 25 ...(iii)
A+1
X also divided AD in the ratio p : 1. Therefore,
pvorx =tdt2 (iv)
H+1
From Egs. (iii) and (iv), we get
Ac =ud+a
A+l p+1
=)+ ()
=|—|d+
o (k+1)c ( +1 n+1 ?
s f AL (_b+2c)+(_1_)2 -
= (7\+1)c_(u+1) 3 p+1 (b-c)
[using Eqs. (i) and (i) ]
or ( . )c=( =il )b+( L—_ c
A+1 3 +1) 3p+1) p+1
or A )c—( o )b+(————2u_6 )c
A+1 3u+1) 3u+1)
T ot )b+ o __X )c=0
3u+1) 3u+1) A+l
or i =0
3 +1)
and L6 -——)"—=
3u+1) A+1
(as b and ¢ are non-collinear)
2
=6,A==
or i =

Hence.OX:XC=2:SandAX/XD=%=

[l K

93. (o) 9. v)

Solutions (Q.Nos. 95-96)
Consider the regular hexagon ABCDEF with centre at O

(origin).
E D
VAVAN
A B
AD +EB + FC =2A0 +20B +20C
=2(A0 + OB) +20C
=2AB +2AB [~ OC = AB]
=4AB
R =AB+AC + AD + AE + AF
=ED+AC+AD+ AE+CD
[ AB =EDand AF = CD]
=(AC + CD)+ (AE + ED) + AD
=AD + AD + AD =3AD =6A0
95. (c) 96. (d)
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Solutions (Q.Nos. 97-99)
97. AB=0OB-0A=3a-b-2¢c
AC = OC-0A =9 -3b —6c=3AB »
98. 20A -30B + OC

=2(-2a+3b+5¢c)-3@a+2b+3c)+(7Ta—-c)=0

99. - 20A -30B+0C =0
A

(1)

B
(2)

C
= op=20A+0C
= BDivides ACin1:2.
Solutions (Q.Nos. 100-101)
73—4]—4i+(-zi—}+zk
9 3

100. Here, c =1(a + b) = t[

- c={m]

9
Also, le|=5v6 = g.,/1+49+4 =5v6
t=15 = c=-192(i—7]+2f<)
50 = &
or =;(l—7j+2k)
AB BD ,AB _BE
—=—and—=—
101 B = ™M e "
A
] D C E
BD BE BD BE

= DC CE . BC-BD BE-BC

= BD-BE-BD-BC =BC-BE—-BD-BE

= 2BD- BE = (BD + BE)- BC
2 1,1
or BC BD BE

Solutions (Q.Nos. 102-103)
102, 7 (t) = -2i + 26 + 4¢** "k
Since, 7 (t) is parallel to r(t),
so r(t) =ar/(t)
1-2t = -2, = ut, 2207

1
= 40e® o =3
The only value of t which satisfies all three equations st =1
So, r(1) is the required point (-1,1, 2). o )
103. (2, 0, 5) corresponding to r(1) and 7/ (t) =4 — , + 5,?
So, the required tangent vector is r(1)=4i-j+6k

104. E D
FC ¢
A a B
AB=a,BC=b
AC=AB+BC=a+b —-@®
AD =2BC =2b - @
(because AD is parallel to BC and
twice is length)
CD=AD-AC=2b-(a+b)=b-a
FA=-CD=a-b — (i)
DE=-AB=-a - ()
EF=-BC=-b -~
AE=AD+DE =2b-a )
CE=CD+DE=b-a-a=b-2a w (vid)

105. Let R be the resultant. Then,
R=R+K+EK=(p+1)i+4j
Given, |R|=S5, Therefore R? =25
(p+1)°+16=25 or p+1=13 or p=2-4
106. Vectors along to sides area =+ 2j+ k and b=2A+4j+k

Clearly the vector along the longer diagonal is
a+b=31+6}+2k
Hence, length of the longer diagonal is
[a+bl=p3i+6]+2k=7
107. Vector a=i+2j-k b=2i-}+k c=M+J+2k are

coplanar. :
1 2 =1

= (2 =1 1]=0 or A=3+X~=5)=0ar A =13
A1

Number of digits in value of A is 2.
108. since, angle bisector ofa and b

a o A b
= h(a + h)=h(—'- ' —.] @
il "I} ‘
given,a + b is along angle bisector.
a b
= Rl —+ »—»] =a+b
[I Al |b)

only, when|a|=|b|=p
[al=b] = A =1



109. &

0G H
B E

Here, Ois circum centre = 0, G is centroid = g
H is orthocentre = p

§ oG 1
Since, —ila
GH 2
= £ 1. 2g=p-g
P-g 2
or p=3g
k=3
110. XG =kGY
b+c 2b (Ac b+ ¢
3 3 w3 )
A(0)
X Y
B(b) C(c)
2¢ A
= c
3 1+A
= A2
1+A 3
= A=2
111. We have, a=2pi+j

Let bbe the vector obtained from a by rotating the axes. Then,

the components of bare p +1and 1. Therefore,
b=(p+1)G+p

where & and ﬁ are unit vectors along the new axes.

But|b| =|a|
= 4p?+1=(p+1)°+1
oo 1
= 3p’-2p-1=0= p=}=3
1
= p,:landp¢=—§

1
3|p,+pz|=3’l-;‘=2

112, Here, a is rotated about Z-axis, the Z-component of a will
remain unchanged namely a,

y)

Frm———
GRS

113.

114.

115,
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Now, if it is turned through an angle 1;— As shown in adjbining

figure.
*. Now components are (az, — a,, a3).
Here, r; = OA pointing North-East and r, = OB pointing
North-West. Where |OA| =|OB| =5.
As shown in figure,
N
Be--e-m-f-mmmosA
,2\45 45"/;1 :
Rod
w o E
S
ZBOA =90°
= - -r;=BA (using triangle law)

Clearly, ABOA is nght angled at O.
L =0A* + 0B? =5 + 52 =50
= |BA| =545

or | — x| =5v5

i.e. 5 — r; has magnitude 545 and points from West to East.

Let OACB be a parallelogram shown as

B(b) C(c)

\‘\ 3 ’/,—
Y

0 D Aa)

Here, OD = %BC
1
= OP+PD= E(BP +PC) [using A law]
= 20P+2PD=BP+PC
-2PO+2PD=-PB+PC
= PB+2PD = PC +2PO
5 PB+2PD=PC+2P0
1+2 1+2

The common point P of BD and CO divides each in the ratio
2:1
Let S be the point of intersection of AB and CR. Let A be the

origin and the position vectors of the points B, C, P, O, Rand §
be b,c,p,q,r and s respectively.

_3b+2c
5
4c
and =4
e (i)
5p —-3b _5q

= = 10p —=6b =5
2 1 P q
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10_p_5q+6b_r
11 11

ie. 10p =5q +6b =
A

11r 3b + 2¢
= ey ; "
10 5 [using Eq. (ii)]
11r =6b + 4c
11lr —4c=6b
1llIr—4c 6
- - ;b =s, thus s divides AB in the ratio 6 : 1.

116. Since, angle bisectors divides opposite side in the ratio of sides
containing the angle.

= BA' = andca' =22
b+c a+c
Now, BI is also angle bisector of ZB for AABA".
Al _b+c Al b+c
= —_——— = =
Al' a AA" a+b+c
A
C B’
B w c
o Bl _ a+c
Stmilarly; BB a+b+c
4 qor _ a+b
an CC a+b+c
AI-BI-CI (b +c)a+c)a+b) Q)

= AA". BB .CC (@+b+c)atb+cia+tb+o)

As we know AM 2 GM, we get
b+c c+a a+b 1
a+b+c a+b+c a+b+c >r(a+b)(b+c)(c+ﬂ) 3
3 g (a+b+c)’

Aa+b+c), [@a+tb)bte)ct )]’
3a+b+c) at+b+c
(a+b)b+c)(c+a) < 8
(@a+b+c) 27
From Eqs. (i) and (ii), we get
Al -BI-Cl < 8
AA’-BB -CC' 27
117. Let the position vector of O’ with reference to O as the origin
bea.
Then, 00 =o.
Now, O’ B, = Position vector
or P, — Position vector of O’ =r, —a.

...(ii)

118.

Let the position vectors of B, By, Pyyoiinn P, with respect to O’ as
the origin be R;,R;..... R, respectively. Then, R, = O i
B=n-0,i=12 [using Eq. (1))

Now, ;R + a;R; + .0 +a,R, =0
n

n
= YaR=0= Y aln-0)=0

=1

n n
= Yan-Yaq0=0

1=1 =1

0[2] [z<g,]

=1 I=1

n
= Za,:O
i=1

U

Thus, Y a/R; = 0 will hold good, ifya=o0

i=1 i=1

Let O be the origin of reference.
Let the position vectors of A, B, Cand Dbea, b, cand d,
respectively.
Then, OA:CB=2:1
= 242, oa+acs

CB 1

D
(o]

=5 OA =2CB
= a=2b-c) ()
and OD:AB=1:3

oD 1
= —=- = 30D=

AB 3 A8
= 30D = AB
= 3d=(b-a)=b-2(b-c) [using Egq. (i)]
= 3d=-b+2c ...(ii)
LetOX:XC=A:1and AX: XD=p:1
Now, X divides OC in the ratio A : 1. Therefore,

Ac
PVofX =
T ..(iii)

X also divides AD in the ratiop : 1

Py ofx=ldta

p+1
From Eqs. (iii) and (iv), we get
Ac _pd+a
A+l p+1

~ () ()



A (1 )(-b+2c 1
= (m]“[un)(—s ]*(ﬁ]“‘""

[using Eqgs. (i) and (iv)]

A [ 2 i
= [l+l)c‘(u+1 3(;1+1))b
+[ 2 i )C
3u+1) p+1
A 6—1 2u-6
= =T
(k + 1) € [3(;1 + 1))b+ (3(;1 + 1))c
6—1 -6 A
= b —_— =
(3(u+1)] +(3(p+1) .7\+1}: 0
6—p -6 A
= =0and -—=
3 +1) 3+1) A+1 i
(since, b and c are non-collinear)
= p=6andl=§
Hence, OX:XC=2:5

119. let I, mand n be scalars such that

Ip+mq+nr=0
= {l(cosa)u + (cosb)v + (cosc)w} + m{(sina)u
+ (sinb)v + (sinc)w}
+ a{sin(x + a)u + sin(x + b)v + sin(x + c)w} =0
=>{lcosa + msina + nsin(x + a)}u + {Isinb + msin(x + b)}v
+ {lcosc + msinc + nsin (x + ¢)jw =0
= lcosa + msina + nsin(x + a) =0 (i)
lcosb + msinb + nsin(x + b) =0 ..(ii)
lcosc + msinc + nsin(x + ¢) =0 ...(iii)
This is a homogeneous system of linear equations in /, mand n.
The determinant of the coefficient matrix is
cosa sina sin(x+a)| |cosa sina 0
cosb sinb sin(x+b)|=|cosb sinb 0[=0
sinc 0

A=
cosc sinc sin(x+c)| |[cosc
(using C; = C3 —sinx C; — cosx C,)
=5 So, the above system of equations has non-trivial solutions
also. This means that [, m and n may attain non-zero values
also.

Hence, the given system of vectors is a linearly dependent
system of vectors.

120. We know that, the sum of three vectors of a triangle is zero.

A
B M c
AB+BC+CA=0
= BC=AC-AB [-AC= -cCaA]
- AB
- AB = AC - AB [+ M is a mid-point of BC)

2

121.

122.

123.

124,
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Also, AB+ BM + MA =0
[by properties of a triangle]
= AB+ ;AEZ"—AB =AM [ AM = - MA]
- . AM = AB-;- AC
31+ 4ak+5i-2j+4k
2
=4i-]+4k
= |AM|= /4% + 12 + 4% =33
As,a + 3bis collinear with c.
& a+3b=Ac L)
Also, b + 2c is collinear with a.
= b+2c=pa .(ii)

From Eq. (ii), we get
a+3b+6c=(A+6)c

From Eq. (ii), we get
a+3b+6c=(1+3)a

From Egs. (iii) and (iv), we get
(A+6)c=(1+3u)a

Since, a is not collinear with c.

= A+6=1+43u=0

From Eq. (iv), we get
a+3b+6c=0

...(iif)

.(iv)

Since,a =8bandc= —7b

So, a is parallel to b and c is anti-parallel to b.
= aand c are anti-parallel.
So, the angle betweena and cis 7.

I{}fl P be the origin outside of AB and C is mid-point of AB,
en

C

A ' B
P
PA +PB
PC=——— = 2PC=PA +PB
Ifa + 2b is collinear with ¢, thena + 2b = t¢ (1)
Also, b + 3¢ is collinear with a, then
b+3c=2a
= - b=2Aa-3c (i)

From Eqgs. (i) and (ii), we get
a+2(Aa-3c)=tc
= (a —6¢c)=tc—2A\a
On comparing the coefficients of a and c, we get
Tl =y Nemed
2

and 6=t = t=-6
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From Eq. (i), we get
a+2b=-6c
=5 a+2b+6c=0

125. The three vectors (a + 2b + 3c), (Ab + 4c) and (2A —1)c are
non-coplanar, if ;

1 2 3
0 A 4 (#0
0 0 2A-1
= @r-1)(A)#0
1
A#0,—
= * 2

So, these three vectors are non-coplanar for all except two
values of A. ~

126. Giventhat, OA =7i-4j+7k

OB =i-6j+10k

oC =-i-3j+4k

oD =5i—-j+5k

AB =7 1) + (=4 + 6)2 +(7-10)°
=36+4+9
=49 =7

BC =1 +1)2+(=6+3)* +(10—4)?
=4+9+36
=Ja9=7

CD = J(-1-5)2 +(-3+1)* +(4-5)°
=36+4+1
=41

Now,

127.

128.

and  DA=G-7P+(1+4)*+6-7)
=Ji1+9+4
=17
Hence, option (d) is correct.
1+a’ a a* ll }a a a
1+6%|=|p b 11+
1+c2 c c ll

a nz
Since,|b b®
c ¢

1~
—
)
)
"
=

l
6o o A
C
(0
—
[
)
g
o
9
0

a a1 [ : qf
= (1+abc)|b b* 1|=0

(-0 - | c ¢ 1

= 1+abc=0
=5 abe =-1

Since, the vector § + xj + 3K is doubled in magmitude, thex it
becomes

4+ (dx=2)j+ 2K

2|1+ +3K|= 4+ @x -2+ 2]

21+ 3749 = 16+ (dx=2) + 4
40+ 437 =20+ (dx -2)°
3x?—dx—-4=0
(x=2)@Bx+2)=0

L

X=2 -

“ e
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Session 1

Product of Two Vectors, Components of a Vector
Alon_g and Perpendicular to Another Vector,
Application of Dot Product in Mechanics

Product of Two Vectors

Product of two vectors is processed by two methods.
When the product of two vectors results in a scalar -
quantity, then it is called scalar product. It is also known
as dot product because we denote it by putting a dot (.)
between two vectors.

When the product of two vectors results in a vector
quantity, then this product is called vector product. It is
also known as cross product because we denote it by
putting a cross (x) between two vectors.

Scalar or Dot Product of Two Vectors

Ifa and b are two non-zero vectors and 8 be the angle
between them, then their scalar product (or dot product) is
denoted by a - b and is defined as the scalar |a||b| cos®,
where |a] and | b| are modulii of a and b respectively and

0<6<m

B
b
0
o a A
Remarks
1.a-beR
2.a-bg<lal|b|

3.a-b>0=Angle betweena and bis acute.
4. a-b<0 = Angle betweena and bis obtuse.
5. The dot product of a zero and non-zero vector is a scalar zero.

Geometrical interpretation of scalar product
Let a and b be two vectors represented by OA and OB
respectively. Let 6 be the angle between OA and OB. Draw

BL L OAand AM L OB.

From triangles OBL and OAM, we have OL = OB cos 6
and OM = OA cos 0. Here, OL and OA are known as
projection of b on a and a on b respectively.
Now, a-b=|a||b|cos®
=|a| (OB cos6) =|a|(OL)
= (Magnitude of a) (Projection of b on a) ...(i)
Again,a-b=|a||b|cos®
=|b|(|a| cos8) =|b| (OA cos8) =|b| (OM)
a - b = (Magnitude of b)
(Projection of a on b) ...(ii)
Thus, geometrically interpreted, the scalar product
of two vectors is the product of modulus of
either vector and the projection of the other in
its direction.

Remarks
1. Projection ofa on b=§|l_"|_b =a-b

-b

2. Projection ofbona =a'_I =a-b
a

3. Angle between two vectors ita and b be two vectors inclined at

an angle@,thena, b =|a|-|b| cos 6

= cose=_j_'£_
|a-|b]
= 8=cos™ (_a_b_)
la|-|b]

Ifa =a,i +a,i +a3ﬁandb=b,i+ b2i+ bgl‘(

0=cos™ aby + a0, + a3,
JaZ+ ag+ al\bZ + b2 + b2



Properties of Scalar Product

(i) Commutativity The scalar product of two vector is
commutative i.e,a-b=b-a.

(i) Distributivity of scalar product over vector
addition The scalar product of vectors is distributive
over vector addition i.e.,

(@a-(b+c)=a-b+a-c(Left distributivity)
(®)(b+c):a=b-a+c-a(right distributivity)
(iii) Leta and b be two non-zero vectorsa-b=0<>a L b.
Asi,jand kare mutually perpendicular unit vectors
along the coordinate axes, therefore
13=30=05 k=k-j=0 k-i=i-k=0
(iv) For any vectora,a-a =|a|’.
As1,j and k are unit vectors along the coordinate
axes, therefore i - i =|Ai|2 =1,:i-] =mz =1land
k-k=|k?=1

(v) If m s a scalar and a and b be any two vectors then
(ma)-b=m(a-b)=a-(mb).

(vi) If m and n are scalars and a and b be two vectors, then
(ma)-nb=mn(a-b)=(mna)-b=a-(mnb)

(vii) For any vectors a and b, we have
@@a-(-b)=—(a-b)=(-a)-b
(b) (-a)-(-b)=a-b

(viii) For any two vectors a and b, we have
(a)|]a+bf* =|a® +|bf* +2a-b
(®)|a—b|=|a]* +|b —2a-b
(©)(@+b)-(a—b)=|a]* =|b*

(@]a+b/=[a]+|b| = a]|b
(e)]a+bf° =|a* +|b> = alb
(fla+b|=la-bj|=>aLlb

Scalar Product in Terms of Components
fa=a,i+a,j+askandb=b,i+b,j+b,k then
a-b=a,b, +a,b, +asbs.

Thus, scalar product of two vectors is equal to the
sum of the products of their corresponding
components. In particular,a-a= |a]* =af +a2 + al.

| Example 1. |f 6 is the angle between the vectors
a=2i+2j-kandb=6i-3j+2k, then

(a) cos® = - (b) cos® = 3
21 19

(c) cos® = 2, (d) cos® = 3
19 21
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Sol. (a) Angle betweena and b is given by
a-b
NE

[a] |b]

_ (@i+2j-K)-(6i -3j+2k)
V222 (1) 6 + (37 + 2

_12-6-2_4

T 37 21

1 Example 2. (a-i)i+ (a-})}+(a-ﬁ)l2 is equal to
(a)a (b) 2a
(c) 3a d)o
Sol. (a)Let a= aj +aj+ a;l}
a-i =(a,i+ azi+ a,f() i=a,
i = az,a~ﬁ= as
i+(a-§)j+@ Kk

=a,i+a2j+a3k=a

So, (a-

I Example 3. If |a| = 3,|b| = 4, then a value of A for
which a + Ab is perpendicular to a — Ab.
(@9/16 (b)3/4
(©3/2 (d)4/3

. Sol. (b)a + Ab is perpendicular toa — Ab.

% (a+Ab)-(a—2Ab)=0
= |a’|-A(@@b)+A(b-a)-AZ|b =0
lﬂlz - k2|b|2 =0

]

= )\,=+la—|=13

bl T4

I Example 4. The projection of a = 2i + 3j-2k on
b=i+2j+3kis

2
(@— LS
N (b) i
© 12 =2
Via

Sol. (b) Projection ofa on b
_a. b _@i+3]-2K) (i +2] +3K)

b| 1i+2j+3K
_2+6-6_ 2
ia e

I Example 5. If a =5i - j+7k and b =i - j+ Ak, then
find A such that a+b and a -b are orthogonal.
Sol. Clearly,a +b =(5i - j+7k) + (i - j + Ak)
=61 -2]+(7+ M)k
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a-b=(5i-j+7k)-(i-j+2k)
=4i+(7-1)k

Since,a +b and a — b are orthogonal
(a+b)-(a=b)=0

6i-2j+@7+A)K)(al+(7-A)k)=0

and

=
= 6X4-2%X0+(7+A)(7-A)=0
= 24+49-A%=0

= Ai=73

= A=2%73

I Example 6. If a,b and c are unit vectors such that
a+b+c=0, then find the value of a-b+b-c+c-a.
Sol. Consider,a+b+c=0
On squaring both sides, we get
(a+b+¢c)® =0°
(a+b+c):(a+b+c)=0-0
|a]* +|bJ* +|c|* +2a-b+2b-c+2ca =0
1+1+1+2(a-b+b-c+c:a)=0

L vy

a-b+b-c+c-a=—§

I Example 7. If a,b and c are mutually perpendicular
vectors of equal magnitudes, then find the angle
between the vectors a and a+b+c.

Sol. Let 6 be the angle between the vectorsa anda +b+c.

a-(a+b+c)

lajla+b+c

_a-at+a-b+a-c

|ajla+b+d
'2

Then, cosB=

W

J]a|la+b+c|
[+a-b=a-c=0asab,care mutually
perpendicular vectors]

i)

-l
|a+b+d
Now consider,
[a-’-b-rcl2 =(n+b+c)~(a+b+c)
=Jaf® +|b]* +|d* +2a-b+b-c+c-a)
=3al’ +20)=3a[*
[fa]=[b|=|danda-b=b-c=c-a =0]

[a+b+d=+3]a
From Eq. (i), we get
cos0 = 1
N

1

0 =cos”
= cos 75

1 Example 8. If the vectors a = (clog; X) i-6j+3k
and b = (log> x)f+ 2}+ (2clog, x)I; make an obtuse
angle for any x € (0, ). Then, determine the interval to
which c belongs.

Sol. For the vectorsa and b to be inclined at an obtuse angle, we

must have
a-b<0,V xe (0, )

t:(log,x')z —12+6clog, x<0,V x€(0,*)

=
= cy? +6cy —12<0,Y y € R, wherey = log; x
= .c<0and36c” + 48c <0,

(using ax? + bx + ¢ <0,
V x € Riffa<0and D<0)

4
= c<Oandc(3c+4)<0 :ce(—;.ﬂ)

I Example 9. If a+2b+ 3c =4, then find the least
value of a® +b* +c?.

Sol. Consider vectors p = ai + b + ckand q= i+ 2j + 3k
a+2b+3c

Now, cos6 =
N O
2
= cosze=M—<l [ cos?6<1]

14 (@ + b* +c?)

= a® +b*+c%2>
14 14 7

Hence, least value of a® + b® + ¢’ is E
7

| Example 10. Find the unit vector which makes an
angle of 45° with the vector 2i +2j—k and an angle

of 60° with the vector ] -k.

Sol. Let the unit vector bec = c,i + czj + c;lz so that; it makes
an angle of 45° with 2i + 2} -k

2c, +2c, —
= P % = cos45° lé=1
= 2c,+2c, — ¢4 o (1)
V2
Also, it makes an angle of 60° with j -k
c;—C3 A a
= =cos60° (v|j-k|=v2 o=
7 :lj-k|=Vzand |¢=1)
2
= C; —=Cy = -J—_ (I.l)
2
=  ci+ci+ci=1 (i)

(using |c| = |c,§ + czj + c,l‘(| =1)

r 1 -
From Eq. (ii), ¢, = % + ¢y and from Eq. (i), ¢, = % + —lﬁ
2



On substituting in Eq. (iii), we get
2
LD + 1 + 2("_1 1 s

9 3¢ 5
= —c§+—’+—=1=c3=_’_L
4 22 8 2 342
Hence, the required vectors are L, 0,— _1_) and
2 2

(_‘_ A L}

32" 32" 32

| Example 11. Show that the median to the base of an
isosceles triangle is perpendicular to base.

Sol. Let ABC be an isosceles triangle in which AB = AC .
Let A be the origin of reference and let

AB=bAC=c A
Let D be the middle point of BC.
b
Then, AD = Lo ¥
2
Now, BC=c¢c-b
B (o]
AD-BC:("Z“)-(c—b)
1 1
==(lc/* - |b[*)==(|AC|* - |AB]*)
2 2
1
==(0)=0
2( )

Hence, median to the base of an isosceles triangle is
perpendicular to base.

| Example 12. Using vector method, prove that in a
triangle, a2 =b? + c* — 2bc cos A (cosine law).

Sol. Ina AABC,
Let AB=c¢BC=a,CA=b
o a+b+c=0
B
a
[+
Q
8«0 ~__
(6] b A
We have, a=-(b+c)
la] =|-(b + )| = laf* =|b+cf
= [af* =|bJ* + e[ +2b-c
= [a?| = |bJ* +|d +2b]|c]| cos(m — A)|

Since, angle between b and ¢ = The angle between CA
produced and AB

a® =b* +c?=2bccos A
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1 Example 13. Using vector method, prove that in a
triangle, a=bcos C + c cosB (projection formula).

Sol. InaAABC,

Let AB=c,BC=a,CA=b
a+b+c=0
A
c b
B C

We have, |a|=|-(b+c¢)|
: aca=-(b+c)a
or l|af=-b-a-ca
= —|b||a| cos (m - C)—|c||a|cos (m — B)

Since, the angle between b anda = (1 — C) and angle
between canda = (n—B)

a* = abcosC + accos B

= a=bcosC +ccosB

Components of a Vector Along and
Perpendicular to Another Vector

Leta and b be two vectors represented by OA and OB and

let © be the angle between a and b. Draw MBLOA,
shown as ‘

b=0M +MB

= OM =(OM)a =(OBcos8) a =(|b|cos8) a

>=(lb|(—a.7b)]a
E

8
b/
o . TA a A
[a b]a_a~ba_ a-b a
lal )7 lalla] { |ap
b=0OM +MB
MB:b—OM:b-{nT]a
ol
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Thus, the components of b along and perpendicular toa
a-b -
are| — |laanda —| — |a respectively.
( JaP ] T
I Example 14. If a =4i + 6] and b =3j+ 4k, then find
the component of a along b.
(a-b)

b

Sol. The component of vector a alongbis

18 -~ =
=—(3j+4k
25(1 )

I Example 15. Express the vector a = 5§ —2j+ 5k as
sum of two vectors such that one is parallel to the
vector b =3i +k and the other is perpendicular to b.

Sol. Required vectors are
% banda- ath b
bl b ?

Clearly, [ﬁ] b =2(3i + k) = 6i +2k and so,
b

a_(T;':’Jb = (5i—2j+5k)— (6i +2k)
b

=-i-2j+3k
Note that (61 +2k) + (=i — 2j + 3k)
=5i-2j+5k=a

Application of Dot Product in
Mechanics (Work done)

A force acting on a particle is said to do work, if the
particle is displaced in a direction which is not
perpendicular to force.

Let a particle be placed at O and a force f represented by
OB be acting on the particle at O. Due to the application of
force f, the particle is displaced in the direction of OA. Let
OA be the displacement.

Then, the component of OA in the the direction of force f
is,|OA|cos©

Work done =|f]|OA|cos 8 =f-OA
=f-d, whered =0OA

. Work done = (Force) - (Displacement)

Remarks
1. The work done by the resultant of a number of forces
tf,. f.....1, in a displacementd of a particle is equal to the
sum of work done by the forces separately
ie. Workdone=f,-d+ f,-d + ...+f,-d
=(f+f+.+f)d
=R-d where R=f+fHH+.+f,
2. The work done by a force f when its point of application

experiences a number of consecutive displacements )
d..d,.d;....d,. is equal to the work done by the forces in single

displacement from the beginning to end.
j.e,Workdone=f-(d; +d, + ...+ d,)
=The work done by the force f in the single displacement from
the beginning to end
I Example 16. Two forces f; = 3i —2j+k and
f, =i+ 3j— 5k acting on a particle at A move it to B.
Find the work done if the position vector of A and B
are —2i + 5k and 3i —7j+2k.
Sol. Let R be the resultant of two forces f; and f, andd be the
displacement.
Then, R =(3i-2j+k)+(i+3j-5k)
=4i+j-4k
d = (3i - 7j + 2k) — (-2 + 5k) = 51 - 7j - 3Kk
.. The total work done = The work done by resultant
=R-d =(4i + j - 4k)-(5i — 7] - 3k)
=20-7 +12=25units

and

I Example 17. Forces of magnitudes 5 and 3 units
acting in the directions 6i +2j+ 3k and 3i — 2]‘+ 6k,
respectively act on a particle which is displaced from
the point (2,2,—1) and (4, 3,1). Find the work done by
the forces.

Sol. Let R be the resultant of two forces and d be the
displacement.

Then,
R =s@i 2 +3k) (3 -2) +6k)
V36+4+9 V9 +4+36
=$(39§+4j+33|§)
and d=(4i+3j+ﬂ)—(zi+2}-ﬁ)=2;+}+2ﬁ

. Total work done =R -d = l(72( + 4 + 66)
7

148
= — units
7
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Exercise for Session 1

Wb

© ®m N O o N

@ = = =
W N RO

Find the angle between the vectors i - 2j +3kand 3i-2j+k

Find and angle between two vectors a and b with magnitudes J/3 and 2 respectively such thata-b = V6
Show that the vectors 2i- }+ kand i- 3] — 5k are at right angles.

Ifri= r'.j =r-kand|r|=3, then find vector r.

Find the angle between the vectors a+ band a—b, ifa =2i-j+3kandb=3i+j-2k

Find the projection of the vector i+ 3} + 7k on the vector 7i — ] +8k.

If the projection of vector xi — j + k on vector 21— j+5kis —— , then find the value of x.

V30

Iflal+|b]=|clanda+b=c, then find the angle between a and b.
If three unit vectors a, band csatisfy a + b+ ¢ =0, then find the angle between a and b.
Ifa=xi+ ('x —)j+ kand b=(x + Ni+]j+ ak make an acute angle, V x e R, then find the values of a.

Find the component of 1 in the direction of the vector i + j + 2k.

69

Find the vector components of a vector 2i + 3 + 6k along and perpendicular to the non-zero vector 2i+j+2k

A particle is acted upon by constant forces 41+ j-3kand3i+ j - k which displace it from a point i + 2] + 3k to

the point 51+ 4} + k. Find the work done by the forces in standard units.



Session 2

Vector or Cross Product of Two Vectors, Area of

Parallelogram and Triangle, Moment of a Force
and Couple, Rotation About an Axis

Vector or Cross Product
of Two Vectors

Leta and b be two non-zero, non- parallel vectors. Then
the vector product a x b, in that order,
is defined as a vector whose magnitude
is

|a||b|sin® b
where 0 is the angle between a and b,
whose direction is perpendicular to the
plane of a and b in such a way thata,b
and this direction constitute a right
handed system.
In other words, a X b=|a||b|sin6 n, where 0 is the angle
between a and b, f is a unit vector perpendicular to the
plane of a and b such that a, b and n form a right handed

system.

Properties of Vector Product
(i) Vector product is not commutative i.e., ifa and b are
any two vectors, thena X b # b xa, however
axb=—(bxa).

(ii) Vector product is not associative,
ie.ax(bxc)#(axb)Xxc

(iii) If a and b are two vectors andm is a scalar, then
maxb=m(axb)=axmb

(iv) If a and b are two vectors and m and n are scalars,
then ma x nb =mn (a X b) =m (a X b) =n(ma xb)

(v) Distributivity of vector product over vector addition.
Let a, b and c be any three vectors. Then,
(a)ax(b+c)=axb+axc (left distributivity)
(b)(b+c)xa=bXxa+cxa (right distributivity)

(vi) For any three vectorsa, band c, we have
ax(b-c)=axb-axc

(vii) The vector product of any vector (zero or non-zero) i

with zero vector is a zero vector i.e.
ax0=0xa=0

(viii) The vector product of two non-zero vectors is zero
vector iff they are parallel (collinear) ie.a Xb=0
<>a||b,a and b are non-zero vectors.

It follows from the above property thata xa = 0 for
every non-zero vector a, which in turn implies that
ixi=jxj=kxk=o.

(ix) Vector product of orthonormal triad of unit vectors
i, j and k using the definition of the vector product

obtain

ixj=kjxk=ikxi=j,
jxi=-kkxj=-iixk=-7j
(x) Lagrange’s identity If a, b are any two vectors, then
|axb[*=[af* [b[* —(a-b)*

or |laxb[’+(a-b)®=|al’|b]

Vector Product in Terms
of Components

If a=a, i+a, j+a;kandb=b, i+b, j+b; k
Then, axb=(aby —a3b,)i—(a,b; —asb, )3

i j k
+(a,b, —azb,)f( =|a, a, a,
by b, bs

I Example 18. If a =2i + 3j— 5k and b = mi + nj+ 12k
and a xb =0. Then, find the values of m and n.

i 5 &
Sol. Clearly.axb:lz 3 —SI

|mn12

=1(36+5n)— j(24 +5m) + k (21— 3m)
Since, axb=0 . F I -
~(36 +5n) i - (24 +5m) j+ (2n —3m) k=0i +0j + 0k
On comparing the coefficients of i j and k. we get
36+5n1=0,—(24 +5m)=0 and 2n -3m =0

2
= n:-%mdm:—i
5 5



| Example 19. Show that (a - b) x (a+b)=2(a xb)
Sol. Consider, (a =b)X(a +b)=(a-b)xa+(a-b)xb

[By distributivity of vector product over vector addition]
=axXxa-bxa+axb-bxb

[Again, by distributivity of vector product over vector
addition]

=0+axb+axb-0 [raxb=-(bxa))

=2(a xb) Hence Proved

| Example 20. If ais any vector, then
(@axi)?+(ax j)?+(axk)? is equal to
(@]al? b) 0
©3]al? d2]al?
Sol. (d)Leta = a,i + azj + a,l‘(
o A xi=(a,i+a2}+a,ﬂ)x§=—azﬁ+a,}
(axi)=(axi)(axi)
=(- azl‘; + a,j)-(— azlA( + a,j) =a} +a}
Similarly, (a x 3)2 =aj +a}
and (a x I.()2 =al + a;
(a xi)® +(a x j)* +(a x k)?

=2(al +a3 +al)=2]a|®

| Example 21. If a-b=0and a xb =0, prove that
a=0orb=0.
Sol. Given,a-b=0anda xb=0
Now, a-b=0=a=0o0r b=0ora lb
and axb=0=a=0orb=0oral|b
Since, a L banda || b can never hold simultaneously.
Y a-b=0and axb=0
= a=0orb=0

| Example 22. If a, b and c are vectors such that
a-b=a-.c,axb=axcand a=0, then show that
b=c

Sol.a-b=a-canda #0

= a-b-a-c=0anda #0

= a-(b-c)=0anda #0

= al(b-c)or b=c i)
Again, axb=axcanda #0

= ax(b-c)=0anda #0

= a||(b-c)=0andb=c¢c .(ii)
. From Eqs. (i) and (ii), we have

b=c

[as a cannot be both parallel and
perpendicular to (b - c)]
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i Example 23. If a,b and c are three non-zero vectors
such that a-(b xc)=0and b and c are not parallel
vectors, prove that a = Ab+pc where A and p are
scalar.

Sol. We have,a-(bxc)=0

= a=0orbxc=0o0ra L(bxc)
= a=0orb||cora L (bxc)
But a#0andb#c

' al(bxc)

= a lies in the plane of b and c.

= a,b and c are coplanar.

= a=Ab+pc

1 Example 24. If axb=axc,a #0, show that
b =c+ta for some scalar t.

Sol. We have, axb=axc
=) axXxb-axc=0
= aX(b-c)=0
= a=0or(b-c)=0ora||(b—c)
= al|(b-c) (va#0andb #0)
= b-c=ta (for some scalar t)
= b=c+ta

I Example 25. For any two vector u and v, prove that
(i) @) +uxv|? =[u|?|v|?
(i) O+ [ul) 0+ [ v =0-u-v)2+|u+v +@uxv)|?
Sol. (i) To show (u - v)? +|u x v¥|=|u|*| v [?
Let 6 be the angle between u and v.
= u-v=uvcos9
and |uXxv|=uvsin®
=  (u-v)’+|uxv]®=u’v?cos? 0+ u’v?sin?0
= (u- v+ uxv]? =ulv?
= (u-v)¥+luxvP=lul|v|]
(i) Taking RHS (1 - u - v)? + | u + v + (u x v) |?
= 1+(u-v) —2u-v+|[u+v+(uxv))
(u+v+(uxv)|
= 1+|ul’|v[cos’0—-2|u||v|cos®+u-u
+u-v+u(uxv)
+v-u+v-v+v-(uxv)+(uxv)+(uxv)u
+(uxXv)-v+(uxv)(uxv)
= 1+|ul’|v[® cos’0-2|u||v|cos®+|ul*+|u|]
v|cos® +0
+lu|v|cos®+|vi+0+0+0+|u+v|
= 1+ ul|v|®cos*0+|ul +|v| +|ul’|v|*sin’0
= 1+ uf | v +uf +| v

=(1+|uf)1+|v[})=LHS
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Angle between Two Vectors
laxb|

If8 is the angle betweenaandb,thensin():{ iIbl
a

Expression for sin 6
Ifa=a, i+a, j+a; kb=b, i+b, j+b, kand®be
angle between a and b, then

sin® 9=(a2b3 —asb,)’ +(a,b;3 —a3b,)® +(a,b, —aby)’

(@] +a5 +a3) (b +b3 +53)

I Example 26. The sine of the angle between the
vector a =3i+ j+kand b=2i -2j+kis

() 2e (b) Jg
99

99
37 5
(© |— d) —
Vo9 7
i 3 kl
Sol (a)axb:{:; 1 1f=3i-j-8k
E

_laxb|_ s 74

| Example 27. If|a|=2|b|=5and|axb|=8, then .

find the value of a-b.
Sol. We have,|a|=2|b|=5
and laxb|=8
Let 8 be the angle between a and b.
laxb|_ 8 _4
la|]|b] 2x5 5

Now, cosf==+ ‘/l —sin%@

= ’1—1—6=i§
25 5

3
a-b=|a|b|cose=t(2-5-g)=i6

Vector Normal to the Plane
of Two Given Vectors

If a and b are two non-zero, non-parallel vectors and let 8
be the angle between them.a x b =|a|| b|sin6 i, where n
is a unit vector perpendicular to the plane of a and b such
that a, b, i form a right handed system.
= (axb)=|axb|n

axb
|laxb|

= n=

Thus, = XN is a unit vector perpendicular to the

|]axb]|
axb
laxb|
perpendicular to the plane of a and b. Vectors of
magnitude ‘A’ normal to the plane of a and b are given by
e A(axb)
|bxb]|

is also a unit vector

plane of a and b. Note that —

| Example 28. The unit vector perpendicular to the
vectors 6i+2j+3k and 3i —6j—2k, is
2i - 3j + 6k (b)zf—3i—6|2
7 7
2i +3j - 6k (d)zi+3i+ef(
7 7
Sol. (c)Leta =6i+2j+ 3k and b =3i — 6] — 2k
i j k ‘
axb=|6 2 3
[3 -6 —zl

(a)

(0

=141 +21j - 42k =7 (21 + 3] - 6k)
laxb|=7|2i+3j—6k|=7-7

axb ) P &
=1 (gl 435k
jaxn] 7 3ok

which is a unit vector perpendicular to a and b.

I Example 29. Find unit vectors perpendicular to the
plane determined by the points

P(1,-1,2),Q(@,0,-7)and R(0,2,1)

Sol. Clearly, required unit vector is a unit vector perpendicular
to the plane of PQ and PR.

Now,
PQ=(2i - k)—(i-j+2k)

=i+j-3k
PR = (2j + k) — (i - j+2Kk)
=-i+3j-k
i j ok o
and PQxPR=|1 1 -3/=8i+4j+4k
-13 -1
- Required unit vectors
_4 POXPR _ (81 + 4j + 4k)
| PQ x PR | 46
=t%(zi+j+:‘<)



| Example 30. Let A,B and C be unit vectors. Suppose
A-B=A-C=0and the angle between B and C is %

Then,
@A=+2(BxCQC)
©A=x3(B+C)

Sol. (b) Since, A-B=0

(b) A=++2 (BxC)
(dA=+3(BxC)

= AlB and A-C=0
= AlC
A= BxC
|[BxC|
[ A is a unit vector perpendicular
to both B and C]
Here, |BxC|=|B||C|sin§
1 1
=18, e =
NP
So, A=+8XO_, p@mxc)
A

Right Handed System and Left
Handed System of Vectors

(i) Right handed system of vectors Three mutually
perpendicular vectors a,b and c from a right handed
system of vector iffa X b =c,bxc=a,cxa=h.

b

c

For example, the unit vectors i, ] im:i f(h forAm aright
handedsystem,ixj=k,jxk=i,k><i=j

(i) Left handed system of vectors The vectorsa,b and
¢ mutually perpendicular to one another form a left
handed system of vectors iff

cxb=aaxc=bbxa=c.
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o

c

I Example 31. The vectors ¢,a = xi+y j+zkand
b= ]are such that a,c and b form a right handed
system, then c is

@zi- xk (b) 0
©yi (d) - zi +xk
Sol. (a)a,cand b form a right handed system.
Hence, bxa=c
= c=jx(xi+yj+zKk)

=—xk+zi=zi—-xk

i Example 32. If a,b and c are three non-zero vectors
such that axb =c and bxc = a, prove that a,b and ¢
are mutually at right angles and |b|=1and|c|=]a|.

Sol. axb=canda=bxc

= cla,clbandalbalc =>albblcandcla

= a, b and care mutually perpendicular vectors.
Againaxb=c and bxc=a

= laxb|=|c|and|bxc|=]a|

= |a||b[sin%=|c| and|b||c|sin§=|a|

= lallbl=|c| .

and |bllec|=]a] (cralbandb l o)
= Ib*lel=|¢|

= [bP=1=|b|=1

On puttingin |a||b|=|c| = |a|=]¢]|

Geometrical Interpretation
of Vector Product

If a and b are two non-zero, non-parallel vectors
represented by OA and OB respectively and let 8 be the

angle between them. Complete the parallelogram OACB.
Draw BL 1 OA.
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InAOBL,  sin0=2%
OB
= BL=0Bsin®=|b|sin8
Now, axb=|a||b|sinfn
=(0A)(BA) n

= (Base x Height) n = (Area of parallelogram OACB) n
= Vector area of the parallelogram OACB

Thus, a X b is a vector whose magnitude is equal to the
area of the parallelogram having a and b as its adjacent
sides and whose direction n is perpendicular to the plane

of a and b such that a, b and n form a right handed system.

Hence, a X b represents the vector area of the
parallelogram having adjacent sides along a and b.

Area of Parallelogram
and Triangle

(i) The area of a parallelogram with adjacent sides a and
is|laxb|
(ii) The area of a parallelogram with diagonalsd, andd,

1
is—|d; xd; |
1s 2 |dy 2|
(iii) The area of a plane quadrilateral ABCD is
.- | AC x BD |, where AC and BD are its diagonals.
2
(iv) The area of a triangle with adjacent sides a and b is

1
—|laxb
;laxbl

1
(v)TheareaofaAABCisElABXAcl

or %IBCXBAI

or % |CBxCA|
(vi) Ifa, b and c are position vectors of a AABC, then its
axea=%|(a xb)+(b xc)+(cxa)|

Remark
Three points with position vectorsa, band c are collinear, if

(a xb) + (bxc) + (cxa) =0

| Example 33. I a,b and c are position vectors of the
vertices A,B and C of AABC, show that the area of

AABC is-;-|a><b+bxc+c xal.

peduce the condition for points a,b and c to be
collinear.

1
Sol. AxeaofAABC:EIABqu

Now, AB = Position vector of B — Position vector of A
AB=b-a

AC = Position vector of C — Position vector of A
AC=c-a
ABXAC=(b-a)x(c—a)
=bxc-bXxa—-aXxXc+aXa
=axb+bxc+cxa

(axa=0)

1
Hence, area of AABC = 5' ABXxAC|

=%|axb+ch+cxa|=0

If the points A, Band C are collinear, then area of AABC =0

= %|axb+bxc+cxa[=0
= |]axb+bxc+cxa|=0
= axb+bXxc+cxa=0
Thus, axb+bXc+cxa=0

is the required condition of collinearity of three pointsa,b
and c.

I Example 34. Show that the perpendicular distance of
the point ¢ from to the joining a and b is
[bxc+cxa+axb]|

|b-a]

Sol. Let ABC be a triangle and let a,b and c be the position of

its vertices A, B and C respectively. Let CM be the
perpendicular from C on AB.

1
Then, area of ABC = ~(4B) - (CM)= %| AB||CM|

Also, area of AABC:%|axb+bxc+c><a|

C(c)

A(a) M 8(b)
1
E|AB||CMI=-;-Iaxb+bxc+cxa|

CM=|bxc+cxa+axb| i
|b-a|

=



| Example 35.
(i) Find the area of the quadrilateral whose diagonals
are given by
31+j-2k, 1 -3]+4k
(i) Ay, Az, .., Ay are the vertices of a regular plane
polygon with n sides. O is the centre. Show that

n-1

2, (0A; xOA; 1) =(1-n) (0A; xOA,)

i=1

Sol. (i) Area of the quadrilateral = % | dy xd,|

-~ ~

k
1 ~ - -
- =E|—2i—l4j—10k|
-3 4 '

=%1/4+196+1oo=¢=5~/§

(ii) Ay, As, ..., A, are the vertices of a regular plane polygon
of n sides and centre O . )
Let |OA;|=kVi=1<23,..,n
Let &, be the unit vector along OA;
0A, = k&,
OA; X OA,, = k&; X k&; ,, = kK*%;

S
W =

where X; is a unit vector in the direction perpendicular to
the plane of the polygon and X; = X; 4+, for

=429 n—1
n-

1 n-1
LHS= ¥ (OA; X O0A,,))=k* ¥, X,

i=1 r=1
=k?(n-1)% =(n—1)(0A; X 0A;)
=(1-n)(0A; X 0A,)

Moment of a Force and Couple
Moment of a Force

(i) About a point Let a force F be applied at a point P of
a rigid body then, the moment of F about a point O
measures the tendency of F to turn the body about
point O. If this tendency of rotation about O is in
anti-clockwise direction, the moment is positive,
otherwise it is negative.

Let r be the position vector of P relative to O. Then,
the moment or torque of F about the point O is
defined as the vector M=r X F.
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If several forces are acting through the same point P
then the vector sum of the moment of the separate
forces about O is equal to the moment of their
resultant force about O.

Remark
Moment of a force F about a point A= AB xF, where Biis any
pointonF.

(ii) About a line The moment of a force F acting at a
point P about a line L is a scalar given by (r xF)-a,
where a is a unit vector in the direction of the line
and OP = r, where O is any point on the line.

Thus, the moment of a force F about a line is the
resolved part (component) along this line, of the
moment of F about any point on the line.

Remark

The moment of a force about a point is a vector while the moment
about a straight line is a scalar quantity.

1 Example 36. Find the moment about (1,—1,— 1) of the
force 3i +4j — 5k acting at (1,0, 2).
Sol. Let A E(l,.— 1,-1),B=(1,0,—-2)
and F=3i+4j-5k
A F

- Then, moment of force F about A is given by AB x F.

Here, AB=(§—2|A()—(E—3—§)=3—f‘
ij k
ABxF=|0 1 -1
3 4 -5

=i(~5+4)-j(0+3)+k(0-3)
=-i—33-—3f(
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1 Example 37. Three forces i +2] - 3k, 2i + 3j+ 4k
and i - j+k acting on a particle at the point (0, 1, 2).

The magnitude of the moment of the forces about the
point (1,—2,0) is

(@) 2435 (b) 6410
(© 47 (d) None of these

Sol. (b) Total force F = (i +2j — 3k) + (2i + 3j + 4k)
+(i-jrky=ai+ajeaic
Moment of the forces about
P=rxF=PAXF
PA=(0-1)i+(1+2)j+(2-0)k
=-i+3j+2k
. Moment aboutP:(—;+3}+2ﬁ)x(4i+4j+2];)

i jk
=[-1 3 2|=-2i+10j-16k
4 4 2
F
©.1,2)
A
r
(1,-2,0)
P

Magnitude of the moment
=|-2i+10j—16k|

=21 +5* +8° =290 = 6+/10

I Example 38. Find the moment about a line through
the origin having the direction of 2i —2j+k dueto
30 kg force acting at a point (—4,2,5) in the direction
of 12i —4j - 3k.

Sol. Let F be the force. The}x, R
e 30012 -45-3k) 30 0 45 sk
J144 +16+9 13
Suppose the force F acts at point P (- 4,2, 5) the moment of
F acting at P about a line in the direction 2i-2j+kis
equal to the resolve part along the line of moment of F
about a point on the line.
r = OP = (- 4i +2j + 5k) - (0)
=—4i+2j+5k
Let M be the moment F about O. Then,
i j k
M=rxF= . 4 2 5
12 -4 -3

=39 4§ + 48j - 8k)
13

oi-2i+k M

Let a be unit vector in the direction of 2i — 2j + k . Then,

LAZAtk _1oi_gj+k)
:}4+4+l 3
Thus, the moment of F about the given line
=M-a=%(l4;+483—8ﬁ)
1.5 = & 760
—QRi-2j+k)=——
5 A~ Jis

Moment of a Couple

A system consisting of a pair of equal unlike parallel
forces is called a couple. The vector sum to two forces of a
couple is always zero vector.

B

The moment of a couple is a vector perpendicular to the
plane of couple and its magnitude is the product of the
magnitude of either force with perpendicular distance
between the lines of the forces.

M =r X F, where r =BA
|[M|=|BA xF|=|F||BA|sin6
where 0 is the angle between BA and F
=|F|(BN) =|F|a
where, o0 = BN is the arm of the couple and + ve or — ve

sign is to be taken accordingly as the forces indicate a
counter clockwise rotation or clockwise rotation.

I Example 39. The moment of the couple formed by
the forces 5i + k and - 5i —k acting at the points
(9,-1, 2) arjd (3,—2,1) respectively, is

(@=-i+j+5k b)i-j-sk
(©2i - 2j - 10k (d) - 2i +2j +10k
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Sol. (b) Moment of the couple, and AP = (:ﬁ + 63 + 4fc) - (i + 3 + zfc)
Fy6i+ k) =2i+5)+2k
A
@.-2,1) B ' ®
B (1,228t o
—FY(-5i-k) : >
=BAXF={9-3)i+(-1+2)] P(3.6.4)
_ o Loy g r
. f(z. 1) k} x (5i + k) A (1.1,2)
i j k 5
=@6i+j+k)xGi+k)=|6 1 = (j-4k)z and r
e ek o=
3 /4 A A 0
v Now, v=0Xr=——_(j—4k)X(2i +5j+2k)
=i-j-5k , V17
= %(zzi —8j-2k)
ROtat_I_on AbOUt an Axdls. —_— I Example 41. A rigid body is spinning about a fixed
When a rigid body rotates about a fixed axis ; P‘f"“ A an point (3,—2,—1) with an angular velocity of 4 rad/s,
angular velocity , then velocity v of a particle s given the axis of rotation being in the direction of (1,2,—-2).
by Find the velocity of the particle at the point (4, 1, 1).
v=WXTr, 2 - .
_ Sol. w=al|it2=2k|_ 43, 25 ok
were, r=0P 0 ® [(——1+4+4 3(1+J )
and ® =|®| (unit vector along ON) r=0P-0A
=(4i+j+k)-Gi-2j-k)
=i+3i+2k

v=mxr=§(§+2}—2f<)x(i+3}+2f()

= %(103—4}“2)

| Example 40. A particle has an angular speed of
3 rad/s and the axis of rotation passes through‘the
points (1, 1, 2) and (1,2,—2). Find the velocity of the
particle at point P (3,6,4).
Sol. Clearly, ©OA=i+]+2k
oB=1i+2j-2k
AB = j -4k =|AB|=17
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Exercise for Session 2

N9 OAWNA

%

10.
11.
12.

13.
14.

15.

16.
17.
18.
19.

Findlaxb|ifa=i-7j+7k and b=3i-2j-2k

Find the values of A and u for which (2i + 6] + 27k) x (i + Aj + uk) =0

If a=2i+3j—k.b=—i+2j-4k c=i+ j+ k then find the value of (axb)-(axc)

Prove that(a-i)(axi)+(a~]’)(ax])+(axl})(axR):O.

If axb=cxdand axc=bxd, then show that a—dis parallel to b—c.

If (axb)? + (a-b)® =144 and | a| =4, then find the value of | b}
Iffa]=2|b|=7 and (axb)=3i + 2j + 6k find the angle between aand b

Let the vectors a and bbe such that|a|=3,|b|=§and axbis a unit vector, then find the angle between a
and b

Ifla]=+26.|b|=7,and|axb|=35 finda-h

Find a unit vector perpendicular to the plane of two vectors a = i- ] +2kand b=2i+ 3} -k

Find a vector of magnitude 15, which is perpendicular to both the vectors4i-]‘+8l1&nd—]‘+ k
Leta=i+4j+2kb=3i-2j+7k and c=2i-j+4k

Find a vector d which is perpendicular to both a and bandc-d=15

Let a,band c be unit vectors such thata- b=0=a-c Ifthe angle between band cus% then find a.

Find the area of the triangle whose adjacent sides are determined by the vectors
a=-2i-5k andb=i-2j-k

Find the area of the parallelogram whese adjacent sides are represented by the vectors

3i+ j-2k and i-3j+4k

Show that the area of the parallelogram having diagonals 3i+ j = 2kand i - 3j + 4k is5.3.

A force F=2i+ j- k acts at point A whose position vector is 2i - ]. Find the moment of force Fabout the ongin.
Find the moment of Fabout point (2, — 13), when force F= 3i+ 2} —4kis acting on point (1 -12)

Forces 2i + }.2i - 3] + 6k and - i + 2] - kact at a point P, with position vector 4i - 3] - k. Find the moment of
the resultant of these force about the point Q whose position vector is 6i + j -3k



Séssion 3

Scalar Triple Product

Scalar Triple Product

The scalar triple product is defined for three vectors and it
is defined as the dot product of one of the vectors with the
cross product of the other two. -

Ifa,b,c are any three vector, then their scalar product is
defined as (a xb) -c.

We denote it by [a, b, c]
It is also called the mixed or box product.

Remark
Result of scalar triple product is always a scalar.

Geometrical Interpretation of Scalar
Triple Product ‘

Let a,b and ¢ be three vectors. Consider a parallelopiped
having coterminous edges OA, OB and OC such that
OA =a,0B =b and OC =c. Then, a X b is a vector
perpendicular to the plane of a and b. Let ¢ be the angle
betweenc anda X b.

If n is a unit vector along a X b, then ¢ is the angle
between n and c.

Now, [abc]=(axb)-c
o, £
ﬁ* AC
E ‘W G
9
Y b 5
0]
a
A D

= (Area of parallelogram OADB) n - ¢

= (Area of parallelogram OADB) (n - c)
=(Area of parallelogram OADB) (|c || n | cos ¢)
= (Area of parallelogram OADB) (| c|cos¢)
=(Area of parallelogram OADB) (OL)

= Area of base x height

=Volume of parallelopiped

Height of parallelopiped
_ Volume of parallelopiped
B Area of base

Properties of Scalar Triple Product
(i) If a, b and c are given by
a=a,i+a2:i+a3f(
b=bi+b,j+bsk

c=cii+cyj+esk

a, a, a,
Then,(axb)-c=b; b, b,
€ €2 C3

(i) (a xb) -c =a - (b Xc) i.e. position of dot and cross can
be interchanged without altering product. Hence, it is
also represented by [a b c]

(iii)[abc]=[bca]=[cab]

(ivi[labe]=-[bac]
(v)[kabc]=k[abc][k,ak,bksc) =k k,k;3[abc]
(vij)[a+bcd]=[acd]+[bcd]

(vii) a, b and ¢ in that order form a right handed system, if
[abc]>0.

a

b
c\/
(viii) The necessary and sufficient condition for three

non-zero, non-collinear vector a, b and ¢ to be
coplanar is that[a b ¢c]=0i.e,, a, b and ¢ are coplanar

<[abc]=0.
(ix) [x;a + y,b +z¢, xpa + y,b +25¢, x3a + y3b +z5¢]
X yoz
=|x; Yy, 2z|[abc]

X3 Y3 23
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Remarks
1. Four points A, B, C, D are coplanar if[AB, AC, AD] =0
2. Four pointsa, b, ¢ andd are coplanar, if
[dbc] +[dca] +(dab]=[abc]
or [abcl+[acd]+[adb]=[dbc]
3.[aabl=(bbal=[ccb]=0
i.e., if any two vectors are same, then vectors are coplanar.

Volume of Tetrahedron

(A pyramid having a triangular base)
If OABC is a tetrahedron as shown in figure, where
OA =a, OB =b, and OC =c, then volume of

tetrahedron = %[a bc]

Remarks
1. The six mid-points of the six edges of a tetrahedron lie ina
sphere, if the pair of opposite edges are perpendicular to each

other.
2. Centre of the sphere is the centroid of the tetrahedron.

3. GA2 + GB% + GC? + GO* = 1272, G being the centroid.
4. The angle between any two plane faces of a regular
tetrahedron is cos™ 3

5. Angle between the any edge and a face not containing the

angle is cos™' \/g (for regular tetrahedron).

6. Any two edges of regular tetrahedron are perpendicular to

each other.
1. The distance of any vertex from the op

tetrahedron is \Ek. k being the length of any edge.

posite face of regular

I Example 42. Find the volume of the parallelopiped
whose edges are represented by a=2i- 3j+4k,
b=i+2j—kandc=3i—j+2k.

, 2 -3 4
Sol. Here,[abc]=|1 2 -1 =4 -1)+32+3)+4(-1-6)
3 -1 2 .
=6+15-28=—7
- The volume of the parallelopiped = |fabe]|=7.

1 Example 43. Let a = xi +12j- k b=2i+2xj+kand
c=i+ k. If b,c,a in that order form a left handed

system, then find the value of x.
[xa+ yb+2:C X 2 +y,b+25¢, X3 +y3b+2z3c]

X1 o4
=|x, y, 2z2|[abc]
X3 Y3 23

Sol. Since, b,c,a form a left handed system, three fore

[b,c,a]<0
2 2x -1
= 1 0 1(<0
x 12 =]
=  2(0-12)-2x(-1-x)+1(12-0)<0
= —24 +2x +2x* +12<0
= 2x% +2x—12<0 = x>+ x—6<0
= (x-2)(x+3)<0 = x€(-32)

1 Example 44. For any three vectors a,b and ¢ prove
that [a+bb+cc+al=2[abc]
Sol. We have,[a+bb+cc+a]
={(a+b)x(bxc)}-(c+a)
={faxb+axc+bxb+bxc}-(c+a)
{-bxb=0}
={axb+axc+bxc}-(c+a)
=(axb)-c+(axc)c+(bxc)c
+(axb)a+(axc)a+(bxc)a
=[abc]+0+0+0+0+[bca]
[“[ace]=0,[bcc]=0,
[aba]=0[aca]=0]

=[abc]+[abc]=2[abc]

I Example 45. If a,b and c are coplanar show
[a+bb+cc+a]lare coplanar.
Sol, Since, [a b c]are coplanar
[abe]=0 ()
and shown in above example
[a+bb+cc+al=2[abc]=0 [using Eq. (i)]
which shows [a + b b + ¢ ¢ +a]are coplanar, if [a b c]are
coplanar.

| Example 46. For any three vectors a,b and ¢ prove
a-a ab a-c
that[abcl®’=|b-a b-b b-c
cca ¢cb cc



Sol. Leta =a,i+a,i+n,f(
b = bi+ b, + b,k
c=c,i+c,j+c,ﬁ

aQ a; ajla a; a

Then, [abe]labe]l=|b, b, by|lb, b, b,

€ C2 Cyffcy €2 €3

On multiplying row-by-row, we get
[abe)l =

aa, + a,a; + aya,
ba, + bya, + bya,

ab, + ayb, + ayb,
biby + byb, + byby
by + ¢b, + cqby

a,c) + a;c; + asc;y
bicy + byey + bacsy
€@y + Ca; + cqa, €€y + €05 + €405
aa a'b a-.c
b:b b-c
ca cb ce¢

=|b-a

| Example 47. if a,b,c,1 and m are vectors, prove that
a b [
[abc (xm)=[a:l bl cl
a-m b-m cm

Sol. Leta =ayi + aj + agk, b = bji + byj + byk,
c=qi + ) + sk, 1 = 11 + Lj + Lk
and m=mi+mj+mk
a a al|li j k
=@bel(xm)=|b b b|lh L I

€ €2 C3f|my mp; my

On multiplying row-by-row, we get
f k aym, + a;m; + azm;
bym, + bym, + bym,

a,I, +* 0212 + a;l;
by, + byl + byl
bl + byl, + byl

a,i+a2j+a3k
=|bji + byj + bsk

oi+cyj+ ek cymy + comy + C3my

a a-l a-m a b c
=|b b-1 b-m|=[a-l bl ¢l
¢c ¢l em| |aam b-m cm

I Example 48. If a and b are non-zero and non-
collinear vectors, then show that_
axb=(abfi+[abjj+[abklk

Sol, Let axb=xi+yj+2k (i)
(axb)-i=(xi+yj+zk)i
(axb)i=x
Also, (axb)-j=y i)
(a x b)~|.( =z

axb=[@bii+[ab)j+@abkk
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1 Example 49. If a,b and c are any three vectors in
space, then show that
(c+b)x(c+a)(c+b+a)=[abc]

Sol. Here,(c+b)x(c+a)-(c+b+a)

= (exc+cxa+bxc+bxa)(c+b+a)

= (cxa+bxc+bxa)-(c+b+a) (cexc=0)

=(cxa)-c+(cxa)-b+(cxa)a+(bxc)c+(bxc)b
+(bxc)a+(bxa)-c+(bxa)b+(bxa)a

= 0+[cab]+0+0+0+[bca]+[bac]+0+0

= [abc]+[abc]-[abc] (rcab=abo)

= [abc] (w[bacl]=-[abc))

1 Example 50. Ifu,v and w are three non-coplanar
vectors, then (u+v—w)-[(u—v) x (v—w)]is equal to
(@0 (b) u-(vxw)
(©) u-(wxv) (d)3u-(vxw)
Sol. b)(u+v—-w):-[u-vx(v-w)]
= (u+v-w)-[(uxv)x(uxw)=-0+(vxw)]
=fuuv]+[vuv]-[wuv]-[uuw]-[vuw]
+wuwl+uvwl+[vvw]-[wvw]
=0+0-[uvw]-0+[uvw]+0+[uvw]+0-0
=luvw]=u-(vxw)

I Example 51. If a, b and c are non-coplanar vectors
and A is a real number, then the vector a +2b + 3c,
Ab+4c and (2A —1)c are non-coplanar for

(a) no value of A

(b) all except one value of A
(c) all except two values of A
(d) all values of A

Sol. (c) Since, a, b and ¢ are non-coplanar vectors.
[abc]#0

Now, a +2b+3¢ Ab+ 4cand (2A - 1)c will be
non-coplanare iff

(a+2b+3c) - {(Ab + 4c) x (2A — 1) ¢} 2 0

ie, (a+2b+3c)- {A(2A = 1)(bxc)=0
ie., ACr —1)[abc)}=0
l*&i
2

Thus, given vectors will be non-coplanar for all values of A

except two values 0 and %

1 Example 52. I x, y and z are distinct scalars such
that [xa + yb + zc, xb + yc + za, xc + ya + zb] = 0] where
a, b and c are non-coplanar vectors, then

@x+y+z=0 b)xy+yz+2x=0
©x*+y'+2* =0 2 +y?+z2=0

Sol. (a)a, b and ¢ are non-coplanar,

[abe)zo0
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r[xa+yb+2zc,xb+yc+za,xc+ya+2b]=0 Sol. (a)Since, the volume of tetrahedron with edges a, b and cis

x y z Xy z [abc)
=]z x y|[abe]=0={z x y|=0 [ [abc]#0)] Where, aa=b-b=ce=1
) R y z x and ,,.¢=|,.c=;\.c=—é'— (given)
= (x+y+z)(x* +y* +2° —xy-yz—2x)=0 i
1 5 V=—[nbc]
= SEry+){x-yf}+y-2) +@z-x))=0 .
a.a a-b a-c
= X+y+z=0or x=y=z 2oL 2=1llbaa b.b b
But x, y and z are distinct - Y 36[“ . 3('c-n chb cc
7 x+y+z=0.
66
I Example 53. If a,b and c are three non-coplanar 2 2
uni-modular vectors, each inclined with other at an =,'_i§_ 1 R =i[ﬂ_i]
angle 30°, then volume of tetrahedron whose edges are 36| 2 2| 36\ 4 4
a,bandcis M) 1
33 -5 3Vi-5 ¢ 2
(@) ——— (b) 1
sz 12 v 33 -5
2+
(c) §—T2—3 (d) None of these

Exercise for Session 3

1.
2.

3.

If aand b are two vectors such that| ax b|=2, then find the value of [a bax b]

If the vectors 2i- 3], i+ ] — kand 3i — k form three concurrent edges of a parallelopiped , the find the volume
of the parallelopiped.

If the volume of a parallelopiped whose adjacent edges are a = 2i+ 3] +4k,b=1+ u’i +2k,c=i+ 2] wiokis
15, then find the value of o, where o > 0.

The position vector of the four angular points of a tetrahedron are A(j+2k), B(3i+ k), C(4i+ 3j+ 6k)and
D= (21 + 3] + 2k). Find the volume of the tetrahedron ABCD.

~

Find the altitude of a parallelopiped whose three coterminous edges are vectors A= i+ ] +k,B=2i+ 4] -k
andC=1+]+ 3k with Aand B as the sides of the base of the parallelopiped.
Examine whether the vectors a =21 + 3j + 2k, b= - ] + 2k and ¢ =31 + 2] + 4k from a left handed or a right
handed system.
Prove that the four points 41+ 5] +k, - (] + l}) i (Si + 9] + 4f<) and 4(—i + ] + f() are coplanar.
a-u b-u c-u
Prove thatfabc]luvw]=|a-v b-v c-v
aw bw cw
If[a b c]=2, then find the value of [(a + 2b - ¢)(a - b)(a- b - c)}
If a, band c are three non-coplanar vectors, then find the value of

a-(bxc)+ b-(¢:><a)+ c-(axb)
b-(cxa) c¢-(axb) a:(bxc)




Session 4
Vector Triple Product

Vector Triple Product

It is defined for three vectors a, b and ¢ as the vector
aXx(bxc).

This vector being perpendicular to a and b xc. But b X ¢ is
a vector perpendicular to the plane of b and c.

~.a X (b xc) lie in the plane of band ¢, i.e., it is coplanar
withbandc.

ie., ax(bxc)=b+mec (1)
Taking the scalar product of this equation with a, we get
: rax(bxec)is Ltoa

0=I(a-b)+m(a-c) case(be) mmo
= I(a-b)=—m(a-c)
= L S _m_ =A (say)

a-c a-b

= I=A(a-c)
and m=-Aa-b)

Substituting the value of l and m in Eq. (i), we get
ax(bxc)=A[@a-c)b—(a-b)c]

Here, the value of A can be determined by taking specific

values of a,band c.

If we choose the coordinate axes in such a way that,

a=a,§.b=b,i+b[j

and c=c,i+c)+esk

it is easy to show that A =1

ax(bxc)=(a-c)b-(a-b)c

anda x (b x¢) =(a x b) X¢, if some of alla, b and c are

zero vectors or a and c are collinear.

Hence,

Remarks
1. a x (b xe) s a linear combination of those two vectors which
are with in brachets,
2. lfr=a x(bxe), thenris perpendicular toa and lie in the plane
ofbande.
.ax(bxe)=(a-c)b-(a-bc
(axb xc=(c-a)b-(c-ba
Aid to memory
IXCUENIT = (LD = (e
L@axbxexd=(axb.dec-(axb.cd
=labdlc-labeld
= The vector (a X b) X (¢ X d) lies in the plane of e and d
Also, (a xb) x(exd)=-(exd) X (axb)
=={((c xd)-b)a - ((c xd)(a b)}
=-[(cdbla +[cda]b
\Which shows that (a x b) X (¢ x d) lies in the plane ofa and b
Thus, the vector (a x b) x (¢ x d) lies along the common
section of the plane of e,d and that of the plane ofa, b

Lagrange's ldentity

ac a-d

(axb)-(cxd)= bec bed

LHS=(a Xb) (c Xxd)=u-(c xd)
u=aXxb=(uxc)-d
=((axb) xc)-d
=((c:a)-b—(c-a)-a)-d
=(c-a)(b-d)-(c-b)(a-d)
=(@-c)(b-d)-(b-c)(a-d)

ac a-d
b-c b-d‘

Proof

where

I Example 54. 1fa=i+j+kb=i+],c=iand
(axb)xc=2Aa+pb, then A +t is equal to
(@0 1
(©2 (d) 3
Sol. (a)(axb)xc=2Aa+pub
= (a-c)b=(b-c)a=Aa +ub
= A=-b.cp=a-c
A+p=a-c-bec=(a-b)c
={i+j+K)-(i+ =k i=0
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I Example 55. If a,b and c are three non-parallel unit
vectors such that a x (b xc)= %b, then find the angles
which a makes with b and c.

Sol. Wehave, ax(bxc)= 1b
2

= (a-c)b—(a~b)c=%b

= a-c:%anda-b=0 (comparing cand b)
= a~c=%anda.Lb
Suppose a makes angle 0 with c. 'I’]'len,a-c:%
= |?||c|cose=%=o cosﬁ=% (lallc|#0)
= 9=F

3

Thus, a is perpendicular to b and makes an angle 1;— with c.

1 Example 56. If a=—i+j+kand b=2i+k then
find the vector x satisfying the conditions.
(i) that it is coplanar with a and b.
(ii) it is perpendicular to b.
(iii) a-x=7
Sol. Since, x is in the plane ofa and b and is perpendicular to b.
x=A {bx(axb)
= x=A{(b-b)a—(b-a)b}
= AS(—i+ k) - (D@ + )
=A{—si+5:i+5f(+2§+f<)
= A {-3i +5] + 6k}
Now,a-x=7
= —3L +5\L +6A =7

= 8)»:7—_1:1:;73-

Hence, x= % (—3; + Sj + 6ﬁ)

| Example 57. Prove that
ax(bxc)+bx(cxa)+cx(a xb)=0
Sol. We have,a x (bxc)+b x(cxa)+cx(axb)
=((a-c)b-(a-b)c)+((b-a)c—(b'c)n)
+ {(c-b)a = (c-a) b}
=[(a~c)b—(a-b)c+(a-b)c—(b-c)n
+(b-c)a-(a-c)b]=0

| Example 58. Show that the vectors
ax(bxc),bx(cxa) and ¢ x((a x b) are coplanar.

Sol. Letp:ax(ch),q=bx(cxa)andr=cx(a x b), then

p+tq+r=a x(bxc)+bx(cxa)+cx(axb)=0
= p=(-1.q=(-Dr
which shows p is linear combination of q andr.

So, p, q are coplanar.
Hence,a x (b x ¢),b X (cXx a)and ¢ x (a X b)are coplanar.

1 Example 59. Prove that [a xb b xcexal=[abcl’

Sol. We have,[a xbbxccxa]
={(axb)x(bxc)}-(cxa)
={dx(bxc)}-(cxa) [where, d =(a X b)]
=[(d-c)b—-(d-b)c]-(cxa)
=[{(axb)-c)b-(a x b) b} c]- (e xa)
={labc]b-0}(cxa) [-(abb)=0]
={labc]{b-(cxa)}
=[abc][bca]
=[abc]

{:abc]=[beal

I Example 60. If a,b and c are coplanar show
“[axbbxccxalare coplanar.
Sol. Since, [a b c]are coplanar.
= [abc]=0
andfaxbbxccxa)l =[abc) =0

~[axbbxcexa] are coplanar, ifa, b and care
coplanar.

I Example 61. If A, B and C are vectors such that
|B|=|C|, prove that
{(A+B)x(A+C)}x(BXC)-(B+C)=0.

Sol. LetR,=A +B,R,=A+CR;=B+C

ALHS={(A +B)X(A +C)} x(BXC)} x(BXC):(B+C)

{(R, X Ry) X (B X C)}- Ry

[{R;-(BXC)} R,y = {Ry - (BXC)R}] Ry

[A+BBC][R, Ry]-[A + CBC](R,-R,)

{{ABC]+[BBCJ][(A+C)(B+C)]-{{ABC]

+[CBCI(A +B)-(B+0)]

[ABC](A\B+A-C+C:B+C:-C)-[ABC)

(AB+ A C+B.B+B-C)
= [ABC(A'B+A.C+C:B+|CI'-A-B
~AC+B.B+B.C)

LU

)

= [ABC](C[ ~|n)
[A B C)(0)
0= RHS

U

cBi=|cn

y



| Example 62. If b and c are two non-collinear vector
such that a|| (b x c), then prove that(a x b)-(a x c) is
equal to|a|* (b-c).

Sol. Since,a |[(b X c), therefore a 1 banda L ¢

= " a-b=0anda-c=0
a-a 0
0 b-c

aa a-c|_
b-c|
=(a-a)(b-0) =|a?|(b- ).

Now, consider (a x b)-(a X ¢) =

Reciprocal System of Vectors

The two system of vectors are called reciprocal system of
vectors if by taking dot product, we get unity.
Thus, ifa, b and ¢ be three non-cop_lanar vectors and if.
o BXC o _exa L, axb
label |abe| |abe|

Thena’, b’ and ¢” are said to be reciprocal system of
vectors for the vectora,bandc.

Remarks
1. Ifa,b,c anda’, b’, ¢’ are reciprocal system of vectors, then
,_a-(bxc)_[abc] _
aa’'=—— "= - =1
(abe) [abe]

Similarly,b-b’=c-¢"=1
2.a-b’=a.c’=b-a’=b-a’=c-a’=c-b’'=
3.[abc]-[a’b’c]=1

Proof : We have,

cxa _a xb
[abec]
1
aaxb]=
[bxcecx @be

[abc]

[a'b'c']:[b"" =
fabc)

_ 1
“labc)®
-~ 4
“[abe]
~[a’b’c’]-[abec]=1
4. The orthogonal triad of vectors i, jand k is self reciprocal.
Leti,jand k be the system of vectors reciprocal o the system
i i ] and k then, we have,
P dxk _j
[ijk]
Similary,  j’=jandk’=k
5. a, band ¢ are non-coplanar iffa’, b’, ¢’ are non-coplanar.
[abc][a’b’c’]=1
[a’b’e’]=

]3[a be)?

1
[abc]
So, (abc]#0 < ([a’b'c’]#0

Thus. a, band ¢ are non-coplanar iff (a’b’ ¢’} are non-coplanar.

6. Ifa, b, ¢ are non-coplanar vectors, then
[xbc]a +[xcalb+[xab)c

(abc)
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1 Example 63. Find the set of vectors rec:procal to the
set of vectors 2i +3j—k,i—j— -2, —|+21+2k

Sol. Let the given vector bea, b, c.
2 3 -
Now, [@abc]=|1 -1 -2
-1 2 2
=2(-2+4)-32-2)-1(2-1)
=4-1=3
i j k
bxe=[1 -1 —2|=2i+k
-1 2 2
k
cxa=|-1 2 |=-si+3j-7k

W o

.
>

-
=

axb= —7‘i‘+3}—5l2

—- N e
|
-
]

-1 -2

bxc_2i+lz

[abc] 3

,_ exa _-8i+3j-7k
[abc] 3

,_axb _-7i+3j-5k
[abc] 3

Hence, a'=

and

| Example 64. Find a set of vector reciprocal to the
vectors a,b and a xb.

Sol. Let the given vectors be denoted by a, b and ¢ where
c=axh.
[abcl=(axb)-c=(axb)=(@ xb)* ..(%)

and let the reciprocal system of vector bea’, b’ and ¢’.

,_ bxc _bx(axbh)
“[abc] [axb]

b,=_<ﬁ=(a><b)><a
[@abc] [axb)

c,=axb= axb
[@abc] [axb]

~.a’, b’ and ¢’ are required reciprocal system of vectors for
a,banda xb.

_axb
“labd

bxc cxa
Ex = l= ’
| Example 65. If a’ b T

fabel

then show that
axa’+bxb’+cxc’=0, where a,b and c are
non-coplanar.
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ax(bxec)
[abc]

,=(a~c)b—(a-b)c '
——————-[a b o] (i)

Sol. Here,a xa’=

aXxXa

Similarly,
bxb' = (b:a)c—(b-c)a
[abc]
,_(c-b)a—(c-a)b
.[abc]

(i)

cXc ...(1ii)
axa’+bxb’+cxc’
(@a-c)bb-(a-b)c+(b-a)c—(b-c)a
+(c-b)a—(c-a)b
[abc]

(+a-b=b-a)
=0
I Example 66. If (e;,e,,e3)and (e,",e;”,e5”) are two
sets of non-coplanar vectors such that i= 12,3

we have e -e; ={; n; =1, then show that
i i

ler,ez.e3],[e) €3 e3]=1
Sol. We have, e ey =0,¢ e5 =0
= e,J.e; ande,.l_e;
erll(ez X €3)
e, =M (e; X e3) ()
e-e’ = Ales X €s) €1
1=2A[e; €; es] (ee)” = l; given)
s ol
[er e 3]
From Eq. (i),
W
[er ez €3]
_ ey’ X e
[e1 €7 €3]
L L
[e) e €3]
[es X ey e; xe; e X e,]
fer ez es)’

A G L Hee 3
[en €z ,e3]ley ez e5] =[ez X ey e3 X e ey X ep] ...(ii)

Similarly, e,

and

[e, e; e5]=

=
' Now, [ X e5 5 X e & X e2] =[e; ez &5 ...(ii)
. From Egs. (ii) and (iii), we get
[e, e, e5][es €z €3]’ =[er ez 3T

[e, e, e3][e; e; e;]=1

Solving of Vector Equations

Solving a vector equation means determining an unknown
vector (or a number of vectors satisfying the given
conditions)

Generally, to solve vector equations we express the
unknown as the linear combination of three non-coplanar
vector as; T =xa +yb+z(a xb);asa,banda X b are
non-coplanar and find x, y and z using given conditions.
Sometimes, we can directly solve the given condition it
would be more clear from some examples.

I Example 67. Solve the vector equation r xb =a X b,
r-c =0 provided that c is not perpendicular to b.
Sol. We are given,
rxb=axb
= (r-a)xb=0
Hence, (r —a) and b are parallel.
= r-a=tb
and we known rc=0, (i)
.~ Taking dot product of Eq. (i) by ¢, we get
r-a—-a-c=t(b-c)

= 0-a-c=t(b-c)
= t=- (:-E) )

.. From Egs. (i) and (ii) solution of r is
r=a- (E) b
b-c
I Example 68. Solve for x, such that-A-X =C and
A x X =B with C#0.
Sol. We have, A xX =B
Taking vector product of both sides with A, we get
A xB=A Xx(AxX)
=(A-X)A-(A-A)X
=CA-|A’X
i (using A-X=Cand A -tA =| A |*)
= |[APX=CA-AXB
X = CA +BxA

or
A

I Example 69. Solve the vector equation r x a + kr =b,

where a and b are two given vector and k is any scalar.
Sol. Since,a,banda X b are two non-coplanar vectors.

r=xa+ )b +z(@xb) (1)

(where, x, y and z scalars)



Onputting rinr X a + kr = b, we get
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I Example 70. Solve for vectors A and B, where

(@ +b +z(axb)} xa + kiza+ b +2(a x b} =D A+B=a,AxB=b,A-a=1
RERD AR D )R R Sol. We have, A+B=a
+z(axb)=b ’ ' 3
= {kx_z(a'b)}a*'{k)'+2(a'a)}b+{(y+zk)}(axb)=b => A-a+B-a—a;a .
= kx —z(a-b)=0,ky + z(a-a) =1 = 1+B-a=a (given A-a =1)
= —y+zk=0 = B-a=a’-1 i)
On solving these equations, we get Also, AXB=b
g 1 = ax(AxB)=axb
K+lal?’ = (a-B)A—(a-A)B=axb
co__ab = (a?-1)A-B=axb
Kl al® +k%) [using Eq. (i) anda - A =1] ...(ii)
and y=$ and A+B=a
K+|al From Egs. (i) and (ii), we get
On putting theses value in Eq. (i), we get the solution, A= (axb)+a aid B {(a x b) +a}
__@v» .k )+ L ” a a’
KKk* +al’) k*+|al kz-t»|a|2(ax ) - B-_(l'gxa)+a(az—l)
et f@bla, 4y @seny]isrequired solu we
k’+|a|2L 3 Jlsrequue solution. - .A_(axh)+a b B_(bxa) a@a’-1)
AR B E—

Exercise for Session 4

oA W N oA

o

10.

Find the value of o x (B x 7), where o =2i — 10 + 2k, =31 + j + 2k, y=2i+ j + 3k.

Find the vector of length 3 unit which is perpendicular to i+ j+ k and lies in the plane of i+ j+ k and 2i-3].
Showthat(bxc).axd)+(cxa)(b;<d)+ (axb)(cxd)=0

Prove that i x(a+i)+]x(ax])+ ﬁx(axﬁ):Za.

Prove that[axb axc d]=(a-d)[abc]

If a, band c are non-coplanar unit vector such thata x (bx ¢) = bj;_ band c are non-parallel, then prove that

the angle between a and b is :—;45

Find a set of vectors reciprocal to the set of vectors —i + j+k, i-j+k, i+ j+ k.
Ifa, b cand a, b, ¢ are reciprocal system of vectors, then prove that
axb+bxc+ c’xd=w.

[abc]

Solve r x b= a, where aand b are given vectors such thata-b=0.

Find vectorr, ifr-a=mand rxb=c, where a-b#0.



JEE Type Solved Examples :

Only One Option Correct Type Questions

® Ex. 1 If|a|=5]a-b|=8and|a+b]|=10, then|b|is

equal to
(@1 (b) V57
(©3 (d) None of these

Sol. (b) We know that for any two vectors
la+b[*+|la-b[ =2(al’ +|b[")

= (10)* + @®)* =2((5)* +| b[*]
= 100 +64=50 +2|b|* = |b|* =57
Ib|=+57

® Ex. 2 Angle between diagonals of a parallelogram whose
sides are represented by a = 2§ +j +kandb=1 -Jj- -k

(a) cos™ ‘(%) (b) cos™ 1(%)
(c) cos™ '(—;—) (d) cos™ '(g)

Sol. (a) Let ¢ and d be the diagonals of parallelogram.

Then, c=a+bandd=a-b
= c=3iandd =1+2j+2k
Let 8 be the angle between candd.
c-d 31(1+2J 2k)
Then o0 Tl Joryr+ 2+ 2
e 3 ud
3x3 3

0= cos"(l)
3

® Ex. 3 Leta,b,c, be vectors of length 3,4, 5 respectively
and a be perpendicular to(b +c), b to (c+a)andcto
(a +b), then the value of (a+ b+ c)is
(a) 245 (b) 242
() 10V5 d)5v2
Sol. (d) We have, |a| =3,| b|=4and | ¢|=5.1t is given that
al(b+c),bLl(c+a)andcL(a+b)
= a-(b+c)=0b-(c+a)=0andc-(a+b)=0
= a-b+a-c=b.c+b-a=cra+cb=0
or a-b+b-c+ca=0
Now, |a+b+cfP=lal*+|b[*+|c[
+2ab+b-c+c-a)
=32+ 42 +5% =50
|a+ b+ c|=5v2

(adding all the above equations)

34
. ©Ex. 4 Lela,b>0anda=i+;’fbkand

a s 1a . 10 .
B=bi+aj +;k, then the maximum value ofg—— is

+o-p
(@1 (b)2 ]
(c)4 (d) 8
Sol. (a) B——+ 44125 (.- AM 2 GM)
10 _
So, [5 o B)w 1

® Ex. 5 If the unit vectorse, ande, are inclined at an
angle 20 and| e, —e, | <1, then for® [0, 1], 6 may lie in the

interval
@| oz )|
62
©[Z o @
6 2' 6
Sol. (a) It is given that e, and e, are two unit vectors inclined at
an angle 20 and | e, — e, | <1.

e, —e|<1 = |e—e,°<1

= 4sin’0 <1 [+ | e — e, |* = 45in’6)
= sin’0 <X
% 4
0e r0, E]
™%

® Ex. 6 Ifa=3i—j+5kandb=1i +2j -3k are given
vector. A vector ¢ which is perpendicular to Z-axis satisfying
c-a=9andc-b =-4. Ifinclination of c with X-axis and

Y-axis is 0. and B respectively, then which of the following is
not true?

T
(a)a>:

T
(b)B>;

n
(c)a);

T
(d)ﬂ<;

Sol. (c) c lies in XY —plane
c=xi+yj
From the given conditions 3x — y =9
and xX+2y=-
Solving, we get ¢ =2i 3]

et



® Ex. 7 If A is3x3 matrix andu is a vector. If Au andu are
orthogonal for all real u, then matrix A is a
() singular
(c) symmetric
Sol. (a) Auru=0

(b) non-singular
(d) skew-symmetric

= |Al|ul*=0,Since|u|#0 = |A|=0
A s singular.

© Ex. 8 Let the cosine of angle between the vectorsp andq
be A such that 2p +q=1 +j andp +2q=i-j, then\ is
equal to

5 4
(a) 5 (b) - 5

3 7
(c) 5 (d) 5

Sol. (b) It is given that 2p + q =1 + j
=i

and p+2q=i-j

= p=-i+]jand q=

0= P-4 =
pllial 0 1)’ 2
~-| +a 2| +(-1
() +ar|3) +e»
1 8
5! 9 8 4
= { 10 -
1+1 1+1 10 10 5
9 9 9
4
= 0=——
A = cos! 5

® Ex. 9 Let a,b andc be vectors with magnitudes 3, 4 and
5, respectively and a+ b+ c =0, then the values of
a-b+b-ct+c-ais

(a) 47 (b) 25
() 50 (d)—-25
Sol. (d) We observe, | a|* +| b?=3"+ ¢ =5"=|c|?
a-b=0

14
b-c=|b||d~cos(n — cos ‘;)

14
=4X 5{— cos(cos ';)}

=4x5x(-—i)=-16
5

)
c-a=|c||a|-cos(1t - cos 'g)
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oo s e

a-b+b-c+ca=0-16-9=-25
Trick a+b+c=0
On squaring both the sides, we get|a+ b+ ¢[* =0
= |al’+|b|*+|c|*+2@a-b+b-c+c-a)=0
= 2(a-b+b-c+ c-a)=—(9+ 16 + 25)
= a-b+b.-c+ca=-25

© Ex. 10 Letu, v and w be such that|u|=1,|v|=2,

| w | =3. If the projection v along u is equal to that of w

alongu and v, w are perpendicular to each other, then
|u— v+ w|equals.

()14 (b)7

(c)2 (d) 14
Sol. (a) We have,

Projection of v and u =Projection of w along u

= ——=—— = v-u=w-u - (i)
u| fu|

Also, v and w are perpendicular to each other
v-w=0 ... (ii)
Now,|u=v+ w®=|ul®+|v|?+|w|* —2(u-v)

=2(v-w)+2u-w)

= Ju—v+wlP=1+4+9
= |lu—v+w|=+14

® Ex. 11 Ifa,b andc are unit vectors, then
|a=b|* +|b-c|? +|c-a|? does not exceed
(a)4 (b)9
(98 (de
Sol. (b) We have,|a=b|*+|b-c|*+ |c—a|?
=|al+|b|*=2(a-b)+ |b[*+|c|* —=2(b-c) +|c|*
+]al’ -2(c-a)
=2flal®+|b|*+|c|*—(a-b+ b-c+ c-a)]
=2[3-(a-b+ b-c+ c-a)]
=6-2a-b+ b-c+c-a) (1)
Now, |a+ b+ ¢|*20

= |a®+|b]*+|c|®+2a-b+b-c+c-a)20
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= 3+2a-b+b-c+c-a)20
= a-b+b-c+c-a.>_—g
= —2a-b+ b-c+c-a)<3 ...(ii)

From Egs. (i) and (ii), we obtain
la=b)?+|b—c|?*+]c—a|’<6+3

= Ja-b*+|b-c[’+|c-a|’<9

® Ex. 12 The vectorsa =2A%i + 4Aj + k and
b =7i — 2] + Ak make an obtuse angle whereas the angle
betweenb andk is acute and less than /6,

(a)0<2.<% ()% > V153
©- §< %<0 (d) null set

Sol. (d) As angle between a and b is obtuse,a-b <0
= (233 + 42j + k)-(7i —2j + Ak) <0

= 1422 -8 + A <0

= AM2h-1)<0

= o<7L<l ..(i)
2

Angle between b and k is acute and less than %

b-k=|b || k|cos®
A =+/53 + A%1-cosB

=
cos® 2
= =
V53+ A2

7 n
9<3- = cosB > cos—
6 6

A V3

cosf > ] = >
- NI AN
2 ,/53 +A7 2

42353+ 2%)>0

=
= A2 >159
= A <—+159 (i)

From Egs. (i) and (i), A = ¢
. Domain of 2 is null set.

® Ex. 13 The locus of a point equidistant from two given
points whose position vectors are a andb is equal to

(a)[r F %(u b)]-(a+ b)=0
(b)[r - 5'(a+ b)]-(a —b)=0

(c)[r- g(u b)]-a =0
(d)[r-(a+b)]-b=0

Sol. (b) Let P(r) be a point on the locus.
AP = BP
|r-a|=|r=b|=|r-al"=| r-bJ

(r-a)-(r—a)=(r=b)-(r=b)
P(r)

2r-a-b)=a-a-b-b
#ila b)=%(a+ b)-(a—b)

[;—%(n b)]-(a- b)=0
This is the locus of P. '

© Ex. 14 In cartesian coordinates the point A is (x1, Y1)
where x, =1on the curvey = x? 4 x +10. Then tangent at A
cuts the X-axis at B. The value of the dot product OA - AB is

L b) —
() 3 (b) — 148

(c) 140 (d) 12
Sol. (b) Given curve is y = x*+ x+10 ..(i)
Whenx=1, y=1>+1+10=12
A=(1,12)
0A =i+12)
. d
From Eq. (i), Zy =2x+1

Equation of tangent at Aisy — 12 =(ﬂ'_) (x-1)
(1.12)
= y=12=2x1+1)(x-1)
= y—12=3x-3
% y=3x+3)
This tangent cuts X-axis (i.e. y = 0) at(—3, 0)
B=(-3,0)
OB=-3i+0-j=-3i,0A-AB= OA-(OB- OA)
(1 +12])-(-31 -1 -12))=( + 12))-(- 4i —12))
=—4-144=-148

® Ex. 15 In a tetrahedron OABC, the edges are of lengths,
|OA|=|BC|=a,|OB|=| AC|=b,|OC|=| AB|=c. LetG,
and G, be the centroids of the triangle ABC and AOC such

a® +c?

that OG, L BG,, then the value of 5 is
(a)2 (b)3
(c)6 (d)9



Sol. (b) OG,- BG, = 0.

a+b+c a+c-3p

: =
3 3
2, 2 2
= @ +¢"-3b"+2a-c—2b-c~2a-b=0
Now, |C—-a'z=bz,|c—b|2=azmd|a_blz=cz

2a-c=a% +¢? —b% 2b-c=b% 4 ¢? -a?,
2a-b=a%+p2 2
Putting in the above result, we get 2a% + 2¢2 — 652 = ¢
" a +¢?
b2

® Ex. 16 IfOABC is a tetrahedron such that OA? +BC?
=0B? +CA? =OC? + AB?, then which of the following is
not true?

(a) OA 1 BC (b)OB L AC

(c)OC L AB (d) AB L AC
Sol. (d) Let OA=a, OB=b, OC=¢

Then from the given conditions

a-a+(b-c)-(b-c)=b-b+(c-a)-(c- a)

= —2b-c=-2¢c-a
=5 c:(b—a)=0 = BA-OC=0
Hence AB 1 OC. Similarly,

BC LOAandCA 1 0OB

® Ex. 17 Ifa,b,c and A, B, C € R — {0} such that
@A +bB+cC ++J(a® +b* +c?)(A? + B2 +C?) =0, then

valu fa bC+CA
eof —=—+—
B aC
(@3 (b) 4
(©)5 (d)6 R
Sol. (a) Let r; = +b}+.d(andrz=A§+B_]+a(
= n-r,=aA+bB+cC
= |n||n|=4y@+b*+c*)A*+ B+ CY)
nn=—|n|| |
= r, and r; are anti-parallel
= -‘1=£=—c-£k, where k is any constant
A B C
= £+E+'ﬂ=3
bA B daC

® Ex. 18 The unit vector in Zox plane making angles 45°
and 60° respectively, witha = 2i+2j- —kandb = - —k, is

(3)75(—i+k) (b)-jz-(i-k)
(©) ﬁ(i +Kk) (d) None of these
2
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Sol. (b) Let the required vector be r = x + zk, since r is a unit

vector.
xz+yz=1
It is given that r makes 45° and 60° angles witha and b
respectively.
cosd5°=—"2_and cos60° = £ b
laflr| Irllb]
1 2x-y 1 -y
= — = dhd==="2
V23 2 2
2 S and X
X—y=—Fp =—=
= Y. 2 y 2
1
= x=
2
r—L(i—l‘()
N

° Ex. 19 A unit vector perpendicular to the vector
—i+2j+ 2k and making equal angles with X and Y -axes
can be

(a)3l(zi+zj- K) (b);'(zi—zf— k)

(c)§(2§+2j+ K) ) ;1 (2i-2j+ k)

Sol. (a) Let the required vector be r = If + mj + nk, where I, m, n
are the direction cosines of r such that | = m
Itis given that r is perpendicular to — i +2j + 2k. Therefore,
r-(—i+2j+2k)=0

= =l+2m+2n=0

= [+2n=0 [ 1=m]
= I=-2n

Now, P+m?+n=1

= 4n® + 4n® + n? =1

= ) n=%

2
I=¥—,m=¥g.n=$}.
3 3 3

Hence, r=F %(2{.; 2j- k)

® Ex. 20 If(a+3b)-(7a—5b)=0 and
(a—4b)(7a - 2b) =0. Then, the angle between a andb is

(a) 60° (b) 30°
(c) 90° (d) None of these
Sol. (a) We have, (a + 3b)-(7a - 5b) =0
= 7|al*+16a-b-15|b)* =0 (i)
and (a -4b):(7a -2b)=0
= 7]al*-30a-b+8|b|*=0 (i)
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From Egs. (i) and (ii), we get
2 _ 2
a-b=15|b| 7|a|
16

1
‘b=—(71al*+8|b[?
a-bm— (Tla]"+8] b))

15/b)*-7|af?
- BTl L lap+sinp)
= 1515 | b|* =7|a|*) =87 |a[* +8|b|*)
= 225|b|*-105|a|*=56]|a|* + 64| b|?
= 161|b|*=161]a|?
= b =|af?

From Eq. (i), we get
16a-b=15|b[*=7|a|*=15|b|*=7|b|*

= 16a-b=8|b|
= ab=1|pp
> 2
= |a||b|cose=%|b|z
= cosB:l
2
0 =60°

® Ex. 21 Let two non-collinear vectors a andb inclined at
2n .

an angleT be such that| a|=3 and|b|=2. If a point P

moves so that at any time't its position vector OP (where O is

1 1
the origin) is given asOP =| t +-t- a+|t— ;) b, then least

distance of P from the origin is

(a)[2v133 - 10 (b) /24133 + 10
(c) 5+ V133 (d) None of these
1
t

2 2
1
Sol.(b)Wehave.|0P|2=(:+;) lal‘Jr(t——)lbl2
1 2n
2|t —— b =
+( lz)|a|| |cos(3)
2 2
2_ 1 _l).;.z(ﬁ_l)g.z.(__l]
|oP| _9(”') +4(: : 7 -
1 1
=9(:’+;';+2)+4(t’+'—2—2)-6(t’—'—z)

=+ 2410
tZ

f 19
= |OP|* 22: 7:’--‘;“0

. Minimum value of| OP | = \/10 + 23133

(- AM2 GM)

e Ex. 22 Ifa, b, c be non-zero vectors such that a is
perpendicular tobandcand|a|=1|b|=2]c| =1,b-c=1
and there is a non-zero vectord coplanar with a+ b and
2b— c andd-a=1, then minimum value of |d| is

3
(a)% ®) 7=
4 4
(C)ﬁ (d):/ﬁ
Sol. (d)a~b=a-c=0,|a|=|c|=1,|b|=2and b:c=1
let d =x(a+ b) + y(2b-¢)
But d-a=1
= 1+ 0)+0=1
= x=1
= d=a+ b+ y@b-c)
= |d|2=|a|2+|b|+Za~b+yz
(2b-c)* +2y(a+ b)-@b—c)
= [dP=1+4+y*(16+1-4)+2y8~-1)

=13y* —14y +5

o = Ax13x5-14x14 _ 4
ot 4x13 Vi3

® Ex. 23 A groove is in the form of a broken line ABC and
the position vectors of the three points are respectively

2i -3j +2k,3i +2j —k and i +] +k. A force of magnitude
2443 acts on a particle of unit mass kept at the point A and
moves it along the groove to the point C. If the line of action
of the force is parallel to the vector i + 2] + k all along, the
number of units of work done by the force is

(a) 1442 (b) 14443
(© 722 @723
i+2j+k -M(i+2}+f¢)

Sol. = =
ol () ¥ (24J5)|§+2}+f(| J6

=122 (i +2j+ k)
' Displacement, r = Position Vector of C — Position Vector of A
=(+j+ k) -@i-3j+2k)
=(-i+4j-k)
Work done by the force
W=rF=(-i+4j-Kk)12y2(+2j+Kk)
=122 (-1+8-1)=722

® Ex. 24 For any vectorsa,b;|ax b|* +(a-b)? is equal
to
@lal*|b[’
@laf -|b}

(b)|a+b|
(d)o



Sol. (a) We have, |[axb|=|a||b|sin8
= laxb|* =|a|’| b[*sin’6
=|a*| (1 - cos*0)
=la’|bJ? —lal*| bJ*cos’®
=1af’|b|’ ~(a || b|cosd)®
=la’|b]*-(@a-b)®
~laxbP+@-b*=|a)?|b]

®Ex.25 Ifa=i+j+kb=1i +j— k, then vectors perpen-
dicular toa andb is/are

@AGi+])) OAG+]+K)

©AG- J:) (d) None of these
Sol. (c) Any vector perpendicular to both a and b =A(ax b)

s

j k
Now,axb = 1 1
1

=

—

=—2i+2:i=—2(i‘j)
=-2i-))
~Required vector = A(i — j)

® Ex. 26 Ifax b=b x c#0, then the correct statement is
(@b]|c (byal||b
(©)(a+c)]|b (d) None of these
Sol. (c) We have,
axb=bxc

= axb-bxc=0
= axb+cxb=0
= (a+ c)xb=0
: @+c)||b

[ if vector product of two vectors is zero, then
both vectors are parallel to each other]

® Ex. 27 Ifa=i+2j+3k b=—i+2j+kandc=3i+].If
(a+b) L, thent is equal to
(@)5s
(©)3
Sol. (a) We have, a=i+2j+3k

(b)4
(d)2

b=-i+2j+k
and c=3i+]
Since, (a + tb) is perpendicular to ¢
(a+th):c=0
(@ -0)i +@+20j+ 6+ Dk]-Gi+J]=0
= 3(1-0)+@+2)=0
= t=5
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® Ex. 28 Ifa=2i-3j+ k.b=— i+k c=2j— k. then the
area (in sq units) of parallelogram with diagonals a+ b and
b+ c will be

@21 (b) 2v21
(c)-; J21 (d) None of these

Sol. (c) We have, a=2i-3j+ k
b=-i+k and c=2j- k
Since, (a+ b)and (b+ c) are the diagonals of the parallelogram

Now, a+ b=i—3j+2ﬁ and b+ c=-1+2j

. Area of parallelogram = :l,- |(a+ b) X(b+ c)|

|(-3j+2k) x (=1 +2))|

1
T2
i
1 -3
-1 2

V=9 =2+ (-1 = g sq units.

® EX. 29 The coordinates of the mid-points of the sides of
APQR are(3a,0,0), (0,3b,0) and (0,0, 3c) respectively, then
the area of APQR is

(a) 18\/b14:z +c2a® +a’b? (b) 9\/bzcz +cla® +a’b?
9 B 2
(c) 3,/b=c~ +c’a® +a’b? (d)18\/ab + bc + ca
Sol. (a) Let L, M, N be the mid-points of the sides of APQR.
P

% =l%(—4i-zj—|’<)|

o N oz

1
2

(3a,0,0) L N (0,0, 3¢c)

M
(0.3, 0)
Area of ALMN = 1 | MNx ML |

1O S O] 10

| (=38 + 3ck) x (3al - 343) |

"

| Xbd + cqj + abk) |

: Jbo) + (ca)? + (ab)’
Now, area of APQR = 4 X (Area of ALMN)

9 3 T
=4X = \)b'(" +cla + a'p?

=18 b + cla® + a’?
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® Ex. 30 In a parallelogram ABCD, AB= i + j+ k and
diagonal AC= i - j+ k and area of parallelogram is N sq
units, then ZBAC is equal to

T T
R s ®3
(©) sin” '(ﬁ) (d) cos™ '(—8
3 3

Sol. (c) We have, AB=i+ ]

A B
Let 6 be the ZBAC. Then,
sing < | ABXAC|
|AB|| AC|
i j k
Now, ABXAC=|1 1 1|=2i-2k
1 -1 1
|ABXAC|=+8
8
Hence, sinO:IT{:-ﬁ
= 6=sin"'(i;8-)

® Ex. 31 Let AABC be a given triangle. If

|BA—tBC|>| AC| for any t € R, then AABC is
(a) Equilateral (b) Right angled
(c) Isosceles (d) None of these

Sol. (b) | BA [+ t*| BC|* ~2BA-BCt—|AC[*20,VteR ..»)
Discriminante of the quadratic equation < 0

= 4BA-BC)? —| BC|?| BA |+ 4[BC[* |AC]’ <0 ...(ii)

Using (BA - BC)? —[BC[ [BA[*
=—|BAXBC|
=-|(BC+ CA)x BC|?
=-|CAxBC|?

Using Eq. (ii) in Eq. (i).
|BC|?| AC|* S| AC X BC[?

But | ACx BC| =| AC|| BCsinC
= sinC 21
= ’ sinC=1%1

n
LC=—
= 2

e Ex. 32 Ifa® +b* +c? =1wherea,b,ce R, then the

maximum value of (4a — 3b)2 +(5b — 4c)? +(3c —5a) 2 js !

(a) 25 (b) 50
(c) 144 (d) None of these
Sol. (b) Let r, =di + & + ck, r, =31 + 4] + 5k i)
|nxr|<|n |2|l'z|z
ijk
Now, nxnp=a b c
3 4 5

=1(5b — 4c) + j (3¢ — 5a) + k(4a —3b)

So, from Eq. (i), we get
(5b — 4c)? + (3¢ — 5a)’ + (4a —3b)* <50

© Ex. 33 Ifa,b andc are pth, qth, rth terms of HP and

2 A ~ i j k
u=(@-r)i+(r-p)j+(p—qgk v=—=+-+—, then
a b ¢
(a)u and v are parallel vectors
(b) u and v are orthogonal vectors
©Qu-v=1
(duxv=i+j+k
Sol. (b) Let A be the first term and D be the common difference of
the corresponding AP. Then,

1=A+@—UQ%=A+@—DD1=A+U—UD
a c

= alg-n+b'r-p)+c'(p-q)=0
= veu=0

= ulv

Hence, u and v are orthogonal vectors.

© Ex. 34 If the vector product of a constant vector OA with
variable vector OB in a fixed plane OAB be a constant vector,
then the locus of B is

(a) a straight line perpendicular to OA

(b) a circle with centre O radius equal to| OA |

(c) a straight line parallel to OA

(d) None of the above
Sol. (c) Let A, B) point be given and O be taken as the origin

B x.y)
(¢]
(0,0)
Al )
We have, OA =ai + gj
and OB =xi +)j

Now,| OAx OB| =| (ay - Bx) k | = constant



= ay ~fx = constant
“Locus of B(x, y)is a line paralle] to OA because slope of
on=8

o

® Ex. 35 Unit vector perpendicular to the plane of AABC
with position vectors a, b, ¢ of the vertices A, B, C is
axb+bxc+cxa

()
A
(b) axb+bxc+cxa
2A
© axb+bxc+cxa
4A
(d) None of the above
Sol. (b) The required vector is given by
h= ABx AC
| ABx AC|

ABxAC=(bxa)x(c-a)
=bxc~bxa-axc+axa
=bxc+axb+cxa

We also know that,

[-axa=0]

AreaofAABC=%|aXb+ch+c><a]

axb+ bxc+cxa

Az——— "7 7%
|axb+bxc+cxal

_axb+bxc+cxa
2A

[

l'.'A:%Iaxb+ bxc+ cxa|]

® Ex. 36 The vectorr satisfying the conditions that
1. it is perpendicular to 3i +2j +2k and 181 - 22 —sk
II. it makes an obtuse angle with Y-axis.
.|| =14
(a) A~ 2i - 3j +6k)
(b) 22} - 3]+ 6k)
(c) 41 +6j — 12k
(d) None of the above X
Sol, (a) Let a =3} + 2j + 2k and b =181 - 22j - 5k

Then, the required vector r is given by
r=Maxb)
= r = A(34i + 51§ — 102k)
=17A(2i + 3j - 6k)
Now, |[r|=14 = 119|A|=14

=2 |)‘.|=i
17
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Since, r makes an obtuse angle with Y-axis. Therefore,

Y-

17
Hence, r=-2@2i+3j-6k)
or r=2(-2i-3j+6k)

® Ex. 37 Leta,b,c denote the lengths of the sides of a
triangle such that i
(@a-bu+b-qv+(c-a)uxv)=0
for any two non-collinear vectors u and v, then the
triangle is
(a) right angled (b) equilateral
(c) isosceles (d) scalene
Sol. (b) Since, u, v and ux b are non-coplanar vectors.
(@-b)u+(b-c)jv+(c—a)(uxv)=0
= a-b=0=b-c=c—a
= a=b=c
So, the triangle is equilateral.

® Ex. 38 The value of i - (j x l:)+j -(ﬁx i)+|:-(i x ) is
(a)3 (b)2
()1 d)o

Sol. (a) We have, i-(jx k) + j-(kx i)+ k-(ixJ)

=i-i+j-j+k-k [vixj=kjx k=i kxi=j]

=i+ + kP=1+1+1=3 ['.'i,j,f(areunitvectors]

® Ex. 39 For non-zero vectors a, b, c;

|(ax b)-c|=|a||b||c]|holds if and only if
(a)a-b=0,b:c=0 (b)b-c=0,c-a=0
(c)cra=0,a-b=0 (d)a-b=b-c=c-a=0

Sol. (d) We have, |(ax b)-c|=|a||b]| c|

= lla]lb||c|sinBcosa |=|a|| b|| c|
= |sinB || cosat | =1

= 9=%anda=o

= albandc||n

= alcandc Llbothaandb
= a, b, c are mutually perpendicular.
=5 a-c=b-c=c-a=0

® Ex. 40 The position vectors of three vertices A, B,C of a
tetrahedron OABC with respect to its vertex O are i, 6], k.
then its volume (in cu units) is

@3 2
3

1
(c) = d)6
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Sol. (d) We have, A(6i + 0]+ 0k), B(0i + 6] + 0k), C(0i + 0 + k)
and O(0i + 0 + ok)
: OA =6i + 0j + 0k
OB = 0i + 6] + 0k
and 0OC =0i + 0j+ k
..Volume of tetrahedron
- % [0A OB OC] =% (61 6} k)

[6(6 = 0)] =6 cu units

o & ©
- o o

6
§ g
0

O | -

® Ex. 41 A parallelopiped is formed by planes drawn
parallel to coordinate axes through the points A =(1,2,3)
and B=(9,8,5). The volume of that parallelopiped is equal
to (in cubic units)

(a) 192 (b) 48

(c) 32 (d) 96
Sol. (d) Translating the axes through A(1, 2,3).

A changes to (0, 0, 0), B changes to (8, 6, 2).

..Coterminous edges are of lengths 8, 6, 2.

Volume of parallelopiped =8:6-2 =96 cu units.

® Ex. 42 If|a|=1,|b|=3 and|c|=5, then the value of
[a-—bb—cc—a]is
(a)o (b)1
(-1 (d) None of these
[1 -1 o0
Sol. (a)[a-bb-cc—a]+| 0 1 ~—1([abe]
-1 0 1
= [1(1 - 0) + 1(0 — 1) + {0 + 1)] [abe]
=0 X [abc] =0

® Ex. 43 Ifa,b,c are three non-coplanar vectors, then
3a—7b —4c, 3a — 2b +c and a + b + Ac will be coplanar, if
Ais
(a)-1 b1
(c)3 (d) 2
Sol. (d) Letoe =3a —7b —4c,p=3a—-2b+candy=a+b +Ac
For at,  and y to be coplanar [a B y] = 0

3 -7 -4
= 3 -2 1 [[abe]=0
11 A
[3(-2A —1)+7(3A —1) = 4(3 +2) (abc)] = 0
= (151 -30)[abc]=0

Since, a, b, c are non-coplanar
154 =30=0 = A =2

© Ex. 44. Letr — (a xb)sinx +(b Xc)cosy +(c x a),
where a , b and ¢ are non-zero non-coplanar vectors. If r is
orthogonal to 3a +5b + 2c,then the value of
sec? y +cosec’x + secy cosec X is
(a)3 (b) 4
(c)5 (d)6
Sol. (a)r-(3a+5b +2c)=0
= a-(bxc)[2sinx+3cosy +5]=0
2sinx +3cosy +5=0
2sinx +3cosy =—5
sinx=-1,cosy =1

cosec x=—1,secy =—1

[ a-(b xc)#0]

L

® Ex. 45 Leta, b,c. be distinct non-negallve numbers. If the
vectorsai +aj + ck,i+kandci+cj+ bk lie in a plane, then
cis

(a) HM of aand b (b) 0

(c) AM of aand b (d) GM ofaand b
Sol. (d) Since, the given points lie in a plane

a a c
1 0 1|=0
c c b

On applying G, = G - G,
0 a c

= 1 0 1|=0
0 c b

= —1(ab-c*)=0

= ct=ab

Hence, cis GM of a and b.

©® Ex. 46 Ifa,b andc are non-coplanar vectors and k isa
real number, then[A(a+ b)|A’b| Ac]=[a a+ ¢ b] for

(a) exactly two values of A
(b) exactly one value of A
(c) no value of A
(d) exactly three values of A
Sol. (c) Given, [A(a+ b)A’bAc] =[ab+ cb]
Ma +5) Mag +b;) AMas + by)

= | A% A%b, A%b,
Ag Ae; Acy
a a, ay
=lb+e by+e; b+
b b: by
a+b a;+b, ay+b
= A b b, by
G 2 G



a a; a3
Slta bytc, by+oc
b b, by
(applying R, — R, — R, in LHS and R, — R, — R, in RHS]

a a, ay a a, a,
= Mb b by|==|b b, b

G € ¢ G € ¢
= A=

Hence, no real value of A exists.

® Ex. 47 In a regular tetrahedron, let® be angle between
any edge and a face not containing the edge. The value of
cos? @ is

(2) /6 (b) 1/9

(c)1/3 . (d) None of these
Sol. (c) Let OABC be the tetrahedron. Let G be the centroid of the

face OAB, then GA = s AC.
V3

(0]
A 1
Then, cosf = %— = E
cotOmi
3

® Ex. 48 DABC be a tetrahedron such that AD is perpen-
dicular to the base ABC and ZABC =30°. The volume of
tetrahedron is 18. If value of AB+ BC + AD is minimum,
then the length of AC is

@6y2-3 (b) 3(V6 - 2)
©6y2+3 (d)3(v6 ++2)

Sol. (a) Volume = %AD(%AB BC sin30°)
= 18=11—2(AD-AB-BC)

= AD- AB-BC =216

Now, AB + BC + AD 2 3(AD- AB- BC)"”

= AB + BC + AD 218
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Minimum value occurs when AB=BC = AD=6
Hence, AC =.[AB? + BC? —2AB-BC- cos30°

62-3

-

®Ex.49 Ifa=i+j+kb=i-]j+kc=i+2j—k then

a-a

a-b a-c

the value of(b-a b-b b-c|is

(a)2
(c) 16

Sol. (c) We have,

c-a

We know that,

c-b c-c

k and c=i+ Zj—ﬁ
aa a-b a-c
b-a b-b b-c|=[abc]®
cca ¢c'b cc

1-2)-1-1-1)+12+ 1))
[F1+2+3)7=[4)=16

© Ex. 50 The value of a so that the volume of
parallelopiped formed by i + aj+k, j+ak andai +k
becomes minimum is

(@) -
(c)1/

3
V3

(b)3
(d)V3

Sol. (c) Volume of the parallelopiped
V=[i+d+Kj+akai+ k)
=@+ aj+ k)-{(j+ ak) x (ai + K)}

=(i+a}+ R)-(i+azj—aﬁ)=l+a’—a

=

At

dav
da

d*v dv

=3az_1'F=6a'_=o
a

da

32’ -1=0 = a=% L

a=

V3

Llﬂ_v_i)o
V3'da? B

.V is minimum at a =—!—

5

® Ex. 51 Ifa,b andc be any three non-zero and
non-coplanar vectors, then any vectorr is equal to

(a) za + xb + yc (b) xa + yb + z¢
(©)ya+ zb+ xc (d) None of these
[rbc] _[rcal _[rab]

where, x =

[abc)

“labd " [abd
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Sol. (b) Since, a, b and c are three non-coplanar vectors, we may
assumer =0a + b + yc

[rbe]=(ca +Pb + ¥c):(b X c)=a{a-(b X c)}
=afabc]
a=[rbc]
[abe]
x=[rbc]
[abe]
oa=x
Similarly, B=y,y=z
" r=xa+yb+zc

But

® Ex. 52 The position vectors of vertices of AABC are a, b,
c anda-a=b-b=c-c=3.If[ab c]=0, then the position
vectors of the orthocentre of AABC is

(aa+b+c (b);l(a+ b+ c)

()0
Sol. (a) Hence, [abc] =0

So, the points O, A, B and C are coplanar. Also,
OA = 0B = OC =+/3, hence origin O is the circumcentre.

a+b+c

(d) None of these

Position vector of the centroid G is

Now, orthocentre divides OG in the ratio of 3 : 2 externally.
So, position vectors of orthocentre isa+ b+ c.

® Ex. 53 Ifo andp are two mutually perpendicular unit
vectors {ro. + B + s(o X B}, [oe +(c xB)] and .
{sa + s B+t xB)} are coplanar, then s is equal to
(a) AM of rand t (b) GM of rand t
(c)HMofrandt (d) None of these
Sol. Since, o and B are two mutually perpendicular vectors and
(o + rB + s xB), [ +(@xB)} {sot + sP + t{oe X B)} are

coplanar
rrs

= 1 0 1(=0
s st

= st=nrt

® Ex. 54 Letb=—i+4j +6k andc=2i-7j-10k Ifa be
a unit vector and the scalar triple product[a b c] has the
greatest value, then a is equal to

(a)%(a,,j”:) (b)ﬁg(m-}-ﬁ&)
© 5'(23+ 2j-k) d 7;_9(33-73-12)

Sol. () bxc=2i+2j-k
[abc]:a-(2§+2}—fc)=l~3~cose <3

The greatest value of [a b c¢] =3, which is obtained when 8 = 0.

a= hie =Ei+-2-j—lﬁ
|[bxe|] 3 37 3

So,

® Ex. 55 The vectors_ R i

u=(al +a,,)i +(am+aym)j +(an +a,n )k
v =(bl +byly)i +(bm+bym,)j +(bn + byn, )k and
w =(cl+l )i +(cm+c¢ymy)j +(cn +cymk

(a) form an equilateral triangle

(b) are coplanar

(c) are collinear

(d) are mutually perpendicular

Sol. (b) We have,

al + aly am+am an+an
[uvw]=|bl+bl bm+bm bn+ bn
cd+aly, em+cem cn+on
a a Of[! L o0
= [uvw]=(b b Oflm m 0|=0
¢c ¢ Offn n )

Hence, the given vectors are coplanar.

® Ex. 56 Leta,b,c be three vectors such that[a b c]=2.
Ifr=l(bx c) + m(cx a) +n(a xb) is perpendicular to
a+ b+ ¢, then the value of (I + m +n) is
(a)2 (b) 1
(©0 (d) None of these
Sol. (c) It is given that r perpendicular (a+ b+ ¢)
r-@+b+c)=0

= llabc]+ mlcabl+nfabc]=0
= 2l+m+n)=0 [ [abe]=2]
= I+m+n=0

® Ex. 57 Ifa,b andc are three mutually perpendicular

vectors, then the projection of the vectors
a - b (ax b)

—+m—+n along the angle bisector of the
lal 6] T lax b TOE e A8 f
vectors a andb is
@ lfﬁm ®) | +m? +n?
\Hz +m?
(c) (d) None of these
;}lz +m? +b?

Sol. (a) A vector parallel to the bisector of the angle between the
vectors a and b is
a b
—_— + —_—
la] |b]

+Units vector along the bisector

=a+b



o

_ A+ _1(. &
la+b] oD

S

@+bB)’=|al’+|b|+25-b=1+14+0=2

“+ Required projection
[ a b axb 11
=|l—+m— i G
llal m|b|+nﬁ|axb|J Ji(a+b)
il
—ﬁ(l+m)
r'a—'i=ﬂ_land. B‘“ W o 'l
l'al |b] A ‘a'(‘xl’)=b-(axb)=oJ

® Ex. 58 If the volume of parallelopiped formed by the
vectors a, b, ¢ as three coterminous edges is 27 cu units, then
the volume of the parallelopiped have ot = a+ 2b— ¢,
B=a-b andy =a- b- c as three coterminous edges is

(a) 27 (b)9
(c) 81 (d) None of these
Sol. (c) We have, |[[a b ¢]| =27 cu units
1 2 -1
Now, [@By]l=[1 -1 o0 |[[abc]=3[abc]

1 -1 -1
..Required volume = |[a B ¥]|
=3|[abc]|
=3 x 27 =81 cu units

® Ex. 59 If V is the volume of the parallelopiped having
three coterminous edges as a, b andc, then the volume of
parallelopiped having three coterminous edges as
a=(a-a)a+(a-b)b+(a-c)c,p=(a-b)a+(b-b)b+(b-c)c
and y=(a-c)a+(b-c)b+(c-c)cis

(a)v? (b)3v

(V2 (d) 2v
Sol. (a) We have, |[abc]|=V

Let V; be the volume of the parallelopiped formed by the

vectors o, B and y. Then,

Vi=|le Byl
a-a a-b a-c

Now, [@By]=|a-b b:-b b-c|abe]
a-¢c bc cc

= [@Byl=[abel*[abe]

= (@Byl=[abc]’

Vi=|[aBy]
=|abc)|=V?
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® Ex. 60 Letr,a,b andc be four non-zero vectors such
thatr-a =0,
lexb|=|r||bl|rxc|=|r||c| then[abc]is

@Jallb]|c| (b)-|al|blc]|
()0 (d) None of these
Sol. (c) Given, r-a=0
lrxb|=|r||b]
and lrxe|=|r||c]

This shows r is perpendicular to both band c.
= ris perpendicular toa, band ¢
[abe]=0

_® Ex. 61 Ifa,b andc are any three vector forming a

linearly independent system, then® € R,
2r
[acos® +bsin® +ccos 26, acos(z?n +9)+ b sin(—3— +9)

+ccos 2(2?7r +9)

acos(e - 2—”) +b sin((‘) - 2—“) +ccos 2(9 - 2—“) is
3 3 3

(a)[a b c]cosB

(b)[abc]cos20

(c)[a b c]cos36

(d) None of the above

Sol. (d) Since a, b and c are linearly independent,
[abe]#0
We know that,
[ax; + bx; + cxay, + by, + cysaz, + bz, + cz,]
X, X Xy
=label|n y: y;

5 22

Hence, the given system can be written as

c;se sin® cos20
cos (_1: + 9) sm(z—n + 0) cos2 (0 + 2—")
3 3 3

cos (0 - 2—“) sin(e - 2—“) cosz(e - 2—")
3 3 3

On applying R; — R; + R, + R,, we get

[abe]

cos® sin@ cos20
[abe]| cos (2—1: + 0) sin(z—n + 6) cosz(e + 2—“)
3 3 3
0 0 0

=[abc](0)=0
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® Ex. 62 Leta,b, c be three non-coplanar vectors andd be
a non-zero vector, which is perpendicular to a+ b+ c. Now,
ifd =(sin x)(ax b) +(cos y) (bx c) + 2(cX a), then the
minimum value of (x* +y?) is

z =
@mn (b) =
n? sn?
(C)T (d) ¥
Sol. (d) Given,d-@a+b+¢c)=0

and d =sinx(axb)+cosy (bXxc)+2(cxa) ..(i)
a-d=cosy[abc] .. (ii)
b-d=2[bca) .. (i)
c-d=sinx[abc]- o (iv)

On adding Egs. (ii), (iii) and (iv), we get
a-d+b-d+c-d=(cosy +2+sinx)[abc]
sinx + cosy +2=0
= sinx + cosy =—2
= sinx=—1
[--1<sinx<1land—1<cosy <1]
and cosy =-1
Since, we have to find the minimum value of

14
x2+y2;x=—?y=1:

yt=—+nl=""

® Ex. 63 Let a, b, c be three vectors of magnitude 1, 1 and
2 respectively. If a X (a xc) +b =0, then the acute angle

between a andc is

i3 g
(a)3 ( )4
(c) 11 (d) None of these
6
Sol. (c) Given,|a|=1,|b|=1, and|c|=2
Also, ax(axec)+b=0
(a-c)a—(a-a)c+b=0
(@a-cla—c+b=0 [a-a=|al’=1]
(@a-cla-c=-b
l@-cha—c|=|-b

|@-cha-c[>=|b]
l@-cal*+|c|*-2{@-cha-c}=|b[*
@-c)al*+|c|*-2a-c)(@-c)=|b]

@-cf{lal* -2} +|c|*=|bJ?

L e A T T

—@-c)+4=1
ac=t43
Jal{c|cosd =3

where, 0 is an acute angle betweena and c.

= cosf =—

0=

olaw&

® Ex. 64 Leta=2i +] +ik,b=i+2] —k andc is a unit
vector coplanar to them. Ifc is perpendicular to a, thenc is

equal to

@i+ (b)—j;(hiﬂb
@G- @G +j+io

Sol. (a)ax(axb)=(a-c)a —(a-a)b
=3+ j+k)-6d +2)-k)=-9j+9k
aXx(axb)

. 3 H t P s, meiasied /0
..Required unit vector [ax@xb)]

=+ l-j+ Kk
=% ‘\/E( j+ )

® Ex. 65 Leta=2‘l:+j—2l2andb=i+j. Ifc is a vector
such thata-c=|cL|c—a|=2ﬁandtheangle between
axb andc is 30°, then|(a xb) X c| is equal to

2 3
a) — b) =
()3 ()2
(c)2 d)3

Sol. (b)|c-a|=2V2

= |cl?+|al®-2a-c=8
= lel*+(9) -2 c|=8
= |el?=2]c|+1=0
= (le|=1=0= |c|=1
Now, axb=2i+2j+k

laxb|=4+4+1=3
|(@xb)xc =|axb||c|sin30°

=3><lxl=2
2 2

® Ex. 66 Leta andb be two unit vectors such that a - b =

anda xb =& AlsoF =aa +Bb +Y&, wherea, B,y are
scalars. If o = k(F - &) — k, (F - l;). then the value of

2(ky + k) is
(@) 2V3 b)V3
(c)3 (C)R]
Sol. (c) F=ad+pb+ 1@

F(bx&)=o[abe)

W |-



a= e e
[Ab<]
Now, bxé=bx(@ «<b)=(b-b)a—(b-4)b
=h~ab
3
(b&] =@ x by =[a[*| L |* - -y
S——-
9 9
a=—9-{f=~é—lf: l.:}
8 3
9 3
=—k,==
8’ 3
12 3
k=—=2
= Kk +k, 3
2(k + k;) =3

® Ex. 67 Leta=i -j,b=j-kandc=k-i. Ifd is a unit
vector such thata-d=0=(b c d), thend is equal to

@ (i+:’/: 2) (b)t(i +j‘_ K)
6 3
(c)i(”jT”‘) @ +k

Sol. (a) We have,a-d =0 and [bcd]=0
=>a_Laandb,c.aarecoplana.r.

=d 1 aandd lies in the plane of b and ¢, we know that the
vector r =a X (b X c) is perpendicular to a and lies in the plane

of band ¢
q =j:L
Irl
Now, r=ax(bxc)
= r=(a-c)b-(a-b)c
= r:—G-—l‘()"'(f(—i)
=—|—j+2k
A r (-i—j#-ZE)
=t —=%——
Ssis Ji+1+4
PR 2
i+j-2k
=%
N3

‘

® E: .8 Ifa,b andc are non-coplanar unit vectors such

thata x(b xc) = % (b +c), then the angle between a andb
is .

@ ®F

©3 @
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Sol. (2) We have,a x(bx¢)= . %c
~
1 1
= (a-c)b—(a-b)je=—b+ —c¢
V2 N2
= {a-c)—%:O [~ a. b. ¢ are non-coplanar]
~
and e —_
V2
1
= |al|blcosB == —==cosO0=——
{ V2
0=2
4

® Ex. 69 The unit vector which is orthogonal to the vector
3i +2j + 6k and is coplanar with the vectors 2i + j + k and
i-j+kis

2i-6j+k 2i—3j
(3) V41 (b) \fﬁ
3j—k 4i+3j-3k
. (o) P i
e N @ V31

Sol. () Leta=3i+2j+6k.b=2i+j+ k c=i-j+ k
Then, by definition, a vector orthogonal to a and coplanar to b
and cis given by
= ax(bxc)
= ax(bxc)=(a-c)b—(a-b)e
=7i+j+ k) -9(-j+ k=21j-7k
ax(bxc) 3j-k

Hence, a unit vector = ==
lax(bxec)] <10

® Ex. 70 Leta,b andc be non-zero vectors such that
|
(axb) XC=§|b“CIa. If 8 is the acute angle between the

vectorb andc, then sin® is equal to

(3)23£ (b)?
©3 @5

Sol. (a)(axb)xc=§|b|| cla
= (a-c)b—(b-c)a=§|b||c|a
= @-9b={(-c)+ 2 bllclla
= (a-c)b:]bl[c]{ms9+§}¢

Asaandbarenolpaml.lel.a~c=0&ndcose$%:

1 22
= cosO:-;asin8=—
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® Ex. 71 The value for[a X (b +¢),b X (c=2a),
c X (a+3b)] is equal to

@fabcl?

(b)7[a b c)?

(c)=-5[axbbXxcecxa)

(d) None of the above
Sol. (b) Letaxb=Lbxc=mand ¢ Xa=n,

[ax(b+ ¢).bx(c—2na),¢X(+3b)]
=[l=nm-+2ln-3m]

1 0 =1
=2 1 1 [[lmn]
0 -3 1

=7Imn]=7[axbbxccxa]
=7[abc)

© Ex. 72 Ifa,b,candp, q.r are reciprocal system of
vectors, thena Xp +b X q+c Xr is equal to

(a)[abc] b)[p+q+r]

(0 (da+b+c
bxe cxXa _nxb
SOl e A bl akd)

JEE Type Solved Examples :

More than One Option_ Correct ]ype Questions

(hxe) (o) = (e b)e

X =0 X
A [nbe]

[nbel
(web)e =(hn)a
labe]
b~ (0 )b
and exXr= ® ‘l):: b (:‘l

Noaxptbhxqtexr

— {(n-e)b =(a-b)e + (- b)e ~(brc)a
[nbe]

Similatly, b x q =

+(bec)a =(u-c)b}
1

"o X ) 2 0
[nbe)

@ Ex. 73 Solvea-r=x,b-r=y,c-r=2z wherca,b,care

given non-coplanar vectors.
Sol. Givena:r=x, br=y ¢cr=2
Leta’, VY, ¢, be the reciprocal vectors of a, b, ¢, respectively.
: bxe 1, oXa  _axb
Then, a =m. h' = el ¢ bl
Now, r=(r-a)a’+(r-b)b’ +(r-c)
= + )b + 2z

o Ex. 74 Ifz,=ai +bjandz, =ci +d ] are two vectors in
i andj system, where| z, |=|z,|=randz,-z; =0, then
w, =ai +¢j and w, =bi +dj satisfy
(@)|w|=r
(b)|wa|=r
(c)wy w2 =0
(d) None of the above
Sol. (a, b, ¢)|z|=|z;| =1 and 2,2, =0

= a+bi=ct+di=r o (i)
and ac+bd=0
as, ac=-bd
a_ ¢ o
—=—=A il
= T (ii)

From Egs. (i) and (ii),
a1 + A =d*(1 + A%)
= a®=d? and b =¢?

O R
Now, Jwi|=a’+c"=a"+b"=h=|w,|

w,wy; =ab+bd =0

® Ex. 75 If unit vectors i and j are at right angles to each
other andp =3i +4j,q=5i,4r =p +qand 2s =p —q, then
(a)|r + ks| =|r — ks | for all real k
(b) r is perpendicular to s
(c)r + s is perpendicular tor — s
@lrl=Isl=lpl=lal
Sol. (a, b, d) We have, p =3i + 4j and p =51
Also, dr=p+q=3i+4j+si
=8i+4j= r=2i+]}

and 2s=p-q=3i+4j+5i=—2i+4j

= s=-1+2j
Now, |r+ks|=|r—ks|
= |2i+j-ki+2)P=|2i+] +d -2
= @-kP+(1+2k° =@ +k)?+(1-2k)°

Which is true for all values of k.
ré=@i+))(-i+2j)
=-2+2=0
rls

Now,



Also,(r+s)-(r-s)=(1+3j)(3i-j)=3-3=0
(r+s) L(r-s) 2

Also, Irl=y@? +1=+5
Isl=yc 1 + @7 =5
Ipl=\3%+ 4 =5
lq=+5? =5

[r|=[s|and|p|=]|q]|

© Ex. 76 a,b andc are three vectors such that
a-a=b-b=c-c=3and|la-b|? +|b—c|* +|c-a|* =27,
then

(a) a, b and c are necessarily coplanar.

(b) a, b and c represent sides of a triangle in magnitude
and direction

(c)a-b+b-c+c-a has the least value — 9/2
(d)a, b and crepresent orthogonal triad of vectors
Sol. (a, b, ¢) Here,
la=b*+|b-c|*+|c-a]?
=2(|al*+|bl*+|c|*-a-b-b-b-c—c-c)
= a-b+b~c+c-a=—%

Now,|a+b+c|*=|al*+|b|?+2a-b+b-c+c-a)

=3+3+3—2(§)=o

o a+b+c=0 . (i)
Also, lat+b+c|>20
= a-b+b-c+c-az-§ ..(ii)

Thus, least value is—9/2

® Ex. 77 Ifa andb are non-zero vectors such that
|la+b|=|a—2b]|, then

(a)2a-b=|b[
(b)a-b=|bJ?
1,
(c) least value of a-b + ITIZ—;; is 2
1
b+ isv2 -1
(d) least value of a [b]+2
Sol.(a,d) |a+b|=|a-2b]
2
= a-b=|—li-
2
1 |b)*+2 1
5 = + -3
G ab+|b|’+2 2 b +2

>+/2 - 1(using AM 2GM)

’
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© Ex. 78 If vectorsb =(tana, —1,2+/sino / 2) and

3
c=|tano,tanQ, - ———=
Jsino /2

a =(1,3, sin 20.) makes an obtuse angle with the Z-axis, then
the value of o is

(a)o.=(4n + )1 + tan” 2

(byo=(4n + m —tan™'2

(c)a=(4n + 2)1 + tan™'2

(d)o=(4n+2)m —tan "2
Sol. (b, d), Since, a = (1, 3, sin 20t) makes an obtuse angle with the

Z-axis, its z-component is negative.
—1<sin20t <0 (1)

are orthogonal and vectors

Thus,
Butb-c=0 (.- orthogonal)
tan®c. — tano —6 =0
(tana —3) (tano + 2) =0
= tanat =3,—-2
Now, tana =3.
2tana 6 3
Therefore, sin2o = setant —=——==
1+tana 1+9 5

(not possible as sin2a < 0)
Now, if tanat = -2,
- ingo =200 __ =4 _ 4
l1+tanax 1+4 5

= tan2a > 0

Hence, 2 is the third quadrant. Also, Vsina / 2 is meaningful.
If0 <sina. /2 <1, the

o =(4n+ 1)t —tan"'2

and o =(4n + 2)w — tan™'2

® Ex. 79 Ifaandb are any two unit vectors, then the

la+b|

possible integers in the range of 3 +2|a—b], is/are

(a)2 (b)3
(c) 4 (d)s
Sol. (b, c, d) We have, |a|=|b|=1

Let 8 be the angle betweena and b.
|la+b]| =2cosg
2

and |a—b|=25ing

3cosg + 4sing~:0 €[o, )

-5 S3cosg + 4sing <5

The possible range are 3, 4 or 5.
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‘® Ex. 80 Which of the following expressions are meaning-
ful?

(@u-(vxw) (b) (u-v)-w
(©)(u-v)w (d)ux(v-w)

Sol. (a, ¢) (i) Since, v X w is a vector, therefore, u-(v xw) is a
scalar quantity.

. (a) is meaningful.

(ii) (u - v) is scalar.

~(u-v)-wis not meaningful.

(iii) (u - v) is a scalar.

So, (u- v)w is a scalar multiple of w.
~.(u- v)w is meaningful.

(iv) (v- w) is a scalar,

So, u X (v w) is not meaningful as cross product is taken for
two vector quantity and not for a vector and scalar.

® Ex. 81 Ifa+2b+3c=0,thenaxb+bxc+cxa=
(a) 2(a x b) (b)6(b % c)
(c)3(c x a) (d)o
Sol. (a, b, c)a=—(2b + 3¢)
axb+bxc+cxa
=-(@2b+3c)Xb+bxc+ex{-(2b+3c)}
=—3cxb+bxc-2cxb=6bxc)
Similarly, putting the values of b and c in terms ofa anda, b

respectively ina Xb + b X ¢ + ¢ Xa, we get the desired results.

© Ex. 82 Leta.=ai +bj +ck,B=bi+cj +ak and
Y= ci+a)+ bk be three coplanar vectors witha # b and
v=i+j+ k. Then v is perpendicular to

(a)a (b)B
©y (d) None of these
Sol. (a, b, c) It is given that & and ¥ are coplanar vectors.

a b c

Therefore, [BY]=0 =|b ¢ a|=0
calb

or 3abc—a’-b’—c*=0

or a*+ b +c® =3abc=0

or @+b+c)@+b*+c*—ab—bc—ca)=0

or a+b+c=0 [+a®+b’+c*—ab—bc—ca#0]
= via=v-f=v-y=0

Hence, v is perpendicular toc, B and y

® Ex. 83 Ifais perpendicular tob and p is non-zero scalar
such that pr +(r -b)a =c, thenr satisfy
(a)[rac]l=0 (b) p’r=pa —(c-a)b
(©pir=pb-(a-b)c  (d)p’r=pc—(b-c)a

Sol. (a, d) Given,a-b=0
pr+(r-bja=c (i)

and
On taking dot product by b, we get
p(r~b)+(r~b)a-b=b-c

o prb)=b-c
P )= b
% f5E
= pc—p'r=(b-ch
prr=pc—(b-ch
¢ (b-c)
r=—-——"a
= IS
= [rac]=0

® Ex. 84 Ifa(axb)+p(bxc)+7y(cxa)=0, then
(a) a, b, ¢ are coplanar if all of o, B, ¥ #0
(b) a, b, ¢ are coplanar if any one of o, B,y #0
(c) a, b, c are non-coplanar for any o, B, y#0
(d) None of the above
Sol. (a, b) We have, a(a x b) + (b x c) + Y(c xa) =0
Taking dot product with ¢, we have
afabe]=0
Similarly, taking dot product with b and ¢, we have
Ylabe]=0Plabc]=0
Now, even if one of @, 8, y # 0, then we have [a b ¢] =0
= a, b, care coplanar.

® Ex. 85 Ifa=i+]j+kandb=]i — ], then the vectors
(a-Di+(a-j+(a-kk (b-i)i+(b-j)j+b- k)kand
i+j-2k

(a) are mutually perpendicular

(b) are coplanar

(c) form a parallelopiped of volume 6 units

(d) form a parallelopiped of volume 3 units
Sol. (a,c) Givena=i+j+ kandb=1i-]

@di+@jj+@kk=i+j+k=x (say)
and(b-Di+ )+ -kk=i-j=y (say)
and i+j-2k=2 (say)
Clearly, X'y=yz=z-x=0
" X,y and z are mutually perpendicular
1 1 1
Volume of parallelopiped =[1 -1 0
1 1. =2
=12-0)=1(=2-0)+1(1 +1)
=2+2+2=6

** X,y and x are not coplanar, i.e., [x y z] # 0
+Volume of parallelopiped formed by x, y and z is 6 cu units.



® Ex. 86 The volume of the parallelopiped whose cotermi-
nous edges are represented by the vectors 2b X ¢, 3c X a and
4a xb where a =(1+sin0)i +cos0j + sin 20k

b=sin(0+—23—n)i+cos(9+23—n)j+sin(29+5£)fc,
)i

3
c=sin[ﬁ—%’-‘-)i+cos(9—%’£)}+sin(29—

S
a

is 18

3
cubic units, then the value of 0 in the interval (0. E} is/are
2
T 2n
a) — ==
(a) 9 (b) 5
n 4n
c)— 244
©3 @ |
Sol. (a, b, d) Volume = |[2b X ¢ 3cxa 4a xb]|=18
= 24abc) =18
= labe=Y
2
(1 + sin®) cosf sin20

Now,[a b ¢]= sin(e + Z?It) cos(e + 271!) sin(@ + %‘)

sin(e - 2—") cos(e - 2—”-) sin(29 - 4—”)
3 3 3

Applying R, = R, + R, + R; and expanding
Ilabec]l =~/§|cos39|=iz—3-

1 T 2K 4n

W=t -=30=0, 0 —

= cos 2 3' 3" 3
T 2m 4m
= 0===,—
9 9 9

® Ex. 87 Ifa=xi+yj+zl2,b=yi+zj+xﬁancj
c=zi+x) +yl;, then a x (b X c) is/are

(a) parallel to(y — z)i +(z- X)j +(x — y)l:

(b) orthogonal to i+ j + |2

(c) orthogonal to (y + z)i +(z+ x)} +(x + y)I:

(d) parallel to i +} +k
Sol. (a,b,c)ax(bxc)=(a-c)b—(a-b)c

=(xz + yx + yz) OF + 3 + xk)

—(xy +yz + 22) (@ + 5 + yk)

=(xy + yz + zx)[(y -2+ (- x)}-f-(x—y)ft]
Clearly, 1to i + J+ kand also to
(v + 2)i + (z + x)] + (x + y)k, as dot product are zero, clearly

parallel to
(y-2)i+@E-x]+(x-yk
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© Ex. 88 Ifa,b andc are three non-zero vectors, then
which of the following statement(s) is/are true?
(a)a x(bxc)bx(cxa)ex(a xb)from a right handed
system.
(b) ¢,(a Xb) X ¢,a x b from a right handed system
(c)a:b+b-c+ca<0ifa+b+c=0
(@ BXBNBXO) 4 ien i sc=0
(b xc)(axc)
Sol. (b, c, d)
(a)a x(bxc)+bxX(cxa)+cx(@axb)=0
= vector are coplanar, so do not form RHS.
(b)(a xb) X c,a X b, ¢ in that order form RHS.
= ¢, (a Xb) X ¢,a X b also form RHS as they are in same cyclic
order.
(c)a+b+c=0=>|a+b+ cl’=0

= a*+b*+ct=-2a-b+b-c+c-a)

=% a-b+b-c+c-a-<0
(da+b+c=0
= axb=bxc=cxa

® Ex. 89 Let the unit vectors a andb be perpendicular and
unit vectorc is inclined at angle o. to a andb. If
c=la+mb +n(axb), then

(@)l=m (byn?=1-212
(c)n? = - cos 20t dym? = #

Sol. (a, b, ¢, d)
a-b=0,c-a=c-b=cosa
Take dot products witha , b and c respectively.
= I=mI*+m?+n?=1
n? = - cos2a,
m? = 1+ cos2a
2

® Ex. 90 ifax(bxc)is perpendifular to(axb)xc, we

may have
(@(a-c)|b|*=(a-b)(b-c) (b)a-b=0
(c)ac=0 (d)b-c=0
Sol. (a, c)
ax(bxc)=(a-c)b—(a-b)c
and (@axb)xe=~(c'bja+(a-c)b

We have been given
(ax(bxc))((axb)xec)=0
(@-c)b—=(a-b)c)-((a-c)b~(c-b)a)=0
or (@a-¢)’|b)*=(a-c)(b-c)a-b)
—(@-b)a-c)(b-c)+(a-b)(b:c)(c-a)=0
or @) b*=@-c)a:b)(b-c)
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or  (a-c)(a-c)(b-b)-(a-b)(b-c))=0
a-c=0
or (@-¢)|b[*=(@a-b)(b-c)

® Ex. 91 If(axb) x(c xd)-(a xd) =0, then which of the
following may be true?
(a) a,b,candd are necessarily coplanar
(b) a lies in the plane of c and d
(c) b lies in the plane of a and d
(d) c lies in the plane of a and d
_ Sol. (b,c,d)(axb)x(cxd)-(axd)=0
or [acd]b-[becdh)(axd)=0
or [acd][dad]=0
Hence, either ¢ or b must lie in the plane ofa and d.

® Ex. 92 The angles of a triangle, two of whose sides are
represented by vectors /3| 3(ax b) andb — —(a- b)a, whereb is

a non-zero vector and a is a unit vector in the direction of a,
are

JEE Type Solved Examples :
Statement Type | & Il Questions

(a) tan"'(3) (b) tan™'(1/+/3)

() cot™(0) (d) tan" (1)
Sol. (a, b, c) Consider V;-V;=0
= A=90°
b-(-bj¥|_+3lixb|
Using the sine law, o | = powr

. |b-@-bY|
or T~ |axb|

1 |(axb)xa|
V3 |ixb]
1 |axb||a|sm90° 1

or 9=£
6

= Directions (Q. Nos. 93-96) This section is based on
Statement I and Statement II. Select the correct answer
from the codes given below.

(a) Both Statement I and Statement II are correct and
Statement II is the correct explanation of Statement I

(b) Both Statement I and Statement II are correct but
Statement II is not the correct explanation of
Statement I

(c) Statement I is correct but Statement II is incorrect

(d) Statement II is correct but Statement I is incorrect

® Ex. 93 Let the vectorsPQ, OR, RS, ST, TU and UP
represent the sides of a regular hexagon.
Statement | PQ X (RS +ST) #0
Statement Il PQ xRS =0 andPQ X ST#0
Sol. (c) Clearly, RS + ST = RT, which is not parallel to PQ.
PQX(RS+ST)#0
So, Statement I is correct.
Also, PQ s not parallel to RS.
PQXRS #0
So Statement II is not correct.

® Ex. 94 p,qandr are three vectors defined by
p=ax(b+c),q=b x(c+a)andr=cx(a+b)
Statement | p,qandr are coplanar.

Statement Il Vectorsp,q r are linearly independent.
Sol. (c) Statement I p+q+r =ax(b+c)+b
X(c+a)+cx(a+b)
=axb+axc+bxc+bxa+cxa+cxb
=aXb+axc+bxc-axb-axc-bxc
P =—q—r (a linear combination of q and r)
Therefore, p, q, r are coplanar and hence statement I is true.

StatementIl p+q+r= 0=p,q,r are not linearly
independent.

Therefore, statement II is not true.

® Ex. 95 Statement | If in a AABC,BC = IP_I - E and
P

2
AC= —E;lpl #q|, then the value of cos 2A +cos 2B +cos 2C

[pl
is—1.

Statement Il If in AABC, ZC =90°, then
c0s2A +cos 2B +cos 2C =-1



Sol. (b) Statement II In AABC, ZC =90°
cos2A + cos2B + cos2C
=2cos(A + B)cos(A — B) + cos180°
= cos (180° — C)cos (A—B) -1
=-2cosCcos(A—B)—-1
=0-1=-1
Therefore, Statement II is true.
Statement IBC = p—§,AC =2p
AB=AC+CB=2p—(p—§)=p+q
Now, AB-BC=(p+§).(p—q)4p’Hg’=1-1=0
d 4B =90°
* Now, cos2A + cos2B + cos2C

[ cosC = cos90°= 0]

= cos 2A + cos2C + cos 2B
=2cos(A+C)cos(A—C)+ cos180°

JEE Type Solved Examples :
Passage Based Type Questions
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=2c0s(180°—B)cos(A-C)—-1
=-2cosBcos(A-C)—-1=-1 (- B=90°)

Therefore, Statement I is also true.

Thus both Statements are true but Statement II is not the
correct explanation of Statement L

o Ex. 96 Statement | Ifa is perpendicular tob andc,
then ax(b xc)=0
Statement 11 Ifb is perpendicular toc, thenb Xc=0
Sol. (c) If a is perpendicular to b and c, thena ||(b X ¢)
ax(bxc)=0

Therefore, Statement I is true.

But, if blc thenbxc#0

Therefore, Statement II is not true.

Passage I
(Ex. Nos. 97-99)
Leta=2i+3j—6k b=2i-3j+6kandc=-2i+3j+6k
Leta, be the projection ofa on b and a, be the projection
ofa, and c. Then

® Ex. 97 a, is equal to
943,48 & ~ 943 . o _-~
243 5i —3j -6k b) ——=(2i — 3j — 6k
(a) 49(2. 3j—6k) ()492(. 1] )
©2B (2l +3j+6k) (@) (-2 +3)+6k)
49 : 49’
Sol. (b)

(@23 -3j+6k) ] 2i —3j + 6k
7 7

a = [(ﬂ +3j—6Kk).

=201 - 35+ 6k)
49

" . (=20 +3}+6k)) (-2 +3j +6k)
iy .':T‘ [(21 —_3}+6k0).¢ J }(

7 7

=%(-4-9+36)(—2§+33+6l‘()
49
=ﬁ:§(zi—3j—6fo

® Ex. 98 a,.b is equal to
41
(a)- 41 (b) - F3

(c)41 (d) 287

Sol. (a) al-b=—%(2§ —3j+ 6k)- (21 —3j + 6k) =— 41

® Ex. 99. Which of the following is true?
(a) a and a, are collinear
(b) a, and c are collinear
(c) a, a, and b are coplanar
(d) a, a, and a, are coplanar
Sol. (c) a, a, and b are coplanar because a, and b are collinear.

Passage I
(Ex. Nos. 100-102)

Let a, b be two vectors perpendicular to each other and
|a|]=2,|b|=3 andc xa=b.

® Ex. 100 The least value of|c — a| is

1

(@)1 (b) ;
1 3

(c) : (d) ;

® Ex. 101 When|c —a| is least the value of o (whenat is
angle between a and c) equals

L1 -1 _3_
(a) tan (;) (b) tan (4)

(c) cos™ (;) (d) None of these



108  Textbook of Vector & 3D Geometry

® Ex. 102 When|c - a| attains least value, then the value

of|d is

1 7
(a) E (b) E
@2 @4

Sol. For (Ex. Nos. 100-102)

Here, laj=2|bj=3
cXa=b = |c||a|sina =|b|
= |c|=%cosecu

Consider, |c —a* =|d* - %a. ¢)+ lal?

9 2
=:coscc'u+4-12).(§)‘coseca.cosa
25 9 2
=—+ —.cot"a —6cota
4 4
25 3 =
=—+(—cota—2) -4
4
9 2
=—+(—cota—2) 2=
4

|
g
R
I
]
E
R
I
|
U
R
i
E|
i

3 3 _5
Also, lel= 2—'_a_ = —3—) -
2 -
5
100. (d) 101. (b) 102. (c)
Passage III

(Ex. Nos. 103-105)

Consider a triangular pyramid ABCD the position vectors
of whose angular points are A(3,0,1), B(-14, 1),C(5,2,3)
and D(0, -5, 4). Let G be the point of intersection of the
medians of triangle BCD.

© Ex. 103 The length of vector AG is

@7 oL
3 V59
dy 22
(C)z ) 3
® Ex. 104 Area of triangle ABC in sq units is
(a)24 (b)86

(d) None of these

(c)4v6

® Ex. 105 The length of the perpendicular from vertex D

on the opposite face is

14 =2
(a) f (b) 3

3 d) None of these
OF (

Sol. For (Ex. Nos. 103-105)
8
Point Gis (i l —) Therefore,
333

2 2
5 1 5 51
o=|3 +—+(_) i)
et (3) 9 3 9
/51
or |AG|=‘T

AB=—4i + 4j+ 0k
AC=2i+2j+2k

D (0.-5.4)
h
A
(3.0, 1)
B(-1,4,1)
i j k
ABXAC=-81 -1 0
1 1 1
=81 +j-2k)

AmofAABc=%]ABxAC|=4JE

AD =-3i -5j + 3k
The length of the perpendicular from the vertex D on the

opposite face
=| Projection of AD on AB x AC|
_[(=31 55 +3K) (i + j —2K)
N3
o l -3-5-6 ,
N3

- 14

6

103. (b) 104. (c) 105. (a)



Passage IV
(Ex. Nos. 106-108)

Let A, B, C represent the vertices of a triangle, where A is
the origin and B and C have position vectors b and ¢
respectively. Points M, N and P are taken on sides AB, BC

and CA respectively, such that AN AN P . o
AB BC CA

A (Origin)

B(b) N Ce

[Now answer the following questions]

© Ex. 106. AN+BP +CM is

(@)3a (b +c) (b)aub +c)
©(-a)(b+c) (d)o
Sol. (d) Since B =q,
AB

PV.ofM=ab

Since, —_—=

Since,

-~ PV.of
Now,

p=(1-a)
AN =(1-a)b+ac
BP=(1-a)c-b
CM=0b-c¢
~AN+BP+CM=0

® Ex. 107. The vectors AN,BP andCM are

(a) concurrent (b) sides of a triangle
(c) non-coplanar (d) None of these
Sol. (b) Since AN+ BP+ CM =0

Hence, AN, BP and CM from the sides of a triangle.

® Ex. 108. If A represents the area enclosed by the three
vectors AN, BP and CM, then the value of a. for which A is
least

(a) does not exist (b) %

(c)% (d) None of these
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Sol. (b)A=%|AN xBP|=%I{(l — )b+ ac} x {(1 —~a)e b} |

J(1 —)’(b x ¢) + (b x c)|

-

==|bx (@’ —a+1)

gz +3)

1
~Ads least, ifa = 3

~N

Passage V
(Ex. Nos. 109-110)

If AP, BQ and CR are the altitudes of acute AABC and
9AP+4BQ+7CR =0.

® Ex. 109. ZACB is equal to

T n
(a) ) (b) i

-1 1 -1 L
(c) cos (ﬁ) (d) cos ( ﬁ)

© Ex. 110. ZABC is equal to

S22 T

(a) cos (ﬁ) (b) 5
(¢) cos™ [ﬁ) @z
3 3

Sol. For (Ex. Nos. 109-110)

Since, sum of three vectors 9AP, 4BQ and 7CR is zero, there is

a A whose sides have lengths 9 AP}, 4|BQ, 7| CR| and are
parallel to the corresponding vectors.

H is orthocentre.

= £BHP =90°-ZQBC = LACB

=> Angle between AP and BQ equal to ZACB, si;nilarly angle
between BQ and CR be ZBAC.

- _AB _ BC AC

7CR|  9AP|  4BQ
2.ar.(AABC) =|AB x CR| =|BC x AP| =|CA x BQ

- L
7 9 4
a:b:c=3:2:47
T
— el +b°-¢ =
2ab 2
= Zc=600="2
3
LINUE Bt B
and cosB:L—-=_—
2ac V7
109. (b) 110. (a)
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Passage VI
(Ex. Nos. 111 to 113)
Let a, b,c are non-zero unit vectors inclined pairwise with
the same angle 6. p, g, r are non-zero scalars satisfying
aXb+bxc=pa+gb+rc

® Ex. 111 Volume of parallelopiped with edges a,b andc is

(b)(p + g + r)cos®
(d) None of these

(a) p +(q +r)cos@
(c)2p —(q +r)cos6

® Ex. 112 The value of(g - 2c059] is
p
(a1 (b)o
(c)2[abc] (d) None of these

® Ex. 113 The value of |(p +q)cosO +r|is

(a) (1+ cos8)\/1— 2cosB
(b) 2sin? g],h + 2cos8|
(c) (1— sinB)y/1+ 2cos6

(d) None of the above

Sol. For (Ex. Nos. 111-113)
Volume of parallelopiped =[a b ¢]=a. (b X ¢)

JEE Type Solved Examples :
Matching Type Questions

111.

Now, we have
axb+bxc=pa+gb+rc

= a.(axb)+a.(bxc)=p(a.a)+q(a.b)+r(a.c)
= [aab]+[abc]= plal*+glal|b]cos® + ra|c|cos®
= [abc]=p+qcosB +rcosb =p+(q+r)cosd
.Volume of parallelopiped = p + (g + r)cos8

Taking dot products with a, b, c respectively with given
equation

[abc]=p+(q+r)cosd ..(1)
0=(p+r)cosb+gq ...(ii)
(i)

[abec]=(p+q)cosb +r
1 cos® cosb)

Also, [abc)*=[cos® 1  cosB )
cos® cos@ 1 I
= [abc)=(- c0s0)%(1 + 2cosB)

v=|[a b c]|=|1 - cosb|[|/1 + 2cosB|
=2$inzg. |1 + 2cosB|

From Egs. (i) and (iii), p = r substituting in Eq. (i), we get

2pcos@+q=0
= 94 2c0s0=0
P
(a) 112. (c) 113. (b)

© Ex. 114 Match the items of Column I with items of
Column Il. ;

Column II

Column I

A. H;ia+b|=]a+Zb].thenanglebetweena p- 90°

and bis R )
B. Ifja+ b|=]|a - 2b|, then angle betweena  q. obtuse

andbis
C. Iffa+ b|=[a - b|then angle betweena and r. 0°

bis e
D. Angle betweena X band a vector s. acute

perpendicular to the vector ¢ X (a X b)is

Sol.A-»q¢B—->s;Cop;Dor
(A) |]a+ b =|a +2b|

a*+b%+2a-b =a®+ 46 + 4a-b
or 2a-b=-3b"<0
Hence, angle between a and b is obtuse.
(B)|a + bl =|a —2b]
or a®+b*+2a-b=a’+ 4b°—4da-b
or 6a-b=3b>0
Hence, angle between a and b is acute.
(©la+b|=|a-b|
= ab=0
Hence, a is perpendicular to b.
(D) ¢ X (a x b) lies in the plane of vectorsa and b.
A vector perpendicular to this plane is parallel toa x b

Hence, angle is 0°.



e Ex. 115 Match the items of Column | with items of

Column Il.

Column |

Columm 1l

A, Leth|=bl=2,x=a+b,y=a-b. Il pod
\
X X ¥ =2 = (- D)2, then the value off
Ais
B. The non-zero \aluc of A for which m\;‘lc 0w
between Al + j+ Kandi + )\j +Kis —. is
- R)
C. If|a|=|b|= lunq |e] = 2 then the maxinum 1. 16
value of [a = 2b]* + |b=2¢[' + |¢ - 2ulis
s, 7
Sol. A= (). B> (p). C— (q),

(A)xxy=(@xb)X@-=b)
=aXxa-axXxb+bXa-bxb==2@xbh)
LHS =|x X y| =|=2(a X b)| = 2a|| blsind

1 !
=2(A = (b)) =2(A = |al*|b* cos’0)?

1
2N —16c0s°0)?

8sinB =
= 16sin°0 = A — 16cos*0
= 16(sin’0 + cos*0) = A
A=16
(B) We have, cos —:— l,

R+ A+ R)
NN Y
l=k+k+l
2 A +2
A +2=2QA+1)
A -4A =0
AA=-4)=0
A=0and4
RS A=4
(C) We have, |a - 2b[* + b - 2¢ +]e=-2a)*
=la]* + 4bf* —da-b+ b + 4lcf* = abe

LI T

+]cf + 4la* - 4cn

= 1+4+1416+4+4-4a-b+b-c+c)
=9 30-4@ b+ b-c+ca)
We know that,

(w+b+c)=Za’ +2Xa-b20
je.1+1+4+2@-b+b.c+ca)20
= arb+bc+cn2-3
= 230 - 4(-3) 230+ 12242

Chap 02 Product of Vectorn

® Ex. 116 Match the items of Column I with items of

Colunm I,
Column 1
A Given two veetors i = 21 -
b= 201 2) = loand
= Projection ofnon b . e ibio:value of
Projection ot b on w

M is

B Wi b 2] Wbt 2] 0K, i

e Mk Jandn b phis normal to ¢ thon pis

C. Leta, by, ¢ho three non-zero veetors such that v,
Wk bt esOthen A x b texh
Fauxe= 0 where A iy equal to

D, The polnts w hose position veetors nre N,
pl + q] b rk, ql t r] | pkuml;l | /xjc qk
are ¢ ulluu ar, lhvn the value off

y

(p+ q l - - pa=qr ~:I|)l1

Sol. A= (q), B => (1), C = (s), D= (p)
(A) Given,  a =2l =3) + 6l

and ba-2l+2)-

" _"_]
Projection ofnon'h bl ) |n|

P'rojection off bona th-n‘] | b

[n]
e e

J]l"’\(u 7
(-2)“+2‘+(-1)* Jitarr 3
A=7

() Given, n =1+ 2] + 3k,

Now, A =

ba==1+2]+k and c=3l+]
Since, a + pbis normal to ¢
= @+ pb)c=0
= [(=pi+E+r2p) +E+ pk]- L+ ) =0

.= 1=p)+242p=0
= J-3p+2+2p=0
X p=5
(C)Givena+ b+ ¢ =0
= axXxn+axXxbtaxe=axo
= axXxbtaxe=0
Also, bXa+bXxb+bxe=bx0
= bxa+bxe=0
=5 ~axXb-cxb=o
=5 axbt+texbeo

On adding Eqs. (1) and (il), we pet
Haxb)+texbraxew=o
On comparing, we pet A =2

.\] W ofe, 3

m

Column 1l

=]

(i)
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(A) Givena and b are two unit veetors, Leo|a] =|b] = 1Land

P qr ¢
@) g r p[=0 angle between them v .
rpq ’
sin0 = LELI = nlu—"" “lnxb|
= (p+q+r)p’+q’ +1 = pg-qr-m)=0 [a |b] 3
P Hqt+r=pg-qr=mp=0 E:..=|uxh|
° Ex. 117 Match th.e items of Column I with items of Now,[ab+axbb]=(ab b]+ [naxbb]
Column II. =0+ [nnxbb]
=@ xb)(bxa)=—(@x b):(n xb)
e~ Coumnr  Colummnll \ 4
A. Ifaand bare two unit vectors inclinedat  p. =12 ==laxb| =~ N
T .
3 thenld{alax bbjis (B) If b and ¢ are orthogonal b ¢ =0
B. If band ¢ are orthogonal unit vectorsand  q. | Also, it is given that b X ¢ =n,
__bxc=a,then[a+b+ca+b b+dis Now[a-+b+ca+bb+c]
C. If]a]=|b|=|c|=2and r 3 =[aa+bb+c]+[b+ca+bb+c]
a-b=b-c=c-a=2 then[a bc]cos45°is =[abec]=a:(bxc)
i _eg,u,al,w,,, T et i ) =a-a =|x||2 =1 (becaus= a is a unit vector)
D a=2i+3j-k b=-i+2j-4k, s. 4 (C) We know that, [a x b b x ¢ ¢ xa)=(a b ¢]?
e=it.l% kandd =3l 20K then aa a-b a-c 4 2 1

and=[abc)’=|b-a b-b b-c[=|2 4 2|=32

;(a X b)- (¢ x d)is equal to
cca ¢c'b cc| |2 2 4

Sol. A— (p);B— (q): C— (s); D— (1) & [abel=4v2
(D)@-c)b-d)=(b-c)a-d)=21

JEE Type Solved Examples :
Single Integer Answer Type Questions

° E){ 11? The position vector of a point P is
r=xi+yj+zk, wherex,y,zeNanda=i+Zj +k. If
r-a =20 and the number of possible of P is 9\, then the
value of A is

© Ex. 118 Given thatu=i —2j +3k;v=2i +] +4k;
w=i+33’+3f( and
(u-R—=15)i +(v-R—=30)j +(w-R —20)k = 0. Then, the

greatest integer {ess {han or equal to|R| is Sol. (9 r-a=20 -
SOI.(6)LetR=Jd+)j+zﬁ . =x+2y+2=20,x,y,z€N
weis 2j iyt :i+ =T 33 - . Elumbelrsof nolr:negative integer solution are
a . . . = "0+%q+% +..+'q
(u-R—-15)i+(v-R—-30)j+(w-R-20k=0 (given)
So,u-R=15=x—-2y +3z=15 ) (i) TR = A=
v-R=30=2x+y+4z=30 (i) ® Ex. 120 Letu be a vector on rectangular coordinate
w-R =25=x +3y +3z =25 (i)  system with sloping angle 60°. Suppose that|u — il is
Solving, we get geometric mean of |u| and|u — 2i, where i is the unit vector
x=4 along the X-axis. Then, the value of (\J2 +1)|u] is
5; =_25 Sol. (1) Since, angle between u and i is 60°, we have
Now, IR|={4 +27 +5° =25 "'izl"”;[wsw:l%l
[IR[]=[V45)=6 Given that,| u |,|u = i], |, |u - 2i| are in GP.

So, [u=i]*=|u]|u -2i|



Squaring both sides,

(Iof* + 13 ~2u -1 =|ul[|uf* + 4§ - 4u-1]

(lulz +1 —@)2 =|u|2(|u|z + 4-'%')

or |ul +2ju|-1=0
- |uft = = 2E242
2
or |ll|=\/5—l
= (VZ+1)|ul=(W2+1)(2-1)=2-1=1

® Ex. 121 Let A(2i +3] +5k), B(- | +3] + 2k) and
C(Mi +5] +pk) are vertices of a triangle and its median

through A is equally inclined to the positive directions of the
axes, the value of 2\ — | is

Sol. (4) Median through A is

A
B
B c
AD:M
2
AB=-3j -3k

AC=(A-2)i +2j+ @ -5k
w=§[(x—s)i+23+m-a)ﬁ]

We have, AD is equally inclined to the positive direction of
axes

%[(x —s)i+2j+ -8kl i
cosf =

I
2 -9+ 25+ @ -9k
|ADI[j
%[(x —5)i+2j+@-8)k]-k
|AD|| |

E=1=u

2 2
= A=7andp =10
2A-p=14-10=4

® Ex. 122 Three vectors a(|a| #0), b andc are such that
1
axb=3axc, also|a|=|b|=1 and|c|=-3-. If the angle

betweenb andc is 60° and|b —3c|=A |a|, then the value of
A is
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Sol. (1) We have, axb=3axc

= axX(b-3c)=0

=>ais parallel to b -3c.

Now, b-3c=2a

= |b=3c* =A%al?

= Ibf* + 9" — &(b €) = A’lal*

= 1+9x%—6x1x§xé—=k’(l)’

= 1+41-1=2 = A'=1
A=%1

® Ex. 123 Ifa, b, c are unit vectors such that
.
a-b=0=a-cand the angle betweenb andc is 3 then the
value of|]axb —a xc|. -
Sol.a.b=0=alb
a.c=0=alc
= alb-c¢
. laxb-axc|=|ax(b-c)|
=lallb-¢|=|b-¢|

Now,  |b=cl2=|b]*+]|c]? —2|b||c|cos§
=2—2Xl=l
2
Ib=¢|=1

® Ex. 124 If the area of the triangle whose vertices are
A(-1,1,2);B(1,2,3) and C(t,1, 1) is minimum, then the
absolute value of parametert is

Sol. AB=2i + j+ k, AC=(t +1)i + 0 — k

i j k
ABXAC=| 2 1 1
t+1 0 -1

=—i+(t+3)j-(¢+1)k
=\/1+(r+3)2+(:+1)z
=er’+8t+u

Area of AABC =%|AB X AC|

=§‘/z:‘ +8t+1
Let f(t) = A’ = i(zr’ +8t+1)

fy=0=t=-2
At t=-2 f(1)>0
So, Ais minimum at t = -2
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® Ex. 125 Let OA =a, OB =10a +2b and OC =b, where
0, A and C are non-collinear points. Let p denote the area of
quadrilateral OACB, and let q denote the area of parallelo-
gram with OA and OC as adjacent sides. If p =k q, thenk is
equal to :

Sol. Here, OA =a, OB =10a + 2b,OC =b

q = Area of parallelogram with OA and OC as adjacent side.

g=|laxb]| .(i)
C B
20
b \03)(
o] a A

p = Area of quadrilateral OABC
= Area of AOAB + Area of AOBC

= % |a X (10a + 2b)| + %mo; +2b) X b|

=laxb|+5axb|
p=6laxb|
or p=6q [From Eq. (i)]
k=6

© Ex. 126. If x, y are two non-zero and non-collinear
vectors satisfying [(a — 2)o? +(b=3)o+c]x +[(a— 2)p?
+(b=3)B+cly +[(a- 2)y2 +(b—-3)y +c](xxy) =0
where o, B,y are three distinct real numbers, then find the
value of (a* +b* +c? —a).
Sol. (9) Since, x and y are non-collinear vectors, therefore
x, y and x X y are non-coplanar vectors.
So, [(a —2)a? + (b —3) + clx + [(a—2) B*
+(b-3B+cly+[@-2y' +(b-3)y+cl(xxy)=0
= Coefficient of each vector x, y and x X y is zero.
(a-2)a’+(b-3)+c=0
(a-2)B2+(b-3)P+c=0
(@-2)y +(b-3)y+c=0

The above three equations will satisfy if the coefficients ofa. B
and y are zero because @, B and 7 are three distinct real numbers

a-2=0o0ra=2
b-3=0orb=3andc=0
+bi+ct=22+32+07=4+9=13

® Ex. 127 Letv=2i+] —kandw =i +3k. Ifiis unit
vector and the maximum value of[u v w] = V., then the

value of (A —51) is
Sol. (8) We have, [u vw]=u.(vXw)

=5 [uvw]<|u||vXxw [-a.b <|a}|b]
= [uvw]<|vxw [-lnl=1]
ij k :
Now, vxw=|2 1 -1 =3§—73—f(
1 0 3

[vxwi=0+19+1=459
Hence, maximum value of [u v w] =59
On comparing, we get A =59
A-51=8

® Ex. 128 Leta=ai +2j —3k,b=1i+2aj — 2k and
c=2i-0j+ k. Then the value of 6., such that
{(axb)x(bxc)} X(cxa)=0,is
Sol. (4)a=0i +2j-3k. b=i+20j -2k c=21 -+ k
{@axb)x(bxc)} X(cxa)=0
or {[abc]b-[abb]c}x(cxa)=0

or [abelbx(cxa)=0

or [abe)((a.b)e=(b.cl)=0

or [abe]=0  (aandcare not collinear)
e 2 -3

= 1 20 =2(=0
2 -a 1

or (20t =20t) =21+ 4) =3 (= = 4at)=0 or 10-15¢ =0
and
3

2
b2 X ui
3



Subjective Type Questions
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® Ex. 129 Leta andb be two unit vectors such that 3 +b

is also a unit vector. Then, find the angle between 4 andb.
Sol. Since, & + b is a unit vector.

= lA+bl=1= |a+b2=1

= @+b)-@+b)=1

= d-a+b-b+2i-b=1=1+1+2i-b=1

b @B:-%: |il|f)|cose=—§

= cosB:—% (13 =|B|=1)
= 0 =120°

Hence, the angle between 4 and b = 120°.

® Ex. 130 Determine the values of ¢ so that for all real x,
the vectors cxi — 6j+3 k and xi + 2] + 2cxk make an obtuse
angle with each other.

Sol. Given, a=cxi—6j+3k and b=x + 2]+ 2cxk

. aand b make an obtuse angle with each other.

cos9=ﬂ<0

|al|b
. ex? —12 + 6cx
ie.,
J;zxz +36+ 9Jx2 + 4+ 4c%x?
= ex? +6cx—-12<0 (i)

Now, two cases are possible.

Casel c#0

= cx? + 6cx— 12 is a quadratic equation which has real solution
“iff A < 0and B® - 4AC < 0”

ie. ifc < 0and36c® + 48c <0

ie.ifc <0and 12c(3c + 4) <0

= 3c+4>0 [re>0]
= i c<0 ..(id)
3 ‘
Case Il c=0
= —12 < 0 which is an identity.
¢ = 0 satisfy Eq. (i) .(iii)

4
.. From Eqgs. (ii) and (iii), we get — 4 <c<0

® Ex. 131 A, B, C and D are four points in space. Using
vector methods, prove that AC* + BD* + AD* +BC’
> AB? + CD? what is the implication of the sign of equality.

Sol. Let the position vector of A, B,C and D be a, b, ¢ and d,
respectively.

Then, AC* + BD? + AD® + BC?
=(c-a)-(c—a)+(d —b)-(d —b)
+(d-a).(d-a)+(c—b).(c—b)
=|c+|aj®-2a-c+|d|*+|b*-2d-b
+[d*+]a]*—2a.d +|c/*+|b*—2b.c
=la®+|b*—2a-b+|c/ +|d|* -2¢c-d
+]af? + b2 +|* +|d*-2a-b+2c-d
—2a-c—2b.d-2a-d-2b-¢c
=@-b)-@a-b)+(c—d)-(c-d)+
@a+b-c—-d)-@a+b-c-d)
=AB*+CD*+@+b-c—-d)-a+bh
—c—-d)> AB? + CD?
AC? + BD? + AD* + BC? 2 AB* + CD?

® Ex. 132 Using vector method, prove that the altitudes of

a triangle are concurrent.

Sol. Let the point of intersection O of two altitudes BQ and CR be
taken as origin and the position vectors of the vertices A, B, C
be a, b, ¢ respectively. Let AO produced meet BC at P. We

will show that AP is perpendicular to BC , showing there by
that the three altitudes are concurrent.

Aa)

B() Clo)
- OB=bBQ=pb
as its collmea: with OB.
Similarly, since oC=C
) CR =vC
Now,

AC=c-a andAB=b-a
Since, BQ L AC, we havepb.(c —a)andsoa.b=b.c
Agam since CR L AB, vc.(b-a)=0
b.c=c.a
a.b=b.c=c.a
or a.(c-b)=0
= Aa.(c-b)=0
? AP.BC=0 = AP 1LBC

® Ex. 133 Using vector method, prove that the angle in a
semi-circle is a right angle.

Sol. Take the centre O as origin and AB is the diameter, so that
OA = 0B.

If the point A is g, then B is - a and |a| = r =radius.
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Let P be any point r on the circumference, so that| =OP =r

Then, AP = Position vector of P — Position vector of A =r —a

and BP = Position vector of P — Position vector of B=r + a
AP.BP=(r-a).(r+a)=r-a*=r*-r*=0

® Ex. 134 The corner P of the square OPQR is folded up so
that the plane OPQ is perpendicular to the plane OQR, find
the angle between OP and QR.

Sol. After folding OPQ, PS L SR.

& g Q
< ;
. v’
. .
. .
L
ke s
a & a
3
.8
BEAN Q Q
. .
. .
. .
. .
o] a R

Here, SQ LSR,SQ L PS
Let sn=%1sg=%§.sp=%j
0P=—SO+SP=-;—53+%E=%G+3)
QR=SR-SQ=%(:2-E)
|OP|=7+2=a = |QR|=4

Cosine of angle between OP and

OR = OP- QR _a’(i+j)-z(12-i)

"|OPIIQR| 2 a

1 1 2n

fg=-(-1)=-- = 8="—

= cos! 2( ) 3 3

© Ex. 135 Ina AABC, prove by vector method that

cos2A +cos2B +cos2C 2 ——2-

Sol. As we know, (OA + OB + 0C): 20 i)
and |OA[* =|OB* =|OC[* = R i)
A

~.Using Eq. (i),
|OA[* + OB +|OC|* + 20A.OB + OB. OC + OC.0A) 20

— 3R? + 2R%(cos2A + cos2B + c0s2C) 20

3
= cos2A + cos2B + cos2C > -E

o Ex. 136 LetP = 4™+ 3j andy be two vectors
perpendicular to each other in the XY -plane. Find all the
vectors in the same plane having the projections 1,2 alongPB
andy, respectively.
Sol. Here, B = 4i +3j

Since, v is perpendicular toBie.p.y=0

-~ We can choose Y =3Ai — 4] for all values of 1.

Let the required vector beat = li+mj

Now, projection of & along f§ = TT'IB

(=313 Uidm=s )
Similarly, projection of @ along 7= %

d
30 — 40.m
= 2=—
5k

= 3l-4m=10 (i)

On solving Eqs. (i) and (ii), we get
I=2andm=-1
a=2i-j
® Ex. 137 Ifa,b andc are three coplanar vectors. If a is
not parallel tob, show that

c.a a.bia a.a c.a}
_|c.b b.b a.b c.b|
B a.a a.b|
a.b b.b
Sol. Since, a, b and c are coplanar, we may write
c=Aa+Aib
= a.c=Aa.a+Aa.b -
and b.c=Ab.a+Ab.b 1)
On solving Egs. (i) and (ii), by Cramer’s rule, we find that
a.c a.bl 5:.: a.cE
J : |b.a b.c]|
l'=:.: l:: and l'=‘:.a a.:‘
a.b b.b 1-.5 b.b!
On substituting A, and A;, we get
c.a a.b a.a c.al
c.b b.b,"!;.b iy

e a.a a.bl

a.b b.b




@ Ex. 138 InA ABC, D is the mid-point of side AB and E
is the centroid of A CDA. IfOE -CD =0, where O is the
circumcentre of A ABC, using vectors prove that AB = AC.

Sol. Let us take O to be the origin and position vector of the
vertices A, Band C be a, b and ¢, respectively.

We have,
lal=1b=|q ’
a+b
Now, D= 3 (> mid-point of AB)
A(a)
D,
B(b) C(c)
E=3a+h+2c
2
CD=n+b=n+b—2c
2 2
and Op=Rtb+2c
2
OE-CD=0
=5 %(Sa+b+2c)-(n+h-2c)=0
3la® +|b)* = 4|c|*+ 4a-b-4da-c=0
= a-b=a-c
= 3lal® +|b)* = 4c[*=0
= lal*+|b*-2a-b=|a]' +|c|-2a ¢ Colal=|b| =|c)
= la-bl’=la-c|?
= |ABf=|AC|?
= |AB|=|AC|

® Ex. 139 Let! be the incentre of AABC. Using vectors
prove that for any point P a(PA)? + KPB)? + c(PC)2
=a(lA)? + B(IB)? +(IC)? +(a +b +c)(IP)?
where a, b and ¢ have usual meanings.
Sol. We have, IP + IA = PA

A

P

B8 D C

= [PA] =|PI|* + [IA[® +2P1 1A

a|PA|* = a|PI]* + d|IA|* +2P1-(alA) (i)
bIPB* = b|PI* + bIB + 2P1-(b1B) (i)
dqPCl =PI + c|IC]* + 2P1-(cIC)

On adding Eqgs. (i), (ii) and (iii), we get

Similarly,
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a|PA|? + b|PB)* + | PC|?
=(a+b+c) PP+ a[1A]? + b1B)* + JIC|
+2P1-|alA + DB+ dC|?
= a|PAl + b|PB* + ( PC*=(a+ b +c)
|P1? + a|IA] + b|IB + ¢ |IC|*
(. alA + bIB + ¢IC = 0) shown as, since D be point of
intersection of Al with side BC, we have BD: DC =¢: band
Al:ID=b+c:a
cIC + bIB
b+c

aAl=cIC+ bIB = alA + bIB+cIC=0

= 1D = and aAl=(b + c) ID

® Ex. 140 If two circles intersect, prove by using vector
method. that the line joining their centres is perpendicular to
their common chord.

Sol. Let O be the centre of the first circle and C be the centre of
second. Let a and b be the radii of the two circles. Position
vector of C is ¢ and AB be point of intersection of two circles.

If r is the position vector of A.
= CA=0A-0C=r-c (1)

(v OA =rand OC =¢)

Also, r-r=a’and(r - c)-(r—-c)=b* ..(ii)
Hence, at the point of intersection of two circle
a*=2ric+|cff=b? = r-c=%[b2 -a* -|¢*)

If E is the point of intersection of OC andAB, then

OA = OE + EA = Ac + K,AB

OB = OE + EB = Ac + k,AB
= 20A-c=2r-c=2 [Ac+ KAB) - c =a’ - b% +|¢*
and 20B-c=2r-c=2{Ac + k,AB}-c=a’ - b’ + |

= 2[Ac-kAB]-c=2[Ac+ k,AB]c = AB-c=0
Hence, AB is perpendicular to OC.

® Ex. 141 Using vector method prove that
cos(A = B) =cos Acos B + sin A sin B.

Sol. Let OX and OY be two lines perpendicular to each other and
ZPOX = A, £QOX = B. So that, £ POQ = A - B shuwn as,

P(rcos A, sinA)

Q(r, cos B, r,sin B)
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Let i and j denote unit vectors along OX and OY so that,
ii=jj=tandi-j=ji=o0
Also, let OP=randOQ=p
~P(rcosA rsinA)and Q(r cosB, risin B)
OP =(rcosA) i + (rsinA)j ..(0)
and OQ =(5 cosB) i+ (;sinB)]j
By definition )
OP-0Q =|OP| |0Q| cos £ POQ = rircos(A — B)
OP-0Q = cos(A — B) ...(ii)
Also, from Eq. (i)
OP-0Q =7 cos AcosB + 7 sinAsin B
=rr(cos A cos B + sin Asin B) ...(iii)
From Egs. (ii) and (iii), we get
m; cos{A — B) = rr(cos A cos B + sin Asin B)
=>cos(A — B) = cos AcosB + sinAsinB

© Ex. 142 A circle is inscribed in an n-sided regular
polygon A,, A,..., A, having each side a unit for any arbi-
trary point P on the circle, prove that
- a’®(1+cos’m/n

X (PA;) =n— —

i=1 4\ sin“m/n
Sol. Let the centre of the incircle be the reference point.

Then, PA, = OA, — OP

A Ainr A
PA, - PA, =(0OA, — OP)-(OA, — OP)
(PA,)* =(JOA,|)* + (|OP|)* —20A,-OP
iF:Jl(PAi)’ = ‘)::l(IOA.-I)z +(|OP[*) ~20A,-OP
=nR? +nr? - zop-é 0A, i)
=n(R?+r®)—2 OP-(0)

n -
Now, R= gcosecg,r =2l (i)
2 n 2

n

2
a n T
R*+ri= —(cosccz— + cotz—)
4 n n

o a1+ cos’n/n
4 ( sin’n/n

...(iii)

.. From Egs. (i) and (iii), we get

2 2
L] a“(1+cos"m/n
= = (PA)’=n—(—%J
i=1 4 sin“nt/n

e Ex. 143 Ifa,b,c andd are the position vector of the
vertices of a cyclic quadrilateral ABCD, prove that
axb+bxd+dxal |bxe+cxd+d><b|=
(b-a)-(d-a) (b-c)-(d-a)
Jax b+ bxd+ dXxal
(b-a)-(d-2)
_(@a=d)x(b- a)= la—d| [b—a|sinA
T (b-a)-(d—a) |b—c||d—c|cosA

Sol. Consider,

(i)

=tan A ~
-~
. QL
; ;
AR——%
. |bxc+cxd+dxb|_|[(b—c)x(c—d)
Again, =
(b—c)-(d-c) (b—c)-(d-c)
_|I:|—c||¢:—-d|sinC_t
|b—c||d = c/cosC
As cyclic quadrilateral
A=180°-C
= tan A = tan(180° - C)

= tanA+tanC=0
Jaxb+bxd+ dxal

(®-2) (d-a)

|[bxc+exd+dxb|
(b-c)-(d-c)

© Ex. 144 In A ABC, points D, E and F are taken on the

sides BC, CA and AB, respectively such that
BD CE AF

2
Prove that, ADEF = o
(n+1)?
Sol. Take A is the origin and let the position vectors of the points
B and C be b and c, respectively.

A ABC.

. The position vector of D, E and F are
nc+b ¢ nb
n+l n+l n+l
nc+b-nb_nc+(1-n)b
n+l1  n+1

FD=AD - AF =

nb-c
n+1

and EF=AF - AE =



Now, vector area of AABC =%(b X ¢) and vector area ofADEF

=1 rp xFE)

2
=E:—l)z{(nb—c))<nc+(l—n)b}
=z(ni l)z{nszc+(l—n)ch)

1
=2(n = 1)z[(nz -n+1)(bxc)]
- nf-n+1
2(n+1)°
2
.. Area of A DEF =wumofa ABC
2(n+1)°

© Ex. 145 Let the area of a given A ABC be A. Points

Ay, B; and C, are the mid-points of the sides BC, CA and AB,
respectively. Point A, is the mid-point of CA, lines C,A, and

A A, meet the median BB, at E and D, respectively. If A is
the area of the quadrilateral A,A,DE, using vectors prove
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’ b A
Forthepointl:'.wehaveb+X,(;—b)=;+?’c
1 c
bl==2A,|+=(,; —-A3)=0
= (2 ’) 3 kel
1
= A.l—;\.;—g
_2b+c
4
3c+b-2b—c_2c-b
Now, EA, = 3 =
b+c 3c+b_5b+c
DA == "7 T Tu

1
Area of quadrilateral EAA; D = 3 |EA, x DA,|
=1 |@2c-b)x(b + ¢)|
12
=1 ocxb-bxc|
112

1 11
R LT

=2 jex b= fexbl=_

112 56 2 56

that

A1

A 56

Sol. Let the position verctor of A, Band Cbea. band c.

respectively.
c

We have, AC, = g, AB, = 3

_b+c¢

3c+b
AA,= LAA, =

2
2 4
Equation of the lines BB;, AA, and C A, are

r=b+;.,(f-b)
2

For the point D, we have

c i f3e+ b)
g )22
b (1 =% —%) + Em., —3%.,)=0

= )~|=—.)-z=—

.11
Thus, required ratio is e

© Ex. 146 Let ABC be an acute angled triangle with
centriod G and the internal bisectors of angles A, B and C
meets BC,CA and AB in M, N and K respectively using
vectors, prove that if G lies on one of the sides of A MNK,
then one of the altitudes of A ABC equals the sum of other
two.

Sol. Let G be on MK.

Let the position vectors of B and C with reference to origin A

be b and ¢, respectively.
BC=a,CA=bandAB=c
Now, M =€

MC b

Bb) D M Cle)
.. Position vector of M = B toc
b+c
s 23 , _bb
Similarly, position vector of K = ——
a+b
MK = BO G =i b BB EC
a+b b+c¢
Py eGa s
bb b+c

GK=PVofK-PVof G=—— -
a+b 3
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Since, G lies on MK, MK x GK =0
bbb bb+cc ” bb b+c =0
a+b b+c a+b 3 -

bb b+c bbxce

= —_—x
a+b 3 a+c
b bb+cc _b+c
+ X =0
a+b b+c 3
=_b(b><c)_ be (e x b) +b(bxc)+b(cxb)=0
a+b) (b+c)@a+b) 3(b+c) 3
[ b ke s b, _c
l3(a+b) (b+c)l@a+b) 3b+c) 3(b+c)
(exb)=0

b be b c
= - - + =0
3(a+b) (b+c)(a+b) 3(b+c) 3(b+c)

= bb+c)=-3bc—bla+b)+cla+b)=0
= b®+ be —3bc —ab—b? —ac + be
= ac =ab + bc
1 1 1
=5 —=—4-
b ¢ a
=5 %=%+E (where, A denotes area of A ABC)
c a

= B, = F, + F,. denotes the altitudes drawn through A, B and
C, respectively.
Aliter
g=om+(1-a)k
m=a(bb+m)+(l—a)bb

3 b+c a+b
On comparing coefficients of b and c, we get
1_ ac
3 b+c
b+c
= o=
3c
and ab +(1_a)b=lsﬁbstirutinga,weget
b+c a+b 3
ca =ab + bc
= i=1+l
b ¢ a

® Ex. 147 Three poles of hei: ht x, x +y and x + z are
posted at the vertices A, B and C of a triangular park of
sidesa,b and c, respectively. A plane sheet is mounted at the
tops of the poles. If the plane of the sheet is inclined at an
angle© to the horizontal plane, prove using vector

2 2
y Z 2yz
—+—-——"—cosA
1 \/;2 b?  bc

sinA

0=tan"

Sol. Let A’, B and C’ be the tops of the poles at A, B and C,
respectively. Through A" draw a AA’ BC, congruent to
A ABC and parallel to the horizontal plane of the park. Take
A’ B, as the X-axis and a line perpendicular to it as the Y-axis
(in the plane of A A" B,G;) and a line through A’ and perpen-
dicular to the plane A’ B,C; as the Z-axis.

If i, jand k are the unit vectors along these axes, then

A’B, =ci

A’C, =(bcosA)i + (bsinA)j

A'B =d+yk

A’C’ =(bcosA)i + (bsinA)j + zk
Since, the planes A’ B’C’ is inclined at an angle 6 to the plane
A’ B,C,, angle between the normals to the planes is (1 —8).

Obviously, the unit vector normal to the plane A’ BC, is k and
the normal vector to A’ B’'C’ is

[(becosA) i + (bsinA) j + (z) k] x(ci+yk)
=(ybsinA) i —(ybcosA — zc)j — (besin A)k
cos(m —0) =
{(ybsin A)i — (ybcosA — zc)j — (besin A)k} - k
\/yzbzsinzA +y%*cost A + 2% - 2yzbccos A + b%c®sin® A

= cosf = = = Sind
y z 2yz 5.2
=+ -—F5-——cosA+sin“A
ch b ke
z 2
y—2+—2—£C0$A
—tang=1C b be
. sinA

® Ex. 148 Ifa,b andc are three vectors such thata xb =c,

bXc=aandcxa=b, then prove that|a|=|b|=|c|

Sol. Here, axb=c (given)
= (@axb)-c=c-c
= [abe]=|c[? ()
Also, bxc=a (given)
(bxc)-a=a-a
= [bcal=]a)? (i)
and cxa=b
= (cxa)-b=b-b (given)
= [cab]=|b* (given)
Since, [abc]=[bca)=[cab) (i)

+From Eqs. (i), (ii) and (iii), we get
le[* =laf* 4b]* = |c|=|a| =|b|



© Ex. 149 Ifa,b,c andd are four coplanar points, then
show that[ab c]=[bcdM[cad]+[abd]
Sol. Since, a, b, ¢ and d are coplanar points.

We have, b—a, ¢ —a and d —a are coplanar.

= [b-ac—-ad —-a]=0

= {b-a)x(c-a)}-(d-a)=0

= (bxc)-d-(bxc)-a—(bxc)-a=0

—(axc)-d+(axe)a=0
= [bed]-[bca]-[bad]-[acd]=0
= [abec]=[bcd]+[abd]+[cad]

® Ex. 150 Letiiand v be unit vectors. If w is a vector such
1
that w +(w X u) = v, then prove that|(uX v) - w|< 5 and

that the equality holds if and only ifu is perpendicular to v.

Sol. w+(wxu)=v
= wXu=v-w ()]
= (wxu)’=v"+w?-2v-w
= 2v-w=1+w?—(uxw)’ (i)

Also, taking dot product of Eq. (i) with v, we get
w-v+(wXu)v=v-v

= vi(wxu)=1 —w-v i) (rvev=|v)E=1)

Now, v-(wxu):l—%[1+wz—(uxw)z]
[using Eqs. (ii) and (iii)]

2
(uxw) (-0<cos’0<1)

2

1w
- %
2 2
=%(1 — w? + w?sin0)

(iv)

As we know, 0 < w?cos?8 < w?

121—wzcos1921-wz

2 2 2
1—wicos’® _1 o)
2 WhREY Hies (V)
= 2 2

From Egs. (iv) and (v), we get|v-(wxu)|S %
Equality holds only when cos’0 =0 = e=12‘-
ie, ulw=0=>uw=0
w+(wxu)=v
u-w+u-(wxu)=u-v
04+40=u-v = uv=0= uly

® Ex. 151 Prove that
R+ [RBxBx)jo R.(ax(oxB)B _ [Rap ](xp)
JouxB? loexBf* loxB|*
Sol. o, P and 0. X are three non-coplanar vectors. Any vector R
can be represented as a linear combination of these vectors.
= R = ko + k3 + ks(@ %P) (i)
= R.(@xP) = k(e xP).(o XB) = ksf xB)*

Chap 02 Product of Vectors 121

R.(axB) [Rap]
= 5ol B
On taking dot product of Eq. (i) with a x(a xp)
= R.o x (o xB) = ka(a x (e XB)).p
kol(cB)ox — (@.0)B).B = ka(.B) — ')
=-klaxB|*
= [Re(c x(e xB))]
loexB*
[RBxPxa))]
o xBJ*
R= —[REx@Exa))]a _ [Riax@xB)IB
- S o xBI*
L+ [R(@xP)e xpB)
leexBI?
[R(x x(a xB)]B
JoexB

= kz=

k=

Similarly,

[RBxBxa))]a i
laexB|*

_[R@xBI@xB)

loexBJ?

= R+

® Ex. 152 Ifa, b andc represents the sides of tetrahedron
and® be an angle between a andb, ¢ be an angle between a
andc, y be an angle betweenb and c, then prove that the
volume of the tetrahedron is given by

1 cos® cosB

2b2c2

cos 1 cos
cosd cosy 1
Sol. OABC represent a tetrahedron, where

OA =1,0B = b,0C = ¢ relative to O

Volume of tetrahedron (v) = %[a «(bx¢)]

aa a'b a-c

Also, V=l[a(dxOPF=L|b:a bb bee
36 36
ca cob ¢
a’ abcos® accosd
=3l—6 bcos® b becosy
ccosd becosy ¢
1 cos® cosd
=Laicos® 1 cosy

cosd cosy 1
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® Ex. 153 A pyramid with vertex at the point P, whose
position vector is 41 +2] +2+/3 k has a regular hexagonal
base ABCDEF. Position vectors of points A and B are i and
i +2j, respectively. Centre of the base has the position
vector i + ) +/3k. Altitude drawn from P on the base meets
the diagonal AD at point G. Find all possible position vectors
of G. It is given that volume of the pyramid is6+/3 cu units.
Sol. Let the centre of base be (0).

AB=2j = |AB| =2

AOAB = % 43=3
P(ai+2j+2v2 k)
LD

Afh) B(i+2))
= Base are a =63 sq unit.

Let height of the pyramid be h.

= %-6w/§h=6~/§
= h =3 units

AP =31 +2j + 243k

= |AP| =,/9+ 4+ 12 =5 units

AP =./9 + 4 + 12 =5 units

=

= AG =,/25 -9 = 4 units
|AG] = 4 units

Now, AQ and AO are collinear.

= AG =)1A0

=> |AG| =|A||AO|

= A =4

= Al =2

= AG =% (i + J+3k)

= G=+2i+j+Bk)+i

==(i +2j + 243Kk), 31 + 2] + 243k

o Ex. 154 Leta, b and¢ be the non-coplanar unit vectors.
The angle betweenb and¢ be . and angle between & and &
beP and between a andb be'y. If A(acosa,0), B(l; cosf, 0)
and C(tcos Y, 0), then show that in AABC.

lax(bx&) _|bx(Exa) [&x(ax b
© sinB sinC

sinA

(b x &)|
| Z sinc.cosP cos Y|

. bxé . _¢&xa .. _axb
where, Ty =——— My === and M3 =——
|bxé| lexal |a xb|

Sol. We know from sine rule,

sinC sinB sinA
.. _ (AB)(BC)(CA) i
mofes 2(AABC) 9

BC =|BC|| =|&cosy — b cosP|
=|@-b)é-(&-a)b| =4 x (bx¢&)|
Similarly, ~AC =|AC|=|bx(éxa)|
and AB =|AB| =|&x(d xb)|

Also, AABC = %mc x BA|
= 1|(v‘:cos'y —bcosP) x (@ cosa — bcosB)

|(& x&)coset cosy + (b x &) cosycosp

LN )

+(@axb) cosPcosal

1. . a Vi
= ;|ﬂ1 sinot cosPcosy + ), sinfcoso. cosy
+ fysinycosc cosf|
=  2AABC =|Zf};sina cosp cosy|
Eq. (i) reduces to
lax(bx2)| _|bx(&xa) [¢x(@ x b)|
sinA  sinB

sinC
|4 x (b x &)|
|Zsin o cos B cos |

® Ex. 155 Leta and b be given non-zero and non-collinear
vectors, such thatc X a=b —c., Express c in terms of a, b and
axb

Sol. Let ¢ = xja + x,b + x;(a xb)
= eXa=xy(bxa)-xax(@xb)
=x,(bXa) — xy(a-b)a + x;|a|’b
We have been given,cxa=b-¢
= b-xa-x,b-xaxb)=-x,(a ;<b)— xy(a-b)a + x;a|’b
=x3{@-b)-xja + (1 - x, = x| )b + (x; = x;)(axb) =0
Now, a, banda x b are linearly independent.
Hence, x3(a'b)=x,1=2x,+ xjJal®, x, = x,

X=Xy = . S a'b
1+ |a| 1+|al?
S BB |

Taram T @



Product of Vectors Exercise 1

~ Single Correct Type Questions

1. If a has magnitude 5 and points North-East and vector b
has magnitude 5 and points North-West, then|a — b| is

equal to
(a) 25 (b)5
@73 (d)5v2
2. If|a + b|>|a — b|, then the angle betweena and b is
(a) acute (b) obtuse
(c)m/2 dn

3. Ifa,b and care three vectors such thata = b + cand

the angle between b and cis g, then

@a?=b%+c? (b) b =c? + a*
() c* =a® + b? (d)2a® — b% = ¢?
Note Here,a=|a|,b=|b|andc =|c|
4. If the angle between the vectorsa and b be 8 and
a-b = cos 6, then the true statement is
(a) a and bare equal vectors
(b) a and bare like vectors
(c) a and bare unlike vectors
(d) a and bare unit vectors
5. If the vector i+ + k makes angles &, B and y with

vectors i, j and k respectively, then

(@oa=p=y (b)a=y#p
(B=vza (da=p=y

6. (r-i)2 +(r-j)? +(r-k)? is equal to
(@)3r? )
()0 (d) None of these

7. Letaand b be two unit vectors inclined at an angle 6,
then sin(0/2) is equal to
@ la-H ®)5la+ bl
(c)|a—-b| (d)|a+ bl

8. Ifa=4i+6jandb=3j+ 4k, then the component of a
along b is

18 o ¢
(a) 106(31 + 4k)

(c):‘fz—(si + ak)

18 &
—(3) + 4k
(b) 25( J )
() 6j + 4k)
9, If vectora =2‘|: —33 +6l‘( and vector b = -2; +Zj -, l‘(,

Projection of vector a on vector b

is equal to
Projection of vector b on vector a

then

3 7
(a) = (b) 3
(©)3 (@7

10.

11.

12,

13.

14,

15.

16.

17.

18.

.
L]
Ifaandb are two vectors, then (a x b)? is equal to
a-b a-a a-a a'b
b
®lpb bea ®lp.a b-b
(c) x:b (d) None of these
b-a ‘
The moment of the force F acting at a point P, about the
point C is
(a) Fx CP
(b) CP-F
(c) a vector having the same direction as F
(d) CPxF
The moment of a force represented by F =i +2j +3k

about the point 2i- 3 +kis equal to

(a)5i —5j + 5k (b) 51 + 55 - 6k

(c) -5i —5] + 5k (d)-5i — 5] + 2k

A force of magnitude 6 acts along the vector (9,6, —2)
and passes through a point A(4, —1,—7). Then moment
of force about the point O(1, -3, 2) is

@) %(zi -3j) ®) %(soi - 75} +36k)

(c) 150 (2i —3j) (d) 6(501 —75] + 36Kk)

A force F=2i + ] —kactsata point A, whose position
vector is 2i — j. The moment of F about the origin is
(a)i+2j -4k (b) i -2j- 4k

(c)i+2j+4k (d)i-2j+4k

Ifa, b and care any three vectors and their inverse are
a~!,b™'and ¢! and [abc] # 0, then [a='b~'c™ '] will be
(b) one

(d) [abe]

Ifa, b and care three non-coplanar vectors, that
a-bxc e b-axc

cxab caxb

(a) zero
(c) non-zero

is equal to

(a) 0 ()2

(c)-2 (d) None of these

a X(b x c) is coplanar with

(a)band ¢ (b) canda

(c)aand b (d)a,band ¢
Ifu=ix(axi)+jx(axj)+kx(ax k) then
(a)u=0

Mu=i+j+k

(cJu=2a

(du=a
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19.

20.

21,

22,

23.

24,

25.

26.

27.
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Ifa=i+2j—2k b=2i—j+kandc=i+3j-k, then
a x(b X c)is equal to

(a) 20 -3 + 7k

(b) 201 —3j -7k

(c) 201 +3j -7k

(d) None of the above

Ifa x(b X ¢) =0, then

(@|al=|b|:|ec|=1 (b)b]lc

(9allb (dblec

A vector whose modulus is /51 and makes the same
2 -

angle witha = ';+ Zk i = 31‘( andc= _| , will

be

(a)5i+5j+ k

(b)5i + j -5k

(c)5i + j+ 5k

(d) £ 51 - j-5k)

The horizontal force and the force inclined at an angle

60° with the vertical, whose resultant is in vertical
direction of P kg, are
(a) P, 2P

(c)2P, PV3

If x +y +2z =0,|x|=|y| =|2|=2and81is angle between
y and z, then the value of cosec’ 0 + cot? Bis equal to
(a)4/3 (b)5/3

(c)1/3 @1

The value of x for which the angle between the vectors
a -—31+xj+kandb x1+2x_|+klsacuteandthe
angle between b and X-axis lies between 1/2 and
satisfy
(a)x>0

(c) x>1only
Ifa, b and c are non-coplanar vectors and
d=2Aa+pb +vc then A is equal to

(b) P, P\3
(d) None of these

(b)x<0
(d) x <—1only

@ )[dbc] )[bcd]
[bac] [bea]
[bc] ]

© [abe] @ Labe) [abe]

If the vectors 3p + q, 5p—3q and 2p + q, 4p —2q are pairs
of mutually perpendicular vectors, then sin (pq) is

(a) 55/ 4 (b)+/55/8
(c) 3/16 (d) 247 /16

Letu=§+3,v=i—j andw=i+2fi+3fc If n is a unit
vector such that u-n =0and v-n =0, then| w-n |is
equal to

(a)1 (d)o

(b) 2 (c)3

28.

29,

30.

31,

32,

33.

Given a parallelogram ABCD. If| AB|=a,|AD|=band
| AC|=c, then DB-AB has the value
3a% + b2 = ¢°
2
a® +3b2 = c*
2
a* - b* +3c*
o
(d) None of the above
For two particular vectors A and B, it is known that
A xB = BxA. What must be true about the two

vectors?
(a) Atleast one of the two vectors must be the zero vector

(b) A xB =BXA is true for any two vectors
(c) One of the two vectors is a scalar multiple of the other

(a)

(b)

vector
(d) The two vectors must be perpendicular to each olher
For some non-zero vector V, if the sum of V and the
vector obtained from V by rotating it by £ 20 equals to
the vector obtained from V by rotating it by Za, then
the value of o, is

(a)2rmi§ (b)mrig

2n 2n
c)2nm * — d)nnt £ —
(c) = (d) 5

In the isosceles AABC,| AB|=|BC|=8 a point E
divides AB internally in the ratio 1 : 3, then the cosine of

the angle between CE and CA is (where,| CA | =12)

@-2 e
gﬁ —3JE
(c) g (d)]—7

Given an equilateral AABC with side length equal toa
Let M and N be two points respectively, on the side AB

and AC such that AN =kACand AM= T If BN and
CM are orthogonal, then the value of kis

(3) = (b) =

(C) ’3'

In a quadrilateral ABCD, AC is the bisector of the
(AB, AD) which is%", 15| AC| =3| AB|=5| AD|, then

Ok 5

cos(BA, CD) is equal to

«/14 J21
®-77 ®-75
2 247

©F vy



34,

35.

36.

37.

38.

39

If the distance from the point P(3, 1, 1) to the line passing

through the points (X0, 6,8) and R(- 1, 4,7) is expressed in

the form {/p/ q, where p and q are co-prime, then the

fP+a)(p+q-1)
2

value o is equal to

(a) 4950
(c) 5150
Given the vectors
=2i -

u j
v=i-j+
w=i-k

(b) 5050
(d) None of these

-k
2k

If the volume of the parallelopiped having — cu,v and cw
as concurrent edges, is 8, then c is equal to

()2 (b) 4

()8 (d) Cannot be determined

The vector cis perpendicular to the vectorsa = (2 —3, 1),
b =| 1, -2 3)Aand satisfies the condition

c-(i+2j—"7k) = 10. Then, the vector cis equal to

(a) (7,5, 1) (b)(=7,-5-1)

(c)(1,1,-1) (d) None of these

Leta=i +j.b =j+f(andc=(!a + Bb. If the vectors,

i- 2} +k, 31+ 23 —kand care coplanar, then % is

equal to
(a)1 (b) 2
(c)3 (d)-3

A rigid body rotates about an axis through the origin
with an angular velocity 10+/3 rad/s. If  points in the
direction of i + 3 + k, then the equation to the locus of
the points having tangential speed 20 m/s is :

(@) x*+y*+2—xy-yz—2zx—-1=0

) x*+ y2+28—2xy-2yz —2zx—1=0

(O x*+y*+2°—xy—yz—2x-2=0

(d) x* + y* + 2" —2xy —2yz —2zx =2=0

A rigid body rotates with constant angular velocity ®
about the line whose vector equation is,

r=A(i+2j+ 2k). The speed of the particle at the instant
it passes through the point with position vector

(23 + 3} + Sl‘() is equal to
(a) w2

Qw/Vz

Consider AABC with A =(a), B=(b)and C =(c). If
b-(a+c)=b-b+a-¢|b-a|=3and|c-b|=4, then the
angle between the medians AM and BD is

(a)m - cos"(s—‘llﬁ) (b)m - ‘703"(;%/;)
© cos"(ﬁ) (@ cos"(w' 5)

(b) 20
(d) None of these

41.

42.

43.

44.
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Given unit vectors m, n and p such that angle between

m and n = Angle between pand (m X n) = g, then

[npm]is equal to
@)3/4 . (b)3/4
(c) 1/4 (d) None of these

Ifa and b are unit vectors, then the vector defined as
V =(a + b) X (a + b) is collinear to the vector
(a)a+b (b)b—a

(c)2a-b (d)a+2b

Ifa and b are orthogonal unit vectors, then for any
non-zero vector r, the vector (r X a) is equal to
(a)[rab]@+b)

(b)[ra b]a + (r-a)@ xb)

(c)[ra b b+ (r-b)(bx4)

(d)[ra b)b + (r-4)& x b)

If vector i + 23 + 2k is rotated through an angle of 90°, so
as to cross the positive direction of Y-axis, then the

vector in the new position is

45.

46.

47.

2 s 4 4 o 2 . Y 4 -
(a)—$|+~/§.]—ﬁk (b):/_gl—\/5_|+£k
(c) 43—3—1} (d) None of these

10 different vectors are lying on a plane out of which
four are parallel with respect to each other. Probability
that three vectors chosen from them will satisfy the
equation A,a +A,b+A;c=0, where A,, A, and

As #0is

50, % ic 6 4 6
(a) z“J 1 . (b)( G x'G)+°Cy
Cy e,
(© e xia)+(cy @ c+'q)+ (C:x*q)
06, 10
3 (&

Ifa is a unit vector and projection of x along a is 2 units
and (a X x) + b = x, then x is equal to

(a)%[i ~b+(@xb)]

(b)%[za —b+@Exb)

(c)[a +(a@ x b))
(d) None of the above
Ifa-b and care any three non-zero vectors, then the
component of a X (b X c) perpendicular to b is
(axb)-(cxa) b
|b]?
(axc)(axb)
|
(bxc):(bxa) b
Lo]*
(a X b):(bx c)b
l6]?

(@)ax(bxe)+
(b)a x(bxc)+
(c)ax(bxe)+

(d)ax(bxc)+
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48. ‘The position vector of n point Pis r= xi + 1§ + zk, where

xpnzeNanda =i+ Zj + k. 1f r'a =20, then the
number of possible position of P is

(a) 81 (b) 49

(¢) 100 (d) 36

49. Leta b>0and ot = : + :—J + bl and B= b+ “:i 4 % K,
a )

then the maximum value of

is
5+af
()1 (b) 2
()4 ()8

50. Ifa, b and care any three vectors forming a linearly

independent system, thenV0e R

[:\ cos0 + bsin0 + ccos20,a cos(-‘z—'E + 0)
3

+ bsin(gf- + 0) + ccos z(%“ +6).

a ms(O - 2—:‘] + bsin(() - %’E) +ccos 2(9 - %n)] equals

() [a b c] cost

(b) [a b ¢] cos20

(c) [a b ¢] cos30

(d) None of the above

§1. Two adjacent sides of a parallelogram ABCD are given

by AB = 2i+ 103 +11kand AD =i +2j + 2k. The side
AD is rotated by an acute angle o in the plane of
parallelogram so that AD becomes AD’. If AD’ makes a
right angle with the side AB, then the cosine of angle o
is given by

8 Ji7
(a) 5 (b) 5
1 45
(c) 5 (d) 5
e f 2e
52. 1fin a AABC,BC= — — — and AC= —;|e| #|f], then
' el [f] |el
the value of cos 2A + cos 2B + cos 2C must be
(a) -1 (b) 0
-3
(c)2 (d) Y

53. a, b, care three unit of vectors, a and b are

perpendicular to each other and vector ¢ is equally
inclined to both a and b at an angle 0. If

c=0ta + B b+ y(axb), where o, 3,y are constants , then
(a)a =B = ~cosO, y* = cos20

(b)a =P = cos0,y* = cos20

(c)a =P = cos0,y’ = - cos20

(d) ot =P = - cos0,y’ = - cos20

54. The AABC is such that the mid-points of the sides

BC,CA, ABare(1,0,0),(0, m,0),(0,0, n) respectively. Then,
AB* + BC* +CA*

- i equal to
I“+m" +n°
(a) 2 (b) 4
()8 (d) 16

The angle between the lines whose direction cosines are
given by 2l —m+2n=01Im+ mn +nl=0is

n i3
(a) . (b) =

¢ n
(c) 5 (d) a

. A line makes an angle 6 both with X and Y-axes. A

possible range of 8 is

hi¢ T
(a) [O, —;] (b) [0. ;]

nr nn
(c) [—I-E] (d) [z;]

Let a, b and ¢ be the three vectors having magnitudes 1,

5 and 3 respectively such that the angle betweena and b
is@anda X (a X b) = ¢ then tan B is equal to

(n) 0 (b) 5

3 3
(c) . (d) 1

. The perpendicular distance of a corner of a unit cube

from a diagonal not passing through it is

3 2
(a) J 5 (b) \E

3 4
(c) J:‘ (d) \ :j

L If p, q are two non-collinear vectors such that

(b=c)pXq+(c=a)p+(a=bq=0wherea hcare
lengths of sides of a triangle, then the triangle is

(a) right angled (b) obtuse angled

(¢) equilateral (d) right angled isosceles triangle
Leta=i+j+kb=—-itjrke=i-j+kand
d=i+ j=k Then, the line ol intersection ot planes one
determined by a, b and other determined by ¢, d is
perpendicular to

(n) X-axls (b) Yeaxis

() both X-nxis and Y-axis () Doth Yaxis and Zanis

A parallelopiped s formed by planes drawn parallel to
coordinate axes through the points A = (LA ) and
B=(9,85). The volume of that parallelopiped is equal to
(in cublc units)

() 192 (h) 48

(e) 32 () vo



62. Leta, b and cbe three non-coplanar vectors and d be a
non-zero vector, which is perpendiculartoa + b + ¢
Now, if d =(sin x)(a x b) + (cos y) (b X ¢) + Ac x a),
then minimum value of x? + y? is equal to

7 n
(ar (b) 73
n? 5n?
(C)T (d) 3
63. If o (a X b) +B(b x ¢) + y(c xa) =0, then

(a) @, b, c are coplanar if all of t, B, ¥ # 0
(b) a, b, c are coplanar if any one o, B, y = 0
(c) a, b c are non-coplanar for any o, B, ¥
(d) None of the above
64. Let area of faces,
AOAB=A,,AOAC =L, ,AOBC=\,,AABC=1,

andh,, hy, hy, h4 be perpendicular height from 0 to face
AABC, A to the face AOBC, Bto the face AOAC, C to the
face AOAB, then the face

1 1 1 1
'il.lh.g -57\.2/13+§7\.3h2+3)\.4h|

1

(@) §|[AB ACOA]| (b) JI[AB ACOA]

© §|[0A 0BOC]| (d) None of these

65. Given four vectors a, b, cand d. The vectors a, b, care
coplanar but not collinear pair by pair and the vector d
is not coplanar with the vecotrs a, b and ¢ If it is known
that the angle between a and b is equal to that between
b and ¢, each being equal to 60°. The angle between d
and a is o and between d and b is 3. Then, the angle
between the vectors d and ¢
(a) cos™(cosP — cosar)

(b) sin~*(cosP — cosat)
(c) sin”*(sinP —sinat)
(d) cos™\(tanp — tanct)

66. The shortest distance between a diagonal of a unit cube
and a diagonal of a face skew to it is

1 1
(a) s (b) 7z

1 1
oF- o

67. LetV=23+}+l§andW=i+3ﬂ. If Uis a unit vector, -
then the maximum value of the scalar triple product
[UV W]is

(a) -1 (b) V35
(©) V59 (d) V60

68.

69.

70.

1.

72,

73.
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The length of the edge of the regular tetrahedron ABCD
is ‘a’. Points E and F are taken on the edges AD and BD
respectively such that ‘E’ divides DA and ‘F’ divides BD
in the ratio 2 : 1 each. Then, area of ACEF is

5a a

its b) ——= sq units
(a) 12 ® 1251
YL a— (@) 22— sq units
units
KTV A 123

If two adjacent sides of two rectangles are represented
by the vectors p=5a —3b, q=—a —2band
r=—da — b;s = —a + b respectively, then the angle

1 1
between the vectors x = g(p +r+s)andy= g(r+s)

(@) n - Cos-l(s}%) (b) cos"(s—lJ%_S—)
(c) —cos™ (%) d)yn- cos"(%)

Let a, b, c are three vectors along the adjacent edges of a
tetrahedron, if |a|=|b|=|c|=2anda-b=b-c=c-a=2
then volume of tetrahedron is

1 2
2 By
BB « OE
V3 22
(c) 5 (d) 5
The angle 6 between two non-zero vectorsa and b

satisfies the relation
cos®=(axi)-(bx1i)+(ax j)-(b x j)+(a x k)-(b x k),
then the least value of |a| + | b| is equal to (where 8 # 90°)

@3 2
(02 (d) 4
If the angle between the vectorsa = i+ (cos x)j +kand

b =(sin? x —sin x)i —(cos x)} +(3—4sin x)fc is obtuse

T
and xe€ (0, E} then the exhaustive set of values of ‘x’ is

equal to
(a)xe(O. E) (b)xe(ﬁ,ﬁ]
6 6 2
rx e
(c)xe(é.a) (d)xe(;.;]
If position vectors of the points A, Band C area, b, ¢

respectively and the points D and E divides line
segments AC and ABin the ratio2:1and 1:3,
respectively. Then, point of intersection of BD and EC
divides EC in the ratio
(a)2:1

(c)1:2

(b)y1:3
(d)3:2
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Product of Vectors Exercise 2:
More than One Option Correct Type Questions

74.

75.

76.

78.

79.

80.

81.

If vectorsa and b are non-collinear, than -2 + b is
(a) a unit vector lal b
(b) in the plane ofa and b

(c) equally inclined toa and b

(d) perpendicular to axb

Ifaxb(bxc)=(aXxb)xc then

(a)(cxa)xb=0 (b) ex(axb)=0

(c) bx(cxa)=0 (d) (cxa)xb=bx(cxa)=0
Let a and b be two non-collinear unit vectors. If
u=a-—(a.b)bandv=axb,then|v| is

(a)|u] (b)[ul+|u.al
(c)|ul+|u.b | (d) |u| + u.(a +b)

. The scalars  and msuch la + mb = ¢, wherea,band ¢

are give vectors, are equal to

s xa
_(cxa).(bxa) _(cxa).(bxa) *
(m= bxa)’ d)m s

Let £ be a unit vector satisfying ¥ xa =b, where|a|=+3
and|b|=+2. Then,

(@) i=§(a+ax b) (b) E=§(a+ax b)

© i—:;(a-ax b) ) i=§(—a+axb)

a,,a,,a3 € R—{0}and a, +a; cos2x +a; sin? x =0for

all x€ R, then R o

(a) vectorsa =aji + a,) + ask and b= 41 + 2j + kaare
perpendicular to each other 2

(b) vectorsa =aji + aj + a;k and b= —i+j+2kare
perpendicular to each other

(c) if vectorsa= ai + aj+ a,fc is of length V6 units, then
one of the ordered triplet (a;, @z, a3) =(1, = 1'.— 2)

(d) if vectors 2a, + 3a, + 6as, then |ai + a,) + ask| is 2J6

Ifa and b are two vectors and angles between them is 8,
then

(a)|axb|*+(a-b)*=[a[*|b]*

(b)|axb|=(a-b),if0 =1/4

(c)axb=(a-b)f (where fiis a normal unit vector), if0 = /4
(d)[axb|-(a+b)=0

If unit vectors a and b are inclined at an angle 20 such
that|a—b|<1and0S6<=m, thenBlies in the interval
(a)[0.7/6) (b)Y m/6 7]

(c)[r/6,m/2) (d)(r/2,5m/6)

82.

83.

84,

85.

86.

87.

88

b and c are non-collinear ifa X(bxc¢)+(a-b)b =
(4—2x-siny)b+(x2 —1)c and(c-c)a=c Then,
(@) x=1 ) x=-1
(c)y=(4n+l)—125,nel (d)y=(2n+1)§.ne]

u v

If in triangle ABC, AB = ———an
[u| [v]

C= 3'5, where
u

|u|#|v], then

(a)1+ cos2A + cos 2B + cos2C =0

(b)sinA = cosC

(c) projection of AC on BC is equal to BC

(d) projection of AB on BC is equal to AB

Ifa, b and c be three non-zero vectors satisfying the
conditiona X b = cand b X ¢ =a, then which of the
following always hold(s) good?

(a) a, b and c are orthogonal in pairs.

(b)[abecl=|b|
©abel=|cf*
@[b|=|¢]|
Given the following information about the non-zero
vectors A, Band C
(i) (AXxB)xA=0 (i) B-B=4
(iii) A-B=-6 (iv) B-C=6

Which one of the following holds good?

(@AxB=0 (b)A:(BXC)=0 (c)A-A=8 (d)A-C=-9
Leta, b and care non-zero vectors such that they are not
orthogonal pairwise and such that V; =a x(b x ¢) and
V, =(a X b) X ¢, then which of the following hold(s)
good?

(a)a and b are orthogonal (b)a and c are collinear

(c) band care orthogonal (d) b=A (a X ¢) when A is a scalar
Given three vectors

U =2i+3j-6k V=6i+2j+3kand W=3i-6j-2k
which of the following hold good for the vectors U,V and W?
(a) U, Vand W are linearly dependent

(b) (UxV)xW=0

(c) U, Vand W forma triplet of mutually perpendicular vectors
d) (Ux(VxW)=0

Leta =2€—j+|;,b=i+2}—l;mdc=;+j—2ﬁbe
three vectors. A vector in the plane of b and ¢ whose

o : . 2.
projection on a is of magnitude \/;—; is

(b)2i +3j + 3k
(d)2i + j+5k

(a)2i +3) -3k
(c)-2i -} +5k



89. Three vectorsa (|a| #0), b and care such that
a xb=3a X c-Also, |a|—|b|—land|c|—- If the angle

between b and cis 60°, then
(ab=3c+a (b)b=3c-a
(c)a=6c+2b (d)a =6c—2b
90. Leta, b, cbe non-zero vectors and|a|=1and risa
non-zero vector such thatr xa =band r-c=1, then

(a)alb . (b) rlb
()r-a= %bcl (d)[rab] =0

91. Ifa and b are two unit vectors perpendicular to each

other and ¢=A,a + A ;b + A 4(a x b), then the following

is (are) true

(@A) A, =a-c

®) A, =|bx3|

©As =Iaxb)x |

@A +A,+A;=(@a+b+axb)c
92. Given three non-coplanar vectors

OA =a,0B=b,0C=c

Let S be the centre of the sphere passing through the

points, O, A, B, C if OS = x, then

(a) x must be linear combination of a, b,c

(b) x must be linear combination of b x ¢, ¢ xaanda xb
a%(b x ¢) + b(c xa)+ c*(a xb)

2[abc]

()x= a=|al,b=|b|,c =|¢|

dx=a+b+c )
93. If a—§+3+l;andb—i~j then the vectors
(a 1)1 +(a _])J +(@a- k)k,(b 1)1 +(b- j)] +(b- J)k and
i+ J 2k
(a) are mutually perpendicular
(b) are coplanar
(c) form a parallelopiped of volume 6 units
(d) form a parallelopiped of volume 3 units
94, 1fa = xi + 3 + 2k, b = yi + 2 + xk, ¢ = zi + xj + yk, then
ax(bxc)is
(a) parallel to (y — z)l +@Ez-x))+(x- )k
(b) orthogonal to i+ j +k
(c) orthogonal to(y +z)i+(z + X))+ (x+ y)k
(d) parallel to i+ _| +k

95

If a, b, ¢ are three non-zero vectors, then which of the

following statement (s) is/are true?
(a) a x (b x c), bx(c xa),c x(a X b) form a right handed
system
(b) c,(a X b) X c,a X b form a right handed system
(c)a-b+b-c+c-a<0ifa+tb+c=0
(axb)-(bxe) _
@ (bxc)(axc)

-1,ifa+b+c=0
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96. Let the unit vectors a and b be perpendicular and unit

vector cis inclined at angle o toa and b. If
=la + mb + n(a x b), then

@l=m (b)n*=1-21*
(c) n® = —cos20 (dym?= l—t-c:s—za

. Ifa, b, c are three non-zero vectors, then which of the

following statement(s) is/are true?
(a)a x (b x ¢), b X (c xa),c¢ X (a x b) form a right handed
system
(b) ¢, (@ X b) X c,a X b form a right handed system
(c)a-b+b-c+c-a<0ifa+b+c=0
(axb)(bxc) _
@ (bxc)@axc)

—-1ifa+b+c=0

Leta and b be two given perpendicular vectors, which

are non-zero. A vector r satisfying the equation
rxb=a,canbe....

axb (axb)
b- b) 2b — ———
(a) |b|z (b) T
xb (a xb)
b- d)|b|b -
(c)|a] lblz (d1[b] b2
If a and b are any two vectors, then possible integers(s)
3 -, p g
in the range of |a2+ |+2|a—blxs
(@2 (®) 3
(c) 4 (d)s

100.1f a is perpendicular to b and p is non-zero scalar such

that pr+(r-b)a=c thenr
(a)[rac]=0

(b) p’r = pa —(c-a)b

(©) p’r=pb—(a-b)c

@ p'r=pc—(b-ch

101.In a four-dimensional space where unit vectors along

axes are l _],k andlanda,,az,a3.a4 are four non-zero

vectors such that no vector can be expressed as linear
combination of others and

(A-1)a; —a;)+H(a; +a3)+y(a; +a, —2a,)
, tas +8a, =0, then
@A =1 byp=-=

_2 |
@r=> @8 =

102. A vector (d) is equally inclined to three vectors

a=i—:i+ ﬁ,b=2§+}mdc=33-212. Let x,y,z be

three vectors in the plane of a, b; b, ¢; ¢, a respectively,

then
(a)x-d=14 (b)y-d=3
(c)z-d=0

(d)r-d =0, where r = Ax + py + dz
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103.1f a, b, c are non-zero, non-collinear vectors such that a
vetors such that a vector p = ab cos (21 - (a, c))c and
aq=ac cos(n-(ac))thenb + qis
(a) parallel toa (b) perpendicular to a
(c) coplanar withband ¢ (d) coplanar witha and ¢

104. Given three vevtors a, b, ¢ such that they are non-zero ,
non-coplanar vectors, then which of the following are
coplanar.
(a)a+bb+cc+a
(c)a+bb-cc+a

(b)a=bb+cc+a
(d)a+bb+c,c-a
105.1f r =i+ j+ A(2i + j + 4k)and r-(i+2}—ﬁ)=3are the
equations of a line and a plane respectively, then which
of the following is incorrect?
(a) line is perpendicular to the plane
(b) line lies in the plane
(c) line is parallel to the plane but does not lie in the plane
(d) line cuts the plane obliquely

106. If vectors a and b are two adjacent sides of a
parallelogram, then the vector representing the altitude
of the parallelogram which is perpendicular to a is

bxa a-b
(a)b+—,— (b)—b
El [bf?
_b~a ax(bxa)
©@F-Tr @

~ Statement | & Il Type Questions

107, Lct a, b, c be three vectors such that each of them are
non-collinear, a + b and b + care collinear with canda
respectively anda + b + ¢ = k. Then, (| k|, | k|) lies on

b)x*+y*—ax-by=0
() x*=y*=1 (d)]d +|yl =1

108.1f a, b, c are non-coplanar unit vectors also b, care
non-collinear and 2a X (b x ¢)=b + ¢, then
(a) angle between a and c is 60
(b) angle between b and c is 30°
(c) angle between a and b is 120°
(d) b is perpendicular to ¢

109. Ifa =-7’-(zi +3}+6]2);b--;-(63 +2j-3k):

(a) y* = dax

£ > 8

7 1 73

A N ~ . 6 2 <=
c=cji+cj+e;kandmatrixA=| - - —
7- 7 7

€ €2 C3

and AAT=1, thenc
2 4 i
@ 31+6)+ 2k
7
© 3(—33 +6}—2k)

(b) %(33 -6+ 2k)

@ -;(33 +6) +2Kk)

Product of Vectors Exercise 3 :

= Directions (Q. Nos. 110 to 121) Each of these questions
contains two statements.
Statement | (Assertion) and Statement Il (Reason)
Each of these questions also has four alternatives
choices, only one of which is the correct answer. You
have to select the correct choice, as given below.
(a) Statement I is true, Statement II is true and Statement Il is
a correct explanation for Statement I.
(b) Statement I is true, Statement II is true but Statement IT is
not a correct explanation for Statement I.
(c) Statement I is true, Statement II is false.
(d) Statement I is false, Statement II is true.

110. Statement I A component of vector b = 4i +2j + 3k in
the direction perpendicular to the direction of vector
a=i+j+kisi-j.

Statement II A component of vector in the direction
a= E+}+ kis 2‘i‘+2_Ai+ZIAc.

111. Statement I a,i +a,j+ask, byi + byj+ byk,and
c,; +c z} +c3 k are three mutually perpendicular
unit vector, then a,§ + b,j + c,l‘c.az; +b23 + c,ﬁ,

and a,i + b,j + c,ﬂ, may be mutually perpendicular
unit vectors.

Statement IT Value of determinant and its transpose
are the same.

112. Consider the vectora, band c.
Statement I ax b=(ixb).(b)i
Hjx a).(bjx(kxa).b)k
Statement II c=({.c)i +(}. c)} +(12 .c) k
113. Statement I Distance of point D(1,0, - 1) from the plane

5 5 8
of points A(1,—20), B(3,1,2)and C(=1,1, - 1) is ——.
) 229

Statement II Volume of tetrahedron formed by the

points A,B,C and D is —2222

114, Statement I A =2i +3} +6k, B= §+j—2f< and
C=i+2j+k, then| A x(A X(A x B)).C|=243
Statement II | A x(A x(A xB)).C|=|A|? |[ABC]|



115. Statement I The number of vectors of unit length and
perpendicular to both the vectors i + ] and j _| + ks zero.

Statement II a and b are two non-zero and non-parallel
vectors it is true thata x b is perpendicular to the plane
containing a and b.

116. Statement I (S,) : If A(x,, y,), B(x,, ¥2), C(x3,y3)are
non-collinear points. Then, every point (x, y) in the
plane of AABC, can be expressed in the form

kxy +Ixs + mxs ky, +1ly, +my,
k+l+m k+l+m

Statement II (S,) The condition for coplanarity of four

points A(a), B(b), C(c), D(d) is that there exists scalars,
I, m, n, p not all zeros such that

la+mb+nc+pd=0
wherel+m+n+p=0
117. Ifa, b are non-zero vectors such that|a + b|=|a - 2b|,
then

Statement I Least value ofa-b +

is2v2 -1
2

is least

Statement II The expressiona-b +

I
when magnitude of b is ‘2 tan(%)

b|® +2
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118. Statement I Ifa =3i —3j+ k,b=—i+2j+ kand
c=i+ :| +kandd=2i- 3, then there exist real numbers
0, B,y such thata =ab + Bc +yd
Statement II a, b, ¢, d are four vectors in a
3-dimensional space. If b, ¢, d are non-coplanar, then
there exist real numbers o, 3, y such that
a=0b+pc+yd

119, Statement I Leta, b, c and d are position vector four
points A, B,C and D and 3a —2b + 5c — 6d = 0, then
points A, B, C and D are coplanar.
Statement II Three non-zero, linearly dependent
coinitial vectors (PQ, PR and PS) are coplanar.

120. Ifa=i+j-kb=2i + j—3k and r is a vector satisfying
2r+rxa=bhb.
Statement I r can be expressed in terms of a, b and
axb.

Statement Il r = %(7; + Sj —9k+ax b)
121. Let a and ¢ be units vectors at an angle gwith each
other. If (3 x (b x 8)) (4 X &) =5 then

Statement 1[4 b &]=10
because
Statement Il [x y z] =0 ifx=yory=zorx=1z

a| Product of Vectors Exercise 4 :

" Passage Based Questlons

Passage |
(Q. Nos. 122-124)
Consider three vectors p = i+ }+ K, q= 2%+ 4] —kand
r= i+ ] + 312 and let s be a unit vector, then *

122. p,qand rare
(a) linearly dependent
(b) can form the sides of a possible triangle
(¢) such that the vectors (q — r) is orthogonal to p
(d) such that each one of these can be expressed as a linear
combination of the other two

123. If(px q)xr=up+vq+wr, then(u+v+w)is

equal to
(a)8 ()2
(c)-2 (d) 4

124, The magnitude of the vector
(p-s)(qxr)+(q-s)(rxp)+(rs)(pXxq)is
(a) 4 (b)8
(c) 18 (d)2

Passage 11
(Q. Nos. 125-127)
Consider the three vectors p,qand r such that
—i+j+k andq—l—j+k pXr=q+cpand p-r =
125. The value of [p q r)is
5v2¢

BT

(c)0 (d) greater than 0

126. 1 x is a vector such that [p q r] x =(p X q) X r, then x is
(a)c(i-2j+k) (b) a unit vector
(c) indeterminate, as [p q r] (d) - (1 - 2] + k) /2

8
(b)—5

127. If y is a vector satisfying (1+c) y = p X (q X r), then the
vectors x, yand r
(a) are collinear (b) are coplanar

(c) represent the coterminus edges of a tetrahedron whose
volume is ¢ cu units

(d) represent the coterminus edge of a paralloepiped whose
volume is ¢ cu units
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Passage III
(Q. Nos. 128-130)
Let P and Q are two points on the curve
y=logy2(x—0S)+ logy J4x> —4x+1
and P is also on the circle x? + y? =10, Q lies inside the given
circle such that its abscissa is an integer.

128. The coordinates of P are given by

(a)(1,2) (b) (2, 9) (€)(3,1) d)3,5)
129. OP-0Q, O being the origin is
(a)4or7 (b)4or2 (c)2o0r3 (d)7o0r8
130. Max {| PQ|}is
(a)1 (b) 4 (c)o (d)2
Passage IV

(Q. Nos. 131 to 134)

If a, b, care three given non-coplanar vectors and any arbitrary
vector r is in space, where

r-a ba ca a-a r-a c-a
A, =[r-b b'b c-b[; A,=|a-b r-b cb
rc bec cc a-c r-c cc
a-a ba r-a a-a b-a ca
Ay=|a-b b-b r-bj; A=|a-b b-b c-b
a-c bc r-c a-c c¢c¢c c¢
131. The vector ris expressible in the form
A A 4
=4+ 2p4+ =2
(ar 2A'+2A +2Ac
A A A
=—a+—b+—c
(c)r Ala a e
Wre s DD,
A A A
132. The vector r is expressible as
_ [rbe] [rca) [rab] :
@r= @bl 2fabe]  2[abe]
_2[rbc] 2[rchb] 2[rab] 2
O r=T0be) > Tabe)  [abel
(c)r= : ([rbc)a +[rca)b + [rab]c)
[abc]
(d) None of the above

133. If vector is expressible as r = xa + yb + g ¢ then

! ((a.a)(bxc)+(b.b)cxa)+ (c.e)(axb)]
[abe)

(b)a=——[(@a.a)(bxc)+(b.a)cxa)+ (a.a)(a xb)]
[abe]

(c)a=(a.a)(bxc) +(a.b)(cxa)+(c.a)(@axb)
(d) None of the above

(a) a=

a b c
134, The valueof|a.p b.p c.p|is
a.q b.q c.q
(a)(qu)[axbbxccxal
(b)z(pxq)[axbbxcha)
(c)4(p xq)[axbbxcexa]

(@) (pxq)ilaxbbxcexa]

Passage V
(Q. Nos. 135-136)

Letg(x)= J; (:'u2 +2t +9)drand f(x)be a decreasing

function, ¥ x> Osuch that AB = /1 (i + g(.\')j and
AC= g(x)i + f(.\')j are the two smallest sides of a ABC
whose circumcentre lies outside the triangle, V x> Q
135. Which of the following is true (for x>0)?
(a) f(x)>0, g(x)<0
() f(x) <0, g(x)<0
(c) f(x)>0,g(x)>0
(d) f(x) < 0,g(x)>0

- f(x)g(x)
}inol lim (cot (:(l—t2 ))) is equal to

(a)o
(c)e

136.

(b)1
(d) does not exist

Passage VI
(Q. Nos 137-139)
Let x, y, z be the vector, such that |x|= |y|=|z|=+/2 and
x, y,z make angles of 60° with each other also,
xX(yxz)=a
yX(zxx)=b and x Xy =c, then
137. The value of x is
(a)(@a+b)xc—(a+b)
(b)@+b)—(@a+b)xe

©l@+b)xe-@+b)
(d) None of the above
138. The value of y is
@@ +b)+@+B)xc] H2A@+b+@a+bxe)
(c) 4[(a + b) + (a + b) x ¢] (d) None of these
139, The value of z is

(u)%[(b —a)xc+(a+b)

(h)%[(b—n)#(n +b)xc¢]

(c)(b-a)xc+(a+Db)
(d) None of the above
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Passage VII 141. L 4 2c0501s equal to
(Q. Nos. 140-142) p
a, b, care non-zero unit vectors inclined pairwise with the (a) 1 (b)2[abec]
same angle 6. p, g, rare non-zero scalars satisfying ()0 (d) None of these
axb+bXc= pa+gb +rc Now, answer the following

142. |(p + q) cos O + r| is equal to

(a) (1 + cos8)|/1 —2cos 6
140. Volume of parallelopiped with edgesa, b and cis equal

o (b) Zsinzgwl + 2cosB|

questions.

(a) p+ (g +r)cosB (b)(p+ q+r)cosd (c) (1 —sin®)|/1 + 2cosH |
(c)2p —(r + q)cosB (d) None of these (d) None of the above

Product of Vectors Exercise 5 :
Matching Type Questions

133

143. Given two vectorsa =i +2j+2k andb=1i+j+2k. 145. Match the statement of Column I with values of
Match the Column I with Column II and mark the Column IL.
correct option from the codes given below. Column I Column II
A. LetO be an interior point of ABC such p. 0
Cabamiak a1 that OA + 20B + 30C = 0, then the
A. A vector coplanar with a p- -3i+3j+4k ratio of the area of A4BC to the area of
and b AAOC, with O as the origin
B. A vector which is q. 2i-2j+3k B. A-B=A.-C=0,B-C=3/2 q. 1
perpendicular to both a A-A=B-B=C-C=1,[ABC]= 2
and b __ — C. Ifa, b cand d are non-zero vectors such r. 2
C. A vector which is equally r. i+]j that no three of them are in the same
inclined to a and b plane and no two are orthogonal, then
D. A vector which forms a s. i-j+5k “;;‘- value of the scalar
triangle with a and b ( xc)~(a><d)+(c><a)-(bxd)is
(axb)(dxc)
144. Vol f parallelepiped formed by vectorsa xb, b X ¢
olume °. P P 13 Y 146. Match the statement of Column I with values of
and cXa is 36 sq units. Column II.
Column I Colw I Column I Column I
A. Volume of parallelopiped formed by  p. 0 sq units A. |a]=|bj=2,x=a+by=a-b p- 4
vectors a,band cis : Iflx xy|=2 A -(n~b)2}":. then
B. Volume of tetrahedron formed by Q. 12squnits valie ofis

vectors a, band cis

B. The non-zero value gf A for which q. 42

C. Volume of parallelopiped formed by 1. 6 5q units angle between Al + j + k and

vectorsa+ b, b+ cand c+ais e

i : - T+20+kisZ

D. Volume of parallelopiped formed by s. 1 sq units 3
vectorsa—b, b-candc-ais el
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o _Columni ) ) Column Il
C. The non-zero value of k for whichthe r, 10
lineskx =A4y+T7z+4 16=10(
=4x+3y-2z+ 3and
x=3y+4z+6=0=x~y+z+|
o _}rc_(:onl:lnu! is
D. Iffa|=|b{=1 and|¢|[= 2, then s 7
maximum value of

[a=2b7 + [b=2¢f + |- 2aftin

R N
147. Match the statement of Column 1 with values of
Column 11,
o C_n_lumnl ) —“_T__-—C})ia;j;lrl )
A. Leta, b cbe the three vectorssuch — p, 5
thata-(h+¢)=b-(c+a)=c-(a + bh) 2

=0and |a|=1,|b|=4,|c| =&, then
__|a+ b+ dis cqual to

15, Iy, ny, 0qnrcvectons reciprocal to g, 9
the non-coplanar vectorn by, by by
then[ug ag aq|[ by by bylis
equal to
C. ABCD in a quadrilateral with Al =a, 1. 8
AD = hand AC' = 2a + 3b. I ity arca
is 0, times the arcs of the
parallclogram with AN, AD an ity
adjacent sides, then ¢, is cqual to
D, Ifd=x(azby+ y(hzxe)+z(cxa) s I

and[a b= ;l‘. then

x+ y+z=R(a+ b+ c)d where
K = adjacent sides, then o, is cqual to

Product of Vectors Exercise 6 :

~ Integer Type Questions

148. Let u, v and w are three unit vectors, the angle between
4 and V is twice that of the angle between i and w and
v and w, then [ v w]is equal. to

149, 1fa, b and care three vectors such that[a b ] =1, then
find the value of[a + bb +cc+al]+[axbbXxccxa]
+[a +(bxc)bx(cxa)ex(axb)].

150. If a, b and ¢ are the three unit vectors and o, 3 and y are
scalars such that &= oA + Pb + y(d x b). If is given that
b =0and &makes equal angle with both a and b, then
evaluate ot® +B* +7%.

151, The three vectors i + . + k and k + i taken two at a time

form three planes. If V be the volume of the tetrahedron
having adjacent sides as the three unit vectors drawn per-
pendicular to those three planes, then find the value of

943V.
152, Let &be a unit vector coplanar witha = i-j+2kand

b=2i-j+ k such that ¢ is perpendicular toa. If P be

the projection of ¢along b, where P = 1/—;]—1 then find k.

153. Let a, b and c are three vectors having magnitudes 1,2
and 3, respectively satisfy the relation [a b e]=6.1fdisa

unit vector coplanar with b and ¢ such that b- d=1, then
evaluate|(a x c)-d[* +|(a x ) x d .

154, Let A(2i +3} + 5f(), B(—i +3} + zﬁ)and C(Mi + 5} +pf<)
are vertices of a triangle and its median through A is
equally inclined to the positive directions of the axes.
The value of 2\ -y is equal to

155. If V is the volume of the parallelopiped having three
coterminous edges as a, b and care the volume of the
parallelopiped having three coterminous edges as
a=(a-a)a+(a-b)b+(a-c)c
f=(b-a)a +(b-b)b +(b-c)cand
Y=(c-a)a+(c-b)b +(c-c)cis V*, then A =

156. If a, b are vectors perpendicular to each other and
|a|=2|b|=3,¢xa =b, then the least value of 2| c — a is

157. 1f Mand N are the mid-point of the diagonals AC and

BD, respectively of a quadrilateral ABCD, then
AB+ AD + CB + CD = kMN, where k = .......

158. faxb=cbXc=a,cxa=b.If vectorsa, b and care

forming a right handed system, then the volume of
tetrahedron formed by vectors 3a —2b + 2¢, - a - 2cand
2a —13b +4cis

159. Leta and c be unit vectors inclined at g with each other.

If(a X (b X ¢)):(a X ¢) =5, then ~[abe]-1=
160. Volume of parallelopiped formed by vectorsa X b, b x ¢

and ¢ X a is 36 sq units, then the volume of the
parallelopiped formed by the vectors.



161. If ocand P are two perpendicular unit vectors such that
x =P — (@ x x); then the value of 4|x|? is.

162. The volume of the tetrahedron whose vertices are the
pomts with posmon vectors i + J +k,

~i-3j+7Kk, i+2j- 7kand31—4]+lk1522 then the
digit at unit place of A is.

Product of Vectors Exercise 7 :

Subjectlve Type Questlons

163.

Chap 02 Product of Vectors 135

Volume of a tetrahedron whose coterminous edges are
a, band cis 3 and volume of a parallelopiped whose
coterminous edges area+b-¢ a—b,b—cis V. Then,
units digit of Vis.

164. Prove Cauchy-Schwartz inequality (a . b)? <|a|?:|b|?

165. Two points P and Q are given in the rectangular
cartesian coordinates in the curve y =2**2, such that

0P.i=—landOQ-i=2,where§isaunitvectoralong

the X-axis. Find the magnitude of 0Q — 4OP.
166. Ois the origin and A is a fixed point on the circle of

radius a with centre O. The vector OA is denoted by a. A

variable point P lie on the tangent at Aand OP =r.
Show thata . r=a’. Hence, if P(x, y) and A(x,, y,)
deduce the equation of tangent at A to this circle.

167. If ais real constant and A, Band C are variable angles
and \Ja? — 4 tan A + atan B++/a® + 4 tan C = 6a, then
find the least value of tan? A +tan? B+ tan® C. ‘

168. Given, the angles A, Band C of AABC. Find cos ZBAM,
where M is mid-point of BC.

169. Find the perpendicular distance of A(1, 4, —2) from the
segment BC, where B(2 1,—2)and C(0,—5,1).

170. Given angles, A, Band C of A ABC. Let M be the

mid-point of segment AB and let D be the foot of the

bi 2. Bind e ratioob AL O ACDM,
RO ——
isector o - Find the Area of A ABC

also cos ¢ = cos ZDCM.

171. In the AABC a point P is taken on the side AB such that

AP:BP =1:2and a point Q is taken on the side BC such

that CQ: BQ =2: 1. If R be the point of intersection of

lines AQ and CP, using vector find the area of A ABC, if

it is known that area of AABC is one unit.

172. If one diagonal of a quadrilateral bisects the other, then
it also bisects the quadrilateral.

173.

174.

175.

176.

177.

178.

179.

180.

181.

Two forces F; = {2 3}and F, = {4,1} are

specified relative to a general cartesian form. Their
points of application are respectively, A =(1,1)and
B=(2 4). Find the coordinates of the resultant and the
equation of the straight line [ containing it.

A non-zero vector a is parallel to the linf of intersection
of the plane determined by the vectors, i, i + j and the
plane determined by the vectors :—j and i +k . Find the
angle between a and E—Zj +2k

The vector §+2} +2k turns through a right angle while
passing through the positive X-axis on the way. Find the
vector in its new position.

Let @1 and v are unit vectors and w is a vector such that
uxv+u=wandw X u =V, then find the value of
[avw]

AB a.ndCa.re three vectors given by 2+ k, l+j +k

and 4i - 3_] +7k Then, find R, which satisfies the
relation RxB=CxBand R-A =0.

Ifx-a=0,x-b=1, [xab]=1anda-b #0, then find x in
terms of a and b.

Let X, y and z be unit vectors such that % + y+z=a,
XX(yxZ)=b(Xx§)xZ=ca-k=>2-§=L and
|a|=2.Find X,y and z in terms of a, b and ¢

Let a, b and ¢ be three mutually perpendicular vectors of
equal magnitude. If the vector x satisfies the equation.

a x{(x—b)xa}+bx{(x—c)xb}+cX{(x—a)xc}=0
then find x.

Given vectors CB =a, CA = b and CO = X, where O is

the centre of circle circumscribed about A ABC, then
find vector x.
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] Product of Vectors Exercise 8 :

" Questions Asked in Previous Years' Exam

(i) JEE Advanced & IIT-JEE

182. Let O be the origin and let PQR be an arbitrary triangle.
The point S is such that
OP-0Q + OR-0S= OR- OP + 0Q-0S
=0Q-OR +OP-0S
Then the triangle PQR has S as its
[Single Correct Type, 2017 Adv.]
(b) orthocentre
(d) circumcentre

(a) centroid
(c) incentre

Passage
(Q. Nos. 183-184)
Let O be the origin and OX, OY, OZ be three unit vectors in the
directions of the sides, OR, RP, PQ respectively of a APOR.
[Passage Type Question, 2017 Adv.]
183.If the triangle PQR varies, then the minimum value of
cos (P + Q) + cos (Q + R) + cos(R + P) is

3 3 5 5
@— ) ©3 @-3
184.|0X x OY|=
(a)sin (P + Q) (b)sin (P + R)
(c)sin (Q + R) (d)sin 2R

185.Let a, b and c be three unit vectors such that
ax(bxc)= ‘—?(b + c). If b is not parallel to ¢ then the
angle betweena and b is [SIngzlt; Correct Type; :016 Adv.]
@ ®7 Ok =

186. Leta, b and c be three non-zero vectors such that no two
of them are collinear and (a X b) X c=§|b||c|a. If0is

the angle between vectors b and ¢, then a value of sin 8

is [Single Correct Type, 2015 Adv.]
22 2 2 243
(a) 5 ®) i (c) g (C) 3

187.1f a, b and c are unit vectors satisfying
|a—b|2+|b—c|2 +|c—a|? =9, then|2a+5b +5c|is

equal to [Subjective Type Question, 2012]
188. The vector(s) which is/are coplanar with vectors

i+ j+2k and i +2j+k, are perpendicular to the vector

i+ 3 +k is/are [More than One Optlon Correct Type, 2011]

@3-k ®) -i+]

© i-] @ -j+k

189.Leta=i+j+ﬁ,b=§—j+ﬁmdc=i—j—kbet.hree
vectors. A vector v in the plane of a and b, whose
1 2
jecti is —, is given b
S s L 5 [SInglye Correct Type, 2011 Adv.]
®) -3i-3j-k

(a) i-3j+3k |
() i+3j-3k

() 3i-j+3k
190. Two adjacent sides of a parallelogram ABCD are given

by AB =2§+10}+11f( and AD=— i+2j+ 2k. The side

AD is rotated by an acute angle c in the plane of the

parallelogram so that AD becomes AD'. If AD’ makes a

right angle with the side AB, then the cosine of the angle
a.is given by [Single Correct Type, 2010 Adv.]

8 V17
(a) 4 (b) =
1 45
(c) 5 (d) =

191.Let P, O, Rand S be the points on the plane with position

vectors —2i —1 4;, 3 +3} and —3i +2}, respectively. The
quadrilateral PORS must be a

[Single Correct Type, IITJEE 2010]
(a) parallelogram, which is neither a rhombus nor a rectangle
(b) square
(c) rectangle, but not a square
(d) rhombus, but not a square

192.1f a and b are vectors in space given by a = i:/_zj and
. 5
2i+j+3k
b = ————, then the value of
V14
(2a+b)-[(axb)x(a—2b)]is [integer Type Question, 2010]

193.1fa,b, cand d are the unit vectors such that
(axb)-(cxd):1anda-c=%.then
[More than One Option Correct Type, 2009]

(a) a,b, care non-coplanar
(b) a, b, d are non-coplanar
(c) b, d are non-parallel
(d) a, d are parallel and b, ¢ are parallel
194. The edges of a parallelopiped are of unit length and are
parallel to non-coplanar unit vector a, b, ¢ such that

ﬁ-l;=|;~5=é-5=%.1‘hen, the volume of the

parallelopiped is [Single Correct Type, IIT-JEE 2008]



(a) —= cu unit

(b) %5 cu unit

() —2— cu unit (d) % cu unit

195. Let two non-collinear unit vectorsa and b form an
acute angle. A point P moves, so that at any time ¢ the
position vector OP (where, O is the origin) is given by
acost +bsint. When Pis farthest from origin O, let M
be the length of OP and i be the unit vector along OP.

Then, . [Single Correct Type, IT-JEE 2008]
@ =|:: E' and M =(1 +a-b)"?

M= :_Sl and M =(1 +a-b)"?

Qua= h_:lrfl and M =(1 + 23-b)"?

d)a -]f iland M=(+2a-b)"?

196. Let the vectors PQ, QR. RS, ST, TU and UP represent
the sides of a regular hexagon.
Statement I PQX (RS + ST) = 0. because
Statement II PQXRS=0and PQx ST 0
[Single Correct Type, 2007, 3M]

(a) Statement I is true, Statement Il is true and Statement II is
a correct explanation for Statement I.

(b) Statement I is true, Statement II is true but Statement II is
not a correct explanation for Statement I.

(c) Statement I is true, Statement II is false.

(d) Statement 1 is false, Statement II is true.

197. The number of distinct real values of }. for which the
vectors—A%i+j+k, i—-A%j+kandi+j—A’kare

coplanar_ is [Single Correct Type, lITAJEE 2007]
(a)o ()1
CE] (d)3

198.Let a, b, cbe unit vectors such thata +b +c = 0. Which

one of the following is correct?
[Single Correct Type, IIT-JEE 2007]

(aA)axb=bXc=cxa=0
(b)axb=bxc=cxa#0
(c)bxb=bxc=axc=0
(d)axb, bx ¢, cxa are mutually perpendicular
199. Let A be vector parallel to line of intersection of
planes P and Pz through ongm P, is parallel to| the

vectors 2_| +3kand 4] 3k and P, is parallel to j k and
3i+3j j, then the angle between vector A and 2i+ _| -2k

is [More than One Option Correct Type, 2006, 5M]
n n
uh b) —

(a) s (b) F

©Z @ =
6 4

Chap 02 Product of Vectors 137

200.Let,a =i+2j+k,b=i-j+kc=i+j-k.A vector
coplanar to a and b has a projection along ¢ of

1
magnitude — , then the vector is
N
[Single Correct Type, IIT-JEE 2006]
(b)4i+ -4k
(d) None of these

() 4i-j+ 4k
(2i+j+k

201.1f a, b, c are three non-zero, non-coplanar vectors and

b b-a
by=b-—7a, b, =b+—>a,
lal lal
c-a c: b : ca_ c-b,
i G i ) U
lal lbl* lal® bl
c-a a b, c-a
¢y =c-——-a- ——=b,, cy=a-——7>a
lal* b, la

Then, which of the following is a set of mutually
orthogonal vectors?  [Single Correct Type, IT-JEE 2005]
(a) {a.by, ¢} () {a, by, )
(c) fa,by.a,} (d) fa,bz.c4}

202. The unit vector which is orthogonal to the vector
3 +2_] +6k and is coplanar with the vectors 2i + J +k

and i ‘J +kis [Single Correct Type, IIT~JEE 2004)

2|—61+k o
@O L
3j-k 4i+3j -3k
d) ———
e @7

203. The value of a, so that the Vvolume of parallelopiped
formed by i i+ a_] +k, _| +ak and ai + k become

minimum, is [Single Correct Type, IT-JEE 2003)

(a) -3 (b)3

©1/43 (d) V3
204.fa=(i+j+k),a-b=1anda x b=j- k. thenb is equal

to [Single Correct Type, ITJEE 2003)

@i-j+k ®)2) -k

(0)i (d)2i

205. IfV=23+_Ai— kand W=i+3k. If Uis a unit vector, then
the maximum value of the scalar triple product [U V W]

is [Single Correct Type, IT-JEE 2002)
(a)-1 (b) V10 + V6
(c) /59 (d) V60

206.1fa and b, are two unit vectors such that a +2b and
5a —4b, are perpendicular to each other, then the angle
betweena and b is [Single Correct Type, 2002, 1M]
(a) 45° (b) 60°

o) )
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(ii) JEE Main & AIEEE

207.I.eta=2§+}—?J;.b=i+_‘iandcbeavectorsuch that
|e—a|=3][(a x b)x ¢| =3 2and the angle between cand
a x bis30°. Then,a-cis equal to [JEE Main 2017]

25
(a) ? (b) 2

©5 @1
8

208.1f[ax bb x cc xa]=2A [a b c]?, then A is equal to

(2 0 ® 1 [JEE Main 2014]
(0 2 @ 3

209.Leta and b be two unit vectors. If the vectors c=a + 2b
and d =5a — 4a are perpendicular to each other, then the

angle betweena and b is [AIEEE 2012]
x s

() 7 (b) £
= r

(c) r (d) %

210. Let ABCD be a parallelogram such that AB=q, AD=p

and ZBAD be an acute angle. If r is the vector that
coincides with the altitude directed from the vertex B to

the side AD, then ris given by [AIEEE 2012]
3(p-q) _ (P"I)
=3 =-q+
() r=3q+ T (b) r=—q pp)?
=q-| P24 | L. .
(0 r=q (p. )p (d) r=-3q oo

1 oo 2 L e I
211.1fa = —— (3i + k) and b = — (2i + 3j — 6k), then the
Ji_o( : 7

value of (2—b)-[(a X b) x (a +2b)]is [AIEEE 2011]
(2)-3 ()5
(©)3 d)-5

212. The vectors a and b are not perpendicular and cand d
are two vectors satisfyingbx c=bxdanda-b=0
Then, the vector d is equal to [AIEEE 2011]

ACE st
(a)c+(n)b (b)b+[a-b)c
a-c b-c
(c)c-(ﬁ)b db (3'b]c
213.1f the vectors pi + j +k, ‘i..+q_ﬂi+lA<a.nd i+j+rk
(Where, p # g # r #1) are coplanar, then the value of

par—(p+q+r)is [AIEEE 2011)
(a)-2 ()2
(c)o d)-1

214.Leta = j—kanda =i- j - k. Then, the vector
b satisfyingaxb+c=0anda-b =3 is [AIEEE 2010)
(@ -i+j-2k (b) 2i -] +2k
() i-j-2k d) i+j-2k

215.1f the vectorsa=i-j+2f¢,b =2i+4j+kand
c= ).E+_Ai+p.l} are mutually orthogonal, then (A, pt)is

equal to . [AIEEE 2010]
(a) (-3,2) () (2,-3)
() (-2.3) d (3.-2)

216.1f u, v and w are non-coplanar vectors and p, g are real
numbers, then the equality [3u pv pw]—[pv w qu]
—[2w qv qu]=0holds for [AIEEE 2009]
(a) exactly two values of (p, q)
(b) more than two but not all values of (p, q)
(c) all values of (p, q)
(d) exactly one value of (p, q)

217.The vectora =i +2j+ Bk lies in the plane of the
vectorsb =1 + 3 andc= 3 + k and bisects the angle
between b and c. Then, which one of the following gives
possible values of o and B? [AIEEE 2008]
(a) @ =1p=1 b)) a=2,p=2
() a=1p=2 d a=2pB=1

218.If u and v are unit vectors and s the acute angle between
them, then 2u X 3v is a unit vector for [AIEEE 2007)]
(a) exactly two values of 6
(b) more than two values of 6
(c) no value of &
(d) exactly one value of ©

219.Leta=i+j+kb =i~—ji+2f(and c= A +(x-2)j-kIf
the vector clies in the plane of a and b, then x equal to
(a) 0 ®) 1 [AIEEE 2007]
(c) -4 (d) -2

220.1f(a xb)x c=a x (b X c), where a, b and c are any three
vectors such thata-b #0,b-c #0, thena and care
(a) inclined at an angle of X between them

(b) perpendicular 6
(c) parallel

(d) inclined at an angle of g between them

[AIEEE 2006]

221.The value of a, for which the points, A, B, C with
position vectors 2i —3+ ki —3} —5kandai— 33 +k
respectively are the vertices of a right angled triangle

withC = % are [AIEEE 2006)
(a) -2and -1 (b) -2and 1
(c) 2and -1 (d) 2and 1

222, The distance between the line
r=2i-2j+3k +A(i - j+ 4k) and the plane
r-(i+5j+k)=5is

10 3
(a) 3 (b) B (c)

[AIEEE 2005]

10 10
a2 dy =
()9

33



223.For any vector a, the value of

(ax ;)z +(ax 3)2 +(ax l“()z is equal to [AIEEE 2005]
(a) 4a’ () 2a’
(c) a? (d) 3a®

224.1f a, b, c are non-coplanar vectors and A is a real number,
then [)\. (a +b) Xzb )»c] = [a b+c b] for [AIEEE 2005]
(a) exactly two values of A
(b) exactly three values of A
(c) no value of A
(d) exactly one value of A

225.Leta=i—kb=xi+j+(1-x)kand
c=yi + xj +(1+ x—y)fc. Then, [a b ¢]depends on
[AIEEE 2005]
(a) Neither xnory
(b) Both x and y
(c) Only x
(d) Onlyy
226. Let u, v, w be such that[u|= 1|v|=2,|w|=31If the
projection v along u is equal to that of w along u and
v, w are perpendicular to each other, then|u—v+w]|

equal to [AIEEE 2004]
@) 2 ®) V7
(c) V14 (d) 14

227.Leta,b and c be non-zero vectors such that

(axb)xc= §|b||c|a.lf9is an acute angle between the

vectors b and ¢, then sin 8is equal to [AIEEE 2004]
V2
@ 3 ® 3
2 o
(c) ~ (d) 3

Chap 02 Product of Vectors 139

228. A particle is acted upon by constant forces ai+j-3k
and3i + :| — k which displace it from a point i +2j +3k
to the point 5i+ 43 +k. The work done in standard units
by the forces is given by [AIEEE 2004]

(a) 40 units

(c) 25 units

(b) 30 units
(d) 15 units

229.1f u, v and w are three non-coplanar vectors, then
(u+v-w)-[(u—-v)x(v—w)]equal to [AIEEE 2003)

(a) 0 (b) u-vxw
(c) u-wxv (d) 3u-vxw

230.a, b, c are three vectors, such thata+b+c=0/|a|=1,
|b|=2,|c|=3 thena-b+b-c+c-aisequal to

(@) 0 (b) -7 [AIEEE 2003)
(c) 7 @1

231. A tetrahedron has vertices at O(0,0,0), A(1,2,1), B(2 1,3)

and C(—1, 1,2). Then, the angle between the faces
OAB and ABC will be [AIEEE 2003]
(b) cos™ (H)
31

“(a) cos™ (1—9—)

(a) 5
() 30° (d) 90°

232.Letu=i+jv= i-jandw= i +2j+3k.If n is a unit
vector such that u'n =0and v-n =0 then|w:n|is

equal to [AIEEE 2003)
(a) © (b) 1
(c) 2 @3

233.Given, two vectors are i —j and i +2j the unit vector

coplanar with the two vectors and perpendicular to
first is [AIEEE 2002)

(@) 7‘5(8 +) ® —J‘;(zi )

(c) :/l-‘ d+) (d) None of these
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Answers

Exercise for Session 1 67.(b)  68.(d) 69.(b)  T0.(d)  Th(c) T2(b)
s n S, sk A 73.(d) 74 (bed) 75 (ned) 76 (nc) 77 (ac) 78.(bd)
1. cos (7] . 2. -:‘— 4r=% ‘/-3-(1 + ]+ k) 79, :u.)b.c.d) ( 80. (a.b.c.d) 81, (a,b) 82.(a,c)
sz 6.5 oS 83. (a.b,c) 84, (1.0) 85. (a,b,) 86. (b,d)
2 Ji4 T 87. (b.c.d) 88, (n,c) 89. (a,b)
8.0° 9. 21 10,052 90, (a.b,c) on (ad) 92 (abc) 93. (a,€) 94. (a,b,)
e o g s s 95, (b.c.d) 96, (a.b,c,d) 97, (c.d) 98. (ab,c,d)
1. Z(l +i+ k) ll.? 1+ § + 2Kk) l(_zoi + 8] + 16k) 99. (b,c,d) 100, (a,d) 101, (a,b,d)
.30 9 102, (c.d) 103, (be) 104, (bie.d) 105. (a,c.d)
106. (c,d) 107. (a,b)
Exercise for Session 2 108, (n,c) 109, (bc) 110.(c) 111 (a) 112, (a) 113.(d)
27 M4 (d) 115.(d)  16.()  117.(a) 118.(b) 119.(a)
L1V2 ANSD- 2 120.(0) 120.(b)  122.(c) 123.(b) 124.(n) 125.(b)
-74 6.3 ;T 126.(d) 127.(c)  128.(c) 129.(n) 130.(d) 131.(d)
ik 132.(d) 133.(c) 13d.(b) 135.(d) 136.(n) 137.(a)
8. X 9.:27 1.+ L X 138. () 139.(b)  140.(a) 141 (c) 142.(b)
- A N 143, (A) = (), (B) = @, (©) = (3). ()= (7)
3 (71 - 4] - 4k) 12, 3 160 1= 41 - 70k) 144, (A) > (1), (B) > (s), (C) = (q), (D) = (p)
1 ) 145. (A) = (8), (B) = (1), (C) - (q)
13.£2(Mxc) ItEﬁSWJMs 146. (A) = (B (B) > (1), (C) = (s, (D) = (@)
6 . s A s 147. (A) = (q), (B) = (s), (C) = (p), (D) > (1)
N g R i 148.(0) 149.(3)  150.(1) 151.(2) 152.(6) 153.(9)
18.2i - 7j - 2k 19.- 201 + 16] + 12k 154.(2) 155.(3)  156.(3) 157.(4) 158.(2) 159.(9)
160.(5) 161.(2)  162.(3)  163.(8) 165.(10)
Exercise for Session 3 166,00+ 2y, =a 167, (12)

1.4 2. 4 cubic unit 3 3 168. BAC ¥und s d
et 2 Vsin? B+ sin?C + 2sin 8- sin C - cosA
_ 238 i i
4. 4 cubic unit S 169, 3—‘/? 170. 2—(“'—,'%1‘_"?"7 171, % $q units
S|
6. a, b, cform a right handed system. 9.6 10. 1 v
173. {6, 4} and 4x- 6 y+ 13 = 0 174.0= 1
Exercise for Session 4 5§ T8 4
71+ 8] - k) ns,(zﬁl-__j-___k) 176. 1
0 gt TR
1.0 D L M
177, -1 - 8]+ 2k 178, — b

1 1, 4. 1
La'=-(-1+k),b'==(-]+Kand=—(1+})
7.a 2(I«r) 2(1 )an 2( i

“@ob)-aip?

9.r=yb=_ (axb) 10.r=—— (ax ¢+ mb) 179.3 = L(3a + 4b+ 8e) § = - dc 2= 3 (c-p)
g b? a'b 3 3

a+b+c
180, x= ——— ¢
Chapter Exercises 2
L.  2() 3@ 4@ S 6O Bx= L P =0@b) el - a@e by
7.(a)  8.(b) 9.(b) 10.(d) 1L.(d) 12.(d) 22(? b)-(a-b?  2(a’ b))=(a-b)
13.(a) 14.(c) 15. (c) 16.(a) 17.(a) 18.(c) 182.(b) 183.(a)  184.(a)  1I8S.(d) 1K6.(a) 187.(3)
19.(a)  20.(b) 21.(d)  22.(c) 23.(b) 24.(b) 188, (n) 189.(c)  190.(b)  191.(a) 192.(5) 193.(c)
25.(b)  26.(b) 27.(c)  28.(a) 29.(c) 30.(a) 194. () 195.(0)  196.(c)  197.(c) 198.(b) 199, (b,d)
3.(c) 32 (a) 33. (c) 3. (a)  35.(a) 36.(b) 200. () 201.(b)  202.(c)  20M.(c) 204.(c) 208 (c)
37.(d)  38.(c) 39. (a) 40.(a) 4L (n)  42.(b) 206.(b) 207.(b)  208.(b) 209, (c) 210.(b) 211 (d)
43.(c) 44.(a) 45.(d)  46.(b)  47.(d)  48.(n) 212.(c) 213.(n)  204.(d) 218 (n)  216.(d)  217.(d)
49.(a)  50.(d) 51.(b) 52.(a) S)(c) 54, (c) U (D) 219.(d)  220.(c)  221.(d)  222.(c) 223.(b)
55.(d)  56.(c) 57.(d)  58.(b) 89.(c) 60, (d) 224.(c) 228.(n)  226.(c)  227.(d) 228.(n) 229.(b)
61.(d) 62.(d) 63, (a) 64, (n) 65.(n) 60, (a) * 230. (b) 231 (w) 22.(d) 233 (a)



Solutions

1. Since,alb = a-b=0
J]a-bl*=(a-b)*=a’+b*-2a-b=25+25
= |a-b|=5V2
2. |a+b|>|la-b]|
On squaring both sides, we get
a’+b*+2a-b>a’+ b’ -2a-b
= 4a-b>0 = cos® >0
Hence, 8 <90° (acute)

3. Given that,a = b + ¢ and angle between b and c is .
2

So, a’=b*+c’+2b-c

= az=b2+cz+2lb||c|cos£

= a?=b*+c’+0 2
a’=b%+ ¢’

ie., a’=b%*+¢?

4. Obviously, a and b are unit vectors.
5. Angle betweeni + j + kand i is equal to

2 4 Ly 2
os™ (—}+—;‘+—E()Tl = a=cos"(i)
li+5+K]|i] 3
Similarly, angle between i + j + kand jis

B= cos"(%) and between i + j + kand kis

()

a=B=‘Y

6.Let r=d+)y+d = r-i=xrj=yrk=z
= (P +@ e k= yi =

7.|a-b|=,[12+12—2-12ccse=m—cose)

6 _|a-b|

0 ) ’
) in—= — = sin—
—ﬁxﬁsmz 25m2 2 2

Hence,

8. The component of vector a along b is

@b _18 4 i)
|b? 25

b-a /a-b _|a| _7
9. ired value= — [ —=— ==
Required value b1/ 7al Ibl 3

_ 22 ,_[aa a-b
10. (a x b)* =a’* —(a.b) =lb-a b'bl

11. Torque=r X For CPXx F

3 2 i

i J k

12. rxF=|2 -1 1|=-5i-5j+5k
¥ 2 i3

14.

. : s a6
.OA=3i+zi-9k1==(9i+e.}—zk)><H
ij k
Momem:OAxF:i 3 2 -9
9 6 -2

6 e A80iser
= (501 —75])= — (21 -3
ll( 1-75j) 11( J)

Force (F) =21 + } — k and its position vector =21 — j. We
know that the position vector of a force aPout origin

(r)=(i - j) - (0i + 0 + 0k) or r =2i — j Therefore, moment
of the force about origin

j k
—rxF=|2 -1 0 |=i+2j+4k
: 2 1 -1
., bxec ., axb  _;_ cXxa
15. a7 =2"" ¢ = b =

s [abc] £ [abe] [abc]
i ey =(b><c)'((cxa)x(axb))
= [T L e )
bxec a 1 <0

16.

17.

20.

" [abe] [abe]  [abe]
" b-axc _ [abe] . [bac]
c-axb [cab] [cab]
[abe] _ 0

[cab] [cab]

a-bxc

cxa-b

b X cis a vector perpendicular to b, c. Therefore,a X(b X ¢)is a
vector again in plane of b, c.

. Let a=x§+y:i+zl::

u=1ix@xi)+jx@xi)+ kx@ x k)
=(i-i)a—i(a-i)+6-3)a—]({~i)
+(k-kla—k(a-k)=3a-a=2a

it ] &
19. ax(bxc)=ax|2 -1 1 [=ax(-2i+3]+7k)
1 3 -1
i j k
=1 2 -2[=20i-3j+7k
-2 3 7
ax(bxe)=0
= al|[(bxc)orbxe=0
ie, b|lcora=0

. Let the required vector be & = d,i + d,] + d;k

where, df + df + d? =51 (given) (1)
Now, each of the given vectorsa, b and c is a unit vectors.
d-a d-b d-c
cosB = = =
[dllal |d[Ib] [dlle]
or d-a=d-b=d-c
|d|=\/5_lcancelsoutand|a|=|b|=|c|=l

Hence, i(d, —2d, + 2dy) = %(- ad, + 0d, -3d,) =d,
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= dy —5d, +2dy = 0

and 4d, +5d, +3d; =0

On solving, we get ﬂ = EZ_ =ﬁ =2
5 -1 -5

Putting d), d, and d, in Eq. (i), we getA=+1
Hence, the required vectors are + (51 - j - 5k)

22. LetOA = Bj, CB=-Riand OB=- Bi+ P}

K

OB-j Y,
= cos60°
OB os r
e 2 4
- CRi+P)j_1
P|z+ p? 2 B C

(say)

= 2P = 'P2+Plz 609 i 4
. X

= B =P\3

|OB|=/P?+ R? =[P* + 3p? =2p
B.x+y+z2=0 = x=—(y +2)
|x[*=(y +2)-(y +2)
[xPP=lyP+|z]?+2y-z
[x[*=ly P +|z[* +2]y||z| cos®

4=4+4+2X2X2co0s0

L4 u

c059=_7l = 0=120°

... cosec?120° + cot?120°

(2)’ ( 1)’ 4.1_5
=l—=| +|-—&=|=—+=-==
V3 V3) 3 3 3
For acute anglea-b > 0

ie, —3x+2x2+1>0

= (x-1)@x-1)>0
For obtuse angle between band X-axisb.i<0 = x<0

24,

25. Since,d = Aa + pb + w
d:(bxc)=2Aa-(axc)+ub-(bxc)+ ve-(bxc)
=A[abc]
o = [dbe] _[bed]

= [abc] B [bea]

26. 3p + q)-(5p —3q) =0
or 15p2—3q2=4p~q
(2p +q)(4p—2q)=0 or 8p2 =2q2

= q2=4p2
Now, 0s9=—P9
Ipllql
On substituting q° = 4p? in Eq. (i), we get
= 3p'=4pq
2
cos@=3. P 3 e 5
4 |pl2lp|l 8 8

27. i =aji + a,) + ask,

()]

-.(ii)

30. Given,

31. Given,

where, af + a? + a? =1
u-a=0 = g +a,=0

Also, v-A=0 = g —a,=0
Hence, a=a,=0
2 a;=1or -1
A=k or -k
|w-hn|=3
28. Tofind(a—b)-a D(b) cle)

ie., laj*-a-b i)
Now, a+b=c
= |al®+|b|*+2a-b=|c?* ..(ii) Alorigin) Bla)

On substituting the value ofa - b from Eq. (ii) in Eq. (i), we get
2_1,2_ 2 .2
-=(c?-a%-b
a - (c*—a )

3a% + b2 - c?
= o i AR I

2
29. AxB=-AxB € B
AXB=0
either A=0
Vi
or B=0
or A and B are collinear @
V+V, =V, O A
Also, V-V, =20
V)?*=(V;=V)? and V-V, =q
Also, IVI=IVi[=|V,|=2 (say)
Hence, A2 =2A% —2A% cos o
= coso=1
2
|b|=|b-c|=8 and |c|=12 (1)

AI-I=EandEC=c—E
4 4

"B
b
g/ cb)
A c C
(Origin)
c: (c - E) d.eb
cosB = 1 L= 4]:' (i)
lelle=—=| 12]e=-—=
4 4

FromEq. (i), |b|=8]c|=12
? Ib=c|*=|b|?
= |b*+|cf*~2b-c=|b]?



= b-c=72 (i)
2
o c-3| e+ BL _bee
4 [16] 2
=144 + 4-36 =112
c-.z =47 (iv)
From Eqgs. (ii), (iii) and (iv)
cosf < 14410 _ 3~/7
12X47
32.BN-CM =0
(kc-b)-(k—c)=0
3
k a* a® a*
e R e S g R
3z Tty e0
E—k+l=0
6 6
My 8() Cle)
6 6 5
33. Given,15| AC|=3| AB|=5| AD| D(d) &
Let |AC|=A>0 o
| AB|=5A
|AD|=
BA- CD VA
Now, cos (BA- CD) = [BA[|CD]| A(a) origin B(b)
= Detdi=6) .0)
[blld-c|

Now, numerator of Eq. (i), we get

2
b-c—b-d=|b||c|cos-§—|b||d|cosT’t

1 1
=M (A) 3 + 5A(31) :

2 2
=5A + 15\ <1002
2
Denominator of Eq. (i)
=|b||d-¢c]|
Now, |d—c[?=d*+ ¢ -2¢c-d
1
=A% + )J—z(k)(ak)5
=10A2 =322 =7A
[d-c|=+7A

Denominator of Eq. (i)

= (5).)(71)=5\ﬁk’

cos (BA" CD) ‘/-xz —;7-
3, a=-i-2j-k
b=1-5}-7k

a1=1222 L ja 1= 46
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Q(0, 6,8) a R(-1,4,7)
|axb|*=a?b? —(a-b)*=(6) (75)
—(=1+410+7)* =450 — 256 = 194

laxb|=
S
p+q=100
2 (p-&-q)(;n-q—l)___100x‘)9=4950
2 2
) 2 -1 -1
35 v=-ctluvw]=-c*[1 -1 2
1 0 -1
==c*[20-0) - 1(1) + (-2 -1)]
=-c[2-1-3]=8
2¢*=8 = c=20r-2
36. Letc=A(axb)
Hence, A(a x b) - (i + 2] -7k)=10
2 -3 1
Al =2 3 [=10
1 2 -7
=) A=—1=c==(@xDb)
n=2§—3]+ftnmlb=i—23+3ft
i) k&
2 =3 1 |=(=9+2)1-6)] +(= 4+ Dk
1 -2 3
= (=7,-5~1)
37. v, =i-2j+ &
=31 +2) -

Vi=e=aa+fb=ad+ )+ P+ k)
=al @+ P)) + Pl e
Since, Vy, V,, Vy are coplanar,
1 -2 1

Now, | 3 2 =1 [=0,using Cy = C, = (€} +Cy) we et
o e+l B
=4 1
30 =1 [=0hence 4P +a)=0
a o
= Pro=o

o
= wd

;s
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sl ]+ k.
—5
o=|o|a=10(+j+ k)
Now, v=wxr=10(i+3+ﬁ)x(xf+y3+zﬁ),
where r is the position vector of the point whose locus is to be
determined.

Hence, v=10[(z - y)i - (z - x)j +(y — x)k]
[vVI=10y(x—y)* + (y —2)* +(z - x)?
Hence, 2(x* + y? + 2% - xXy—-yz—zx)=4

= x2+yz+zz-xy—yz—zx—2=0
which is the equation of a cylinder.

Hms ==+ +2k)
i)k
v=oxr=2 12 2 =9(4‘,‘_3_}})
3 3
2 35
|v|==+18 =2
. b-a+b-c=b-b+a:-c
Y,
A
D
3
Borigm4a —Ca1 ~
or b:a-b)-c-(a-b)=0
or (b-c)a-b)=0
= BC and AB are perpendicular.
Now, find angle between AM and BD.
where, AM=2i -3]j,
2 ]
pp=1+3)
2
cosgo AM-BD _ -1
|AM||BD| 5v13
1
0=m—cos’ —)
= - (le_a
[ ]=sinO cos ¢ sin® 4:05‘":--1 ﬁ—ﬁ
s =i 0 cos b =sin — - o5 — == = nLd
npm] =sin 6 co = o

. V=(axb)xa+(axb)xb
=b—(a-b)a+(a-b)b—a=(b-a)+(b-a)(a-b)

V=(b-a)(1+a-b)=A(b-a)

Since, a and b are perpendicular, hencea, banda x b are

non-coplanar. Hence, any vector say (r X a) can be expressed

as

& rxa=xa+yb+zaxb) ()]

dot witha 0=x+0+0 = x=0

dot withb [rab]=0+y+0 = y=[rab]

dot with r O=xa-r+yr-b+z[rab]

0=[rab](r-b)+z[rab] = z=—(r'b)
Hence, rxa=[rab]b—(r-b)(axb)
rxa=[rab]b+(r-b)(bxa)

44, Since, i + 2] + 2k is rotated so as to cross Y-axis, the vector in

new position. Let the required vector be xi+3)j+ zk

where, X +y*+22=9 i)
x+2y+2z=0 .(ii)
xy z

and 1 2 2| = 2x-z=0 ...(idi)
010

On solving Egqs. (i), (ii) and (iii), we get

2 -4

== y=5,z=—

S V5

-2. w4

. Required vector, is —=1 + ¥5j - —=k
Required vector ISJE' J E

Set A - Set B
(Parallel) (Non-parallel)
4 6
ways —
(i) 3 from B — °C;
(ii) 2 from B, 1 from A — *C, x °C,
(iii) 3 from A = ‘G,
Total number of ways
=% +(*C x °Cy) + ‘G

A nE)=°Cs + ‘G +(*C, x °Cyy)
and n(S) ="Cy

&% P(E)= o+ 4G 0+(‘cz x‘q)
]C3
46. A xx)+b=x
= ix@xx)+@xb)=dxx

(@-x)da-@-a)x+@xb)=x-b
Projection of x along 4 is 2 units
@-x)

= =2 = i.-x=2
[a]

So, x %[zé—b-r(ﬁxb)]

47. Weknow,a x(bx c)=(a- ¢)b—(a-b) c

Component ofa X (b x c) along b is

H(a ~cb—(a- b)c}_ b]b=[(a~ ¢)(b- b) - (a- b) (b- c)) .

Ib* Ib?
So, component of a X (b X c) perpendicular to b is

ax(bxc)_[(a'c(b'bl);|(:~b)(b~c))b

=a x(bxc)+((“"’)(""")“(“")("'b)]b

Ib?
(axb):(bxc)

b
Ib[*

=ax(bxc)+
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43. rra=20=>x+2y+z2=20xy:eN 54 The mid-points of sides ave D100, FQO,0, n.
The number of non-negative integral solution are Ert e BCT o BCT = gt Y

UG-G+ .G =81
b 4 2 RCT 4 CAY
‘9.a-ﬁ=2+7¢1 AB® + BCT + CA wd

Foemtand

as bidaires
a b
So. ( L. ] =1
5+ u.B e
50. The system of vectors is coplanar.
-+ Their sum is zero. 58 EBliminating =
1. o P c i
L i 7 or Q=0
—.?7; nm=dl = m=-2
A B or == =>m==
_ AB-AD _s Thedr'sl = =2 m\:l ~ 2 =2 1 The lines are perpendicutar,
—IAB“AD_; 56, cos0 + cos’B + easTy =1
(8 = costy = = cos
s~ cos l(;) +a= u: by hypothesis e R
“ = cos S0 = 0 !El" ," l
. < 8 42
i sina =—
9 _ 57. ax(axb)=c=a||axb]=|¢|
. cosai= 1= 22 N7 (1 X §)sin® =3
' st 9 3 A
sing = = pives tand) = S
52 BA + AC=BC 3 4
= BA =BC - AC 58. From the figure the vector equation of OF is r = A(E + J + )
o e _f 2 _ _(i - _f_] OM = projection of OC on OP
lel 16 (¢ Ue 1 =0C.op = -
e f e f b
Now, BA-BC =|—+—_||l=-—|=0 : :
o (Iel m] (Iel lel] Now,  aMf=oct-oter-lad
3 3
= ZB=9%0" N {3‘
= cos2B=-1 h LMB\S
and cos2A + c0s2C =2cos{A + C)cos(A =C) =0 :
(tA+C=%)
= cos2A + cos2B + cos2C =-1 ,(:
4 /
53. We have,c-a=c-b=cosb,a-b=0 . b
Now, c=aa+Bb+y@xb) '_\,-‘,\4
Taking the dot product of both sides witha, we get o’ y
c-a=a =cos® ¢-laf=1a-b=0) 9 4
Similarly, B = cos® A
Now, taking the dot product witha X b, we get X
bl=vlaXx 2=
[ca ]’ 7l bj Y 59. p x q, p. q are non-coplanar vectors
Now, [cab)’=[abec] = bocmQe—a=0,a=bm0
a-a a-b a-c 1 0 cosB = gmbeg
=|b-a b-b be|=| 0 1 cos = Ais equilateral.
¢a a-b cc| |cos® cos® 1 60. (a X b) X (& X ) = [abd)e = [a b el
=1 - cos’0 + cosO(-cos8) =qc - 4d

Thus, a =f = cos8,y’ =—cos. w =381 perpendicular to Y-anis Z-aniy
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61.

62.

63.

65.
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Translating the axes through A(1, 2 3).
A changes to (0, 0, 0) B changes to (8, 6, 2).
~.Coterminous edges are of lengths 8, 6, 2.
‘olume of parallelopiped =862 =96 cu units
a. b, ¢ are non-coplanar =[a, b, ¢] #1 Also,a X b, b X ¢, ¢ Xa
are non-coplanar given
d =sinx(a X b) + cosy (b X ¢) + 2(c xa).
Taking dot product witha + b + ¢, we get
O=sinxfabe]+cosylabe]+2abc)
= sinx+cosy +2=0
= sinx + cosy =-2

T
- x=(n-NZy=@n-rnez

2

for least value of &7 + y?, x = ?. y = and least value is 5%

We have, a(a X b) + B(bxc) + e xa)=0
Taking dot product with ¢, we have
afabe]+Pbec)+yfcac)=0
ie. afabe]+ 0+ 0=0
afabe]=0
Similarly, taking dot product with b and ¢, we have
Y [abe] = 0.B [abe] =0
Now, even if one of @, B, y # 0, then we have [abc] = 0
= a, b, c are coplanar.

3 %l,h‘ + %l:h, + %l,hz + %k‘h, = 4 area the tetrahedron

OABC.

0 = cos™(cosP — cosar)

67.

68.

EquationofAB:%:%:-Z— =(@)r=c+sd,
wherea=0,b=i+j+kc=id=-1+]j

- . l
Shortest distance:E‘—:—a)—(kx%‘)1 =—

|bxd| 3
vXw=3] —Sj—ﬁ
Maximum value of [uvw] = |t |[v X w| =135 = /35
lal =Ib] =|d|

|b-a|=|b-c¢c|=|c-a|=a
ab=b-c=cra=AB-AC=CA-CB=BA-BC

2 N
=a’cos—
3

2
a
= (Ep)2=f—=EF=—

NG NG

J7a

Sa
|CF| =|CE| =T and |CM] =;—

where ‘m’ is middle point of EF.

D (origin)

SN/E

8b

1
Area of ACEF = E'EF' |CM|

=1x—a—xi€=isqunits
2°B 6 1243
69. p-.q=0andr-s=0
= (5a —3b):(-a —2b) =0
6b> ~7a-b-5%=0
= (-4a-b)-(-a+b)=0
4a’-b’-3a-b=0

Now, x=§(p +r+s)

x=§(53—3b—4a—b-a+b)

x =-b, -1(r+s)—1(—Sa)——a
e 5

Angle between x and y i.e cos® = . .
[xllyl lal|b]

From Egs. (i) and (ii), we get

25
|a|=‘/g-,/ab and |b|= g./_ab

V25%43 _
|a||b|=T(3‘

= cosB = 4

5V43
g _l( 19 )
cos —5.\/6

70. Volume of tetrahedron = :—)[a bc]
a-a a-b a-¢ [4 2 2
Now,[abc)’=(ba b-b bc|=[2 4 2
ca ¢b cec| |2 2 4
=4(12) + 2(—4) + 2(-4)

Volume=l><4\/2—=&
6 3
71. Given, cos8=(a x1)-(bx i) +(a + J):(bx )

+(ax k)-(b x k)
Consider, (a x )-(bx 1) =[(a x )b 1] =((a x i) x b)-i

i)

-.(ii)

()]



72.

73.

74,

(@ b)) - -b)a)i =(a-b) (i-1)-(i-b) a-1)
=a-b-ab,
Similarly, a X })-(Ab xj)=a-b-a,b,
and (axk)(bxk)=a-b—ayb,
~.From Eq. (i), we get
cos@ =3a-b —(a,b; + a,b, + asb,)

=3a-b-a-b
a'b 1
=2a-b = |a||bl==
fal b] [a] [b] =
Now, use AM 2 GM on |a| ,|b|
lal + [b] 3 2
——— 2(|al-|b])? = |a|+|bj=—=
> i +1b2 7
= la| +|b| = 42
ra-b<0
= (sin®x = sinx) — cos?x + 3 — 4sinx < 0
= 2sin? x —5sinx + 2 < 0
=5 (sinx —2) (2sinx —1) <0

(=)ve

; (" ")
= xe|—,—
2 6 2

78(b)
+b
Positive vector of point E = 2
a+2c

Position vector of point D =

Let point Fdivides ECinA :1and BD inpt:1,

b+E(a+2c) h+33+b
then 3 =
p+1 A+1
b
{b+%(a+2c)](k+l)=(lc+3a: )(u+1)

Comparing the coefficient ofa band c.

= RA+D) _3u+1D) )
3 4
= Rk et i)

2?"(1 +1) =A@ +1) (i)

On solving, we get A = %

Obviously, Ill- + I-‘—l:—l is a vector in the plane ofa and b and

a
hence perpendicular toax b. It is also equally inclined toa and
b as it is along the angle bisector.

75.

76.

78.

79.

80.

Chap 02 Product of Vectors 147

ax(bxc)=(@xb)xec
or (a~c)b—(a-b)c:(a-c)b-(c-b)a
or (a-b)c—(c-b)a=0

or bx(cxa)=0
or (exa)xb=0
or bx(cxa)=(cxa)xb=0

Let angle betweena and b be ©
v=axb=|a||b|sin0 it

b
| v|=sin®, (':|a|=l,]b|=1,n=(iu=L)

laxb| |v]|
u=a-—(a-b)b=a—cosb b
(ra-b=|a||b|cosB = cosb)
u-u=|uf?=1+ cos’6 —2cos® =sin’®
|u|=sinb .
u-a=a-a=-cos@a-b=1-cos’® =sin’0
u-b=a-b-cos@ b-b =cos@—cos6 =0
u-(a+b)=(a—cosb b)-(a+b)
=1+ cos® — cos’0 — cosd
=1-cos?0 =sin’0

. Here,(la + mb) xb=cxb

= laxb=cxb
= I@axb)’=(cxb)-(axb)
_(exb)-(axb)

= !
(ax b)?
Similarly, m={cXa)(bxa)
(bx a)?

ax(rxa)=axb

3r-(a'r)a=axb

Also, |rxa|=|b|
= sin26=E
3
or (l—coszﬂ)=E
3
1 2
or ;:cosa = ar=%1
o
= 3rta=axb
or r=§(axbia)
@ + a;c082x + aysinx =0,V x € R
or (ay + a;) + sin® x(ay —2a;) = 0
= a+a,=0anda; —2a,=0
2
a a
L)
=1 1 2
= a'==Aa,=\ay =2\
axb=|a||b|sinfh
or |ax b| =|a| |b| sin®
or in® = lnxl_m_L (1)
[a] x|b]
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81.

82,

83.
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a-b =|a||b| cos®
= L ..(i)
la]|b]

From Egs. (i) and (ii),
sin?0 + cos’0 =1
= laxb |* + (a-b)* =|a|*|b|?
If0 = 1t/4, then sin® = cos =1/~/2. Therefore,

|a||b] |a]|b|
axb|=——anda-b=——
ki~ 7
laxb|=a-b
axb=|a||b|smeﬁ='“y;'a

=@a-b) A

We have, |a—b|* =|a|* + |b|? —=2(a-b)

or |a—b[®=]a|® +|b|* —2/a||b| cos20

or |a—b|*=2-cos20 (- lal=|b|=1)
=4sin’0 or la;b|=2|sin9|

Now, l]a=b|<1

= 2|sinB| <1 or [sin@)| <%

= 0e[0,m/6)or6 €(5n/6, )

ax(bxc)+(a-b)b

=(4—2x—siny)b+(xz—l)c
or (a:-c)b—(a-b)c+(a-b)b '

=(4—2x-siny)b+(x2—l)c
Now, (c-c)a=c.

Therefore, (c-c)(a-c)=(c-c)ora.c=1
= 1+a-b=4-2x—siny,x’—1=—(a-b)

or 1=4—2x—siny+x2—l

or siny=x2—2x+2=(x—l)z+l

n
But,siny <1 = x=1siny=1 = y=(4n+1)—2-,neI

AB+ BC=AC
o w w8V
[al ful v [u] vl
M.gc:(l_l)(l+l)
[ul [v)\lul v
=(a-¥)-(d+Vv)=1-1=0
= £B =90°
= 1+ cos2A + cos2B + cos2C =0
Clearly,a-c=0andb-c=0. Also,a-b=0
axb=c
dot with b=bc=0
Similarly, bxc=a
dot with b=a-b=0
dot with c=pa-c=0
= a-b=b-c=ca=0
Again,  13llbI=lel

Ibllc|=]a]

85

86.

87.

88,

- lal _lel
[el lal
= |a|=|c] and | b|=1
= axb-c=|a||bl|c|=|al*=|c[’

(children will assume a= i;b=jandc= k but in this case all
the four will be correct which will be wrong).

Given,| A||B|cos®=—6;| B|=2 (given)
B-C=|B||C|cos¢p=6
and (AXB)xA=0
(A-A)B—(B-A)A =0
(A-A)=—6A i)
. A and B are collinear and  between A and Bis 7.
= AXB=0
= (a) is correct.
= A-(BXC)=(AxB)-C=0
= (b) is correct.
Also, A-B=-6and|B|=2
|A||B|cosm=—6|A[(2)=6
= |A|=3 = A-A=9

= (c) is not correct.
Again,A-C=?
dot with C in the Eq. (i)
9(B-C)=-6A-C
9(6)=-6(A-C) = A-C=-9

=» (d) is correct.
Vi=V,

ax(bxc)=(axb)xc

(a:c)b—-(@-b)c=(a-c)b—(b-c)a

o (a-b)c=(b-c)a .
::ithercandaare collinear or b is perpendicular to botha
and ¢

= b=2A(axc)
It may be observed that
2 3 -6
[UVW]=|6 2 3 [=343%0
3 -6 -2

= U, Vand W are non-coplanar, hence linearly independent
FurtherUXV=Wand VX W=U

They form a right handed triplet of mutually perpendicular
vectors and of course!

= (UxV)xW=0 and UXx(VXW)

Let the required vector bed=x§+y]+:f<.For this to be
coplanar wih band ¢, we must have
xy z
1 2 -1|=0
1 1 =2
= x(=4+1)+y(-1+2)+z(1-2)=0
-3x+y-2=0
Theprojcctionofdonnis|u|.|dl.
a
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90.

91

92,

93.

8

|
)

So, Jg=%]2x—y+zl

= 2x—y+z=%2

The choices (a) and (c) satisfy the Eqs. (i) and (ii).
ax(-3c)=0

= b-3c=Aa

= |b =3¢ =|Aa|

1
S e =\l = At1
32
b-3c=%a
(axXc)(rxa)=(axc)b
(a) is proved if we take dot product of both sides with a.
(b) If we take dot product with b, we get
A,=b-c
= Option (b) is not true.
(c) If we take dot product of both sides witha x b, we get
[cba] =A,laxb)?
As=[abclorc-(axb)
= Option (c) is wrong.
(d) is correct since A, + A, + A;=c-a+b-c+[abc].

=

(a) Since, a, b, ¢, are non-coplanar, option (a) is true.
Since, b X ¢, ¢ X a, a X b are also non-coplanar.

(b) is also correct.

Since, x = A(b X ¢) + p(c X a) + Wa x b)

We have, A = ax (on taking dot product with a)
[abec]

K and v have similar values.

Also, |x| =]a - x|

=

a-x= a?, etc.
= Option (c) is correct.
If (c) is correct (d) is ruled out.
a=@di+@jj+@kk=a=@111)
B=(b-)i+(b-))j+ b kk=b=(1-10)
¥=(1,1,-2)
- a-p=p-y=ya=0
=a, B, y are mutually perpendicular c, By=6
=>, B, ¥ form a parallelopiped of volume 6 units.
ax(bxc)=(@-c)b—-(a-b)
=(xz + yx + y2) A+ 3 + xk)
—(xy+yz+zx)(ﬁ+x§+yﬁ)
=(xz + yx+yz)((y—z)§ +(z —x)j+(x-y)f()
Clearly, perpendicular to i+j+ k and also to
(y+2z)i+(z+ x)j+(x+ y)f( as dot products are zeros.
Clearly, parallel to (y — 2)§ + (z = x)j + (x - y)k
A—ax(bxc)+bx(cxa)+cx@xb)=0
= Vectors are coplanar, so do not form RHS

96.

97.

98.

99.

Chap 02 Product of Vectors 149

B — (a X b) X ¢,a X b, = 0 in that order form RHS

=>¢,(a X b) X ¢,a X b also form RHS as they are in same cyclic
order.

Coa+b+c=0 = (a+b+c) =0

= a?+b?+c*=-2a-b+b-c+c-a)

Hence, a-b+b-c+c-a<0
D—>a+b+c=0

= axb=bXxc=cxa

Using this we get result.

a-b=0,cra=c-b=cosa

Take dot products witha,b and ¢, respectively.
I=m,nz+lz+mz=1
1+ cos2a
2
A—ax(bxc)+b(cxa)+claxb)=0
=5 Vectors are coplanar, so do not form RHS
B— (a x b) X ¢ ax h cin that order form RHS

=¢,(axb)Xc,axb also form RHS as they are in same
cyclic order

C—oa+b+c=0
@@+b+¢c) =0
a’+b*+c’=—2a-b+b-c+c-a)
Hence,a-b+b-c+c-a<0
D—>a+b+ec=0
= axXxb=bXc=cXxa
Using this we get result.

n? = —cos 2a,m* =

=

=

Since a, b, a X b are non-coplanar,

r=xa+)b+z@axb),rxb=a

= xaxb+zaxb)xb=a
= x(a X b) + z(b-a)b—(b-b)a=a
= xa xb) —a(l +|b%z) =0
= J:=0.z=—L

bf?

1

Lr=)b- W(a x b), where y is any scalar.
Let angle between a and b be 6.
We have, la|=|b|=1

Now,|a + b| = 2cos%and la—-bl= 2sin%
Consider, FO = 2(2 cosg) + 2(25in—e—)
2 2 2
F(®) =3cosg + 4sing,9 efon]

F@) = ——3sin9 + Zcos9
2 2
Now, F@)=0

=

"
@
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(0.5)

[Ztan" % 5]
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(0.3 !
% ! ' ol
= 9=2tan"% 0=n
Clearly, F@®) =3
F(e = Zlan" i) =3(2) + 4(1) =2 +
‘3 5 5) 5
FO=mn)=4
Range =3, 5]

Hence, possible integer(s) in the range of F(0) in
[0, 7] are 3 viz, 3, 4 and 5.

100. Let r = xa + yb + z(a x b) with b
r-b=0+ybS
a(r-b) = y(b)’a
= c—pr=y|b’a
2
LR L

r=—c
P P
[rac]=0
Now, r-b=—1~c~b
P

ylof =2
p

r=—l-c—Lz(b'¢)3
P P

101.(A —1) (a, —a,) + p(a, + a3) + Ya; + a, —2a,) +a; + da, =0
ie. A—1)a, +(1=-A+p—2y)a,+W@+7y+1)a,
+(y+8)a, =0
Since, a;, a,, a3, a4 are linearly independent
A=1=01-A+pu—-2y=0pu+A+1=0

Y+8=0
ie. A=Lp=2yu+y+1=0y+3=0
2 1 1
i =p=-Sy=--8=-
ie. A=1p 3,‘7 = 5

102. Since[a b c] =0
..a, b and c are complanar vectors
Further since d is equally inclined toa, band ¢
~d-a=d-b=d-c=0
sdor=0
103. p = abcos(2n - 6)c, where 8 is the angle between a and b and

q = accos(n = )b where ¢ is the angle between a and b now
p+ q =(abcosB)c —accos¢b=(a-b)c —(a:c)b=a x(c xb)
= BandC

104, Verify v, + v, = v, in order to quickly answer

105. Since, (2i + ] + 4f()-(i + 2] - l}) =0
and (i+]))-(+2)-k),1+2=3
= Line lies in the plane
D= (a'bz)a
lal

106.

b

O D a A
abn

[af?

(a-a)b —(a-b)a _a x(bxa)
) F P

= DB=b-OD=b -

|a
107.a+b=Ac;b+c=pa
a-c=Ac—pa
a(l+p)=c(l+A)
buta and c are non-collinear =p =~ 1, A = -1
a+b+c=0=k =|k=0
=>(k, k) =(0, 0) all the given curves pass through (0, 0)

108'(a.c)b—(a-b)c= b+ C;B(E'E‘%)_c(a'b-‘-%):o

2

1 1
= a-c=-anda-c=--
2 2

. 109. AA” = I =a,b,c are orthogonal unit vectors

L g a i
g [F 2% 1
c=a><b=;; 2 3 6 |==(-3i +6j-2k)
62 -3

= c=i%(3i-6]+2f()
110. Component of vector b = 4i + 2} + 3k in the direction of
a-b-a
falla| "
direction perpendicular to the direction ofa =i + j+ kis
b-3i+3j+3k=1-]

a=1+j+kis or3i + 3j + 3k. Then, component in the

111. Le the three given unit vector be 4, b and &. Since, they are
mutually perpendicular,a- (b x ¢) =1.

9

Therefore, |b

a

a;
b,
C2
b
b,
by

as
by=1
€3
€
Cpf =1

)

Hence, aji + b + ¢k a,i + b,] + c;k and a,i + by} + ¢;k may

be mutually perpendicular,

112, Statement 11 is truc (see properties of dot product)
Also, (ixb)-b=1-(a xb)
= axb=(.(axb)i+( @xb)]j+(k(@xb)k



113. AD =2j - k, BD = —2i - } =3k and
CD=2i-)
Volume of tetrahedron = %[AD BD CD]

; 0 2 -1
=c2 -1 - =§
2 -1 0
Also, area of the triangle ABC = l|AB x AC|
2
Ji3 i —
1 A
=-f2 3 2 =-|—9i-2}+12k|=-2‘32
2_.2 - 2 2

8 1
Then, 3 = 3 X (Distance of D from base ABC)

X (Area of triangle ABC)
Distance of D from base ABC =16/ /229

114, AX(A-B)A-(A-A)B)-C

=[Ax(A-B)A—(A~A).A><B]-C=-|A|’[ABC]
zero
Now, |A|*=4+9+36=49
23 6
[ABC]=|1 1 -2[=2(1+4)-1(3-12)+1(-6-6)
121
=10+6-12=7=10+9-12=7
|-|AJ*[ABC]| =49 x7=343

115.ﬂ:aXb.La and b
axb

~.There are two such vectors

k il ! " m _
k+l+m k+l+m k+l+m
= Point lies in the plane of A ABC.

1172 + b2 + 2a-b =a® + 4b? —4a-b = 6abcos® =3b

116.

= ah=1p?
2
b? 4 b +2 4
=— = + -1
o8 2""1,2,,.2 2 b +2

2

s zf_f_z+—2£ —1=42(22)-1242-1
2J2  bP+2

2
It is least when %%_2_ =1

= b=42v2-1) = J2tanm/8

118, Both the statements are true and statement II is the not
correct explanation of statement I. Because b,c,d in

statement | are coplanar.
119.3a - 2b + 5¢ — 6d =(2a - 2b)
+(~5a + 5¢) + (6a — 6d) = —2AB + 5AC -6AD =0

Chap 02 Product of Vectors 151

SAB, AC and AD are linearly dependent, hence by
statement I1, the statement [ s true,

120.r = xa + yb + z(n X b)
121, x (b x &)+ (4 X &) = (A &)[bde] =5
= [bdg] = 10 => [abe] = =10,
Solutions (Q.Nos. 122-124)
122.G +3) - k) (1+ J+ f)=1+3-4=0
i ol

(=1
1.: 1

Since,[qpr]=(2 4 -1
11 3
=(1241) =106+ 1)+1@2—-4)=13-7-2=4

= (a) (b) (d) are wrong,.
123.(pxr)xr=(p-r) q-(q-r) p
= u=-(q:r)=—2+4-3)=-3

v=p-r=1+1+3=5andw=0

Hence, u==-3,v=5w=0 = ut+tv+w=2

124.-: p ,q and r are non-coplanar, therefore
qxr, rx p and p X q are also non-coplanar
Hence, s=l(qxr)+wrxp)+n(pxq)
D e VR, B
‘lpar]  [par]  [paqr]
Hence,s[pqr]=(s-p)(qx r)+(s-q)
(rx p) +(s-r)(p xq)
(s-p)(q Xr)+(s-q)(rxp)+(s-r)(pxq)
=|s[par]=[pqr](asls|=1)

1T 1
2 4 -1|=(12+1)=-1(6+1)+1(2-4)=13-7-2=4
11 3

Solutions (Q.Nos. 125-127)
125. Given, p=i+j+ f(;q:i—j+ﬁ
pXr=q+cp and p-r=2
pX(pxr)=pxq(q+cp) and p-(pxr)=p-(q+cp)
(pr)p-(p-p)r=pxq+co

0=p-q+c(p-q)

(p-p)r=(p-r)p-pxq (i)
Pq
c=—-"— (i
PP )
But p-p=|pl=p*=3 (ki)
p-p=l-1+1=1 (iv)
ij k
“pxq=[1 1 1|=2i-2k (v)
1 -1 1
Using Egs. (iii), (iv) in Eq. (i) and Eq. (i), we get
3r=2p-2i +2k nndc=—§ ..(vi)

r=§[zi+2]+2l}—2i+2f<]
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r= g(j +2k) ..(viiy Solutions (Q.Nos. 131-134)
131. Since, a, b, ¢ are non-coplanar vectors, then

1 1 : [abc]#0 = [abc) =0
Now, [pqr]=|1 -1 1 =[_—4_E)_1(1)+1(E)
0 4
3

a-a b-a ca

1 3 3 3 3
2 = [abc]?*=[a-b b-b c-b|#0
2 8 a-¢c b-c c-c
rl=—-2—-—-=—--
(par] 5 3 A8 Since, any vector r in space can be expressed as a linear
126.( _ combination of three non-coplanar vectors.
([Parlx=(pxq)xr = -x=(p'r)q-(q'r)p So, let r=Ila+ mb+nc ..(i)
L 2p 2 : taking dot product by a, b, ¢ successively, we get
= (3) =29 (q-r=§.venfyyourself) r-a=laa+ mb-a+nc-a ...(ii)
_ 32 Tisins om n e e r-b=la-b+ mb-b+nc-b ...(iii)
x—-5'5(3q—p)=—4—(3|—31+3k—|—3—k) r-c=la-c+mb-c+nc-c ..(iv)
oL @i - 4 + 2k) Now, eliminating /, m and n from above 4 relations, we get
4 r a b c
1. PO . < 5 . 9
x=—=(-2j+k) r-a a-a b-a eal oo
2 rb a-b b-b cb
127.Asc=—%fromEq.(w}i) rc ac boc cc

Now, expanding along first row, we get

(1—%)Y=(P'l‘)q—(P"I)' . r=(%)a+(%)b+(ﬁ)c

A

2 )
;y =2q-()r [Asp-q=1fromEq.(iv)] 132, Since, a, b, ¢ are three non-coplanar vectors, then
P On three exists scalars x,y,z, such that
3o A 2. 4- 3 (61 —8j+ k) G
Y=5(21"23+2k'5.|‘;k)=‘2"3—1 r=xa+yb+zc ..(i)
LI Taking dot product by b X ¢, ¢ xa anda x b successively,
y=31i—-4j+k we get ’
1. 1 r-(bxc)=(xa+yb+2zc)(bxec)=x[abc]
2 2l 1( 16 2 1 r-(cxa)=y[bca]
[xyr]=|3 —24 ‘11 =E('?_§)‘1(4)“5(2) r-(axb)=z[cab]
0 5 5 Jr=[rbc] _[rca] ,_[rab]

Y z=
[xys]=3—d-1==2 [abc] [abc) [abe]

: ] “1{ N On substitutli’ng the values of x,y,z in Eq. (i), we get
oo Xyr)|= =|c rboc rc
el el fesshe )
= x, y, r are the coterminous edges of a tetrahedron whose )
volume is|c|. or rz[abc] {[rbcla+[rca]lb+[rab]c}
Solutions (Q.Nos. 128-130) 133. We know that,
128.y = log,,z(x - %) + log, /@x —1)° [axbbxcexal=[abe)
i 1 Clearly, [axbbxcexa]#0{[abc)=0}
But, x> o = 1051/2(" ‘E) + log,(2x - 1) = axb bxX ¢ cx aare non-coplanar. _
We also know that any vector in space can be expressed as a
Y= linear combination of any three non-coplanar vectors, so let.
P=@31) a=I(bxc)+ m(cxa)+n(axb) ()
129, OP=3i + ] On taking dot product on both sides by a, b, ¢ successively,
Q=(11) or(21) we g
0Q=i+j and 2i +] sip=Liahel
OP.0Q=3+1=4 and 6+1=7 wrhisan fewhy

. ca=n[cab]
130.PQ=0Q- OP =-2i or i _aa a‘b g

|PQ|=2 or 1 “aba " mve ™ ""fabd




On substituting these values in Eq. (i), we get
a-a a-b a-c
X¢)+ ——(cxa)+ ——(ax b
[abc](b © [abc](c 2) [abc(a )

or a= fa-a(bxc)+a-b(cxa)+a-c(axb)}

AL
[abc]
134.Let a =aji + a, + ask, b=bi + by + bsk,
c=c,§+cj+c,fgp=pl'i‘+p7j+p3k
and q = ¢ii + ¢;j + gk,
a b c
Then,(a-p b-p c-p
a-q b-q cq
bi+bj+bk  qi+cj+ok
ap +ap+asps B+ bypy + bips apy + eopy + capy
G + a9, +asqs big + bgo + bigy g + g+ 0igs
2 a i
i j k||la a a
p P2 Pl b o
Gt 92 QG| |G €2 C3
=(p x q) [abc]
=+/[abe]*(p x q)
=J[axbb xccxa](p xq)
Solutions (Q.Nos. 135-136)
135, g/(x) =3x* +2x+ 0>0,V x>0
= g(x)is an T ing function.

aji + a)j + ask

If circumcentre lies outside, then triangle is obtuse angle
triangle and angle containing the given sides is obtuse angle.

Therefore,

(fGOi + g(x)])-(g(x)i + fx))) <0

f(x)-g(x) <0 ()
- g(x) Tforx20
g(x) > g(0)Vx > 0, Also, g(0) =0 .

g(x)>0Vx >0, (i) = f(x)<0
s f(x)<0and g(x) >0V x>0
136.1f x — oo then g(x) — e and f(x) is some negative number,

then

R A T

f(x)g(x)
PARLL b

-

n
lim lim | cot| =(1 = %) =0
10 x—oo 4‘—3—’

R

%
Solutions (Q.Nos. 137 to 139)

We have x| =|y| =|2 = V2 and x, y, z make angle of 60° with
each other.

x-y =|x]||y|cos60° =~/§(~ﬁ)-% =1

y-2=Iyllscosse” = V2 1) =1
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and x-z=|x||z|c0560°=ﬁ(m(%)=l

x-x=|x[*=2

y-y=ly’=2 and z-z=|2|* =2
Now, x X(y x z) =aand y X (z X x) = b (given)
= (x-2)y —(x-y)z=aand(y-x)z—(y-z)x=b

= y—-z=aandz-x=b
= y-x=a+b
Thus, we have
y—-z=a (1)
z-x=b ) ..(ii)
y-x=a+b ..(iii)
Now, XxXXy=¢ (given)
= x X (x X y) = x X ¢ (taking cross-product with x)
= (x-y)Xx —(x-X)y =x X¢C
= X —-2y=xXc¢ L(iv)
Again, XXy=¢
= y X(x X y) =y X ¢ (taking cross product with y)
= (y:-y)x—(y-x)y=yxec
= 2x-y=yXe .(iv)

On subtracting Egs. (iv) and (v), we get
x—y=(yxe)=(xxc)

= xXy=(y—-x)Xc

= x+y=@+b)xc (vi)

Adding Egs. (iii) and (vi), we get

2y=@+b)+@+ b)xc.y:%[(a+b)(a+b)xc
Substituting the value of y in Eq. (iii) in Eq. (i), we get
x=%[(a+b)+(a+b)xc]—(a+b)

= x=%[(a+b)xe—(a+b)]
z=%[(a+b)+(a+b)xc]—a

Z=%[(b—a)+(a+b)xc].

137.2)  138.(a) 139. (b)
Solutions (Q.Nos. 140 to 142)

Taking dot products with a, b, ¢ respectively with given
equation

[abe] = p + (q + r)cos® (1)
0=(p+r)cosb+gq .(i1)
[abc] =(p + q)cos® + r (i)

1 cos® cosB

Also, [abc]®= |cos® 1  cosB

cos® cosO 1
=2c0s°0 —3co0s°0 + 1 =(1 — cos8)® (1 + 2cosB)

v =|[abc]| =|1 - cosb||{/1 + 2cosB)
=Zsln'g|,[l + 2cos0|
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From Eqgs. (i) and (iii) p = r; substituting in Eq. (ii), we get
2pcos@+g=0 = 24 2¢050=0
P

140.)  141.(0) 142. (v)

143. (A) We know that 3 vectors are coplanar, if xa+ yb+z¢=0
Clearly, =31 +3j + 4kand i+ J are two vectors lie in the
plane (a + banda - b).

(B)a x b is a vector which perpendicular to both a and b,

3 q
1)
axb=|-1 2 2[=i(4-2)-j(-2+4)+k(-1+4)

-2 1 2
=2i-2j+3k
(C) ¢ is a vector which is equally inclined toa and b
cca=c-b
Clearly i - j + 5k satisfies the condition.
(D) a, b and c are from the triangle

= AB+ BC=AC
o)

LN,

144. Given, [aX bbxccxa]=36
[abc]=6
=5 Volume of tetrahedron from by vectors
a,bandcis%[abc]]=l

{a+ bb+cc+a]=2[abc]=12
a—b, b— cand c— a are coplanar
= [a-bb—cc—a]=0
R %[ax b+ bxc+cxal
Area of AAOC %lax ¢

145. (A)

Now, a+2b+3c=0
Cross withb,a xb+3cxb=0
= axb=3(bxc)
Cross witha,2a xb+3axc=0

= axb=%(cxa)

axb=§(c><a)=3(b><c)

Let” (cxa)=p
I)(I):-32 : b)(¢=g
2 2
A (a)
B (b) Cle)

P
Raﬁo_]axla+|:><c+cxa|= 22 3l _
|exal Ipl Ipl
A‘A A'B A-C 0 %
(B)[ABC)*=|B-A B:-B B-C|=|0 1 =
C-A C-B C-C S5

1
[ABC] = :

b-a b-a
(C)(bxc)-(axd)=

ca cd
Similarly, compute others which gives (i).
146. (A) x-y =[a|* =|b* =0
x is perpendicular to y.
x x yI* = |x*|yl*
{lal* + b]* +2a-b|} {la]* + [b|* —2a-b}

1
=64-—4(a~b)2=4{16 —(a-bﬁ}

>

o=

16
2A +1

(B) ———-——‘/mm-
220 +1)=A2+2

A —4L=0,A=00r4
A = 4is non-zero value.

(C) If the lines are coplanar, all the 4 planes will have a
common point.

Solving 4x+3y =2z +3=0
x=3y+4z+6=0
x—-y+z+1=0

1 -11
Wegetx=——,y=-3,z=—0
8 b S 3

Substituting inkx — 4y + 7z + 16 =0

We getk =7
(D) E=|a-2bf* +|b-2c]* +|c—2a
=5(a® + b+ |c[?) - 4[a-b + b-c + c-a]

=5-6-4[a-b+b-c+ c-a]
30-E

=a-b+b-c+ca=

Also, la+b+¢*20
6+2fa-b+b-c+cal20
6+2[3°—'£]zo

4
12+30-E20
422E
E242



147. (A)a-b+a-c=b-c+b-a=0

=b-c =a.c=_a.b=_£
2

= |a+ b+c|=,/a2+b2+c2—2(a-b)=9
(B) [a b c] write in terms of (a, a;a; bib,by)
[def]=[m cxa axb]=;
[abe] [abe] [abe] | [abe]
= [abc] [def]=1

(C) o= __2MABCD)  _
ar(parallelogram)
%|ﬂx(ﬂ+3b)|+%l(2a+3b)xb s
lax bl T2
_ d-c - d-a _db
B = e ™ e e}
x+y+z=d~(a+b+c)
[abc]
4
= R_[abc] =8

148. Let the angle between u and v is 6 and w and u is @

-4 4-v aw
[avwi=|v.a +v vw
Wi WV wWew

1 cos20 cos®
=|cos20 1 cosB |=0
cos® cosB 1

149.2[abc)l+[abecl?+0=2x1+1%=3
150.4-¢=b-&=cosd
&=ad+pb+y@+b)
Taking dot product withd both sides cos8 =a.
Taking dot product with b both sides cos® =
Taking dot product with c both sides X
1=0ocoso + PcosB + y[d b E]
[1 0 cosB
But A beP=| o 1 cos@
" lcos® cos® 1

=1-2cos’0
So, 1 = cos?0 + cos’8 + 141 —2cos’0
= y=41-2cos’®

So,a? +P* + ¥ =1

151. The three adjacent sides of tetrahedron is given by
A+ PxG+k) Griyk+i) (k+D)i+))

[T+ ) xG+ K 10+ k) x (ke + D) |G+ Ty x (P + )|

Chap 02 Product of Vectors

i+j+k i+j-k -i+j+k

NN HEN 1
1 -1 1 2'
1.1
Va=X—7]1 1 =l]j=—s@
6 33 93
-1 1 1
So, 93V =2

152.Let &= xa+ yb, where x and y are scalars.

= e=x(i-]+2k)+y@Ei-j+k)
= e=i(x+2y)+)(-x-y)+ k@x+y)
But, ¢a=0
6x
6x+5y=0 = y=-?
So, P L) P
5 5 5
2, .2 2
Wehave.——-wx kx Flox =1 = x2=—5—
25 6
c= i(i;-i-lj +1|A()
66\ 5 5 5
5 Vi1
p=[¢-bl=—
6
So, J—H-=6 = k=6
» 5
143, Let the angle between a and b isc andax b and ¢ is B.
[[abc]=6
= sinacosp=1 = sinot=1,cosf=1
= @ =90°p =0°

= a, b and ¢ are mutually perpendicular.
Again,[bcd]=0

4 0 1
= 0 9 c&:o
1 cd 1
= c-&=i%
We have, a-b=0
1 0 0
laxc-d?=[o 9 2?—
0 ﬁ 1
2
=9—g=-9_
4 4
laxe)xd[* =|a-d) ¢ = (c:d)af*
Wi 2
= ” a =—

So, |-x:-&|'+|(.xc)xa|'-37°=9

155
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=% & =2
A H+2 D

i+4]+—
2 c

154.PV.of D=

DROU‘]‘):ELM
2 2

1

> »

3
A-4 H-8
A B

= —_—=l=—
158.]a) = |b| =|c| = 1;[abc] =1

But directions of AD should be

-
sl

2 2

A (2i+3]+5K) ;
Volume of the tetrahedron = =
3 -2 2
B =t -1 0 =2([abc]|=2
(Hi+3j+2K) (Ai+5]+pk) ¢l2 3 4
A=6pn=10
21_‘;:2 159. [ax(bxc)]-(axc)=5
155.‘,:[3!”]' = [(a-c)b—(a~b)c]-(axc)f5 = (a-c)[bac]=5
= [abc] =—10
Sk Wb e = —[abe] -1=+10-1=9
[eBY]=|b-a b-b b-c|[abc] a-a a-b a-e
ca cb cc 160.|b-a b-b b-c|=[abc]’=[a xbbxccxa]’=36
=[abc][abc][abc]=v’ ca cb c-c
% A=3 =4x9=2*x3?
156.c xa =b=>|c xa|=|b| - P+q=5
= |c||a]sin® =3, 161.6-3=6-f-6-@@ xx)=0
ld=——|c—a =|¢f +af* ~2c-a Also, 6 x £ =6 x - x(@ x x)
2sin® X B 5
=|cf® + 4 —2cHalcos® X =0-><5A—(u'x)u+|a|”x )
= 92 +4—2-—?—-2-cose = B_x=(fxﬁ+xf" 2{=?‘?*B
4sin"0 2eng = 4x"=|B +|oxB’ -2B-@ xp) =2
a2 o 1
=4+ Icosecze 6cot@ - |x|2=E = 4x=2
2
=2+(2cot6—2) 1_2 -4 6
4 2 162.g 1 -8 |=22 = A=133
le—a?2> 2 -5 A-1
4 .11
|c-a|23
= 2
= 2c—2a|23 -1,-3,7) (3.-4,%)
~Min of2|c—a] =3
157. In AABD, N is the mid-point of BD.
- AR AD=2AN) “® " 163.Lfabe] =3 = [abe] =18
In ACBD, N is the mid-point of BD. 6
CB + CD=2CN ..(ii) V=[la+b-ca-bb-c¢]
Adding Eqs. (i) and (ii), we have =@+b-c)(@a-b)x(b-c)=a-(bx¢)=[abc]=18
AB + AD + CB + CD=2AN + CN) -(ili) 7164, Let 6 be the angle between vectorsa and b. Then,
In A ANC, M is the mid-point of AC a-b =|a||b|cos®
AN + CN =2MN = (a-b)? =|a|*|b|* cos*®
From Eq. (i), we get Now, cos?0 <1 = |a|*|b|*cos?® <|a|?|b]?

= =4MN
AB+ AD + CB + CD=2(2MN) (a-b)? <|al’|bJ



165. Let Pfx,. 1) and Q (x,, y,) be the two points on y=2¥t?
OP - 1 = Projection of OP on the X-axis
= x=-1 (-OP.i=-1)

Also, (x;, y;) lies on y =2%*+2

n=21" oy =2

Also, 0Q- i = Projection of 0Q on X-axis.

= X; =2

(given 0Q. 1 =2)
As(x,, y,)liesony =2%+2

y=2"%% gy, =16
Thus, OP=xi+yj=—1+2]
and 0Q = x;i + y,j =21 + 16}
=  0Q-40P =6i + 8j
= |0Q-40P|=,36+64 =10

166. Let A(x;, y;) in XY-plane.
J OA=a=xi+y]"
OP=r=xi+yj
* Point P lies on the tangent to the circle.

..OA is perpendicular to AP.

= . OA-AP=0 =a-(r-a)=0
ie., ar—a-a=0

or ar=a-a

= a-r=a’

= (ni+ 3j) - (xi+ yj)=a®

= xx +yy, =a’

which is the equation of the tangent to the circle at the
point A. S

167. The given relation can be rewritten as,
(Ja® - 4i + aj +yJa® + 4k).(tan A + tanBj + tanCk) = 6a

= (@*-—4)+a*+ (@ +4)

Jtan®A + tan?B + tan’C . cos® =6a (- a.b =|a||b|cos6)

V3a. JmnzA + tan®B + tan’C . cos® =6a
= tan® A + tan®B + tan®C = 12sec’0 (i)
Also, 12sec’0 212 (- sec?® 2 1) ..(ii)
From Eqs. (i) and (ii), tan® A + tan® B + tan’C 212
. Least value of tan® A + tan® B + tan’C =12
168. Here, M is the mid-point of BC.
AM = AB + %(AB +AC) (using AB + BC = AC)

AB||(AB+ AC)

Chap 02 Product of Vectors 157

A
A
B M

Let angle BAM = ¢

AB-(AB+AC) _ |AB|* + AB-AC
|AB||AB+AC| cb? + ¢ + 2bccos A

_ c*+cbcosA  _ c+bcosA

- c‘/;2 +b? + 2bccosA \/b2 +c?+2bcosA

C

cos =

and —=—— = cos¢

- sinC + sinBsin A
\Jsin?B + sinC + 2sin B sinC cos A

169. Let p = BA and q = BC
Now, required perpendicular distance
=AM =(BA)sin®
=|p|sin® i)
Consider,|q x p| =|q || p| sin®
On dividing by |q|
la xpl

=|p |sin® ..(ii)
lal (
) A(1,4,-2)
P
(:] (0]
BT M aq =5
From Eqs. (i) and (ii), required perpendicular distance
_laxpl Gii
Il < (i)
where, q=BC=0C-0B=-2i-6]+3k
P=AB=0A-0OB=-i+3j
lql=yJ4+36+9=7 -(iv)
i j k
and gxp=|-2 -6 3|=-9i-3j-12k
-1 3 o0
lq X p| =81+ 9+ 144 =326 )
From Egs. (iii), (iv) and (v), we get
Perpendicular distance = 3‘{]2—6

170. Here, AM = MD and CD is angle bisector of ZC.

CD:ab+ba
a+b
aind CM=a+b

2
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(a)
A

Where,a=CB andb=CA
Consequently,

Area of A CDM = %(cn x CM)
=l(ab + ba) x(a+ b)

2 1a+b)
=a(bxa)+a(bxb)+b(axa)+b(axb)
4a + b)

_(b-a)@axb)
T 4a+b)
(usingaxa=bxb=0andbxa=-axb)
_ _b-a (axb
—2(a+b)(T)

b-a
_——Z(a+b) (Area of A ABC)

. Area of A CDM _fa -b) __sinA-sinB
""Area of AABC 2(a+b) 2(sinA +sinB)
Also, CD || (ab + ba)and CM || (a + b)
’ (ab + ba)-(a+ b) ~
|ab+ ba||a+ b|
a|bj? + bla|* + |a|b| (a + b) cosC
2a%b? + 2a%h* cosCyJa* + b* + 2abcosCA
[Where, |a|=a and |b| = b]
_ (a+b)cos(C/2)

N Ja® + b* + 2abcosC

_ (sinA + sinB) cos(C/2)
\Jsin? A + sin® B + 2sin A sin BcosC

cosf =

171. Let A (0), B(b), C (c), P(p), Q(q). R(r)

We have, p = g .
C(c)
Q
21
‘1 A 5 B(b)
Al@) -
and Q= 2b ; c

Equation of the line AQ, r = l,(Zb; c)

Equation of the line CP, r = ¢ + }‘2(.;‘3 —c)

R is the point of intersection of AQ and CP.
= For point R, we have

A,(2b+c)=c+lz(k—c)
3 3

= -zaﬁ = %l (comparing coefficients of b and c)
and 2 =1-2,
. 3

On solving, we get
AM=3/TA,=6/7

= R=;(2b+c)
Now, RB=b--;—-(2b+ c)=5b7_°
Rc=c_l(zb+c)=w
7 7

|RB><RC|=%(5b-c)x(6c—2b)
=L @obxec+2exb)=2(bxe)
49 49
= |RBxRC|=j-2—|bxc|=% ((area of A ABC)-2]

(- area of ABRC =1)
1 ' 49 49
= Areaof A ABC=5|RB X RC|-£=(Area of A BRC)-E

Area of AABC = :—: sq units.

172. Let OABC be a given quadrilateral such that its diagonal OB
bisects the diagonal AClet OA =a,0B=b,0C =c.

Since, the mid-point a:bc of AC lies on OB, there exits a

scalar t such that,
Area of AABC =2 e

=tb = a+c=2tb

On multiplying both sides with b, we have
(@a+c)xb=2tbxb

= axXxb+cxb=0

= axb=bxc
1

= —]axb|=1|bxc|
2 2

=> Area of A OAB = Area of AOBC
Hence, the diagonal OB bisects the quadrilateral.

173. The coordinates of the resulting force F = F, + F, = {6, 4} i.e.,

resultant F are 6 and 4. Now, let M (a, y) be a arbitrary point of
I. Then, the moment of the resultant about point M is equal to
zero.



This moment is equal to sum of the moments MA x F, and
MB X F; of component forces (the cross product of vectors is
distributive.)
Since, MA =(1 ~ x,1-y), MB = {2 — x, 4 — y}, if follows that
(MA XE) (i +)=301-x)-2(1-y)
=1-3x+2y
(MBXE)-(i+])=@2-x)-4(4-y)
=-14-x+4y
Hence, the equation of straight line I is
(1-3x+2y)+(-14—x+4y)=0
= —4x+6y-13=0
= 4x -6y +13=0

174.l.eta=xi+yj+zf(

Now,a,iand i+ ] are coplanar anda, i —jand i + k are
coplanar.

= [a§i+:i]=03nd[ai—:ii+f(]=o
Xy z X y z
= |1 0 O0({=0and|1 -1 0|=0
110 1 0 1
z=0and-x-y+2z=0
= z=0andx+y=0
=4 y=-—x
a=xi-xj
i~
= a=—=
N
Let the anglebetweenaandi—ZfHthbeB.
i-2j+2k
cos9=a-l‘2£—.
|i+2j+2Kk|

_(-)) (-2j+2k)

V2 f1+4a+4

_-)E-2+2k) _1¥2_ 1
B V23 W2 2
o="

4

175. In the new position, let the vector be A +yj + zk Since, it is

perpendicular to the given vector.
(d+yj+zk)-G+2j+2k)=0

= x+2y+2z=0 (i)
The magnitude is the new position which also remains the
same.

= X+yt+zi=1+4+4=9 (i)
The given vector, the vector in new position and thg X-axis are
coplanar. |

1 00
= 1 2 2(=0
xy z
= y =z and x = —4y (using x + 2y +22 = 0)
Hence, X +yt+zt=9
= 16y +y* +y* =9

176.

177.

178.
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Tzl =+_1_
= YEgdttE

=5 x=+22
It is given that the vector passes through the positive X-axis.

1
= = and y=0—-—==2
x 2«/5 y T

- 1. 1 -
~ i (228 - - 15 k)
Hence, required vector is (2 Jzi 7 ) 7]

a+v+ia+wandwxia=Vv
= (G+Vv+ha)xa=wxa
= (G+V)Xa+axa=v
= (a-a)v—(v-d)a+axa=v
(using @i - @ = 1and @ X @1 = 0, since unit vectors)
= v—(v-a)a=v
= (G-¥)a=0=0-v=0
Now, [0 v w]
= a-(vxw) =a-[V x(@xv+a)]
(givenw =10 XV + 1)
= a-[Vx (0 xV)+vxi]
= a-[(Vv-¥)a—(v-a) v+ vxa]
[~ @-v =0 from Eq. (i)]
= |9 (@-4) - @-(¥x 1)
= [91% [af* — 0 (~[avw]=0)
C-1al=[v=1)
= [avw]=
We have,
RxB=CxBandR-A=0
= A X(R xB)=AX(CxB)
=  (A-BR-(A-R)B=(A-B)C-(A-C)B ()
where, A=2i+kB=i+j+k
and C=4i-3j+7k

A-B=2+1=3A-C=8+7=15
Hence, Eq. (i) reduces to
3R -0-B=3C-15B
or R=C-5B=(4i -3j+7k) - i+ j+k)
R=-1-8j+2k

Since, a, b and a x b are non-coplanar vectors.

Let x =\ +pb+ yaxb) (1)
x-a=Aa-a+pb-a+ yaxb)-b

= 0xAla]® +pa-b (i)

Again from Eq. (i),
x-b=2Aa-b+pub-b+ yaxb)-b

1=Aa-b+p|b|? ... (i)
From Eq. (i)
x-(axb) =1a-(axb)+pb-(a X b)+ Ya x b)?
[xab]=Alaab]+p[bab)+yaxb)
1=yaxb)? (iv)

. 2
From Eq. (i), i(a-b) = - AjaJ! = p=-A12L
a-b
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From Eq. (i), —{b-(x —c)} b+ (c-c)(x —a) —{c-(x—a)lc=0
s ehadiieaml 8P = AX(x-b)-{a-x-0la+A*(x—c) —{b-x-0}b
a-b +A%(x-a)—(c-x-0)}=c=0
e 1=;‘[(“‘b)2‘1‘lz|b|zJ ) (usinga-b=b-c=c-a=0and|a| =|b|=|c|= 1)
ab = Ax-b+x-c+x-a}
= . . ={@-x)a +(b-x)b+(c-x)c}
(a-b)* —a’b? ‘ Let x =ca + Bb + yc
179. X+§+2=a i) : (xxshnearcoml:matmnofa.bandc)
A N . 2 = a-x=0a-a = a-x=ali
a-X+a-y+a-z=a-a=h| =4 N
3.7, . 3 . ‘x=p
1 At wkss (i) c-x =y’
" 2 4
FromEq. (), %-(k+9+2)=%-a=a-x =2 FromEq. (i), A" {3x —@ + b+ c)}(a-x)
2 a+(-x)b +(c-x)c
= RRHRFERB=D and from Eq. (iii)
2 ax=A%c,b-x=AB,c-x=2%
2 1*’2'9+i‘i=% Above equation reduces to
1 A*(3x —(a+ b+ c)} =Aac + b + cy)
= i.9+i.i=§ --«(i) = 3x —-(a—b+c¢)
: ey TR SR 7 = 2x=a+b+c
FromEq.(i), y-(x+y+2)=y a=; PEbie
= XxX=—
%-§+1+9-2=2 2
x = -
4 R 181. Here, OC=x,CA=b,CB=2a
£9+9 i=% iv) OA=(-x)andOB=a—x
From Eq. (i), (x+§+2) =(@)’
= X R+F P2 EHAR-HF-2+2-R) =|a
3+2AX-y+y-2+z-X)=4 w(v)
From Egs. (iii), (iv) and (v), we get
9-2=0,i-i=—i,i-9=%
Now, xx(yxz)=b Now,
(x-2)y-(x-y)z=b x2=(a—x)z=(b—x)2
1o 33ap Vi) = x-x=(@-x)@-x)=(b-x)(b-x)
4 4 = X'X=a-a-2a-x+xx=b-b-2b-x+x-x
Again, xxy)xz=c¢ a? b?
was & 3 o a‘x=—andb-x =—
x-2)y-(y-2)x=¢ = _ZY=C 2 2
Now, if we take x = i
¥ =—4c [from Eq. (vi)] b :ve °x t:+}1h.thcn o e
i=§(c—b) N b=
2
FromEq. (i), X =a-y-2 and la‘b+pbz=%
a4
B Ot Ak Be) .On solving Egs. (ii) and (i),
1 a’b’ - b*(a-b)
X =- A-:'.,—
x 3(3:\4-4b+8c) 2 —@ by’
9=—4c,i=§(c—b) and s a’b? - a’(a-b)
2(a’b?) -(a-b)?
180. Here, 2 _ba. ! _a¥a.b
ax{(x=-b)xa}l+bx{(x-c)xb}+cx{(x-a)xc}=0 = x-l‘,b b ab) +l‘:h 2’ ).

. si)
(a-a) (x - b)~{a-(x ~b)} a + (b-b) (x -¢) 2@ -@b) 2ad)-@b)



182 OP-0Q+ OR-0S=OR-OP+ 0Q-0S
= ORO0Q-OR)+ OS(OR - 0Q) =0

= (OP - OS}0Q - OR) =0
= SP-RQ =0
Similarly SR-PQ=0 and SQ-PR =0
. S is orthocentre.

183, cos(P + Q) + coy{Q + R) + cos(R + P)
=—(cosR + cosP + cosQ)

Max. of cosP + cosQ + cosR=§

Min. of cos(P + Q) + cos(Q + R) + cos(R + P)is
3

5
-

184 sinR =sin(P + Q)
185. Given,|3|=|b |=|&|=1

188.
and ix(ﬁxé):."_::‘-.(f”.a)
. O R I
Now.mns:derax(bxﬁ:T(b*c)
. .. B
= (i-e)b-(s-b)e=gb+£é
On comparing, we get
x f o R
ab=-2 o) blesse=-2
- cosp=-D t<1dl=|B|=1]
¥ 189,
= mB:m(x—£)=9=5—"
6 6
186. Given.(axb)xc:-;-lbl lela
= —cx(axb)=§|b||c|a
= -(c-b)~n+(c‘a)b=§|b|c|a
[§|b||c|+(c-b)]n=(c~a)b
Since, a and b are not collinear.
cb+~|b|lc|=0 and c-a=0
¥ 190.
= |c|lb|cos0+§|b||c|=0
= |b||c|(cose+§)=0
= cos0+-:l;=0 ¢:1bl#a|c|=0)
” il L g R
3 3 3

187. If a, b,c are any three vectors
Then, |a+b+ q'20
= Jal+|b*+|c*+2(a:b+ b-c+c-a)20
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© ababcteazTiaf+b+cl)

Given, |a=b|*+|b=c|*+|c-a|*=9
=|al*+|b[*-2a-b+|b|*+|c[*~2b-c+|c[*+[a|* -2c-a =9
= 6-2(a-b+b.c+ca)=9 [lal=|bl=|c|=1]

= l~b+b-c+c~a=—~g ()
Also, a~b+b~c+c~nz_?l(|n|’+|b|=+|c|')

3 ,

Z—; (u)

From Egs. (i) and (i), ]a+ b+¢|=0

as a-b+b.c+ cais minimum when|a+b+¢|=0

= a+b+c=0
[2a+5b+5¢|=|2a+5(b+ ¢)|=|2a-5a|=3

Leta=i+j+2k b=i+2j+k

ande=1+j+k

2 A vector coplanar toa and b and perpendicular to ¢
=Aaxb)xec =A{@a-c)v—(b-c)a}
=A{a+1+E+2j+R)-@+2+ 1)1+ j+2Kk)
=Afei+12] +6k-6l-6j—12Kk)
=A{6j-6k}=6A{j -k}

For, A =% = Option (a) is correct.
and forA = - % = Option (d) is correct.

Letv=a+Ab
v=(1+)i+0-2)ja+0) k

Projection of vonc= 71:—.‘-

ye_1

lel 3
+0)-0-2)-(a+2d) 1
3 B
1+A-1+A-1-A=1
A-1=1

L

R T

AB=2{+10]+ 11k
AD=-{+2j+2k

Angle ‘0" between AB and AD is
AB-AD

D) =
N |IA“IIADI
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_|-2+20+22|_8 o ke 1T 194. The volume of the parallelopiped with coterminous edges as
Tame s O 4,b,is given by [4 b&] =a-(bx&)

Since, o +06 =90° Z

cos(@t) = cos(90° —8) =sin(@) = g ‘

1 1
191. mpp =g MR =0 MRg =-3,mgp =-3

Y B 7"
X
i-a a-b a-éll (1 1z 12
P-2-1) Q(4,0) . Now,[abé)’=|b-a b-b b-&|=[1/2 1 1/2
= Parallelogram, but neither ) S B R Tl % X )
PR =5Qnor PR 15Q. = [5I;é]zzl(1_1)_1(1_1),-,1(1_1):1
. So, it is a parallelogram, which is neither a rhombus nor a 4) 2\2 4) 2\4 2 2
rectangle. L Thus, the required volume of the parallelopiped
o g daun 1-2j 1 .
192, From the given information, it is clear thata = = =— cu unit
= 75 ;3
= |a|=1,|b|=1,2-b=0 195. Given, OP =4 cost+ bsint

Now, (2a+ b)-[(axb)x(a—2b — — _
” (=(;+)b[)(?[:zh):<((:-b)-a)]+2bz-a—Z(b-a)-b] = | OP| = (a-3) cos’t + (b-b)sin’ t + 23-bsint cost

=[2a+b)-[b+2a]=4a’+Db? = | OP|=1+4-bsin2t

=4-1+1=5 [asa-b=0] = |OP|g=M=1+4a-batsin2t=1= t=2
193. Let angle betweena and bbe6;, ¢ and d be®; andaxband 4
r 1 . =
bxd be8. At :=:_op=$(a+b)
Since, (axb)-(cxd)=1 =>sin6, -sin6,-cosd =1 ddb
= 0, =90°,8, =90°,8 =0° Unit vector along OP at (r = %) o + b
a+
= alb,cld,(axb)||(cxd) o ' | |
So, axb=k(cxd)andaxb=k(cxd) . Since, PQ s not parallel to TR.
= (axb)-c=k(cxd)-cand(axb)-d =k(cxd)-d T s
= [abc]=0 and [abd]=0
— a,b, canda, b, d are coplanar vectors, so U -
options (a) and (b) are incorrect.
Letb|| d =b=td
As  (axb)-(exd)=1 = (axb)-(cxb)=%1 P Q
= [axbcb]=t1 = [cbaxb]=%1 * TR is resultant of RS and ST vectors.
= c[bx(axb)]=t1 = c[a—(b-a)b]=%1 . PQ X(RS + ST) # 0.
=+1 [~ab=0] But for Statement II, we have PQ xRS =0

= o o o Ed which is not possible as PQ not parallel to RS.
x::':: 2;)3;2:::$mon. e b Hence, Statement I is true and Statement II is false.
Let option (d) is correct. 197. Since, given vectors ar : coplanar
= -d=%a and c=tb -2 1

o & 1 -lz 1 |=0
As (axb)(cxd)=1 60° )
= (axb)(bxa)=%1 1 1 =X
Which is a contradiction, so option (d) is d ¢ = A —3ni-2=0

incorrect. = 1+ (W -2)=0=A =22
Alternatively options (c) and (d) may be observed from the
above figure.



198.

199.

200.

201

202,

Stnee, a, by ¢ ave unit vectors and a + b+ ¢ = 0, then
a, h, ¢ represent an equilateral trlangle,
axb=bxesexaw0.

Let vector AO be parallel to line of intersection of planes 1}
and P through orlgin,
Normal to plane py s

ny = [(2) + 38) x (4] = 3K)) = ~181
Normal to plane p, is

ny = ()= k) x 3 + 3)) = 31 =3) ~3ic
So, OA is parallel to + (n, xn,) =54 J =54k,
. Angle between 54 (J - k) and @0+ }=2f)is

54 + 108 1
cosQ e | 20 =t
(151 J'] N
=t X
4' 4

Hence, (b) and (d) are correct answers.

Let vector r be coplanar toa and b,

y r=a+th

r=(+2)+ Ry w0 =)+ k)
=(1+ 0l +(2—r)]+(l + nk

=

The projection of r on ¢ = 7- [given]
= rie 1
lel 3
|l-(l+l)+l-(2—l)—l-(l+t)|=_l
V3 B

= @-t)=x1 = t=1 or 3
When, t =1, we have r =21 + } + 2k
When.l=3.\v:haver=4i—j+4f(

k b-
Since, b, = b—l—)—;n. b, =b+ ——:\n
[a] lal
cca cb c.a_ c'b
and c=c-—:a b, c;=c¢ a |
lf [bF T el b
ca _c: b,
= C=—— s G4 M R
R TV R

which showsa -by=0=a-c=b, ¢,
So, {a, by, ¢;} are mutually orthogonal vectors.

As we know that, a vector coplanar to a,b and orthogonal to ¢
isA{(axb)xc}.

" A vector coplanar to@l + J + k), (1 - J+ k) and orthogonal
to3i + 2] + 6k

=A@l + 4+ k) xd -3+ k) x@I+ 2] +6k))
= A (21 - ] -3k) x (31 + 2 + 6k)) = A (21] - 7&)

(1) -7k)
Jen'+ay
L0)- k)

Vo

. Unit vector =+

163
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203, We know that, volume of paralleloplped whonse edgen are b, ¢

204

205,

206.

207,

208

“[nbe).
a1

(abe)=|0 1 al=1+a'=a
a 01

Let fa)wa'=a+1

L) =3at =1 e [ (a) = ta
For maximum or minimum, put f*(a) = 0

)

1
sdaw b .. , which shows f(a) Is minimum at @ = -~ and
N N
1
maximum at @ » = <,
naximum at ¢ i

We know that, n X (a X b)w(n - b)n=(n-a)b
o )4 kyx Q= fysd + 3o fo) = (V3)*p
~2l 4 ) femTa ) fo=3b = 3b e 3l
o |
Given, V2l +])- e and wal + 3k

[UVW]=U-[(2] + ] -f) x (T +36k))

U@ =7) = f) =|U||31 = 7] = k| cosO

Which is maximum, If angle between U and 31 =7 = &k is 0
and maximum value

=4

=[31 =7) = f|= 59

Since, (n+2b)-(5a=4n) = 0
= 5[a|*+6n-b=8|b|*=0
= 6n:b=3 [*|a]=|b|=1)
= cusOni = 0=60°
We have,a =21 + J - 2
= |al=J1+1+4 =3
and b=i+])=|b|=JT+1=2
Now, le=a|=3=|c-al=9
= (c=a):(c-a)=9
= le/*+a*~2¢-a =9 ()
Again, |[axb|xc|=3
= [axb||c|sin30°=3=|c|= 6
laxb|

i)k
But axb=(2 1 -2[=21-2]+k

11 0
T T, i)

Jitas1

From Eqgs. (i) and (i), we get
@7 +() -2cn=9 = 449-2c.a=9 = con =2
Use the formulae, ax(bx ¢)=(a- ¢)b=(a:b) ¢
[anbe)l=[bea)=[cab)
und [aab)=[abb]=(acc]=0
Purther, simplify it and get the result.
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Now,[a xbbxcexa] L Ma=Gi+Rmdb=lei+3j-ek)
( ) J
=axb-((bxc)x(cxa)) V1o 7
=axb-((k x¢xa)) [Here, k=b x c] .~ (2a—b)-{(axb)x(a+2b)}
=axb-[(k-a)c—(k-c)a] =(2a —b)-{(a xb) xa+ (a Xb) x2b}
= (axb)-((bxc-a)c—(bxc-c)a) =(za-b).{(a‘a)b_(b.:-);(a-b)b—z(b-b) }
=(@xb):([bcalc)-0 [+[bxc-c]=0)] ~ PR B M, o, a
=axb-c[bca]=[abc][bca) =(2a-b)-{1(b) ipchenis IS
=[abe)? t-label=[bca} R Za)[asa' =0anda-a=b-b=1]
Hence, [axbbxcexa]=A[abc)? =—(4/a)* —4a-b+|b*)=—{4—0+1}=-5
1 2
= [abe]"=Alabe] 212. Given, a-b#0,a-d=0 (i)
= A=1 i and bxc=bxd
209. Given that, ‘ = bx(c-d)=0
(i) a and b are unit vectors, b||(c-d)
ie.|a|=|b|=1 = c—d=2Ab
(ii) c=a+2band d =5a - 4b = d=c-Ab -(ii)
(iii) c and d are perpendicular to each other. Taking dot product with a, we get
iecd=0 a-d=a-c-}a-b
To find Angle betweena and b. = 0=a-c-Aa-b)
Now, cd=0= (a+2b):(5a-4b)=0 i w e ...(ii)
= 5a.a—4a-b+10b-a-8b-b=0 s
B d=c—(a.c)b
= 6a-b=3 @-b)
1 . 2 . i s A oA
= a-b=—2- . 213.Givena=pi+j+kb=i+g+kandc=i+j+rkare
- coplanarand p#qg#r#1
So, the angle betweena and b is 3 Since, a, b and c are coplanar.
; =h [abel=0
210. Given, p 11
(i) A parallelogram ABCD such that AB = q and AD = p. =5 1 g 1|=0
(ii) The altitude from vertex B to side AD coincides with a id .
vector r.
To find The vector r in terms of p and q. = plr-1)-10-1)+1(1-q)=0
= pgr=p-r+1+1-9q=0

i from B to side AD.
Let E be the foot of perpendicular e St Wl
AE=Projecﬁonofvectorqonp=q'p=Tl-’-l— 214, We have'a xb+c=0
D c = aX(@axb)+axec=0
= (a-b)a-(a-a)b+axc=0
=y 3a-2b+axc=0
= 2b=3a+axc
=

2b=3j-3k-2i - j-k=-2i+2j -4k

A q A s =-i+ 3 -2k
AE = Vector along AE of length AE 215. Since, the given vectors are mutually orthogonal, therefore
ab=2-4+2=0
-1 A5 ap< (2 ) p- (B2 veoA-temio 0
o uF ¥ and  be=2h+4+p=0 i)
Now, applying triangles law in AABE, we get On solving Egs. (i) and (ii), we get
AB+ BE= AE p=2andA=-3
= qrr=faple @ Pp_ Hence, (hp)=(-3.2)
Pl Ipl 216. Since, [3u pv pw]l-[pvwqu]-[2wqvqu]=0
" s (ﬂ_") . 39w (v X w)] - pq [v- (w X w)]
PP -2¢*[w -(vxu)]=0



217.

218,

219.

220,

221,

= (p'-pg+2¢")[u-(vxw)=0

But [uvw]=0
= 3p® —pg+2¢°=0
: p=9q=0

Given that, b=1i+jand c=j+ k.
The equation of bisector of b and ¢ is

_ o [i+] j+k
r K(b+c)—k[T+—ﬁ—)
-1 (1 +2j+k) i
3 L.(1)
Since, vectora lies in plane of b and c.
: a=b+pc
= %(ﬁ +2j+ k) =0 + ) +p( + k)
On equating the coefficient of 1 both sides, we get
A
B =1 = A=42
On putting A = /2 in Eq. (i), we get
r=i+2j+k
§ince. the given vector a represents the same bisector equation
f.
a=1 and B=1

Since, (2u X 3v) s a unit vector.

= |2u x3v| =1
= 6lu|| v||sin6]=1
= sin@ = — [ ul=|vi=1]

Since, 0 is an acute angle, then there is exactly one value of ®
for which (2u X 3v) is a unit vector.

Since, given vectors v, b and c are coplanar.
1 1 1
1 -1 2(=0
x x-2 -1
= 1{1-2(x-2)} -1(-1-2x) +1(x =2+ x) =0

= 1-2x+4+1+2x+2x-2=0
= 2x=—-4 = x=-2
Since, (axb)xc=ax(bxc)
(a-c) b—(b-c)a=(a-c)b—(a'b) c
= (b-c)a=(a-b)c
= a=(a.b)~c
(b-c)

Hence, a is parallel to c.
Since, position vectors of A, B, C are 2i-j+ ki- 3j- sk and
ai-3j+k respectively.
Now, AC=(ai-3}+k)-@i-]j+k)

=(a-2)i-2]}
and  BC=(ai-3)+k)-(1-3)-5k)

=(a-1)i+6k
Since, the AABC is right angled at C, then
AC-BC=0

226. Since,

Chap 02 Product of Vectors 165

= {@-2)i-2j}-{a-1)i+6k}=0
= (@a-2)a-1)=0
. a=1 and a=2

222. Line is parallel to plane as

(i-j+4ak)-(i+5j+ k)=1-5+4=0
General point on the line is
A +2,-A—2,4)\ +3).
For A = 0, a point on this line is (2, -2, 3) and distance from
r-(i+5j+k)=5or x+5y+z=5is

|25 +3-5) | o _(Z10f_ 10
J1+25+1 3v3| 343

223. Leta=q,i+a)j+a; k

Then, axi=—-ak+a;]

axj=ak-ai

axﬁ=—a,}+azi

s @axi)?+@x))?+@xk)?
=a}+a}+at+al+al+a}

=2(a?+al+ad)=24a°

224, Giventhat, [A@a+b) A’b Acl=[a b+c b)

Ma, +b) Map+b;) Masy + by)

A% b, A%by
Ag Ac, Acy
a, a, as
=lbi+ce by+c; byt
! b, by
a a; ay 4 a; ay
= AMb b, by|=-|b b, b,
G ¢ ¢ 6 C ¢
= A =-1

So, no real value of A exists.

225. Given, vectors are

a=i-k b=xi+j+01-xk
and c=y§+xj+(l+x—y)f(
10 -1
[abe]=|x 1 1-x
Yy x l+x-y
Applying Cy — C; + C,, we get
1 0 0
=|x 1 1 [=1(1+x)=x=1
y x 1+x
Thus, [a b ¢] depends upon neither x nor y.
lul=1,|v|=2,|w|=3
The projection of v along u = -‘l'—‘;
u
u

and the projection of w along u = wu

[ul
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227.

228.

229,

230.

According to given condition,

yu_wau

[ul |y
= v-u=wau ..(i)
Since, v, w are perpendicular to each other.
% vw=0 .(id)
Now, [u=v+w|*=|ul® +|v* +|w|*

—2uv-2vw+2uw

= |u-v+w’=1+449-2u-v+2vu

[from Egs. (i) and (ii)]
-

lu—v+w>=1+4+9
= |u-v+w|=14
Given that, % blicla =(@x b) x ¢
We know that,
(axb)xc=(a-c)b—(b-c)a
§|b|| cla=(a-€) b-(b-c)a
On comparing the coefficients of a and b, we get
%lb” c|=-b-canda-c=0

= —;—lb||cl=—|b||c| cos®
= SO, 1-sin?@=1
3 9
= sin29=§
sin9=& [ 0co<]
3 2}
Total force, F=(4i+3—312)+(3§+j-|})

F=7i+2j-4k
The particle is displaced from AG +2] +3k) to BGH + 4] + k).
Now, displacement, . X .
AB=(i+4j+ l-(i+2j+3k=4i+2j-2k
~.Work done =F-AB .
=(@7i+2j-4k)- (41 +2j-2k)
=28 + 4 + 8= 40 units
(u+v-w):[(u=v) x(v-w)]
=(u+v—w)- [ux v—uxw-vXxXv+ vxw]
= u-(uxv)- u-(ux w)+u-(vXw)+ v-(uxv)
—v-(uxw)+ v-(vX w)-w-(uXx v) +w{uxw) - w{vxw)
= UV XW =V UXW =W UXY {[a,a b] =0}
= WVXWHWUXV—WUXV=UVXW

Given that, |a|=1|b|=2,[c|=3

and a+b+c=0

Now, (a+b+c)?=[a]® +|b* +|c|*+2(@-b+b-c+c-a)
= 0=12+2+3*+2(@ b+ b-c+ca)

= 2(a-b+b-c+c-a)=-14

= a-b+b-c+cra=-7

231. Vector perpendicular to face OAB is n.
Y:

232,

233.

€ 1.1,2)
Z

=0AXxX OB =

N
N e

Vector perpendicular to face ABC is n,

2 2 i

i J k
=ABxAC=|1 -1 2|=i-5j-3k

22 <1 4

Since, angle between faces is equal to the angle between their
normals.

n -n, 5 X1+ (=1) X (=5) + (=3) x(=3)
. cosO = =
Imllng  \f52 4 (=1)% + (=3) {12 + (=5)* + (-3)*
. 0—cos_'(2)
V35435 35 35
Given that,u =i+j, v=i-j,w=i+2j+3k
u'n=0 and v.n=0
2 uxv
1e. n=
Jluxv|
ik
Now, uxv=[1 1 0[=0i-0j-2k=-2k
1 -1 0
Iw.nl_|w~u><v| —l_“fl e
luxvl |-2k|
[ we(uxw)=( +2j +3k) - (- 2k) = - 6 K]
Hence, |w-n|=3
Given two vectors lie in XY-plane. So, a vector coplanar with
them is a=x1+y]
Since, al(i-))
= (xi+y))-G-))=0
= x=y=0
= x=y
a=,i+x)
and qaj=yx* + x* =x\2

.. Required unit vector
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Session 1

Introduction, Position Vector of a Point in Space, Shifting
of Origin, Distance Formula, Section Formula,Direction
Cosines and Direction Ratios of a Vector, Projection of the
Line Segment Joining Two Points on a Given Line

Introduction

Let OY and OZ be two perpendicular lines which intersect
at O and let a third straight line OX be perpendicular to
the plane in which they lie. The three mutually
perpendicular lines form a set of coordinate axis. They
determine three mutually perpendicular planes called
coordinate planes.

Z
(o]
= N
k
L _71P .y, 2)
2z f,».”
e -
X0 ~-.Y B
& =M

Remarks

1. The axes to coordinate form a right handed set (in the figure)
i.e. a right handed screw, driven from O to X would rotate in the
sense from OY to OZ.

2. The points A Band C are the orthogonal projections of £ on the
X.Y and Z-axes.

3. Points L. Mand N are (x,0, 2), (x, ¥,0).(0. y. z)and A Band C
are(x,0,0).(0, y,0),(0,0, 2), respectively.

Position Vector of a Point
in Space |

Let i, j, k be unit vector (called base vector) along OX, oy
and OZ, respectively.
Let P(x, y, z) be a point in space, let the position of P be r.
Then, r=O0P=OM+ MP
=(0A+ AM)+ MP=0A+ OB+ OC
r=xi+y)+zk

Thus, the position vector of a point P is, xi+ yj +zk.

c
. N
4k
L TP y.2)
Z| f,g”
. ] Y
X0 Y B
i VS
A M

X
Signs of Coordinates of a Point in Various Octants

cldtantl  OXYZ OX'YZ OXY'Z OXYZ OX'YZ OX'YZ' OXY'Z' OX'Y'Z'
x + - + + - - + =
y * + - + - + - -
z + + + - + - = -
Note
Any point on X-axis=(x,0,0)
Y-axis = (0, y,0)
Z-axis=(0,0, z)

XY-plane =(x, y,0)
YZ-plane=(0, y, )
ZX-plane = (x, 0, 2)

OP=\?+y?+7°

| Example 1. Planes are drawn parallel to the coordinate
planes through the points (1,2, 3) and (3,—4, - 5). Find
the lengths of the edges of the parallelopiped so formed.

Sol. Let P=(1,23),Q = (3-4,~5) through which planes are
drawn parallel to the coordinate planes shown as,

Q(3.-4.-5)

P(1.2,3)

8

X



- PE =Distance between parallel planes ABCP and FQDE,
i.e. (along Z-axis)

=|-5-3|=8
PA =Distance between parallel planes ABQF and PCDE,
i.e. (along X-axis)

=|3-1|=2
PC =Distance between parallel planes BCDQ and APEF,
i.e. (along Y-axis)

=|-4-2|=6
- Lengths of edges of the parallelopiped are 2, 6, 8.

Shifting of Origin
Shifting the origin to another point without changing the
directions of the axes is called the translation of axes.

Let the origin O(0, 0, 0) be shifted to another point
0’(x’,y’,z") without changing the direction of axes. Let
the new coordinate frame be O’ X’Y’ Z’. Let P(x,y,z) bea
point with respect to the coordinate frame OXYZ. Then,
coordinate of point P with respect to new coordinate
frame O’ XY’ Z" is (x,, y;,2,), where x; =x — x’,

n=y-y,zs=z-2'

7

*Pxy.2)

o'k, y7.29)

| Example 2. If the origin is shifted (1,2, — 3) without
changing the directions of the axis, then find the new
coordinates of the point (0,4, 5) with respect to new
frame.
Sol. In the new frame x’ = x — x;,y' =y — ¥, 2’ =z — z;, where
(xy, y1, 7,) is shifted origin.
= X=0-1=-1,
Yy =4-2=22=5+3=8
Hence, the coordinates of the point with respect to the new
coordinates frame are (- 1, 2, 8).

Distance Formula

The distance between the points P(x;,y,,z,) and
Qx2,y,,2,) is given by

PQ=\R1'2 -x,)2 +(y2 -y1)? +(z, - 2,)?
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Proof. Let O be the origin and let P(x;,y1,2;) znd
Q(x2,y2.2;) be two given points.

P2z

7 AP Uy 24)

X
The, OP=x,;+y,_‘i+z,l‘<
0Q=xz§+yz:i+zzl‘c
Now, PQ=Position vector of Q — Position vector of P
=0Q- 0P
=(x;1+y,j+2,K) —(x,i+y,) +2:k)
=(xz = x1)i+ (2 = y1)j + (2 — 2k
PQ=|PQ|
=J(x2 -x1)? +(2 —91)? +z; —2,)?
Hence, PQ:\/(xz =-x1)? +(y2 =31)* +(z, -z;)?

I Example 3. Find the distance between the points
P(=2,4,1) and Q(1,2, - 5).

Sol. We have, PQ=\[(1+2)* +(2— 4)® +(—5—1)?
PO =3 +(=2)* +(-6)
-fTITH
=49 =7

I Example 4. pProve by using distance formula that the
points P(1,2,3), Q(-=1,—1,— 1) and R(3,5,7) are collinear.
Sol. We have,

PO=\(-1-1+(-1-2) +(-1-3)

=Ja+9+16=\29
OR={B+1) +G+ 1) +@7 +1)
=Jl6+36+64
=116 =229
and PR=\3-1)? +(5 -2)? +(7-3)°
=J1+9+16=y29
Since, QR =QP +PR

Therefore, the given points are collinear.
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Section Formula

1. Section Formula for Internal Division

Let P and Q be two points whose position vectors are r;

and r, respectively. Let R be a point on PQ dividing it in

the ratio m : . Then, the position vector of R is given by
_mx + nn

m+n

nPR=mRQ

=

= n(OR— OP)=m(0Q—- OR)
= n(r—r,;)=m(r, —r)

= (m+n)r =mr, +nx

_mr, +nn

= St Al 2

m+n

Corollary
Mid-point formula Let P and Q be two points whose
position vectors are given by r; and r, respectively. Then,
the position vector of the mid-point R of PQ is given by,
n+r,
r=——>=
2

2. Section Formula for External Division

Let P and Q be the points whose position vectors are ry
and r; respectively. Let R be a point on PQ dividing it
externally in the ratio m : n. Then, the position vector of R
is given by,
L=

m-n
Proof. Let O be the origin. Then, OP=r;,0Q=r, and
OR=r

Now, —_———

> nPR=mQR
n(OR- OP)=m(OR - 0Q)

n(r—r,)=m(r-r;)

(m=n)r =mr, —nr,

mr;, —nry
r=|———
m-n

| S (S 1| A

[e
Corollary 1. If R(x, y, z) is a point dividing the join of
P(x,,¥1,2z,)and Q(x3,y;,2,) in the ratiom : n.
mx, +nx, __my, +ny,
" m+n

mz, +nz,
zZ=

Then, x =

m+n m+n

Corollary 2. The coordinates of the mid-point of the joint

“of P(x4,¥1,21) and Q(x,,y,,2,) are

Xy +X; Y14y, z,+2z,
; ;

2 2 2

Corollary 3. The coordinates of a point R which divides
the join of P(x,,y,,2,) and Q(x,, y,,2,) externally in the
ratiom:n are
mx, —nx,
m-n

my; —ny,
m-—n

mz, —nz,
,
m-—n

Corollary 4. The coordinate of centroid of triangle with
vertices (x1,y1,21). (X2, ¥2,22), (X3, ¥3,23) is
(x, X 4X3 Y1 +Y, +Ys 7 +2, +23}
3 ' 3 ' 3
Corollary 5. Centroid of tetrahedron with vertices

(11.}’1,21)y(xz»}’z»zz)-(xa,y:;.Zg).(X‘.y‘,24)is
Xy +x; +X3+X4 Y1 tYy2+ys+y,

4 4

z, +2, +24 +z.)
4

I Example 5. Find the ratio in which 2x+ 3y + 52 =1
divides the line joining the points (1, 0, — 3) and
(1,-5,7).

Sol. Let2x +3y + 5z = 1 divides(1,0,~ 3)and (1, = 5,7) in the

ratio of k : 1 at point P.



Then, P = k+l'-5k,7k—-3
k+1 k+1 k+1
2x+3y +52=1

k+1 -5k 7k -3
= 2| —|+3|— =
(k+1] (k+1)+5(k+1 :

= 2k+2-15k +35k—15=k + 1

) which must satisfy

= 21k=14=:k=§

<. 2x + 3y + 5z =1, divides (1, 0, —3) and (1, - 5, 7) in the ratio
of2:3.
| Example 6. I A(3,2,- 4), B(5,4,~ 6) and C(9,8,-10)

are three collinear points, then find the ratio in which
point C divides AB.

Sol. Let C divide AB in the ratio A : 1. Then,

5M+3 4L +2 -6\ —4
Cs= s ? =(9,8,—
(k+1 A+1 x+1) AA=10)

Comparing, 5A +3 =9\ +90rdA =—6

Al
2

Also, from 4\ + 2 =8\ +8and —6A — 4 =—10A — 10, we get
the same value of A.

.. C divides AB in the ratio 3 : 2 externally.

| Example 7. Show that the plane ax +by +cz+d =0

divides the line joining (x, y1,z1) and (x3,y2,2,) in
ax, +ay, +cz,+d

the ratio of —ax2+by2+czz+d A

Sol. Let the plane ax + by + cz + d =0 divides the line joining
(x1.y1 2,) and (x7, ¥z, 2) in the ratio k :1as shown in
figure.

A

B
(X1, Y1, 21) (X2, ¥2. 22)

ax+by+cz+d =0

; kxp+ % kystn ki tz
... Coordinates of P(—krl—' Pt kR

must satisfy ax + by +cz+d =0

. kx; + x ky: + +c(k22+z')+d=0
[‘ﬁ?) e "(——m ) ket

= a(kx; + x) +bkyz + W) +clkz, + z))+dk+1)=0
=  kax, + by, + ¢z, +d) +(ax; + by, + ¢z, +d)=0

__laxtbyten+d)

= (axy + by; + ¢z, +d)
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Remark

Students are advised to learn above result as a formula i.e.
ax + by + cz + d =0 divides join of (x;, y;, z;) and (xp, yy. Z) in
T ax, + by, + cz, + d)

(axp + by, + €z, +d)

| Example 8. Find the ratio in which the join of (2,1,5),
(3,4,3) is divided by the plane 2x+2y —2z —1=0.

Sol. Using above result,

{(2)+2(1)-2(5) -1}

2@ +2(4)-206)-1

-1y _-5

Tpa-7y 7

=2x + 2y —2z —1 =0divides(2,1,5) and (3, 4.5) externally in
ratio of 5: 7.

Required ratio =

Direction Cosines and
Direction Ratios of a Vector

1. Direction Cosines (DC's)

If o, B and 7y are the angles which a vector OP makes with
the positive directions of the coordinate axes OX, OY and
OZ respectively. Then cos @, cos B and cos Y are known as
direction cosines of OP and are generally denoted by
letters I, m and n, respectively.

21L

Pxy.2)

X

“Thus, Il =cos a; m =cos B ; n=cos Y. The angles o, B and y

are known as direction angles and they satisfy the
condition0<a, B,y <.

It can be seen form the figure

x
cosQ =—
oP
el .
Similarly, cos B 5P
z
cos Y =—

opP
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o
0o X

X

Where, OP is the modulus of positive vector of P.
OP =y/x? +y* +7*

So, I +m? +n?® =cos® 0. +cos? P +cos? Y

Clearly,

_x 4y 428 xP4ytea?

opP? x2+y? 422
2 +m? +n* =cos® o +cos? B+cos® ¥ =1
~If OP=r=xi+yj+zk

Then,
By definition it follows that the direction cosine of the
axis x are cos 0°, cos 90°, cos 90°, i.e. (1, 0, 0).

Similarly, direction cosine of the axes Y and Z are (0, 1,0)
and (0,0, 1), respectively.

2. Direction Ratios (DR's)

Let I, m and n be the direction cosines of a vector r and a, b
and ¢ be three numbers such that a, b and c are
proportional to [, m and n

t=li+mj+nk

I m n
ie. —=——=—=k
e a b ¢
or (1,m, n) =(ka, kb, kc)

= (a, b, c) are direction ratios.

If(l | L) are direction cosines of a vector r, then
V3 343
its direction ratios are (1, —1,1) or (—1,1,—1) or (2,—2,2) or
(A, = A, A)... etc.
It is evident from the above definition that to obtain
direction ratios of a vector from its direction cosines, we
just multiply them by a common number.
“That shows there can be infinitely many direction ratios
for a given vector but the direction cosines are unique”.
To obtain direction cosines from direction ratios.
Let a, b and ¢ be direction ratios of a vector r having
direction cosines /, m and n. Then,

I=Aa,m=Abn=Ac

P2 +m? +n® =1

= a® A2 +b* A% +c*A =1

(by definition)

1
A=t —m———
\}az +b% +c?
=t ——
Ja? +b% +¢*
- o

a
b
c

Il

So,

X
,/az +b% +¢?
=t—

m
n )
a’ +b% +c

For example, let the direction ratios of a point be (3,1,-2).
= Direction cosines are

3 1 -2
[Jsz +1 +(=2)° V37 + 12 +(-2)? ’,/327+12 +(-2)* ]
:(L 1 _L)
Jia'Vie' V14
3. Angle between Two Vectors in Terms of

Direction Cosines and Direction Ratios

Leta and b be two given vectors with direction cosines /;,
my, ny and l,,m,, n, respectively. Then,

a=Li+m;j+nkand b=Li+m,j+n,k

s.cosf= I:|" |bb| , where 0 be the angle between a and b.
= cose=|lli+m1i+“1ff|'|lzi+m2]+"2f(|
II,i+m,j+n,k||lzi+mzj+nzﬁl
= s L1, +mym, +nn,
Jlf +m? +n? Jz§ +m? +n?
= cosO =101, +mym, +n,n, [ 12 +m? +n? =1

Also, sin®6=1-cos?@
2 2
=(Iy +m +n}) (i} +m3 +n})
=Ll +mym, +mn,)?

=sin® 0 =(myn, —myn, ) +(mly —nhy)? +(Limy = 1pm,)’

= sine=+\/(mlnz —myn,)? +(nyl, -nyl,)?
+(himy —Im, )?

Remarks
1. Acute angle 8 between the two lines having direction cosines
hy my, my and /p, my, ny is given by
€os 8.=| Ly +mymy +nny |

$in® = (hmy ~om)? + (myn, — mym)? + (nlg- righ)?
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2. If a, b. ¢, and a,, b,, ¢, are the direction ratios of two lines, then | Example 9, What are the direction cosines of 2 line

the acute angle betxrgir; ihle;rzz ii %i\éerl\ by which is equally inclined to the coordinate axes?
RS \/qz m [;‘z ” Czy \/g +1 ;3+ 2 Sol. If o, B and ¥ are the angles that a line makes with the
21 : coordinate axes, then if they are equally inclined.
J(ah-aﬁ) +(bez - be) - a=p=1
2
sin® = +z()c.322—c,a.2) — Also, P+ mt+n’=1
V& + 0+ c2 & + b + " cos? a + cos? B+ cos’ 7=1
3. The two lines with direction cosines /,, m,, n, and 2 2 =1
I, my, n, are perpendicular to each other if & =F = cosr o kcostit -
2 = 3cos’a=1
=5 cos O =4/ + mm, +nn, =0 1
4. The two lines with direction cosines /;, m,, i, and = cosa=+—==cosP=cosY
lp. my, n, are parallel to each other if8 =0 V3
or n=sin8=0 1 1 1
2 2 2 .. Direction cosines are (— —_, —=)
=(myny =many)? + (0 = )2 + (himy =1ymy)? =0 V3743743
= i‘_ L1, . 1 1 L
/2 my or B :’T;' - \‘5 i '\5
5. The angle between two lines having direction ratios g, b, ¢;
R ki bya + bb, | Example 10. If a line makes angles a, B and ¥ with
cos 0= % el :
rove that
V& + R E+ B+ e t.hezc"‘fdi':?t;i Y
Thus, the two straight lines are perpendicular, if SR =
a3, + bb, + 6c, =0 Sol. Let I, m and n be the direction cosines of the given vector.
The two straight lines are parallel if a_bh_a Then,l =cosa,m=cosB n=cosy
* & Now, P+mi+ni=1
¢ 4 2 2
° . . = cos’a + cos" B+ cos” r=1
Projection of tl]e Line Segment  ~ NPTt i
. .
Joining Two Points on a Given - sin® & +sin’ B - s’ y=2
.
I Example 11. A line OP through origin O is indinad at
(s} S

30° and 45° to OX and OY, respectively. Find the angle

The projection of the line segment joining two given St whiich it ndined 1605

points (x;,¥1,21) and (x3, Y2, Z2) on the line having

direction cosines I, m, n is given by Sol. Let I, m and n be the direction cosines of the given vector.
I(x, —x;)+m(y2 —y) +n(zz — 2, ), which is clear P+mi+ni=1
from the vector. where, =305 =45°
QM. ¥2.20) & cos’ @ + cos” P+ cos” y=1
= cos? 30° + cos® 45°+ cwos® y=1
1, Y1, 21) e :
P (\)3] ( 1 ) :
= — | ¥ =] oY =1
2 N2
S .
/A I,m,n B = cos? y=1 .
Clearly, PQ=(x2”xx)i+()’z"}’l)j+(22"zx)k = ms;y=4-3-'.‘
™ R 7
and the line AB =i +mj + nk : . .
3 cos? y = - — which is not passible.
The projection of PQ on AB Y=-7
PQ-AB _ l(x; —x,) + m(y, = y1) +n(zz =2, )  There exists no point which is inclined to 30° to X-axis and
= | AB | - ‘ﬁ_'_mz o 45" to Y-axis,

=l(x, = x;) +m(y: -y,) +n(z; —z,)
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I Example 12. Find the direction cosines of a vector r
which is equally inclined to OX, OY and OZ. If |r | is
given, find the total number of such vectors.

Sol. Let I, m and n be the direction cosines of r.

Since, r is equally inclined with X, Y and Z-axes.
y Pa+m?4ni=1

= 317 =1 (-l=m=n)
= l=t1
3
.~ Direction cosines ofrareiL_ ti,i—l-.
V3’3
Now, r=|r|(li+m3+nk)
= r=|r :t—k
el gy e e 8]

Since, "+ and ‘-’ signs'can be arranged at three planes.

There are eight vectors (i.e. 2 X 2 x 2) which are equally
inclined to axes.

| Example 13. If the points (0,1,-2), (3,A,—1) and
(n, — 3,—4) are collinear, verify whether the point
(12,9,2) is also on the same line.

Sol. Let the points be A, Band C, whose coordinates are
(0,1,-2),(3, A, -1)and (n, -3, - 4) respectively.
Let D=(12.9,2) ‘
=DR'sof AB=(3-0,A-1,-1+2)
=(3,A-1,1)
DR'sof AC=@—-0-3-1,-4-(=2))
=M, —-4-2)
Since, A, Band C are collinear.
3_A-1_.1

= =-6A=3
. Direction ratios of AB are (3,2, 1).
Now, direction ratios of AD are (12— 0,9 — 1,2 —=(2)) or (12,8, 4)

Here, —3‘=2=-l—
12 8 4
AB|| AD

Since, AB and AD lie on same straight line.
Hence, the point (12,9, 2) is on the same line.

| Example 14. A vector r has length 21 and direction
ratios 2, — 3, 6. Find the direction cosines and
components of r, given that r makes an obtuse angle
with X-axis.
Sol. Here, direction ratio's are 2, - 3, 6.
~.Direction cosines can be written as (2A, = 3, 6A).

where, @M + (=30 +(6A)Y =1 (ol mient=)

as 49A% =1
1
A=F-
i 7
2 i3 16
.. Direction cosines are (:t - ¥= —J.
7 71
But it makes obtuse angle with X-axis = [ <0.
Directi sincsare( 22 6)
o n c -
irection co: T
Also, r=|r|(li+mj+nf()

- ,=21(-Ei+33—ffc) (given. | r| =21)
7 7 7

r=3(-2i +3j-6k)

So, the component of r along X, Y and Z-axes are — 61, 9j and
— 18k, respectively.

1 Example 15. Find the angle between the lines whose

; 1 3
direction cosines are (— ?'Z' - iz_—) and

=&
PN

3
"2

Sol. Let 8 be the required angle, then
cos 8 = LI, + mm, + nn,
3 1 <3 1

=—t——====
16 16 4 2

cos6=—% = 0=120°

I Example 16.

(i) Find the angle between the lines whose dlrectlon
ratios are 1, 2,3 and -3,2, 1.

(ii) Find the acute angle between two diagonal of a
cube.

Sol. (i) Let 8 be the required angle, then

cos@o1X=3+2X2+3x1 4 2
T+a+9 1+4+9 14 7

= 6 =cos™" (E)
7

(ii) From the figure given below, the direction ratios of the
diagonals OP and CD of a given cube are given by

a-0a-0a-
a-0a-0,0-a
and hence their respective direction cosines are

a a
val+at+a® Jutval+at |
1

and

-a

a'+a*+al



Z
C(0,0,a)
0. a,a)
F P@?‘
(a,0,a)
B|(©,a,0)
(@]
D|
A(@@,0, 0) @a0)
X
a a —-a

and x
\/a2+az+02 \/az+az+az'\/az+az+a2
.01 1 <1
Le. -J—g, 7—;, E
Let 8 be the angle between these diagonals, then

Ligelip li ol 1 o=1.1.1 1.1
V373 BT3B B 3 3 3 3

=0 =cos™’ (1)
3

| Example 17. Find the angle between the lines whose
direction cosines are given by [+m+n=0 and
2% +2m? -n* =0.

cosO =

Sol. > +m?+n*=1
I+m+n=0 l)
212 +2m* —n* =0 ..(ii)

A% +m?)-n*=0
21 -n*)=n?® = 3n° =2 = n=:‘E
A% + m?)=n*=(-( +m))’

2% +2m* =1* +m?+2Im

-

i)
(iv)

P+ m?-2lm=0

=
=
= (1_,,.)2=0=1=m
=

l+m=5¥Jg

3

= 2!=¥\F
3

1
l=iL,m=i—

V6 Vo

. . 3 1 1 2 1 1 _ E
Direction cosines are [ﬁﬁ' 2 ;] and [—JE'_G /3)
1 1 2 1 1 2
i (‘Ta"—Jz-Js]‘““(“%"ﬁ-‘ ;]

o 1
The angle between these lines in both the cases is cos ! (— ;)
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1 Example 18. If the direction cosines of a variable line
in two adjacent points be I, m, n and I + 8/, m+dm,
n+8n, show that the small angle 6 between the two
positions, is given by §62 = &/% +8m? + Sn?.

Sol. We have, I* +m? +n% =1

and (1 + 81)2 +(m + 8m)* +(n + 8n)* =1
=12 + m? +n® + (51) +(@m)* +(®n)? + 2(181 + mdm + ndn) =1
= 1+@1)? +(6m)? +@n)* + 2 (18] + mdm + ndn)=1
= (1) +(Bm)* +(Bn)* =—2 (i8] + mdm + ndn) )
Let 86 be angle between the two positions.

cos 80 = (I + &) +m(m + 8m)+ n(n+ 8n)

)

= 1—2sinz—5;-=1+181+m8m+n8n

From Egs. (i) and (ii), we get

(81)* +(@m)? +(8n)* = 4sin’ 879
2
= 4 (876) =181 + mdm + ndn
= 181 + mdm +ndn = (80)%,

(since, sin 8—22 - 5?9 as 80 is very sma]])

1 Example 19. If I, m;, n, and [, m,, n, are the
direction cosines of two mutually perpendicular lines,
shows that the direction cosines of the line
perpendicular to both of them are m,n, —m,n;;

n]’z = nz’]; I‘mz = ,2m|.
Sol. Let I, m and n be the direction cosines of the line
perpendicular to both the given lines.
I+ mm +nn, =0 and I, + mm, + nn, =0
m n

momoon L Lom

Solving them, we get

mg n; mp I L, m
=5 ! = m = It =
mn, —myny myly —ny  hm, —lm,
L =Kmn, —myn), m=kinl, - nyly), n = k(hym, — L,my)
On squaring and adding, we get

I +m?+n?= K3 {(myn, — myn))? + (mly = nyly)?} +(lmy —lym, )?
= 1=k?{sin’ 8}
where, 0 is the angle between the given lines as we know,
sin @ =y(ab; — azb)? +(bic, — bsey): + (cyaz — ca1)°

where, a,, by, ¢, and a,, b,, ¢, are direction cosines.
= 1=k*-1

(. 8 =90° given)
= k=1

Hence, direction cosines of a line perpendicular to both of
them are myn, — myny, nyl, — nyly, Lim, — lym,.
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1 Example 20. Find the direction cosines of the line I Example 21. Let A(~1,2,1) and B(4, 3, 5) be two

which is perpendicular to the lines with direction given points. Find the projection of AB on a line which
cosines proportional to (1,—2,—2) and (0,2,1) makes angle 120° and 135° with Y and Z-axes
Sol. If I, m and n are the direction cosines of the line perpendicu- respectively, and an acute angle with X-axis.
Jactothegiventins then Sol. Let o be an acute angle that the given line make with
gr
LO+m(-2)+n-(-2)=0 X-axis. Then, cos? o + cos® 120° + cos? 135° =
= I1-2m-2n=0 (i) 5 1 1 4-2-1 1
and 1-0+m2+n-1=0 = cosTa=l-s o= 1
0+2m+n=0 L(id) ' =
. - = i
Then, from Egs. (i) and (ii) by cross multiplication, we get = COSE=E5 but a is acute
lom n coso =+ve
2 -1 2 1
= cos O =—=cos 60° = a =60°
= 1 m o 2
z2 =12 Thus, the direction cosines of the given straight line are
1 1 1
1> + m? +n? 60°, cos 120° cos 135%, ie. =, — = — —=
= . +"; :4" =§ (". lz i mz 2 nz - ]) cos cos cos 2 2 ﬁ
. Hence the projection of AB on the line
1
= 1= m=sc, 1 1 1 5 1
’ ? “lu+1y-26-2)-—=6-1)=2---22
3 3 3¢ ) 2( ) JE( g
o g = (2 - 2/2) units

Exercise for Session 1

1. In how many disjoint parts does the three dimensional rectangular cartesian coordinate system divide the
space.

Find the distance between the points (k,k + 1k +2)and (0, 1, 2).

N

Show that the points (12,3), (- 1-2,-1),(2,3,2) and (4,7,6) are the vertices of a parallelogram.

w

If the mid-points of the sides of a triangle are (15, - 1), (0,4, —2)and (2, 3, 4). Find its vertices.

)

Find the maximum distance between the points (3 sin 6, 0,0) and (4 cos 6, 0, 0).

&

If A=(12,3), B=(4,5,6). C =(7.8, 9)and D, E, F are the mid-points of the triangle ABC, then find the centroid of
the triangle DEF.
A line makes angles o, B and y with the coordinate axes. If o + B =90°, then find y.

)

N

If o, p and y are angles made by a line with positive direction of X-axis, Y-axis and Z-axis respectively, then find
the value of cos 20 + cos 2 +cos 2y
9. If cosa, cosP, cosy are the direction cosine of a line, then find the value of cos? o +(cos B +siny)

(cos B —sin? y).

10. A line makes angles a, B, . 8 with the four diagonals of a cube, then prove that
cos2a+oos’[3+cos’~(+cos"'8=g.

11. Find the direction cosine of line which is perpendicular to the lines with direction ratio [1,~ 2,- 2]and [0, 2, 1].

12. The projection of a line segment on the axis 1, 2, 3 respectively. Then find the length of line segment.




Session 2

Equation of a Straight Line in Space, Angle between
Two Lines, Perpendicular Distance of a Point from
a Line, Shortest Distance between Two Lines

Equation of a Straight Line
in Space

A straight line in space is specified basically in two ways

(i) A line passing through a given point and parallel to a
given vector.

(ii) A line passing through any two given points.
1. Vector Equation of a Line Passing Through

a Given Point and Parallel to a Given Vector

To find the vector equation of a straight line which passes
through a given point and is parallel to a given vector.

0 F

Let A be the given point and let EF be the given line, then
through A draw AP parallel to given line EF.
Let b any vector parallel to the given line. Take any point
0 as the origin of reference. Let a the position vector of
the given point A.
Let P be any point on the AP and let its position vector be
r. Then, we have

r=OP=0A+AP=a+Ab (where, AP=Ab)
Hence, the vector equation of straight line

r=a+Ab (1)

Remarks .

1. Here, ris the position vegtor gf any point P(x, y, z) on the line
r=xi+yj+zk.

2. In particular, the equation of the straight line through origin
and parallel tobisr = Ab.

2. Cartesian Equation of a Line Passing
Through a Given Point and Given
Direction Ratios

Let the coordinates of the given point A be (x1,¥1, z,)and
the direction ratios of the line be a, b and c. Consider the
coordinate of any point P be (x, y, z). Then,

r=xi+yj+ zk;

a=x,i+yj+z;k
and b=ai+bj+ck
Substituting these values in (i) and equating the
coefficients of i, j and k, we get

x=x; +\a

y=y, +Ab

z=z; +Ac
These are parametric equations of the line.

Eliminating the parameter A, we get

X—Xr. Y=Yr 2%
a b ¢
Remarks
1. Parametric equation of straight line
X=x_Yy-n_Z-2a_,
a b e
= x=xy+Ay=y+Az=2+Ac

(where, A being parameter)
2. Since, X, Y and Z-axes pass through origin and have direction
cosines (1,0,0),(0,1,0) and (0,0, 1).
~Their equations are
Equation of X-axis, %<0 _¥=0 220
= y=0andz=0
Equation of Y-axis, X =~ ;O 0 A T e\
= x=0andz=0

Equation of Z-axis, - =L —="_—

=5 x=0andy=0
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I Example 22. Find the equation of straight line
parallel to 2i — j+ 3k and passing through the point

(5,—2,4).

Sol. Vector form Let P =(5,—2, 4), then OP=5§-231;4I‘< a

Also, b=2§—j+3f(

So, equation of straight line passing through a and parallel to

straight line whose direction ratios are b is given as

r=a+Ab

= r=(5i-2j+ 4k)+ A(2i-j+3k)

Cartesian form Here, (x,, y;, z,) = (5, — 2, 4) and parallel to

straight line whose DR'’s are (2, — 1, 3), so equation of the
straight line is e o ﬂ
2 -1 3

| Example 23. Find the vector equation of a line

passing through (2, -1, 1) and parallel to the line whose
X2 Yok

Z—Z

7 =3

equation is ——
q 2

Sol. Since, the required line is parallel to

it follows that the required line passing through
A(Zl _| + k) has the direction of 2i+7j— —3k. Hence, the
vector equation of the required line is

r=2i- j+ k+ l(21+7_| 3k)where A is a parameter.

I Example 24. The cartesian equation of a line are
6x —2 =3y +1=2z — 2 Find its direction ratios and
also find the vector equation of the line.

Sol. We know that,

X=x _Y=N_Z
a b c

6x—-2=3y+1=2z-2

R RO

1 1
- X—-3-=y+;_z__l
1 1 1
6 3 2
R
- 3. Y75 _z-1
1 2 3

which shows given line passes through G - %. 1) and has
direction ratios (1, 2, 3).

S .
.. Its vector equation is

,=G; _ij + 1}) +A( + 2§ +3k)

is cartesian equation of straight line.

3. Vector Equation of a Line Passing
Through Two Given Points

whose position vectorsa and b is

r=a+A(b—a)

position vectors a and b, respectively.

Then, OP=r,0A=aand OB=b
A 2] P
a'»( .‘(b AT
“'.'/
o

Since, AP is collinear with AB.

AP=) AB for some scalar A

= OP— OA =A(OB— OA)
= r—a =A(b—a)
= r=a+A(b-a)
Equation of straight line passing througha and b
= r=a+A(b—a)

4. Cartesian Equation of a Line Passing
Through Two Given Points

Equation of straight line passing through (x,, y,,z,)
(x2,¥2,22).

X1 ¥1,2y) (X2, Y2, 2) (X ¥.2)

The direction ratios of

AB =(x,

—XnYy2
The direction ratios of

=Y —2y)
AP=(x—x,y-y

ni—z)
Since, they are proportional

X=X, _ Y-y
X2 =Xy y2-y

> o
b |

L

The vector equation of a line passing through two points

Let O be the origin and A and B be the given points with



| Example 25. Find the vector equation of line passing
through A(3,4,—7) and B(1,— 1, 6). Also, find its
cartesian equations.
Sol. Since, the line passes through A3 + 4} - 711)
and B(i— :‘ + 61‘(), its vector equation is
r=3i+4j-7k + A[(i-j+6k) - 31+ 4j-7k)]
or r=3i+4j-7k-A(2i+5j-13k) )
where A is a parameter.

The cartesian equivalent of (i) i s X2 o o W 7_

5 -13

| Example 26. Find the equation of a line which

passes through the point (2, 3,4) and which has equal
intercepts on the axes.

Sol. Since, lines has equal intercepts on axes, it is equally
inclined to axes.

= line is along the vector a(i+ j+ k)

= Equation of line is —— = =—— =="—

Angle between Two Lines

Vector Form
Let

and

r=a+Ab (1)
r=a’+ub’ (i)
be two straight line in space.

Clearly, Egs. (i) and (ii) are straight line in the directions
of b and b’, respectively.

Let 0 be the between the straight lines (i) and (ii).
Then, 8 is the angle between the vectors b and b” also
b-b’=|b||b"|cos®

0 b-b’
= €os U =-———-"11
[b]|b’|
Cartesian Form
- - -z .
Let o4 Yon A ()
a b, €
- - -z s
and S W (i)
a, by cy

be two straight lines: Then, b= a,i+ b,:i +c,ﬁ
b’ =a,i+ byj+ e,k

So, that b-b’ =a,a, +b,b; +¢ ¢,
and |b|=,/af+bf+c,z;|b’|=,/a§>+b§+c§

a,a; +bb, +c¢,c;

2
Ja? +b% +ct yJa? +b} +c

cos® =
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Condition for Perpendicularity
The lines are perpendicular, then

b-b'=0
= a,a; +byby +cyc3 =0

Condition for Parallelism

The lines are parallel, then b =(b’) A, for some scalar A
a_ b o
= a, Tby o

1 Example 27. Find the angle between the pair of lines
r-3|+23 ak+ A (|+2]+2k)

and r=5|—2k+p(3|+21+6k)

Sol. Given line are .
r =i + 2§ - 4k) + A1 + 2j + 2k)
and r=5i-2k) + p@3i+2j+6k)

We know that, angle between r=a, + Ab, and r=a, + by,

(|+2_|+2k) (31+2]+6k)
ST el

0 =cos™ (E)
21

I Example 28. Prove that the line x=ay +b, z=cy +d

and x=a"y +b’, z=dy + d’ are perpendicular,
if aa’+cc’+1=0.

3+4+12_19

9.J49 21

cos©

Sol. We can write the equations of straight line as

x=b z-d
> =Yy
a
x=b y-0 z-4d
= == s
o 1 & (i)
siid x-—b=y- V=:—d
a c
x=-b y-0_z-d,
= S 2 o
= 1 % w(11)
We know that, - =¥ =N _2=%
4 b Q
and radaial WO i) ¢ PO o) 3 |
ay b, o

are perpendicular, if a,a, + hd, + ccy =0

. For the straight lines given by Egs. (i) and (ii), to be
perpendicular.

da+l-1+c'c=0
= aad’+oc"+1 =0
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Perpendicular Distance

of a Point from a Line

1. Foot of Perpendicular from a Point on
the Given Line

(i) Cartesian Form Here, the equation of line AB is
X=X Y=Y _Z2~2Zi
a b c

Let L be the foot of the perpendicular drawn from

P(a, B,Y) on the line Ll O s O
a b c
Let the coordinates of L be (x; +a), y, +bA, z; +c)).

Then, the direction ratios of PL are (x, +ak -0,
y1+bA =B,z + A 7).

P (e B.v)

.
'
'
'
|
i
|
i
|
|
'
'

.—h_Q
A L B

Direction ratios of AB are (a, b, ¢).
Since PL is perpendicular to AB.
a(x; +ak —o) +b(y, +bA —B)+c(z; + A —7)=0
a(e—x,) +b(B—y,) +c(y +z,)
A= 2.5 12 442
a‘ +b® +c

Putting the value of A in (x; +aA, y; +bA, z; +c)),
we get the foot of the perpendicular. Now, we can get
distance PL using distance formula.

(ii) Vector Form Let L be the foot of the perpendicular
drawn from P(t) on the line r=a+Ab.
Since, r denotes the position vector of any point on
the line r= a+Ab, the position vector of L will be
(a+2b)
Directions ratios of PL=a —c. + Ab

P(a)

< (r=a+Ab) L(a+kb)

Since, PL is perpendicular to b,
(a—a+Ab)-b=0
= (a-a)-b+Ab-b=0

s A= —(a-a)-b
Ib[*
—a)'b
= Position vector of Lisa — (%—J b, which is

the foot of the perpendicular.
(iii) The distance of the point (x;,y;, 2z, ) from the line

XX YN _Z7% (wherel,mand nare
l m n

direction cosines of the line), is
[(x2 = x1)* +(y2 =y1)" +(z2 —2,)°
={l(xz = x1) +m(y, = y1) +n(zy —2,)}’]

12

* Let r =(x,; —xl)i +(y2 —y,):i +(z, —z,)f(
r, =i +mj + nk
cos@=—2"T1
[r]-|m |
(X2, Y2, 25)
d
e l
X1, ¥1.29) DC's
(I, m, n)
Also, d=|r |sin®
d®=|r |*sin® 0
=1, |* (1-cos® )
2
I T,
=|1’| l2 (l_ ( lz 2) 2)
Ir |° |y |
d? =|n | —(r; - 1p)? (where, |1, |=1)
= d=y|r —(r,'r;)?

d=\/{(x2 _x])z +(y2 -»)? +(z, —:l)z

—{l(xz —x,)+m(y; —=y,) +n(z; -5

2. Reflection or Image of a Point
in a Straight Line

(i) Cartesian Form To find the reflection or image of a
point in a straight line in cartesian form.
Let P(at, B, y) be the point and

TN YTH 20h be the given line.
a b c




P(a.B.yY)

A
'
1
'
'
'
'

iy

>
—
o+

G-

Q(image) (@ . B .v)

Let L be the foot of perpendicufar from P to AB and

let Q be the image of the point in the given line,
where PL=LQ.

Let the coordinates of L be
(x; +ak, y, +bA, z; +cA)
Then, direction ratios of PL are
(x; +ak —a,y, +bA —B,z; +cA —7)

Since, PL is perpendicular to the given line, whose
direction ratios are a, b and c.

S(xy+ah—a)-a+(y, +bA—B)-b
+(z; +A—7y)-c=0
k={a(a‘xx)*'b(ﬁ‘}’l)“'c(Y_zx)
a® +b% +c?

=

Substituting A, we get L,  (foot of perpendicular)
Let coordinates of Q(a’, 3", y”) be image.

. Mid-point of PQ is L.
’ + ’ + ’
a-lz-a =x, +al,¥=y, +bl.,Y ZY =z, +c\

o’ =2(x, +aik)—a, B’ =2(y, +bA) =P,
Y =2(zy +cA) -y

(ii) Vector Form To find the reflection or image of a

point in a straight line in vector form. Let P(at) be the
given point and r= a+Ab be the given line.

>

Q(Image) (& )

Let Q be the image of Pinr=a+Ab

PL=a+Ab-a
Since, PL is perpendicular to the given line,
PLLDb
= PL-b=0
= (a+Ab-0):-b=0
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[(a-a)-b]
A=——r-—77-—7
b b’
. Position vector of L,
~ao)-b
a+Ab=a- (a_%_ b
|b|

181

Let Q be the image of point P and o.” be the position

vector.
Since, L is mid-point of PQ.

= a+a’=a_((a—a)-b)b

2 |b*
: -a)-b
= o’=2a- Ag-)-n c;) b-a
[b]

which is image of Pon r.

I Example 29. Find the foot of perpendicular drawn

from the point 2i — j+ 5k to the line
r=(11i —2j - 8K)+ A (10i — 4 — 11k). Also, find the
length of the perpendicular.
Sol. Let L be the foot of the perpendicular drawn from
P(2i — j + 5k)on the line

P (2i-] + 5K)

(11§ - 2j - 8k)
+A(10i - 4] - 11K)

L
r=(11i - 2j - 8k) + A(10i - 4} - 11k)
Let the position vector of L is
(111 - 2 - 8K) + A(10i - 4j - 11Kk)
=(11 4 100)i +(-2 - 40)j+ (-8 — 11A)k
-.PL =Position vector of L — Position vector of P
=(©+100)i + (-1 -4A)j + (- 13 - 1)k
Since, PL is perpendicular to the given line and parallei to
b=10i-4j-11k. = PL-b=0

= {O+10M)i +(-1-40)j +(-13-11A)k}-(10i - 4] - 11k) = 0

= 1009+ 10A) — 4(=1—4A) = 11(-= 13 = 11A)= 0

= A=-1

On putting A= - 1, we get Las (i+2] +3Kk)

Now,  PL=(i +2]+3k)-@I-]}+5k)
=(-{+3)-2k)

Hence, the length of perpendicular from P on the given line

=|PL|=1+9+a=V1a
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I Example 30. Find the coordinates of the foot of the
perpendicular drawn from point A (1, 0, 3) to the join of
points B(4, 7, 1) and C(3, 5, 3).

Sol. Let D be the foot of the perpendicular and let it divide BC

in the ratio A : 1. Then, the coordinates of D are 3;' 2z 4,
+1
SA+7 d 30 +1
A +1 A+l
A(1,0,3)
D
B(4,7,1) ) C(3,5.3)
Now, AD1BC = AD-BC=0

= 2L +3)+26A +7) +4=0 = X:—%

=> Coordinates of D are 2, g and 13—7 .

I Example 31. Find the length of perpendicular from

X+1 -3 z+2
PR~ 31 to the line X~ =Y 2 _2*2
' 2 B~ 1
Sol. Given line isx;1=y_.;§=z_+12=, )
and P(2,-3,1)
*P(2,-3,1)
! 90°
A & B
Q

Coordinates of any point on line (i) may be taken as
2r—-1,3r+3,-r-2)

Let Q=(@r-1,3r+3,-r-2)

Direction ratio’s of PQ are(2r —3,3r + 6, —r —3).

Direction ratio’s of AB are (2, 3, -1).

Since, PQ 1L AB
22r =3) +33r+6)—1(—r—3)=0
15
= r=——
14
22 3 13
Q_( 7' 14 14)
2 2 2
PQ’=(2+2) +(-3+-3—) +(1+1—3-) -]
7 14 14 14
531
= .[=— units

I Example 32. Find the length of the perpendicular
4—-x 1-
drawn from point (2, 3, 4) to line . % = Tz

Sol. Let P be the foot of the perpendicular from A(2, 3, 4) to the

given line [ whose equation is
1-2z

or =2 .31 = k (say). (i)

Therefore, x =4 — 2k, y =6k, z =1 -3k
As P lies on (i), coordinates of P are (4 —2k, 6k, 1 — 3k) for some
value of k. :
The direction ratios of AP are
(4 -2k — 2,6k —3,1 —3k — 4)

or (2 — 2k, 6k — 3, —3 — 3k).
Also, the direction ratios of [ are — 2, 6 and — 3.
Since, AP L1
= —2(2 —2k)+ 6(6k —3)—3(-3—-3k)=0
= —4+4k+36k—18+9+9% =0
or 4% -13=0 ork:E

49

We have, AP? = (4 — 2k —2)% +(6k —3)? + (1 — 3k — 4)2
=(2 - 2k)* +(6k —3) +(— 3 —3k)?
=4 -8k + 4k® + 36k® —36k +9 + 9 + 18k + 9k?
=22 - 26k + 49k*

2
=22—- 26(2) s 49(2)
. 49 49

_22X49-26+13+13" _ 909

49 49
AP = ; NT
A2,3,4)
/ P

Aliter

We know that the distance of the point (x,, y,, z,) from the
line X=H YN 275

1 m n
\/(xz - %)’ +2 =) +(z, -z)?
= (=2 = x) +mly; =y1) +nlz, 2))°
Here, (x,, y,, ;z) are (2,3, 4) and (x;, y;, z,) are (4, 0, 1) and
-2 6 -3

(l.m.n)=(——.—.—.
777




2 - 4)% +(3 — 0)? +(4 — 1)
[-2 T
LT(Z 4)+ B- o)——(4—1)J

=\/4+9+9 (—“ 18 9)
o '1078—]69

909

7

.&

\uu

Jio1

| Example 33. Find the image of the point (1,6, 3) in
y-1_2z-2
S

Sol. Let P be the given point and let L be the foot of perpendicu-
lar from P to the given line.

the Iine?:

1P (1,6,9)

e L

A HA B

‘Q
The coordinates of a general point on the given line are given
by
X0yl —2_2—7\.
1 2 3

ie. x=Ay=2A+1z=3A+2 .
Let the coordinates of L be

(A, 22 + 1,30 +2)
So, direction ratios of PL are
(A—1,2A-53A-1)
Direction ratios of the given line are (1, 2, 3) which is
perpendicular to PL.
(x—1)-1+(2k—5)-2+(3k-1)~3=o
= A=1
So, coordinates of L are (1, 3, 5).
Let (x;, ,, z;) be the image of P(1, 6, 3) on given line.
Since, L is mid-point of PQ.
% +l.3=&+_6’5=z,_+3'
2 2
= x=Ly=02=7
. Image of P(1, 6,3) in the given line is(1, 0, 7).

1=

I Example 34. Find the coordinates of those points on

- +2 z-
the line %—1 B il 3 = ~ = which are at a distance of

3 units from points (1,2, 3).
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- + -3
Sol. Here,>— = L g=
’ 3 6
P(1,-2,3)
3 units
Q(er+1, 3r-2, 6r+3)
is the given straight line (i)

Let P =(1, — 2,3) on the straight line.
Here, direction ratios of line (i) are (2, 3, 6).
~.Direction cosines of line (i) are —2—, 2, é
7577
Equation of line (i) may be written as
x1_y+z_z-3 i
2/7 3/7 6/7
Coordinates of any point on the line (i) may be taken as

(3r+1,3r—2.gr+3)
7 7 7

2
LetQ(—r+1.2r—2,Er+3)
7 7 7

Given, |r|=3
3 r=%3
Putting the value of r, we have Q= (E =3 2) or (l _—.2_3 3
7 7 7 (A S |

Shortest Distance between
Two Lines

If two lines in space intersect at a point, then the shortest
distance between them is zero. Also, if two lines in space
are parallel, then the shortest distance between them will
be the perpendicular distance, i.e. the length of the
perpendicular drawn from any point on one line onto the
other line. Further, in a space, there are lines which are
neither intersecting nor parallel. In fact, such pair of lines
are non-coplanar and are called skew lines.

Z

L

(i)

)
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Line GE goes diagonally across the ceiling and line DB
passes through one corner of the ceiling directly above A
and goes diagonally down the wall. These lines are skew
because they are not parallel and also never meet.

By the shortest distance between two lines, we mean the
join of a point in one line with one point on the other line

so that the length of the segment so obtained is the
smallest.

1. Shortest Distance between Two
Skew Straight Lines
Line of Shortest Distance

If 1) and I, are two skew lines, then there is one and only
one line perpendicular to each of lines I, and I, which is
known as the line of shortest distance.

Line of
shortest distance

Q 2
Here, distance PQ is called to be shortest distgnce.
Vector Form
Let [, and I, be two lines whose equations are
r=a, +Ab, and r= a, +ub,, respectively.
Clearly, I, and I, pass through the points A and Bwitha,
and a,, respectively and are parallel to the vectors b, and
b,, respectively.

Since, PQ is perpendicular to both /; and I, which are
parallel to b;and b,.

. PQis parallel to b; X b,.

. b, xb,

Let fi be a unit vector along PQ, thenn=i—| B ooty
i PQ =Projection of AB on PQ
= PQ=AB-n
.(bx Xb,)
[by Xb, |
_,(b; Xby)(a; —a,)
"7 Iby xby |
(b; xb,)-(a; —a,)

[ by X b, |
_[byb; (a; —a,)]
~ Ibyxby|

=t(a; —a,)

Hence, distance PQ =

Condition for Lines to Intersecting
The two lines are intersecting, if
(b; Xb,)-(a; —a,)

=0
|by Xb, |
= © (b, xb;)-(a; —a,)=0
= [byb;(a; —a;)]=0
Cartesian Form
Let the two skew lines be
X=Xi' Y= 2%
a, b, ¢
X=X Y—Y2_2-2,
and = =
az b, Cz

Vector equations for these two lines are
r=(x;i+y,j+2,K) +A(@,i+b,j+c,k)
and r=(x23+y23+zzl})+u(a2§+b2:i+c2f()

- «(by Xb
* Shortest distance n = M—Z)

[ by Xb, |
X2 =Xy Y2—Y1 Z2-2
a, b, €y
a; b, C2
= d=

(bye, —byey)? +(c1a; —ayc;)?
+(a b, —ayb,)?

Conditions for Lines to Intersect

The lines are intersecting, if shortest distance =0

Y2 =W
= a, b, ¢, |=0

Xz =X, Z; -z,

a; b, C2

2. Shortest Distance between Parallel Lines
Let I, and I, be two parallel lines whose equations are
r=a, +Ab or r=a, +pub, respectively.
I, B(a,)

Ly
y
’ay

e
‘\
1
A
5
>
®




Clearly, [, and I, pass through the points A and B with
position vectors a; and a,, respectively and both are
parallel to the vector b, where BM is the shortest distance
between [, and ;.

Let 6 be the angle between ABand /.

sinO:B—M
AB
= BM = ABsin® =| AB |sin 0
Now, | AB xb|=| AB||b|sin(n —0)
|AB||b|sin®
=(|AB|sin0)|b|=BM|b)|
M < ABXb| _|@; -a,)xb]

Ib| Ib|
. Shortest distance between parallel lines
r=a, +Ab, andr=a, +pbis
4@z —a) xb]
|b]

1 Example 35. Show that the two lines
i M zsandqu_ intersect
Z— =7z, intersect.
2 3 4 5 2 sec

Also, find the point of intersection of these lines.
_y—-2_z-3
3 4
and x=4_yr-l.
5 2 1
Any point on line (i) is P@2r +1,3r +2,4r + 3) and any point
on the line (ii) is Q(5A +4,2A +1, ).

Sol. Here, X (i)

z~0

(i)

They intersect if and only if
2r+1=50+43r+2=2A+14r+3=1
On solving, r=—1L,A=-1

Clearly, for these values of A andr P (=1,-1,— 1)
Hence, lines (i) and (ii) intersect at(—=1, -1, — 1).

I Example 36, Find the shortest distance between the
lines r= (lu— )+7t(|+2] 3k)
andr=(i- j+2k)+p(2|+a;—5k)

Sol. We know, the shortest distance between the lines
r=a,+Ab,andr =a, + Ab,
(ap —a,) (b, X by)
= o T
On comparing the given equation with the equatiohs
r=a, + Ab, and r= a, + Ab, respectively, we have
a, =4i-} a,=1-]+2k b, = i+2)-3k and b, =20 + 4 -5k

Now, - a,=-3i+ 0}+2f(
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j k
2 —3|=2i-j+0k
4 -5

i
and b, xb,=|1
2

 (ag—ay)(by x by)=(~31 + 0j +2Kk)- (2 - j+ 0k) =—6

| by xby|=4+1+0=+5

(a; —ay)- (b Xb;) xba)|_
| by x l"z|

I Example 37. Find the shortest distance between the

lines

and

.. Shortest distance,d =

= = z-3 X-=2 -4 z-5
ol 1=___)’ 2=——and—=———=—.
2 3 4 3 4 5
Sol. Given lines are
=1 g g )
2 3 4
and xX=2 Y4 _2-3 (i)
3 4 5

Here,x, =1,y,=2,23 =3, X, =2y, =42, =5
L=2m=3n=4L=3m=4n=5
Shortest distance between the lines (i) and (ii) are modulus of

X=X Y2=h 227%
L m n
I m; N2
= ~ ..(iii)
(hmy — lmy) +(myny — myny)
+ (hnp —1m)?
X=X Y2=N 22-2 1.2 2
Now,=| L m n |=|2 3 4
L m, n, 345

=1(15-16) = 2(10 = 12) + 28 —9) =1
Also, (hm, — Lm,)? +(myn, — myny)? + (mly —nghy)?
=(8 —9)* +(15 - 16)% + (10 — 12)?
=6
From Eq. (iii) shortest distance between lines (i) (ii), we get

. L|-L
Jo| Ve
I Example 38. Find the shortest distance and the

vector equation of the line of shortest distance
between the lines given by

r=(3§+8}+ 3&)+M33—}+l§)

and r=(-3i-7j+6K)+p(- 3i +2j+4Kk)
Sol. Given lines are
r=0i+8j+3k)+A3i-j+ k) ()
and r = (=31 7§ + 6k) + p(- 31 + 2j + 4k) ...(ii)
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Equation of lines (i) and (iii) in cartesian form, 1 Example 40. Find the equation of a line which
ABy XS 228 223 g @iy  Passes through the point (11, 1) and intersects the lines
3= 1 x-1 y-2 z-3 X+2 y-3 z+1
o o - = ——ad——=—7—=—"—"
and CD: -‘La“‘ = \—;—7 = “_4_‘3 =n (iv) 2 3 4 1 2 4
B Sol. Any line passing through the point(1,1,1) is
L =8 _y=1_z-1 ()
a b c
A -1 -2 -3
This line intersects the line x-l.r=2 —giia ZT
1-1 2-1 3-1
c D Ifa:b:c#2:3:4and| a b c |=0
M 2 3 4
Let LGA + 3\ —=A + 8 A +3) M(=31 —3,21 =7, 441 + 6) = a=-2b+c=0
Direction ratios of LAf are Again, line (i) intersects line
GA+30+6,—-A -2+ 15 -4 —-3) x—=(-2) _y-3_z-(=1) (i)
Since, LM L AB 1 = _2 —4
36A +30 +6) = 1(=A -2 +15)+ (A — 40 —3)=0 -2-1 3-1 -1-1
or 1A + 70 =0 V) Ifa:b:c#1:2:4and| a b ¢ |=0
Again, LM 1.CD 1 2 4
=36A +30 +6)=2A=A =2 +15)+ 4A -4 -3)=0 = 6a+5b—4dc=0 ()
or —TA -2 =0 w(vi) From (i) and (iii) by cross multiplication, we have
Solving Egs. (v) and (vi), we get a b _ ¢
A=0=p 8-5 6+4 5+12
L=(383) = g_i_i
M=(=3,-76) 3 10 17
Hence, the shortest distance, So, the required Lines is x-1_y-1_z-1
LM =3 +3)* +(8 + 7)* + (3 - 6)* =330 units 3. 10 17
. Vector equation of LM is
r =31+ 8] + 3k + (61 +15) - 3k) | Example 41. If the straight lines x =—1+s, -
Also, the cartesian equation of LM is _2_ _ _t .
x-3_y=8_z-3 y=3 ks,z—1+lsandx—i,y_1+t,z=2_t,w|th
6 15 -3 Farameters s and t, respectively, are coplanar, then
ind A.
I Example 39, Find the shortest distance between o
lines r=(i+2j+k)+ A (2i+ j+2k) Sol. The preenlines = et g
and r=2i-j-k i+j+2Kk). -0_y-1_y-
d 2-) k+p.(2l+j ) i =—y1 =¥"2 2=rarecoplanarif
Sol. Here lines (i) and (ii) are passing through the points Y2 E
a; =i+2j+ kanda, =2i- j— k, respectively, and are 0+1 1-3 2-1
parallel to the vector b=2i+ j+2k. 1 -k X |=0
Hence, the distance between the lines using the formula ki L -
] k 1 '=2 1
2 1 2 1 =X A|=0
|bx@,—a)|_|! -3 -2 e
| bl 3 = 1(A-A)+2(1—5)+1(1+5)=0
_|4i-6)-7k|_16+36+49 _ [101 ? 2
T8 8 ¥y = h=-2
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Exercise for Session 2

1.

2

10.

% ;3 = y—? = % Find the vector equation of the line.

The cartesian equation of a line is

A line passes through the point with position vector 2i ~3j + 4k and is in the direction of 3i + 4] —5k. Find the
equation of the line is vector and cartesian forms.

Find the coordinates of the point where the line through (3,4, 1) and (5, 1,6) crosses XY-plane.

Find the angle between the pairs of line r=3i +2j —4k+ A(i +2] +2k), =51 2] + (3} + 2j + 6k)

; -1 -2 z-3 x -4 -1 ;
Show that the two lines XT = 13— = T and & = 12— =Z intersect. Find also the point of intersection
of these lines.

X

Find the magnitude of the shortest distance between the lines 2

dx—2 y-1 z+

3 -5 2

Find the perpendicular distance of the point (1, 1, 1) from the line XT_Z ¥ ;’ 3 = i1
Find the equation of the line drawn through the point (1,0,2) to meet at right angles the line
x+1 y-2_z+1-

=L
-3




Session 3

Plane, Equation of Plane in Various Form, Angle between
Two Planes, Family of Planes, Two Sides of a Plane,
Distance of a Point from a Plane, Equation of Planes
Bisecting the Angle between Two Planes, Line and Plane

Plane

A plane is a surface such that if any two points are taken
on it, the line segment joining them lies completely on the
surface.

General Form General equation of the first degree in x,
¥, z always represents a plane.

The general equation of plane is ax + by +cz +d =0.
Proof. Let first degree equation in x, y and z be

ax +by+cz+d=0 (1)
In order to prove that Eq. (i) is the equation of plane, it is
sufficient to show that every point on the line joining two
points lies on the surface represented by Eq. (i).

Let P(x,,y1,2,) and Q(x,, ¥;,z;) be two points on the
surface represented by Eq. (i).

Then, (i)
and ..(iid)
Let R be any arbitrary point on the line segment joining P
and Q. Suppose R divides PQ in the ratio A :1.

i X, +Ax, y, +Ay; z; +Az,
- 144~ 1+A 1+A

ax, + by, +cz; +d =0
ax, + by, +cz, +d =0

We are to show that R lies on the surface represented by
Eq. (i) for all values of A. For this, it is sufficient to prove
that R satisfy Eq. (i) _

On putting this value of R in LHS of Eq. (i), we obtain

x; +Ax, 1 +Ay; z; + Az,
a( A+1 ]+b( A+1 )+c( A+1 e
-1

e 1{(azxl + by, +cz,)+Max, + by, +cz,)}

-+

[0+0] [usmg Egs. (ii) and (iii)]

A+1
0

which shows that the point R lies on Eq. (i). Since, R is an
arbitrary point on the line segment joining P and Q.

. Every point on PQ lies on the surface represented by

Eq. (i).

Hence, ax + by +cz +d =0 is equation of plane.
Equation of a Plane Passing Through a Given Point
The general equation of a plane passing through a given
point (xy,y1,2;) is a(x = x,) +b(y —y,) +¢(z —z,) =0,
where a, b and c are constants.

Proof. The general equation of plane is

ax +by+cz+d=0 (i)
If it passes through (x,,y,,z;)
= ax; +by, +cz, +d =0 (i)
On subtracting Eq. (i) from Eq. (ii), we get

a(x —x;) +b(y —y,) +c(z —z,) =0
which is the equation of a plane passing through
(x1.¥1,21).

I Example 42. show that the four points (0,—1,—1),
(—4,4,4), (4,5,1) and (3,9,4) are coplanar. Find the
equation of the plane containing them.

Sol. We shall find the equation of a plane passing through any

three out of the given four points and show that the fourth
point satisfies the equation.

Now, any plane passing through (0, — 1, = 1) is
a(x=0)+by +1)+c(z+1)=0 (i)
If it passes through (- 4, 4, 4), we have
a(—4) +b(5) +c(5) =0
Also, if plane passes through (4, 5, 1),we have
a(4) + b6) + o2) =0

(i)

= 20+3b+c=0 (i)
On solving Egs. (ii) and (iii) by cross multiplication method, we
obtain



On putting in Eq. (i), we get
=5Skx + 7k(y + 1) = 11Kz + 1) =0
= =5x+7y =11z -4=0
(required equation of plane)

Clearly, the fourth point namely (3, 9, 4) satisfies this equation.
Hence, the given points are coplanar and the equation of plane
containing those points, is5x -7y + 11z + 4 =0

Equation of Plane
in Various Form

A plane is determined uniquely if

(i) The normal to the plane and its distance from the
origin is given, i.e. the equation of a plane in normal
form.

(ii) It passes through a point and is perpendicular to a
given direction,

(iii) It passes through three given non-collinear points.

Equation of Plane in Normal Form
Vector Form

The vector equation of a plane normal to unit vector fi
and at a distance d from the origin is r- i =d.

Proof. Let O be the origin and let ON be the perpendicular
from-O to the given plane 7 such that ON=d#i, where d is
perpendicular distance of plane from origin.

Let P be a point on the plane, with position vector r so
that OP=r

Now, NP.L ON
= NP-ON=0 (i)
= (OP- ON)-ON=0
= (r—dh)-dih =0
= r-di—-d*h-Hh =0
= dr-ia—-d*|n[*=0 (+d#0)
= rn-d=0 (|if=1)
= rh=d (i)

Thus, the required equation of the plane is r- it =d.
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Cartesian Form
Equation (ii) gives the vector equation of a plane, where n
is the unit vector normal to the plane. Let P(x, y, z) be any
point on the plane. Then

OP=r=xi+yj+zk
Let I, m and n be the direction cosines of i.
Then, = (li+mj+nk)
Therefore, (ii) gives )

(xi+yj +2Kk) -(li+mj +nk) =d
or Ix+my+nz=d ...(iif)
This is the cartesian equation of the plane in the normal
form.

Note o
Equation (iii) shows that if r-(ai + bj + ck) = d is the vector

equation of a plane, then ax + by + cz = d is the cartesian
equation of the plane, where a, b and c are the direction ratios of
the normal to the plane.

The equation r- n =d is in normal form, if n is a unit
vector and d is the distance of the plane from the origin. If
n is not a unit vector, then to reduce the equationr-n =d
to normal form, we reduce the equation r- n =d to normal
form by dividing both sides by | n |, we get

ﬁ = 4 =rn= 4 =p (distance from the origin)

[n] [n]

I Example 43. Find the vector equation of plane which
is at a distance of 8 units from the origin and which is
normal to the vector 2i+ j+2k.

Sol. Here,d =8and n =23+j +2k

no B 2i+jeok  2i+j+2k
In] 2% 4124 22 3
Hence, the required equation of plane is, r- n = d
= r‘(2§+}+2f()=8
3
= r-Qi+j+2k)=24

I Example 44, Reduce the equation
r-(3i —4j+12k) =5 to normal form and hence find the
length of perpendicular from the origin to the plane.
Sol. The given equation of plane is
r-3i-4j+ 12k) =5 or r-n=5
n=3i-4j+12k
Since, |n| = m =13 # 1, therefore the given

equation is not the normal form. To reduce to normal form we

where,
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divide both sides by | n|i4e.r.—n =ior
[n] |n|

3. 4. 12 5
r-|—i-—j+—k|== Thisi
(13 131 7 ) 5 This is the normal form of the

equation of given plane and length perpendicular = i
13

I Example 45. Find the distance of the plane
2x -y =2z -9=0 from the origin.

Sol. The plane can be put in vector form as r - (2i— 3 —2k)=9.

Here, n=2i-j-2k
= n _2i-j-2k
In| 3

Dividing equation throughout by 3, we have equation of plane

in normal formasr - (ZI_J—_Zk) =3, in which 3 is the distance

of the plane from the origin.

I Example 46. Find the vector equation of a line
passing through 3i —5j+7k and perpendicular to the
plane 3x —4y + 5z =8.

Sol. The given plane 3x — 4y + 5z =8.

or (3i—4j+5Kk) (d+j+2k) =8.

This shows that d=3i— 4] + 5k is normal to the given plane.
Therefore, the required line is parallel to 31—4j+ sk.

Since, the required line passes through 3i-5j+ 7k, its equation
is given by r=3i—5j+ 7k + A(3i—4j+ 5k), where A isa
parameter.

I Example 47, Find the unit vector perpendicular to
the plane r-(2i+ j+2k)=5.

Sol. Vector normal to the plane is n=2i+ j+2k
Hence, unit vector perpendicular to the plane is
n _ 20+ j+ 2k

In| 2% +1% + 2

=§(z§+j+z|})

Vector Equation of a Plane Passing Through
a Given Point and Normal to a Given Vector

The vector equation of a plane passing through a point
having position vector a and normal to vector n is
(r—a)-n=0.

- Proof Suppose the planer 7 passes through a point having
position vector a and is normal to the vector n. Let O be
the origin and r be the position vector of any point P on
the plane m. Then, OP=r.

Since, AP lies in the plane and n is a normal to the plane
.

APLn
= AP-n=0 = (r-a)-n=0 (- AP=r-a)
Hence, the required equation of the plane is

(r—a)-n=0

Note

The above equation can be written asr- n = d, whered=a-n
(known as scalar product form of plane).

Cartesian Form
Ifr=x1:+yj+zfga=x,i+yj+z,f(and n=a§+b:j+cfg
then (r—a) =(x — x,)i +(y —yl)j +(z -2z, )lA<

Then equation of the plane can be written as

(x =x)i+(y —y;)j +(z -z, k- (ai +Bj +ck) =0
=a(x —x,) +Wy —y,) +e(z —z,) =0

Thus, the coefficients of x, y and z in the cartesian

equation of a plane are the direction ratios of the normal
to the plane.

1 Example 48. Find the equation of the plane passing
through the point (2, 3, 1) having (5, 3, 2) as the
direction ratios of the normal to the plane.

Sol. The equation of the plane passing through (x,, y,, z;) and
perpendicular to the line with direction ratios a, b and ¢ is
given by a(x — x;) + Ky — y,) + ¢(z — z;) = 0.

Now, since the plane passes through (2, 3, 1) and is
perpendicular to the line having direction ratios (5, 3, 2), the
equation of the plane is given by 5(x —2) +3(y —3)+ 2(z—1)
=0or5x +3y + 2z =21.

I Example 49. The foot of the perpendicular drawn
from the origin to a plane is (12,—4,3). Find the
equation of the plane.

Sol. Since P(12,— 4,3) is the foot of the perpendicular from the
origin to the plane OP is normal to the plane . Thus, the
direction ratios of narmal to the plane are 12, -4 and 3.
Now, since the plane passes through (12,- 4, 3), its
equation is given by

12(x=12)—4(y + 4)+3(z -3)=0
or 12x -4y + 3z =169 =0



I Example 50. A vector n of magnitude 8 units is
inclined to X-axis at 45°, Y-axis at 60° and an acute

angle with Z-axis. If a plane passes through a point
(J§ ghap

»—11)and is normal to n, then find its equation in
vector form.

Sol. Let y be the angle made by n with Z-axis, then direction
cosines of n are

1 1
[=cos45°=— m=cos60° =L andn = cos
V2 2 ot
12+m2+n2=1=%+%+nz=1

= Il2=

o -

1
n= 5 (neglecting n = — % as yis acute : n > 0)
Wehave, |n|=8
n=|n|(ﬁ+mj+nﬁ)
1. 1,4 124 o A -
n=8|—=i+-j+-k|=42i + 4j + 4k
(JE 2772 ] Wi
The required plane passes through the point (v2, -1, 1) having
position vector
a= Zi—j+ﬁ
So, its vector equation is(r—a)-n =0
= f-A=a-n
= r-(4V2i+4j+4k) =(V2i-J+ k) - (421 +4j+4k)
= r-(4V2i+4j+4k)=8
= r(2i+j+k)=2

| Example 51. Find the equation of the plane such
that image of point (1, 2, 3) in it is (1,0, 1).

Sol. Since, the image of A(1,2, 3) in the plane is B(— 1,0, 1), the
plane passes through the mid-poinE (o, 1,.2) of ABand is
normal to the vector AB = — 2i - 2j—2k.

Hence, the equation of the plane is —2 (x — 0) —2(y —1)
—2(z-2)=0
or x+y+z=3

Equation of a Plane Passing through
Three Given Points

Cartesian Form
Let the plane be passing through points A(x,, y,,2,),
B(xzv)'z-zz) and C(x3,y3.23)-
Let P(x, y, z) be any point on the plane.
Then, vectors PA, BA and CA are coplanar,
[PA BA CA)=0
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X=X Y= z2—z
=|Xx,—X; Y;—Y1 2;—2z;|=0,which is the required
X3—=Xy Y3—Y1 Z3—Z

equation of the plane

Vector Form

Vector form of the equation of the plane passing through
three points A, B and C having position vectorsa, bandc,
respectively.

Let r be the position vector of any point P in the plane.
Hence, vector AP=r—a AB=b—aand AC=c—aare
coplanar.

Hence, (r—a)-{(b—a) x(c—a)} =0

= (r—a):(bxc—bxa—axc+axa)=0
= (r—a)(bxc+axb+cxa)=0
= r(bxc+axb+cxa)

=a-(bxc)+a-(axb)+a-(cxa)
= [rbc]+[rab]+[rcal=[abc]

which is the required equation of the plane.

Note

1. If pis the length of perpendicular from the origin on this plane,
thenp=[abe]/n, wheren=|ax b+ bxc+ ¢ex al.

2. Four pointsa, b, c andd are coplanar ifd lies on the plane
containing a,bandec.

or d-[axb+ bxc+cxal=[abe)
or [dab]+[dbc]+[dca]=[abc]

| Example 52. Find the equation of the plane passing
through A(2,2,-1), B(3,4,2) and C(7, 0,6). Also find a
unit vector perpendicular to this plane. -
Sol. Here, (x;, y;, 2,) =(2,2, - 1), (x,, Y2.22)=(3,4,2)and
(x3,¥3,23) =(7,0,6).
Then, the equation of the plane is

X=X yYy-»n z-z
X2=X Y2 Z2-z (=0
XB3=X Yi—y 23—z
X=-2 y=-2 z-(-1)
or 3-2 4-2 2-(-1)|=0
7-2 0-2 6-(-1)
or Sx+2y-3z=17
A normal vector to this plane is d=5i+2j -3k (i)

Therefore, a unit vector normal to (i) is given by
Ao d _Siezj-sk

[d]  J25+4+9
1

- (51 + 2] - 3k)

&l]l
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I Example 53. Find equation of plane passing through
the points P(1,1,1), Q(3,—1,2) and R(- 3,5,— 4).

Sol. Let the equation of plane passing through (1, 1, 1) be
a(x = 1)+ by —1)+ c(z — 1)=0, as it passes through the

points Q and R.
2a-2b+c=0
and —4a+4b-5c=0
Hence, solving by cross multiplication method, we get
a b c
10-4_—4+10_m=k
a=6k b=6kc=

On substltutmg in Eq. (i), we get
x—1)+6(y—1)+0=0
i.e. x + y =2; which is the required equation.

Aliter Equation of plane passing through (x;, y, z,), (x2, ¥2, 25)
and (x3, ¥3, 23) is

X=X Y= z-z
=lX2=X y2=n 22—7 |=0
X3=X Yi=hh Z3—2%
x-1 y-1 z-1
ie[3-1 -1-1 2-1|=0
-3-1 5-1 -4-1

On solving, we get x + y =2

Equation of a Plane Passing Through
a Given Point and Parallel to Two

Given Vectors

Let a plane pass through A (a) and is parallel to the plane
formed by two vectors b and c. Since, AP lies in the plane
and b and c are two non-collinear vectors,

AP=Ab+pc
= r—a=Ab+Jc
= r=a+Ab+pc

Here, A and 1 are arbitrary scalars.

This form is also called the parametric form of the plane.
It can also be written in the non-parametric form as

(r—a)-(bxc)=0
or [rbec]=[abc]

Cartesian Form
From (r—a)-(bx c)=0,we have[r—ab c]

xX—x3 Yy=Y1 2727
= x, Y2 z, |=0, which is the required
X3 Y3 < %3

equation of the plane, where b= x{i + yzj +22f< and
c=x5i+y3j+z3k
I Example 54. Find the vector equation of the
followmg planes in cartesian form r=i— j+ AGi+] J+ k)
+ p(l - 2] + 3k)
Sol. The equation of the plane is
r= i—j+ M;+3+ ﬁ)+p(§—2}+3fc)
Let r=xi+y+ zk
Hence, the equation is
(d+3j+2k) - (=)= M(i+ j+ k) + p(i-2j+3k)
Thus, vectors (xi+}?|+ zf() —(-3)i+j+ k, i-—2}+ 3k are
coplanar.
Therefore, the equation of the plane is
x=1 y-(-1) z-0
1 1 1
1 -2 3
or S5x-2y-3z-7=0

Intercept Form of a Plane
The equation of a plane having intercepting lengths a, b
and ¢ with X-axis, Y -axis and Z-axis, respectively is
LIS
a b c
Proof Let O be the origin and let OX, OY and OZ be the
coordinate axes. ’

=0

Let the plane meets the coordinate axes at the pomts
P, Q and R, respectively such that

OP =a, 0Q =b and P =c. Then, the coordinates of the
points are P(a,0,0), Q(0, b,0) and R(0,0, c).
Let the equation of plane be

Ax+By+Cz+D=0 (1)
Since, Eq. (i) passes through (a,0,0), (0, b,0) and (0,0, ¢), we
have

Aa+D=0 = A= —D
a
Bb+D=0 = B=%



Cc+D=0=>C=%

On putting these values in Eq. (i),we get required equation
of plane as

-D D D
— x—-—=y—-—z=-D
a by cZ
= £+X+_Z_=1
a b ¢

| Example 55. A plane meets the coordinates axes in
A, B and C such that the centroid of the AABC is the

point (p,q,r), show that the equation of the plane is
X y z

—+=+—=3
P qr
Sol. Let the required equation of plane be
. N, 2 )
4+ 42
a b * c 9

Then, the coordinates of A, B and C are A(g, 0, 0), B(0, b, 0) and
C(0, 0, c), respectively. So, the centroid of the AABC,
‘ LLB
3’33
But the coordinate of the centroid are (p, g, r).
T
3 P37

On putting the values of g, b and c in Eq. (i), we get

The required plane as
R AL
3p 3¢ 3r
= 54.2.4.5_3
p 9 T

| Example 56. A variable plane moves in such a way
that the sum of the reciprocals of its intercepts on the
three coordinate axes is constant. Show that the plane
passes through the fixed point.

z
Sol. Let the equation of the plane be % + % + o= 1. Then, the

intercepts made by the plane with axes area, bandec.

Tily 1 _ constant (k) ..(i) (given)
a
101 1 L XY 2
— + — + — =1 comparing with—+ =+ — =1
=&k ek PERCe b &
gt y=l
Y%k
1
and z—k

1 11
This shows Eq. (i) passes through the fixed point (P' P' P)
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Angle between Two Planes

Vector Form

The angle between two planes is defined as the angle
between their normals.

Let® be the angle between planes r-n, =d; and
n, -n;

r-n, =d, thencos6 =
i 5 [ng||ng|

Condition for Perpendicularity

If the planes r - n, =d; and r- n, = d, are perpendicular,
then n,and n, are perpendicular. Therefore, n; -n, =0

Condition for Parallelism

If the planes r- n; =d, andr- n, =d,

are parallel, there exists the scalar A such that n, = An,.
Cartesian Form

If the planes are a;x + b,y +¢,z+d =0

and a,x +b,y +c,z+d, =0
aa, +bb, +
= coEg= 142 192 +¢,C;
\/af +b? +ct \/ag + b2 +c2
Condition for parallelism
51_=b_1=°_1_)»
a b, ¢

Condition for perpendicularity
a,a; +bb; +c,c, =0
I Example 57. Find the angle between the planes
2x+y-2x+3=0andr-(6i+3j+2k)=5.
Sol. Normals along the given planes are 2i+ 3 -2k and
6i+3j+2k
Then angle between planes,
0=cos! . @iti-2k)Givsfeak) o m
V@ +0) +(-21(6) + ) +(2)? 21
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I Example 58. show that ax+by +r =0,
by +cz+p=0and cz+ax+q=0 are perpendicular to
XY, YZ and ZX planes, respectively.
Sol. The planes a;x + by + ¢z + d; =0and
a,x + byy + ¢,z + d, = 0 are perpendicular to each other if
and only if ga;, + bb, + cic;, =0.
The equation of XY, YZ and ZX planes are z = 0, x = 0 and
y =0, respectively.
Now, we have to show that z = 0 is perpendicular to -
ax + by + r =0.

1t follows immediately, since a(0) +b(0) +(0) (1) = 0, other parts
can be done similarly.

Family of Planes
Plane Parallel to a Given Plane

Since parallel planes have the same normal vector, so
equation of a plane parallel to r- n =d, is of the form
r- n=d,, where d, is determined by the given conditions.
In cartesian form, if ax + by + ¢z +d =0 be the given plane
then the plane parallel to this plane is ax + by +cz +k =0.

I Example 59. Find the equation of the plane through
the point (1,4, —2) and parallel to the plane
—-2x+y—-3z=17.

Sol. Let the equation of a plane parallel to the plane

—2x+y-3z=7be
-2x+y-3z+k=0 (i)
This passes through (1, 4, — 2), therefore
(-2)(1) +4-3(-2)+k=0

= -2+4+6+k=0= k=-8
Putting k =— 8 in Eq. (i), we obtain

—2x+y-3z-8=00r-2x+y-3z=8
This is the equation of the required plane.

I Example 60. Find the equation of the plane passing
through (3,4, —1), which is parallel to the plane
r-(2i—3j+5k)+7=0.

Sol. The equation of any plane which is parallel to

r-(2i-3j+5k)+7 =0is

r-@i-3j+sk)+A =0

or 2x -3y +52 + A =0

Further (i) will pass through (3, 4, - 1)

if(2)(3) +(=3) W) +5(-1)+A=0

or -114+A=0= A=11

Thus, equation of the required plane is
' r-@i-3j+5k)+11=0

Equation of any Plane Passing
Through the Line of Intersection

of Two Plane

The equation of the plane passing through the line of
intersection of the planes
a;x +b;y+c,z+d, =0and a;x + by + ¢,z +d, =0 is
(ayx +b,y +c,z +d,) +k(azx +byy + ¢,z +d3) =0
Proof Let the given plane be

a;x+byy+cz+d; =0 4 (i)
and a,x +byy +c,z+d; =0 ..(ii)
. Required plane is (a; x + b,y + ¢,z +d,)

+k(ayx + b,y +c,z +dy) =0
Clearly, plane (iii) represents the equation of plane.
Let (c, B, ) be a point on the line of intersection of planes
(i) and (ii), then P lies on planes (i) and (ii).

a0 +bB+ey+d; =0 ..(iv)
and  a,0+b,B+c,y +d, =0 (V)
Now, multiply by k in plane (v) and then adding planes
(iv) and (v), we get
(a;00 +byB+cyy +dy)

+ k(a0 + b,B + ¢,y +d,) =0
= P(a, B, v) lies on plane (iii).
Hence, plane (iii) passes through each point on the line of
intersection of planes (i) and (ii).
Thus, plane (iii) is the equation of plane passing through
the line of intersection of planes (i) and (ii).

...(iiif)

Vector Form
Equation of planes passing through the line of intersection
of planes
r-n; =d; andr-n, =d, is
(r'n; —d;)+k(r-n, —d,)=0
or r-(n, +kn,) =d; +kd,, k being any scalar.

I Example 61. Find the equation of the plane
containing the line of intersection of the plane
X+y+z-6=0and 2x+ 3y +4z+ 5=0 and passing
through the points (1,1,1).

Sol. The equation of a plane through the line of intersection of

the given plane is
(x+y+z-6)+A2x+3y+4z+5)=0 ()
If line (i) passes through (1, 1, 1), we have
-3+ 14L =0

= o,
14



5 3
Putting A = 7 in line (i), we obtain the equation of the
required plane as
3
(Y+y+z2-0)+ 1‘;‘2' +3v+ 4z +5)=0
= 20x 423y + 262 —69=0
| Example 62. Find the planes passing through the
intersection of planes r-(2i - 3j+ uk) = 1and
r-(i- j)+4=0and perpendicular to planes
rQi-j+k)=-8.
Sol. The equation of any plane through the line of intersection of
the given planes is
{r @i =3+ ak)=1)+ Ar (i~ )+ 4) =0
A=+ X))+ 4k)=1-an i)
If it is perpendicular to r-(21 =+ k) + 8 = 0, then
@+ Di =@+ 0]+ ak)-i-J+ k) =0
2+ N)4+@+A)+4=0
Nl
3

; LD (R . ’
Putting A = - 3 in line (i), we obtain the equation of the

required plane as r (= 5i+2j+ 12k) = 47

Two Sides of a Plane

Let ax + by + cz +d =0 be the plane, then the points
(x,.¥,.2;) and (x;, ys, =;) lie on the same side or opposite
side according as

et s el el b et >0o0r<0

ax, +by, +cz;
Proof Here equation of plane is,

ax +by +cz+d =0 (1)
Let Eq. (i) divide the line segment joining Pand Q at R
internally in the ratiom:n.

IO (*2.¥2.22)
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Then, R[

mx, +nx, my+ny, mz; +nz, ]

m+n m++n m+n

Since, R lies on the plane (i).
4 my, +nx, b my, +ny, ]+c(mz, +nz, ]+d -
m+n m+n m+n
= a(mx, +nx,) +bmy; +ny,)
+c(mzy +nzy)+d(m+n)=0

=5 m(ax, + by, +cz, +d)
+n(ax, +by, +cz; +d)=0
m__(ax, +by, +ez, +d)

=5 =

(i)
n (ax, +by, +cz, +d)

Now, if ax, +by, +cz, +d and ax, + by, +cz; +d

m e
are of same sign — <0 (external division)
n
o m ; WRe
are of opposite sign — >0 (internal division)
n

ax, +by, +cz, +d

o f >0 (same side)

ax, +by, +cz, +d
ax, +by, +cz, +d

<0 site sid
ax, +by, +cz, +d SRpesimAtic)

| Example 63. Find the interval of « for which
(o, 02, 00) and (3,2,1) lies on same side of
X+y—-4z42=0.
Sol.(a, a®, @) and (3,2 1) lies on same side of x + y—4z+2=0
La+a’-4a+2)(3+2-442)>0
= a? -3a +2>0

(@-1)(@-2)>0 = ae(-wm1]u( =

Distance of a Point from a Plane

Vector Form
The length of the perpendicular from a point having
position vector a to the plane r- n=d is given by
p= la-n-d|
n|
Proof. Let it be the given plane and P(a) be the given

point. Let PAM be the length of perpendicular from P to the
plane r.

Since, line PAl passes through P(a) and is parallel to the
vector n which is normal to the plane . So, vector
equation of line PM is

r=a+An ()
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P(a)

convesmnig

Point M is the intersection of Eq. (i) and the given plane .

(a+An)-n=d
= a~n+xn-n=d=>l=m
In?

On putting the value of A in Eq. (i), we obtain the position
vector of M given by

d-a-n
r=a+ n
Inf?
PM = Position vector of M — Position vector of P
d—(a-
=a+ (—azn) n-a
[n|

PM:(M],,

Inf?
- PM=|pm|=|d=2D)n
n|
_ld—@n)||n|_|d=(an)]
[n? [n]
Thus, the length of perpendicular from a point having
. |laan-d

position vector a on the plane r-n =d is I——ﬁ

Cartesian Form
The length of perpendicular from a point P(x;,y;,2,) to
the plane ax + by + cz +d =0. Then, the equation of PM is
R h Fh ()
a b c
The coordinates of any point on this line are
(x, +ar,y, +br,z, +cr)
Thus, the point coincides with M iff it lies on plane.
ie.a(x, +ar)+Wy, +br) +c(z, +cr)+d =0
_ (ax, +by, +cz, +d)
T @bt

..(ii)

Le.

Now, PM= [(x, +ar—x,)? +(y, +br—-y,)?
+(z, +cr—z,)2

=\/(:2 +b2+c?)r? =\/a2 +b% +c |r|

_ (—az R et —(ax; + by, +cz; +d)

a® +b% +c?
[from Eq. (ii)]

|(ax, + by, +cz, +d)|
1/a2 +b% 4+
| Example 64. Find the distance of the point (2,1,0)
from the plane 2x+ y +2z+5=0.
Sol. We know that the distance of the point (xy, y;, z;) from the

planeax + by + cz +d =0is
Joy+ by et d|

,'az + b2+ ¢t

So, required distance =

PM =

|2x2+1+2x0+5]|_10

V2R 412428 3

Distance between the Parallel Planes

The distance between two parallel planes
ax +by+cz+d, =0

and ax +by+cz+d, =0
is given by d= _s0,)
Va® +b? +c?

Proof. Let d =Difference of the length of perpendicular
from origin to the two planes.

ldil  |dy)
\/az+b2+c2 \/az+b2+c2

dy —d,

\[az +b% +¢?

ifd, and d, are of same side =

Vector Form

The distance between two parallel plane r- n =d,
and r-n =d, is given by

_ldy—dy |

d
In|

| Example 65. Find the distance between the parallel
planes x+2y —2z+1=0and 2x+4y — 42+ 5=0.
Sol. We know that, distance between parallel planes
ax + by +cz+d, =0andax + by + cz +d, = 0is,
|di —dy |
a+ b+t



- Distance between x +2y -2z +1=0

andx+2y—-2z+§=0is

|2-1

Equation of Planes Bisecting
the Angle between Two Planes

Equation of the planes bisecting the angle between the
planes.

ayx +by+c,z+d; =0and a,x + b,y + ¢,z +d, =01is
ayx+byy+cyz+d, 4 &X +b,y +c,z +d,

[ g2 2 TES
ay +by +c3 Ja% +b§ +c§

Proof. Given planes are
ayx+byy+c,z+d, =0 - (i)

(i)
Let P(x, y, z) be a point on the plane bisecting the angle
between planes (i) and (ii).

Let PL and PM be the length of perpendiculars from P to
planes (i) and (ii).

. PL=PM

and a,x +byy +c,z+d, =0

a;x +byy+cz+d,
Va +6} +¢f
a,x +byy+c,z+d, a,x +byy+cz+d,
\/z+bf+cf J;%+b§+c§

This is equation of planes bisecting the angles between the
planes (i) and (ii).
Vector Form
Equation of planes bisecting the angle between planes

r-n; =d; and r-n, =d, are

a,x +byy +c,z+d,

Jas +b% +c

=+

rrn,—d;|_|r-n; —d,

n, n;

rn, —d r-n, —d,
= 1 1=i____
n, n;

n, L d, + d,
[ny| |ny|" [nz]
d d,

~ A 1
= r-(n :tn)=-
(@ % [ny]| [nz]

= rr—
[ny |
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Bisector of the Angle between the
Two Planes Containing the Origin

Let the equation of the two planes be
ayx+by+cz+d, =0 (i)
and a,x + b,y +c,z+d, =0 (i)

where, d, and d, are positive, then equation of the
bisector of the angle between the planes (i) and (ii)
containing the origin is

ax+by+ciz+d, _ax+by+c,z+d,

2 2 2
Jaf +b2+ct Ja2 +b3 +c}

Bisector of the Acute and Obtuse
Angles between Two Planes

Let the two planes be
ayx+byy+cz+d, =0 (1)
a;x + by +c,z+d; =0 (i)
where, d, and d, >0
(a) Ifaya, + b, b, +c¢,¢, >0, theVOrigin lies in the obtuse
angle between the two planes and the equation of
bisector of the acute angle is,

axt+by+cz+d,  ax+by+cz+d,
Ja? +b% +¢2 Ja2 +b% +¢2
(b) If a,a, +b,b, +c,c, <0, then origin lies in the acute

angle between the two planes and the equation of
bisector of the acute angle between two planes is

ayx +by+c,z+d, _+a2x+b2y +cz +d,

2 2 2
Ja? +b% +¢3 Jag +b3 +c2

and

I Example 66. Find the equation of the bisector
planes of the angles between the planes
2x-y+2z+3=0and 3x -2y +6z+8=0and specify
the plane which bisects the acute angle and the plane
which bisects the obtuse angle.

Sol. The two given planes are

2x—-y+2z+3=0and 3x -2y +62 +8=0
where, d, and d, > 0
and aa, + hb, + 62 =6+2+12>0
ax+bhy+tez+d _ ax+by+ez+d

Juf+bf+cf

ai + b3 +c}
(obtuse angle bisector)
ax + by + ¢z +d;

\/a§+ b? + ¢}

s a,x+b1y+c|z+d,=

Jai + b+ ¢}

(acute angle bisector)
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: 2x—y+2z+3___ 3x -2y +6z+8 H
e v P R Angle between a Line and a Plane
n
= (14x—7y +14z +21)=+ (9x — 6y +18z + 24)
Taking positive sign on the right hand side, we get Normal —»
Sx-y-42-3=0 (obtuse angle bisector) S Line
and taking negative sign on the right hand side, we get
23x — 13y + 32z + 45 =0 (acute angle bisector)
o
. %00 /
Line and Plane #/
Line of Intersection of Two Planes i
Let two non-parallel planes are r-n; =d, and r-n, =d, Flane
2 The angle between a line and a plane is the complement of
n,xn, the angle between the line and the normal to the plane.
*, If the equation of the line is r= a+Ab and that of the
plane is r- n =d, then angle 6 between the line and the
b-
normal to the plane is cos 6 =' = I,
: [b([n]
So, the angle ¢ between the line and the plane is given by
A 90° 6.
1
Now line of intersection of planes i dicular t sin¢—‘ o 'or¢ o L
ow line of intersection o es is perpendicular to = =
prnes Bpep blin| Ibl[n]

vector n; and n,.

.. Line of intersection is parallel to vector n; X n,.

If we wish to find the equation of line of intersection of
Pla“isb"l": by -;c,z N f}: :?;"gnd ——— I Example 68. Find the angle between the line
ﬁ::e by i)}l’xttiflzgzz =(§ (sa)"), t;en we can ﬁi;) corresponding = lf 2,:1 —.k +A(i-j+k)and the plane
values of x and y be solving equations a;x +b,y —d, =0 r-Qi-j+ k=4

and a,x + b,y —d, =0. Thus, by fixing the value of =X, g4/ We know that if§ is e gl Tt 5 s =2 0D

Line r=a +Ab and plane r- n =d are perpendicular if
b=2An or bx n=0 and parallel if b_L n or b-n =0.

we can find the corresponding value of x and y in terms of z b-n
A. After getting x, y and z in terms of A, we can find the e Ll i |b||n|
equation of line in symmetric form. - 2
Therefore, if 8 is the angle between r=i+2j— k+ A(i-j+ k)
I Example 67. Reduce the equation of line and r-(2i- j+ k)=4, then
X—y+2= +2z =6 in symmetrical form. YT TP,
Xy 5and 3x+y+z y sng=| =3+ K -@i-3+ k)'
Find the line of intersection of planes x —y+2z=5 ik
and 3x+y+2z=6. : = 2rirl ~Fr s
Sol. Given x —y +2z=53x+y +z=6. 3 TRl e
af 4
Let . = 0=sin"" (—)
Then, x—-y=5- 2A 3\/2-
and 3x+y=6-A . H g
Solving these two equations, 4x =11 3 Intersection of a Line and a Plane
and 4y =4x-20+8h ==9+5A To find the point of intersection of the line
The equationofthelineisu—_“-=4y—”=z—-9 cccimc T Lo O | and the plane

-3 5 1 1 m



ax +by+c.. +d =0.

o) Y| 2-2y
\ =
ax+by+cz+d=0
xX—=x - -
Let i ! =u=z £ =r
m n
(X="+X|-}'=mr+y,.z=nr+z,) (1)

be a point in the plane say P.
It must satisfy the equation of plane.

a(x, +1Ir) + b(y, +mr)+c(z, +nr)+d =0

= (axy +by, +cz, +d)+r(al + bm +cn) =0
- _(ax; +by, +cz, +d)
al +bm +cn

On substituting the value of r Eq. (i), we get the
coordinates of the required point of intersection.

(i) Condition for a Line to be Parallel to a
Plane

i O o) Y |
m
ax + by +cz +d =0iff;

e
Let line

“Z1 be parallel to plane
n

B6=0ormorsin0=0 = al+bm+cm=0

(i) Condition for a Line to Lie in the Plane

5 O a4 O
1 m
plane ax +by+cz+d=0are

al +bm+cn=0 and ax, + by, +cz, +d =0

z
L to lie in the

X
Condition for

Note

Aline will be in a plane iff

(i) the normal to the plane is perpendicular to the line.
(i) a point on the line in the plane.

| Example 69. Find the distance between the point
with position vector — i — 5j— 10k and the point of

2y+122

intersection of the Ime 3 5 with the

plane x -y +z =5.
Sol. The coordinates of any point on the line

.ﬁ:.u:f—;—_r(say)areﬂr*-z.‘ir-l 12r +2)

If it lies on the plane x = y + z =5, then
Ir+2-4r+1+12r+2=5=21lr=0=r=0.
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Putting r = 0 in (i), we obtain (2, = 1,2) as the coordinates of the
point of intersection of the given line and plane.

Required distance = distance between points (= 1, =5, = 10) and
@-12)=y2+ 1)} +(=1+5)° +@ + 10)°

=J/9+16+14 =169 =13.

Coplanarity of Two Lines

-x - 2-Zyq, .
L YN L lies in a given
m n

plane ax +by +cz +d =0ifax, +by, +cz, +d =0
and al+bm+cn=0

The straight line -1

X1y 21)

ax+by+az+d=0
Thus, the general equation of the plane containing a
straight line
ey =i
l m n
a(x —x,) +b(y —=y,) +c(z =z,) =0
al+bm+cn=0

z-1z,

is

where,

The equation of the plane containing a straight line

X=X Y= _z-z
T * and parallel to the straight line
X=X2.. Y~V .. 2—2%5 is
L m, n
X=Xy Y=y z-z
1 m n |=0
L m, n

Hence, the equation of the plane containing two given
straight lines

X=X Y=Y  Z=%
I m n
and X=Xz Y=Yz 214
I m n,
X=Xy Y=»N z2-3
l m n |=0
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X=Xz Y=Y2 z-12z,
or 1 m n [=0
L m, n

Ifthe linesr=a, +Ab, andr=a, + Ab, are coplanar,
then

[a; b, b;]=[a, b, bz]_
and the equation of plane containing them is
[rb, b,]=[a,; b, b,]
or [rb, b,]=[a,;b, b,]

I Example 70. Find the equation of plane passing
through the point (0, 7, -7) and containing the line
Xt1_y=3 242

-3 2 1

Sol. Let the equation of the plane passing through the point
(0,7,—=7)bea(x —0) +Ky —7) +c(z +7) =0 (1)
The line x_—;l = yT_S = ZT+2 passes through the point
(= 1,3, —2) and has direction ratios — 3, 2, 1. If (i) contains
this line, it must pass through (- 1,3, — 2) and must be
parallel to the line. Therefore,

a(-1)+bB3-7)+c(—-2+7)=0

ie. a(—1) +b(- 4) +c(5) =0 (i)
and —3a+2b+1c=0 i)
On solving Egs. (ii) and (iii) by cross multiplication, we get
Bl B BTy a3l
-14 -14 -14 1 -1 1
= a=AMb=Ac=A
Putting the values of g, b, ¢ in (i), we obtain
Mx=0)+ Ay -7)+Mz +7)=0
= x+y+z=0
This is the equation of the required plane.
. x+1 y+3 z+5
I Example 71. Prove that the lines S T E T

o I o W ;6 are coplanar. Also, find the
1 4

plane containing these two lines.

and

- - z-z
Sol. We know that, the line X - X1 =Y~ % _2"%
I m n
and X=%2 =Y 7Y2 _ 2722 ype coplanar if
L m; np
X=X Y=Y 22774
Iy my n =0
I, m; n;

and the equation of the plane containing these two lines is

X=X Y=hn z2-7
I m n |=0
I m; L]
Here, x==,y=-3,7z=-5
X=2,y,=42,=61 =3,

m=5m=7lL=1,m=4n,=7

X=X Y2=N Z-zn| |37 11
I m o |=[35 7]|=0
I, m, n, 1 4 7

so, the given lines are coplanar.
The equation of the plane containing the lines is
x+1 y+3 z+5
3 5 7 |=0

1 4 7
ar(x+1)(35-28) —(y +3)(21 -7)+ (z +5)(12-5) =0
or x=2y+z=0.

Image of a Point in a Plane

To find the image of the point (ct, B,v) in the plane
ax +by+cz+d=0 ..(i)
Let Q(xy, 1,2, ) be the image of point P in the plane (j).

*P (o, B.Y)

V

Q (x1.¥1.29)

Let PQ meet plane (i) at L, direction ratios of normal to
plane (i) are (a, b, c), since PQ perpendicular of plane (i).
So, direction ratios of PQ are a, b, c.
= Equation of line PQ is,
x-o_y-B_z-y
a b ¢

= (say)

Coordinate of any point on line PQ may be taken as
(ar +a, br +B,cr+7)
Let Q(ar +o, br +B, cr +7y)
Since, L is the middle point of PQ
cr

ar br
L=lo+—,f+—.y+—
(e egreg)



Since, L lies on plane (i), we get
ar br cr
a( 2 +a)+b( = +B)+c(7+y)+d=0
= (02+b2+cz)£=—(aa+bﬁ+q+d)

=—2(aa+bﬁ+cy +d)
a® +b? +¢?

I Example 72. Find the image of the point P(3,5,7) in

the plane 2x+ y +z = 0.
Sol. Given planeis2x +y+2z=0
and the point P(3,5,7)
DR's of normal to the plane (i) are 2, 1, 1.
Let Q be the image of a point P in plane (i).

P@3,57)

x=3 y-5

= =—=r

1 1

~.Equation of line PR is

Let R2r +3,r+5,r+7)
Since, R lies on plane (i).

22r+3)+(r+5)+(r+7)=0; 6r+18=0
r=—3 ~» R=(-324)
Let Q=(B,7)
Since, R is mid-point of PQ.

o+3

-3= = a=-9

2=B¥5 =y '

4=7—;—7 =y=1

Q=(-911)

I Example 73. Find the length and the foot of the
perpendicular from the point (7,14, 5) to the plane
xX+4y -z=2

2(7) +4(14)—-(5) -2

2% 4 4% 417

_14+456-5-2_ 63

TTavie+1 Vo

Sol. The required length =

(i)
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Let the coordinates of the foot of the perpendicular from the
point P(7, 14, 5) be M(at, B, 7).
Then, the direction ratios of PM arect —= 7,3 =14 and ¥y —5.
Therefore, the direction ratios of the normal to the plane are
o -7, -14andy -5.
But the direction ratios of normal to the given plane
2x+4y —z=2are2,4and - 1.
- St ]l Y Lt OO

2 4 -1
a=2k+7,p=4k+14andy=—k+5 (i)
Since, o, B and y lie on the plane 2x +4y —z=2,
0+ P-y=2
= A7+2k)+ 414+ 4k)-(5-k)=2
= 14 +4k + 56 + 16k =5+ k =2
= 21k=-63 = k=-3
Now, putting k =—3in (i), weget a =1, =2,y=8
Hence, the foot of the perpendicular is (1, 2, 8).

Hence,

x=1 =2
I Example 74. Find the image of the line < y—1
Z+3 .
S in the plane 3x —3y +10z —26 =0.
Sol. e TR
A(1,2,-3)
(i)
3x -3y +10z -26 =0 (i)

Thfz direction ratios of the line are 9, — 1 and — 3 and direction
ratios of the normal to the given plane are 3, —3 and 10.
Since,9:3 + (1) ( —3) +(-3) 10 = 0 and the poi

ince, point (1,2, —3) of
line (i) does not lie in plane (ii) for : )
3-'1 -3.2 + 10-(=3) — 26 # 0, line (i) is parallel to plane (ii). Let
{4 be the image of point A(1, 2, - 3) in plane (ii). Then the
image of the line (i) in the plane (ii) is the line through A’ and
parallel to the line (i).

Let point A’ be (p, g, ). Then

P=1_gq-2 r+3

3 -3 10
B -3@)+10(-3)-26) 1
9+9+100 T2

The point A’ (512)
22

The equation of line BA’ is

{)r0). .
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Exercise for Session 3

-

&

® N O

10.

11.

12.

13.

14.
15.

Find the equation of plane passing through the point (1, 2, 3) and having the vector r=2i- ] +3k normal to it.
Find a unit vector normal to the plane through the points (1, 1, 1), (-1 2, 3)and (2, -1 3).

Show that the four points (0, — 10), (21— 1), (11 1) and (3, 3, 0) are coplaner. Also, find equation of plane
through them.

Find the equation of plane passing through the line of intersection of planes 3x + 4y —4 =0 and
x + 7y + 3z + z =0 and also through origin.

Find equation of angle bisector of plane x +2y +3z —z =0and2x -3y +z +4 =0.
Find image of point (13,4)in the plane2x -y +z +3 = 0.

Find the angle between the line %—1 =§ = % and the plane3x + y + z =7.

Find the equation of plane which passes through the point (1, 2, 0) and which is perpendicular to the plane
x-y+z=3and2x +y-z+4=0.

Find the distance of the point (- 1 —5, — 10) from the point of intersection of the line e e and

planex —y +z =5.
x-5 y+7 z+3 x-8_y-4 z-5

Find the equation of a plane containing the lines 2 E S and R e
Find the equation of the plane which passes through the point (3,4, — 5) and contains the line 52L1 = y_3—_1
_z+2
e

Find the equation of the planes parallel to the plane x -2y + 2z —3 =0. Which is at a unit distance from the

point(12,3)
Find the equation of the bisector planes of the angles between the plane x + 2y +2z =19 and

4x-3y + 12z + 3=0and specify the plane which bisects the acute angle and the plane which bisects the
obtuse angle.

Find the equation of the image of the plane x -2y +2z =3intheplane x + y +z = 1
Find the equation of a plane which passes through the point (1, 2, 3) and which is at the maximum distance
from the point (-1, 0, 2).



Session 4
Sphere

Sphere

A sphere is the locus of a point which P()
moves in space in such a way that its

distance from a fixed point always

remains constant. The fixed point is called

the centre of the sphere and the fixed

distance is called the radius of sphere.

Shown as in adjoining figure.

Equation of Sphere whose

Centre ¢ and Radius isa .

Let O be the origin of reference and C be the centre of
sphere whose position vector is c. Let P be any point on
the surface of the sphere whose position vector is r.

Thus, OP=randOC=c
’ CP=0P-0C=r-c
P
&
O._—::._F-_
Now, |[r—c|=a [radius of sphere]
= £ |r— c|? =a’
= (r—c)-(r—c)=a’
= r’ —2r-c+c’ =a’
= r —2r-c+(c2-a2)=0

which is the required equation of sphere.
Cartesian Equation of a Sphere
The equation of sphere with centre (a, b, ¢) and radius Ris

(x —a)? +(y=b)* +(z—¢)* =R*

P(x,.2)

Proof. Let C be the centre of the sphere.
Then, coordinates of C are (a, b, c). Let P(x,y,z)be any
point on the sphere, then
CP=R
= cP* =R’
= (x —a)? +(y —b)* +(z —¢)? =R’
Since, P(x,y,z)is an arbitrary point on the sphere,
therefore required equation of the sphere is
(x —a)® +(y =b)* +(z - ¢)? =R*

Remarks
1. The above equation is called the central form of a sphere. If the

centre is at the origin, then equation of sphere is,

X2+ y2+ 28 =R?
(known as the standard form of the sphere)

2. Above equation can also be written as

X2+ y?+ 2% —2ax —2by —2cz+ (& + b2 +c2-R)=0

which has the following characteristics of the equation of

sphere

(i) Itis a second degree equation in x, y and z.
(ii) The coefficient of x2, y? and 22 are all equal.

(iii) The term containing the product of xy, yz and zx are
absent.

1 Example 75. Find the vector equation of a sphere
with centre having the position vector i+ ]+ k and
radius /3.

Sol. We know that equation of sphere is

|r—c|=a
= |r—(i+3+k)|=V3

which is the required equation of sphere.

(vector form)

| Example 76. Find the equation of sphere whose
centre is (5,2, 3) and radius is 2 in cartesian form.

Sol. The required equation of the sphere is
(x=5)0 +(y —2)* +(z =3)* =2°
= x*+y’+z°-10x-dy—6z+34=0

| Example 77. Find the equation of a sphere whose
centre is (3, 1, 2) and radius is 5.
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Sol. The equation of the sphere whose centre is (3, 1, 2) and radius
is 5, is
(x=3)" +(y=1)? +(z = 2)? =5

x*+y*+zt—6x-2y —4z-11=0

General Equation of Sphere

The equation x? +y? + 2% +2ux +2vy+2wz +d =0
represents a sphere with centre (—u, — v, — w) i.e.

1 X 1
(—E coefficient of x,—; coefficient of y,

1
3 coefficient of z )

and radius =+/u? +v? + w? —d.

Note

The equation x2 + y2 + 2% + 2ux + vy + 2wz + d =0 represents
areal sphere, if u? + v2 + w? = d> 0. Ifu? + v? + w? — d =0, then
it represents a point sphere. The sphere is imaginary, if
+v?+wl-d<0.

I Example 78. Find the centre and radius of the
sphere 2x? +2y2 +.2z% —2x -4y +22+3=0.
Sol. The given equation
x2+yz+zz—x—2y+z+g=0;
where cetnre is

1 7
(— 1 coefficient of x, — % coefficient of y,—E coefficient of z)
2

and

1 1
- Given sphere represents a point sphere (E =il 5)

I Example 79. Find the equation of the sphere passing
through (0,0,0), (1,0,0), (0,1,0) and (0,0,1).
Sol. Let the equation of the sphere be
Ayt 2t v 2ux+2vy+2wz+d=0 (i)
As (i) passes through (0, 0, 0),(1, 0, 0),(0,1, 0) and (0, 0, 1), we
must haved=0,1+2u+d =0
1+2v+d=0and1+2w+d=0
Since,d = 0, we get 2u =2v =2w=~1
Thus, the equation of the required sphere is
x4yt 42t —x-y-z=0

I Example 80. Find the equation of a sphere which
passes through (1,0,0), (0,1,0) and (0,0,1) and has
radius as small as possible.

Sol. Let the equation of the required sphere be
+y' 4zt +2ux+2vy+2wz +d =0 ..(i)

As the sphere passes through (1, 0, 0),(0,1, 0) and (0, 0, 1), we
get
1+2u+d=01+2v+d=0and1+2w+d =0

1
= ll=V=W=—‘5(d+])
If R is the radius of the sphere, then R? =u® + v’ + w?—d

= R’=%(d+l)’—d

=3[d‘+2d+1-5d]
4 3

The last equation shows that R? (and thus R) will be the least if

anonlyifd:—-l—.
3
w=_l(l_l)=_l
2 3 3

Hence, the equation of the required sphere is x? + y? + z2 — g

Therefore,u=v =

(x+y+z)—§=00r3(x2+yz+zz)—2(x+y+z)-1=0.

Diameter Form of the Equation of a Sphere

If the position vectors of the extremities of a diameter of a
sphere are a and b, then its equation is

(r—a)-(r-b)=0
= |r[>-r-(a+b)+a-b=0
Proof. Let a and b be the position vectors of the
extremities A and B of a diameter AB of sphere. Let r be
the position vector of any point P on the sphere.

Then,
P(r)

B A
(b) @

AP=r-aand BP=r-b



Since, the diameter of a sphere subtends a right at any
point on the sphere, therefore

= <APB =L

2
= AP-BP =0
= (r=a)(r=b)=0

r'r-rb-ra+ab=0
|r]* =(@a+b)-r+a-b=0

This is the required equation of sphere.

Vector Form
If the position vectors of the extremities of a diameter of a
sphere are a and b, then its equation is
|r=al* +|r=b|* =|a=b|?
Proof. Let a and b be the position vectors of the

extremities A and B of a diameter of a sphere. Let r be the
position vector of any point P on the sphere, then

AP=r-a
BP=r-b
Since, AAPB is a right angled triangle.
; AP® + BP? = AB®

= | AP|* +|BP|* =| AB |

and

= |r=al? +|r=b* =|a=b[’

This is the required equation of the sphere.

Cartesian Form

If (x,,y1,2;) and(x;,y,,2;) are the coordinates of the
extremities of a diameter of a sphere, then its equation is,

(x=x;) (x = x2) +H(y =y1) (y —y2) +(z =21) (z=2) =0
| Example 81. Find the equation of the sphere
described on the joint of points Aand B having
Position position vectors 2i+6j—7k and —2i+4j -3k,
respectively, as the diameter. Find the centre and the
radius of the sphere.
Sol. If point P with position vector r = xi+ y} +zk isany
point on the sphere, then AP- BP =0
(x=2)(x+2)+(y =6)(y =4) +(z +7)(z +3)=0
= (x* —4) +(y* = 10y +24) +(z* + 10z +21) =0
= x*+ y? +2° =10y + 10z + 41 =0
The centre of this sphere is (0, 5, = 5) and its radius is

52+ (-5)° —41 =
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Section of a Sphere by a Plane

Consider a sphere intersected by a
plane. The set of points common to

both sphere and plane is called a B
plane section of a sphere. A '
It can be easily seen the plane N

section of sphere is a circle.

Let C be the centre of the sphere and M be the foot of the
perpendicular from C on the plane. Then, M is the centre
of the circle and radius of circle is given by PM.

ic. PM =Jcp2 -CcM?

The centre M of the circle is the point of intersection of
the plane and line CM, which passes through C and is
perpendicular to given plane.

I Example 82. Find the radius of the circular section in
which the sphere |r|=5is cut by the plane
r(i+ j+ k)=3V3.
Sol. Let A be the foot of the perpendicular from the centre O to
the plane r-(i+ j+ k) -3J3=0

0-(i+j+ k) -33
|i+3+ k|
distance of a point from the plane)

If P is any point on the circle, then P lies on the plane as well
as on the sphere. Therefore, OP = radius of the sphere =5

Now, AP? =0P? - 0A?=5% -3 =16
= AP =4

33

Then,| OA | = =5 =3 (perpendicular

1 Example 83. Find the centre of the circle given by
r-(i+2j+2k)=15and |r—(j+2k)|=4.

Sol. The equation of a line through the centre j+ 2k and normal
to the given plane is
r=(j+2k) + A(i+2j+2k) i)
This meets the plane at a point for which we must have
[(G+2k) + A(i+2]+2k))-(G+2j+2k) =15
= 6+9A =15
= A=1
On putting A =1in Eq. (i), we obtain the position vectors of the

centre as i+ 3]+ 4k, Hence, the coordinates of the centre of
the circle are (1, 3, 4).



206 Textbook of Vector & 3D Geometry

Condition of Tengency of a Plane to a Sphere

A plane touches a given sphere, if the perpendicular
distance from the centre of the sphere to the planes is
equal to the radius of the sphere.

Vector Form

The plane r- n =d touches the sphere|r—a|=R,
~la-n —d|=R
[n]

Cartesian Form

The plane Ix +my +nz = p touches the sphere
x? +y? +2% +2ux +2vy +2wz +d =0,

if (ul + vm +wn + p)* = (12 +m? +n?) (u? +v* +w? —-d)

I Example 84. Show that the plane 2x —2y +z+12=0
touches the sphere x? +y?+2? -2z —4y +2z —3=0,

Sol. The given plane will touch the given sphere if the

perpendicular distance from the centre of the sphere to the
plane is equal to the radius of the sphere. The centre of the

given sphere x?+y? +22 —2x — 4y +2z-3=0is(1,2 - 1)

and its radius is /12 +2° +(— 1)* =(—3) =3.

Length of the perpendicular from (1, 2, — 1) to the plane
2x-2y +z +12=0is

211) —2(2) +(-1) +12
,/z’ +(-2)2 +1%

Thus, the given plane touches the given sphere.

alas
3

1 Example 85. Find the equation of the sphere whose
centre has the position vector 3i+6j—4k and which

touches the plane r- (2? - 2} - l:) =10.

Sol. Let the radius of the required sphere be R. Then, its
equation is ’
| r—(3i+6j-4k) =R

Since, the plane r-(2i-2j— k) = 10 touches the sphere (i),

therefore length of perpendicular from the centre to the plane

r-(2i-2j— k)=10is equal to R.

i |(3i—6j—4kﬂ)'(21i—:fj—k)—10|=R 5 R
|2i-2j-k|

On putting R = 4 in Eq. (i), we obtain| r -@i+6j- 4l})| =4

as the equation of the required sphere.

I Example 86. A variable plane passes through a fixed
point (a,b, c) and cuts the coordinate axes at points
A, B and C. Show that the locus of the centre of the

b ¢
sphere OABC is Sp2ploy
Xy z

Sol. Let(ct, B, Y) be any point on the locus. Then according to

the given condition, (e, B, y) is the centre of the sphere
through the origin. Therefore, its equation is given by

(x—0)F +(y =B) +z =)' =(0—a)* + (0 -B)* +(0 - y)*

+yt+zi-2ax-2By -2yz =
To obtain its point of intersection with the X-axis, we put
y =0andz =0, so that

¥ -20x=0
= x(x-20)=0
= x=0 or x=2a

Thus, the plane meets X-axis at (0, 0, 0) and A(2a, 0, 0).
Similarly, it meets Y-axis at O (0, 0, 0) and B(0, 2B, 0). and
Z-axis at 0(0, 0, 0) and C(0, 0, 2Y).
The equation of the plane through A, Band C is
Xy .z
_— = ——
200 28 2y
Since, it passes through (a, b, c), we get
a b
—_— —
200 2B

= (intercept form)

or +—+-=2

a
a

+—-=2

<o e
N e =<|n 2

Hence, locus of (¢t, B, ) is L +
x

I Example 87. A sphere of constant radius k passes
through the origin and meets the axis at A, B and C.
Prove that the centroid of triangle ABC lies on the
sphere 9(x? + y? + %) = uk?.

Sol. Let the equation of any sphere passing through the origin

and having radius k be

x*+ y? +2% + 2ux + 2vy + 2wz =0
As the radius of the sphere is k, we get

u? +v¢ 4+ wh=k?
Note that (i) meets the X-axis at (0, 0, 0) and A(— 2w, 0, 0)
Y-axis at (0, 0, 0) and B(0, — 2v, 0), and Z-axis at (0, 0, 0) and
(0, 0, - 2w).
Let the centroid of the triangle ABC be (c, B, Y\ Then

2u 2v 2w
a=—-—pf=—-—y=—-—

3 3 3

3 3B 3v
= Uu=-"—v=——w=-——
2 2 2

Putting this in (ii), we get
2 2 2
-3 -3 -3 ) 2
—al| +|— +| — =k
(2 J (z B) (2 L
L e IR
= oa’+ P +7=;k

This shows that the centroid of triangle ABC lies on

2 4 ,
x2+y“+zz=;k“.
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Exercise for Session 4

Find the centre and radius of sphere 2(x —5) (x + 1) +2(y + 5)(y -1)+2(z -2)(z +2)=7
Obtain the equation of the sphere with the points (1,- 1, 1)and (3, -3,3) as the extremities of a diametre and
find the coordinates of its centre. .

Find the equation of sphere which passes through (1, 0, 0) and has its centre on the positive direction of Y-axis
and has radius 2.

Find the equation of sphere if it touches the plane r-(2i —2]j - k) =0 and the position vector of its centre is
3i+6]j-4k.

5. Find the value of A for which the plane x + y +z = V3 touches the sphere x2 + y2 + z2 —2x — 2y —2z =6.

Find the equation of sphere concentric with sphere 2x2 +2y? + 222 —6x +2y —4z =1and double its radius.
A sphere has the equation|r—a [2+|r-b[?> =72 where a= i+3j-6kand b=2i +4j+2k
Find

(i) The centre of sphere

(i) The radius of sphere

(iii) Perpendicular distance from the centre of the sphere to the plane r - (21 +2] - k)-+ 3 =0.



JEE Type Solved Examples :
Single Option Correct Type Questions

® Ex. 1 If aline makes angle o,  andy with the
coordinates axes, then

(a) cos 200 + cos 2B +cos 2y - 1=0

(b) cos 20t +cos 28 + cos 2y -2 =0

(c) cos 20t + cos 2B + cos 2y + 1=0

(d) cos 200 + cos 2B + cos 2y + 2 =0
Sol. (c) If cos o, cos B and cosy are the DC’s of a line, then

2cos? ot +2 cos? P + 2 cos? y=2
= 1+cos20+1+cos2B+1+cos2y=2
= cos 20t + cos 2B +cos 2y +1=0

® EX. 2 The points(5,— 4,2) (4,—3,1),(7,— 6, 4)
and(8,-17,5) are the vertices of

(a) a rectangle (b) a square

(c) a parallelogram (d) None of these
Sol. (c) Let A(5, — 4, 2), B(4, -3,1), C(7, =6, 4) and D(8, -7, 5)

AB=-i+j-k
BC=3i-3j+3k
cp=i-j+k
and DA=-3i+3j-3k
Clearly AB|| CDand BC|| DA
Also, AB-BC=-9#0
.~ ABCD is a parallelogram.

® Ex. 3 In AABC the mid-point of the sides AB, BC and CA
are respectively (1,0,0), (0, m,0) and (0,0, n). Then,
AB? +BC? +CA?
2 +m? +n?
(a)2
(c)8
Sol. (c) From the figure,

is equal to

(b) 4
(d) 16

C (x3.¥3.23)

(0,m, 0 (0,0,n)

A
(,0.0) (¥4, 2y)

B
(X2, Y2, Z5)

xtxp=2Ly, +y,=0,2+2,=0
X+ x3=0,y,+y3=2m,2z; +23=0
andx; + x3=0,y,+y3=0,2, +z3=2n
On solving, we get
x=Lx=lx3==1

VW==my,=mys=m
and Zy=m2,=-nzy=n
~Coordinates are A(l, = m,n), B(l, m, = n)and C (-1, m, n)
AB* + BC? +CA*
1* +m*+n*
_(4m* + an®*) + (a1* + an®) +(41* + 4’"2):8
B ¥+ m* +n*

® EX. 4 The angle between a line with direction ratios
proportional to 2, 2, 1 and a line joining (3,1,4) to(7,2,12), is

(a) cos™ (33) (b) cos™' (— -;J

(c) tan™' (—:—) (d) None of these

Sol. (a) A line with direction ratios proportional to 2, 2, 1 is parallel
to the vectora=2i+2j+ k.

Line joining P(3, 1, 4) to Q (7,2, 12) is parallel to the vector
PQ=4i+j+8k
Let 8 be the required angle. Then,

a-PQ 8+2+8
cosO = =

la]|PQ| J4+4+1 J16+1+64
= corDme g o 9=cos"(£]

3x9 3 3

® EX. § The angle between the lines 2x = 3y=—zand
bx=—y=-4zis
(a) 30° (b) 45°
(c) 60° (d) 90°
Sol. (d) Given, equation of lines can be rewritten as
X y z

1/2 1/3 -1
BC, SN, (R g
1/6 -1 -=1/4
aa, + bb, + ¢c,
\/a,2+b|2+c|2 ‘/azz+bzz+czz
lx—]-+l><(—l)—1><(—l)
=2 6 3 4
Jl 1 1 1
—+-+1 =41+ —
4 9 36 16
1 1 1

12 3 4

and

cosf =

Jl+l+1 LY A
4 9 36 16

= cos8=0 = 0=90°



® Ex. 6 A line makes the same angle ® with X-axis and
Z-axis. If the angle B, which it makes with Y-axis, is such
that sin?p=3 sin? 6, then the value ofcos? @ is

1 2
(a) = (b) 3
3 2
@3 @

Sol. (c) Since, cos’ @ + cos? B + cos? =1 [ol? 4 md+nd=1]

= 2 cos’ @ +1—3sin’ 0=1 [ sin? B =3sin® 6]
= 2cos? 0 —3(1 — cos® 0) =0
= 5cos?0=3 = cos’0=2

5

® Ex. 7 The projection of a line segment on the coordinate
axes are 2, 3, 6. Then, the length of the line segment is
(@7 (b)s
(e)1 dn
Sol. (a) Let the length of the line segment be r and its direction
cosines be I, m, n. Then, its projections on the coordinate axes
arelr,mr,nr. -
Ir=2,mr=3 and nr=6

= P+ mir?+nrP=4+9+36
= r2(1% + m* + n®) =49
= r’=49 = r=7 [o12+m?+n?=1]

© Ex. 8 The equation of the straight line through the origin
and parallel to the line (b +c)x +(c+a)y
+(a+b)z=k =(b—c)x+(c—a)y +(a—b)z are

x y z .

(a)bz—czzcz—a2=az—bz
x _y_z
b)—===—
()b b a

.y __Z
(C)az—bc b*—ca ct-ab
(d) None of the above

Sol. (c) Equations of straight line through the origin are
x-0_y-0_z-0
T m
I(b +c)+ m(c+a)+ n(a+b)=0
I(b—=c) +m(c—a)+ n(a-b)=0
= 1 _ m
On solving, m = m

where,
and

R
2(c* —ab) .
Equations of the straight line are
x y z

a’—bc=bz—ca_c’-ab'
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© Ex. 9 The coordinates of the foot of the perpendicular
drawn from the point A(1,0,3) to the join of the points
B(4,7,1) and C(3,5, 3) are

(b)(5,7,17)

57 17
w(353)
57 17
@ ( 3 5"?)

Sol. (a) Let D be the foot of the perpendicular and let it divide BC in
the ratio A : 1. Then, the coordinates of Dare

(31+4 5A+7 2‘_"_‘]

A+1 A+1 A+1

Now, ADLBC = AD-BC=0

7
= -(21.+3)—2(5}.+7)-4=0=s)~=—:

So, the coordinates of D are (E, Z -11)

333
e Ex. 10 A mirror and a source of light are situated at the
origin O and at a point on OX, respectively. A ray of light
from the source strikes the mirror and is reflected. If the
direction ratios of the-normal to the plane are proportional
to 1,-1,1, then direction cosines of the reflected ray are

122 122
AR b)-1,2,2
()333 ()333

1 2 72 22
==t d---3%
()3 3 3 ()3 33

Sol. (d) Let the source of light be situated at A(g, 0, 0), where, a # 0.

Let OA be the incident ray, OB be the reflected ray and ON be
the normal to the mirror at O.

0
ZAON = ZNOB =—
y (say)

Direction ratios of OA are proportional to @, 0, 0 and so its
direction cosines are 1, 0, 0.

g 5 7 1 -1 1
Direction cosines of ON are —, —, —=
NORNERA)
cos2= L
2 43
Afa, 0, 0)

0(0,0.0)
Let I, m, n be the direction cosines of the reflected ray OB.
Then, J:J_=Jﬂ111%=__L
2 cos — V3 2 cos E V3
and n+ 0e ____l_
2 cos — 2
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B
]

Wi WiN
B
]

Wi WN

]
7

Hence, direction cosines of the reflected ray are — 1. e E
3 3

@IN

© Ex. 11 Equation of plane passing through the points
(2,2,1),(9,3,6) and perpendicular to the plane
2x +6y +6z —1=0, is
(a)3x +4y +5z=9
(b)3x +4y —5z+9=0
(c)3x+4y -5z-9=0
(d) None of the above
Sol. (c) Equation of a plane passing through (2,2, 1) is
a(x—=2)+by =2) + oz 1) =0 (i)
- This passes through (9, 3, 6) and is perpendicular to
2x+6y +6z—-1=0
7a+b+5c=0 and 2a + 6b + 6¢c =0
Solvmg these two by cross-multiplication, we get

a _ b _c
—-24 =32 40
a b c P
= _——= -
-3 -4 5

Substituting the values of g, b, ¢ in Eq. (i), we get
3x + 4y =5z — 9 = 0 as the required plane.

° Ex. 12 If the e position vectors of the points A and B are
3i+j+ 2k and i —2j j- — 4k respectively, then the equation of
the plane through B and perpendicular to ABis

(a) 2x +3y +6z+28 =0

(b)3x+2y +6z=28

(c)2x —3y +6z +28 =0

(d)3x —2y +62=28
Sol. (a) We have, AB=—2§—3:i -6k

So, vector equation of the plane is

| r (i —2j - 4k)|- AB=0

= r(-2i-3j-6k) = (i-2j - 4k)- (- 2i-3j-6k)

= -2x-3y—6z=-2+6+24

= 2x+3y+62+28=0

© Ex. 13 A straight line ‘L’ cuts the lines AB, AC and AD of
a parallelogram ABCD at points By, Cy and D, respecrively. :

IfAB,,=\,AB, AD, =\,AD and AC, = A3AC, then——ls

A
equal to
1 1
S LIS
(a)}“+k2 ()X. n
(=X +2,; (A +A,;

Sol. (a)Let AB=a, AD=b,then AC=a+ b

Given, AB, =\, AD, = A,b, AC; = As(a+ b)
B,D, = AD, - AB, =A;b - Xa
D ¢

1

R B‘\ - B
Since, vectors D,C, and B,D, are collinear, we have
D,C, =k B,D, for some k €R.

= AC, - AD, =k-B,D,
= Asa+ b)—Asb=k-(A,b—Aa)
= A +(As—Ag)b=k-Ab—k-Aa
Thus, As=—FKk\ andAy—A,=kA,
1 2

1 1 1
= —_—=—— —

A‘! xI A'2

© Ex. 14 If the direction cosines of two lines are such that
[+m+n=0,1* +m* —n? =0, then the angle between them is

n
(am b) —
()3
T T
c)— d)—
()4 ()6
Sol. (b) If I, m, n are direction cosines of two lines are such that
Il+m+n=0 (1)
and P4+mi-n*=0 (i)
= P4m?—(=1-m)*=0
= 2lm=0 = I=0orm=0
Ifl=0thenn=-m
= l:m:n=0:1:-1
andif m=0,then n=-1
= l:m:n=1:0:-1
cosfo_OFO¥1 1
J0+l+l,’0+l+l 2
= o==1
3

© Ex. 15 The equation of the plane passing through the
mid-point of the line points(1,2,3) and (3, 4,5) and perpen-
dicular to it is
@Qx+y+z=9 b)x+y+z=-9
(c)2x +3y +4z=9 (d)2x+3y+4z=-9
Sol. (a) The DR'’s of the joining of the points (1,2, 3) and (3, 4, 5) and
B-1,4-25-3)ie(222)

Also, the mid-point of the join of the points (1, 2, 3) and (3, 4, 5)
is (2,3, 4).



*. Equation of plane which
passes through (2, 3, 4) and the
DR's of its normal are (2, 2, 2) is pLdSat

Ax=2)+2y -3)+ 2z -4)=0
= X+y+z-9=0
= x+y+z=9

® Ex. 16 Equation of the plane that contains the lines
r= (l+J)+1(1+2] k) and, r = (1+_|)+p.(—1+_| Zk) is
(@)r- (2I+j 3k)_—4
(b)r x(—i+j + k)= 0
©r-(- i+ j+ l:):o
(d) None of the above

Sol. (c) The lines are parallel to the vectors b, = i+2j— k and
b,=— i+ ]—Zk. Therefore, the plane is normal to the vector

i j k
n=b,xb,=| 1 2 -1|=-3i+3j+3k
: -11 -2

The required plane passes through (i+ j) and is normal to the
vector n. Therefore, its equation is

rn=an

=1 (-3i+3)+3k) = (1+]) (- 31+3j+3k)
=r-(-31+3j+3k)=-3+3
=r(-i+j+k)=0

-2 1 -1
® Ex. 17Thelinex3, FIL_Z

2 -1
xy =c?,z=0, ifcis equal to
(a)x1
(©++5

Sol. (c) At the point on the line where it intersects the given curve,
we have z = 0, so that

1
(b)i;

(d) None of these

x=2_y+1_0-1
3 2 -1
x-2 y+
—_—= d =1
=5 3 2
= x=5andy=1

Putting these values of xand y in xy = c?, we get
?=5=c=2%45.

© Ex. 18 The distance between the liner = 2i-2j+3k
+AG-] +4k) and the planer- (i +5]+k) =5, is

10 b-S
(3)—9— ( )3 5
(c) 132 (d) None of these
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Sol. (b) Clearly the given line passes through the point
a=2i-2j+ 3k and is parallel to the vector b=1— j+ 4k
The plane is normal to the vector n= i+5j+ k
We have, b-n=1-5+4=0
So, the line is parallel to the plane.
~.Required distance
=Length of the perpendiculars from a point on
the line to the given plane.
= Length of the perpendicular from (2i—2j+ 3k)
to the given plane.

(@i-2j+3k)-(+55+ k) -5

J1+25+1
_|2-10+3-5]|_ 10
I

© Ex. 19 If the plane-)zf +§
axes in A, B, C, then the area of AABC is
(a) V29 sq. units (b) Va1 sq. units
(c) V61 sq. units (d) None of these
Sol. (c) The given plane cuts the coordinate axes in A(2, 0, 0),
B(0,3, 0) and C(0, 0, 4).

z :
+ 7 =1, cuts the coordinate

.. Area of AABC =% AB XAC Xxsin £ZBAC

Now, AB =4+ 9+ 0=+/13, AC =,/ + 0 + 16 = 20.

cos 2BAC = _AB-AC _ (~2i+3))-(~2i+ 4k)
|AB|| AC| w'4+9\/4+16
= coiZBAC=210%t0 4

J_J—J_J—f

= sin ABAC:"I - ;Jﬁ
65 65

1
Hence, Area of AABC = 5 x 13 x 120 x Jﬂ =61 sq. units.
65

® EX. 20 The distance of the point(1,~ 2,3) from the plane

X —y +z =5 measured parallel to the lineX=¥L -2 = is
2 3 -6
(a1 (b)2
(c)4 (d) None of these
Sol. (a) The equation of the line passing through P(1, - 2, 3) and
parallel to the given line is
x-1_y+2 z-3
2 3 -6
guppose it meets the plane x — y + z =5 at the point Q given
Y

x=1"y+2 _z-3
2

3 -6
=Aie (@A +1,3L -2, —6A +3)
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This lies on x = y + z =5, Therefore,
2A+1-30+2-6A+3=5

= - =-1= A= 1
7
So, the coordinates of Q are (2 - 1—1-, E)
7 77
Hence, required distance =PQ = s + 2 + 36 1
49 49 49

® Ex. 21 The length of the perpendicular from the origin to
the plane passing through the point a and containing the line
r=b+Acis
@) [abc]
|axb+bxc+cxal
[abc]
|laxb+bxc|
[abc]
|[bxc+cxal
[abc]
laxb+cxal|

(b)
(c)

(d)

Sol. (c) The plane passing through a and containing the line
r= b+ Acalso passes through the point b and is parallel to the
vector € So, it is normal to the vector (a—b) X c.

Thus, the equation of the plane is
(r—a)-|(a=b)xc|=0
(r—a)-(axc—bxc)=0
r{axc—-bxc)=a-(@axc—bxc)
r{axc—bxc)=-a-(bxc)
r(bxc+cxa)-[abc]=0
».Length of the perpendicular from the origin to this plane
0-(bxc+cxa)-[abc]

- |bxec+cxal

_ [abc]

T |bxc+cxal

Loy

® Ex. 22 If P(0,1,0) and Q(0,0,1) are two points, then the
projection of PQ on the plane x +y +z =3 is
(a)2 (b)3
©V2 @3
Sol. (c) The projection of PQ on the given plane is PQ cos 0, where 6
is the angle between PQ and the plane.
Let n be a vector normal to the plane.
We have, pQ=-j+k and n=i+j+k
PQ-na _
|PQ||n]
= PQis parallel to the plane.
Hence, projection of PQ on the given plane
=| PQ| cos 0
=| PQ|=T+1=12

sin® =

® Ex. 23 The equation of the plane through the intersection
of the planes x +y + z =1and 2x +3y -z +4=0 and
parallel to X-axis, is
(a)y =3z+6=0 (b)3y—z+6=0
(c)y+3z+6=0 (d)3y—-2z+6=0
Sol. (a) The equation of the plane through the intersection of the
planesx +y +z=1and2x +3y —z + 4=0is
(x+y+z-1)+A2x+3y-z+4)=0
or, @A+ 1)x+@A+1)y +(1—A)z+ 42 =1=0 ..(>J)
It is parallel to X-axis, i.e. Tx ==z
1A +1)+0X(BAL +1)+ 0(1=A)=0
1

= A=——
2

Substituting A = — % in Eq. (i), we get

y =3z + 6 = 0 as the equation of the required plane.

® Ex. 24 A plane passes through the point(1,1,1). If b, ¢,;a
are the direction ratios of a normal to the plane wherea, b,
c(a <b <c) are the prime factors of 2001, then the equation
of the plane 1l is

(a) 29x + 31y +3z =63

(b) 23x + 29y — 297 =23

(c)23x + 29y +3z =55

(d)31x +37y +3z=71
Sol. (c) The equation of the plane is

b(x-1)+c(y-1)+a(z-1)=0 (i)
Now, 2001 =3 x 23 X 29
A a<b<c = a=3b=23andc=29.

Substituting the values of , b, ¢ in Eq. (i), we obtain
23x + 29y + 3z =55 as the equation of the required plane.

© Ex. 25 If the direction ratios of two lines are given by
a+b+c=0and2ab + 2ac— bc =0, then the angle between
the lines is

2n
(@m (b) 3

T
() 2 (d)

w3y

Sol. (b) We have,
a+b+c=0and 2ab+2ac—-bc=0

a=—-(b+c) and 2a(b+c)-bc=0

=

= —2(b+c)*—bc=0

= 2b® + 5bc +2¢7 =0

= @b+c)(b+2c)=0

= 2b+c=0o0r, b+2c=0

If2b + ¢ =0, thena == (b +c¢) = a=b
a=bandc=-2b = a_b_c

1 1 =2



lfb+2c=0,thena=—(b+c) = a=c

a=candb=-2¢c = ﬂ=_=_

Thus, the direction ratios of two lines are proportional to 1, 1,
—2and 1, -2, 1, respectively. So, the angle 8 between them is
given by

1-2-2 =1 2
0= 39

T+i+aivast o

cos0=—e - <

® EX. 26 A tetrahedron has vertices at O (0,0,0), A1, 2,1),

B(2,1,3) and C(=1,1,2). Then, the angle between the faces
OAB and ABC will be
(b) cos™" (E)
35

(a) 90°
(d)30°

(¢) cos™! (H)
31

Sol. (b) Let n, and n, be the vectors normal to the faces OAB a.nd
ABC. Then,
ijk
=0AXOB=|1 2 1|=5i-j-3k
21 3
i j k
and n,=ABXAC=|1 -1 2|=i-5j-3k
-2 -1 1
If 6 is the angle between the faces OAB and ABC, then
cos B =210z
| my || nz]
5+5+9 19
= c0s0 = ———F———=—
‘,25+1+9 1+25+9 35
= 6=cos"(1—2)
‘ 35

@ Ex. 27 The vector equation of the plane through the point
(2,1,—1) and passmg through the line of intersection of the

planer - (i +3j-k)=0andr (J+2k) 0, is
(a)r-(|+9_|+11k)—0 (b)r- ('+9J+11k)=6
(©)F(i- 33— 13k)=0  (d) None of these
Sol. (a) The vector equation of a plane through the line of
intersection of the plane r - (i+3j-k)=0andr-(j+2k)=0
can be written as
r-(+3j+-k)+ A {r-(G+2k)}=0 Q)
This passes through 2i+j-k
@i +3- k) (+3)-k)+ M2i+ - k) +2k) =
= @+3+1)+AM0+1-2)=0=>A =6
Putting the value of A in Eq. (i), we get

the equation of the required planc as
r(i+9)+11k) =
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* EX. 28 The vector equation of the plane through the point
i+2)- k and perpend/cular to the line of intersection of the

planer - .31 —j+ k)=1andr - (i +4)- —2k)=2,is
(a)r-(2l +7J-13k)= 1 (b)r~(2|—7j—13k)= 1
(c)r-(2i+7j+13k)=0  (d) None of these
Sol. (b) The line of intersection of the planes
r- (3l-j+ k) =1
and r-(i+4j-2k)=2
is common to both the planes. Therefore, it is perpendicular to
normals to the two planes, i.e. A
n, =3i-j+k
and n,=i+4j-2k
Hence, it is parallel to the vector n; X n; =-2i+7j+ 13k

Thus, we have to find the equation of the plane passing
througha=i+2j— k and normal to the vector n=n, X n,.

The equation of the required plane is

(r-a)-n=0
= ran=an
= r-(-2i+7)+13k) = (i+2j - k)- (- 2i+7j+13k)
= r-@i-7j-13k) =1

° Ex. 29 The cartesian equation of the plane
r=(1+A-Wi+(2-A)j+3-21 +2u)k, is
(@a)2x +y =5 (b)2x -y =5
(©)2x+z=5 (d)2x — z=5
Sol. (c) We have,
r=(1+A-pi+@- x)j +(3-2A + 20)k
= r—(|+2_|+3k)+)»(1 2k)+u(—1+2k)
which is a plane passing througha= i+2]+3k and parallel to
the vectors b=1i-j—2k and c=— j+2k.
Therefore, it is normal to the vector
n=bxec=-2i-k
Hence, its vector equation is

(r-a)-n=0
= rrn=an
= r(-2i-k)=-2-3
= r-Qi+ k)=5

So, the cartesian equation of the plane is
(xi+yj+z k) Qi+ k)=5=2x+z=5

® Ex. 30 A variable plane is at a distance, k from the origin
and meets the coordinates axis in A, B, C. Then, the locus of
the centroid of AABC is

(@ x2+y? 4 72 =2
by x2+y 24 272 = gk?
(@ x?+y? 4277 =16k?

(d)x? +y? 4 72z gx?



214  Textbook of Vector & 3D Geometry

Sol. (d) Let the equation of the variable plane be Xy {- + &1
a c

This meets the coordinates axes at A(a, 0, 0), B(0, b, 0) and
(0, 0, c).
‘Let (ct, B, ) be the coordinates of the centroid of AABC. Then,

a b ¢
a=—pf=—y=-
3B 3Y 3

= a=3a,b=38c=3y (i)
The plane is at a distance, k from the origin.

JEE Type Solved Examples :

Hence, the locus of (¢, B, ) is x~ 24y 24 z” 29k ?

More than One Correct Option Type Questions

© Ex. 31 The direction ratios of the line x —y + z —5=0
=x—-3y—6are
(@3,1,-2 (b)2,—4,1
(©) %'L‘i (d) _Z__i,L
14" V14" V1a J21' V21’
Sol. (a, c) Let the DR’s of line are @, b and c.
As the line is perpendicular to both the planes
= a-b+c=0
a-3b+0-c=0

Hence, (a) and (c) are correct answers.

® Ex. 32 The equation of the linex +y +z —1=0,
4x +y — 2z +2 =0 written in the symmetrical form is

B = T
-1
iy Ee Ve B0
(b) T
x+1 Z—=:1
2 . Y=l._ "9
© 1 -2 1
x-1_y+2 z-2
d P s
(d) p 2

Sol. (a,b,c,d)x+y+z-1=0
dx+y-2z+2=0
~.Direction ratios of the line are (=3, 6, —3).
ie. <1,-21>
Letz =k, thenx=k -1,y =2-2k
i.e.(k — 1,2 —2k, k) is any point on the line.

=~ (=1,20).(0,01), (— %. 1, -;—) and (1, — 2, 2) are points on the

line.
Hence, (a), (b), (c) and (d) are the correct answers.

® Ex. 33 The direction cosines of the lines bisecting the

angle between the line whose direction cosines are l;, my;, my

andl,, m,, n, and the angle between these lines is©, are
L+, m+m; n+n,

@59 "' o
COS— COSs—  COS—
2 2 2
®) L+, m+m; ni+n,
2cosg Zcosg 2cosg
2 2 2
L+, m+m, ny+n
(C) 1 2‘ 1 2' 1 2
sin9 sing sing
2 2 2
@ L-1, ’ml—mz.n,—nz
2sin— Zsing 2$in9
2 2 2

Sol. (b, d) Distance ratio of the bisector are
<h+L,m+ myn +n,>

=+ 1) +my + ma) + (ny + ny)?
= ,/2 + 2(hl; + mm, + mny,)
=,[2+2cose =2cos:—

e ; L+ 1 +
. Direction cosines are 2 M ¥M ™+,

2 cos — 2cos9- Zc:osg
2 2

Distance ratio of the other bisector are

<h = by my = my, 1y =1y > (= L) + (my —my)? + (m —ny)?

)
=2sin—
2
.. Direction cosines of the bisector are

h-l, m—-my n—n,

.0 '
2sin — Zsing 2$in2
2 2 2

Hence, (b) and (d) are correct answers.



® Ex. 34 Consider the planes3x — 6y +2z +5=0 and

4).r =12y +3z =3. The planes67x +162y + 47z +44 =0
bisects the angle between the planes which

(a) contains origin (b) is acute
(c) is obtuse (d) None of these
Sol. (ah) 3x—6y +2z+5=0 (i)
—4x+12y -3z 4+3=0 (i)
3x-6y+2z+5 -4x+12y-3z+3
Jo+36+4  Jlo+1aa+9

Bisects the angle between the planes that contains the origin.
133x — 6y + 2z + 5)=7(- 4x + 12y =3z + 3)
39x — 78y + 26z + 65 = — 28x + 84y — 21z + 21
67x —162y + 47z + 44 =0 (i)

Let 8 be the angle between Eqs. (i) and (iii), then find cos 8 and
then we obtain| tan8| < 1.
Hence, (a) and (b) are the correct answer.
e Ex. 35 " . . . X_y z
X. 35 Consider the equation of line AB is R
Through a point P(1,2,5) line PN is drawn perpendicular to
AB and line PQ is drawn parallel to the plane
3x +4y +5z =0 to meet AB is Q. Then,
52 78 156

(a) coordinate of N are | —, ——, —
49 49" 49

(b) the coordinates of Q are (3, - %, 9)
x=1_y—-2 _z-=3
3 -176 -89

156 52 78

(d) coordinates of N are (—— )
49 49 49

(c) the equation of PN is

y z

(a,b,c) Equation of line AB is-;£ =2 ==

Sol. 5 s

Its DR’s are <2, — 3,6 >

Let the coordinates be <2r, —3r,6r >

DR's of PN are <2r —1,=3r =2,6r =5>

It is perpendicular to AB

: 2(2r—l)—3(—3r—2)+6(6r—5)=0
4r =2+ 9r + 6 +36r —=30=0

" 26
49r =26ie.r=—
49

(a) .~ Coordinates of N are (2‘ -E' Eﬁ)
- 49’ 49’ 49
(b) Let the coordinates of Q be(2r, — 3r,6r), then DR’s of
PQare< 2r—=1,-3r— 2,6r =5>. Since, PQ is parallel to
the plane.
32r—-1)+ 4-3r—-2)+ 5(6r —=5)=0
6r =3 —12r =8 +30r —=25=0

24 36r-3
r =36, 2
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9
. Coordinates of Q are (3. =2 9).

ik P o

jon of PN is —— = 3
Equation o i = 76—

o Ex. 36 The equation of a plane is 2x—y =3z = 5 and
A(11,1), B(2,1,-3), c(1,—2,—2)and D(—‘ 3,1,2) are four
points. Which of the following line segment are intersected

by the plane?
(a) AD (b) AB
(c) AC (d) BC

Sol. (b, c) For A(1, 1.1),2x-y-3z-5=2-1 -3-5<0

For B (2, 1.—3).2x—y—3:—5=0—1+9—5 >0
ForC(l,—Z,—Z).Zx—y—3z—5 =24+2+6-5>0.A,D
For D (-3, 1,2),2x—y-3z-5=-6-1 -6-5=-18<0

are on one side of the plane and B, C are on the other side, the
line segments AB, AC, BD, CD intercept the plane.

© Ex. 37 The coordinates of a point on the line

=1
12— =Y +31 = z at a distance 4«/ﬁfrom the point(1,— 1, 0)
are
(a)(9,—13,4)
(b) (814 +1,—124/14 — 1,4414)
() (-=7,11-4)

(d) (- 8v14 +1,12J14 — 1, - 4414)
(a, ¢) The coordinates of any point on the given line are
@r+1,-3r-1r)

The distance of this point from the point (1, — 1, 0) is gi
Poedt point(1, — 1, 0) is given to

Sol.

= (2r)% +(=3r) +(r)* = (4V13)?
= 14 =16 x 14
= r=%4

So, the coordinate of the required point are
(9,-13,4) or (-7,11,-4).

© Ex. 38 The line whose vector equation are
r=2i-3j+7k+AQ2i+ pj +5k)

and r=i +Zj +3IA(+p(3‘i\—pj+pl~()
are perpendicular for all values of A and p if p equals to
(a)—1 (b) 2
(c)5 (dy6

Sol. (a, d) The given lines are perpendicular for all values of A and
W if the vectors.

2i+ pj+5k and 3i- pj+ pk are perpendicular

= 2X3+p(=p)+5p=0
= pi=5p-6=0
= p=-1or6
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® Ex. 39 Equation of a plane passing through the lines
Ax—y+2-3=03v+y+zr-5=0and whichisata

. R
distance of — from the point (2,1 -1) is
AO

@2v=-y+z-3=0

M3y +v+x-5=0

()82 + MV + 19x - 105 =0

(@ +2v=-2=0
Sol. (a.c) Equation of a plane through the given line is

W =y+r=3+A3x+y+:-3)=0

= R+ +A -1y +A F1-G+50=0
L_=;\:¢m+(x—n—(>‘+n-s—sx
O RFSAT R -1+ +1)
= N+ o= -1

=eqAT =20+ 1)

RN

= ST+ 240 =0
= l:\\(\rl=—#.
b

Thus, the equation of the required planes are
2x—y+:-3=00r62x+20p+19: -105=0

JEE Type Solved Examples :
Statgment I and Il Type Questions

® Ex. 40 The plane passing through the point(—2,—2,2)
and containing the line joining the points(1, 1, 1) and
(1,—1.2) makes intercepts of lengths a, b, ¢ respectively on
the axes of x. y and z respectively. then

(@Qa=3b (b)b=2c

(a+b+c=12 (d)a+2b+2c=0
Sol. (ab.c) Equation of any plane passing through (- 2 —2.2)is

Ax+2)+By +2)+(z-2)=0
Since it contains the line joining (1. 1. 1) and (1, — 1, 2) these
peints also lie on this plane.

= 34+3B-C=0and 34+ B+0=0
= A B _E
- 1 =3 =6

So, the equation of the plane is
(x+2) =Xy +2)-6z-2)=0
or x=3y-6z+8=0

+-=1=2a=8b=

=E=

w o
o | o

X
or —k
-8

w ol
1T

= a=3hb=2ca+b+c=12

and a+2b+2c=16

= Directions (Q.Nos. 41-45) For the following questions,

choose the correct answers from the codes (a), (b), (¢) and

(d) defined as follows:

(a) Statement 1 is true, Statement 11 is also trues Statement 11 is
the correct explanation of Statemeént L.

(b) Statement I is true, Statement 11 is also true Statement 11 is
not the correct explanation of Statement 1.

() Statement I is true, Statement 11 is false.

(d) Statement 1 is false, Statement 11 is true.

© Ex. 41 Statement | A line L is perpendicular to the
plane3x — 4y +5z =10.
Statement 1 Direction cosines of L be
34
5\6 ' 5\[2_‘ \6 )
Sol. (a) Ix + my +nz = P be the equation of a plane in the narmal
form.
>.DR of the plane
Ix— 4y +5r=10be <A - 45>
= Direction cosines
3 -4 1
—p, e
542 542 N2

© Ex. 42 The equation of two straight line are
XS1_y¥3_z-2 o x-2 y-1 143
2 1 =& 4 = a2
Statement | The given lines are coplanar.
Statement Il The equation 2x, —y, =1, x, +3y, =4,
3x, + 2y, =5 are consistent.
Sol. (a) Any point on the first line is 2x; + 1, x; =3 —=3x; =2).
Any point on the second line is (= 2.3y, +1,2y, =3}
If two lines are coplanar, then2x; =y, =L x; + 3y, =4,
3x; + 23 =5 are consistent.

® Ex. 43 Statement | The distance between the planes
4x -5y +3z=5and4x -5y +3z+2=0 isi.
V2

Statement Il The distance betweenax + by +cz +d, =0

d,-d,
andax +by +cz +d; =0 is| ——m= g
\‘(‘I. +b% +c*
Sol. (d) Distance = 5-:-" =_7,.
N S\2




® EX. 44 Given the line [ : X" and the
3

Y+l z=3
2

planem :x -2y — 7 =

Statement | L lies in 1.

Statement Il L is parallel to .

Sol. (¢) x=1 +3Iny=—1+2rt=3-r

143r—2(-1+2r)-3+r=0
3X1-2%X2+1x1=0
Hence, L is parallel to .

JEE Type Solved Examples :
Passage Based Questions
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Lox=1 y=2 z+1 . .
o Ex. 45 Statement | Lme—3— = g lies in the

plane11x-3z =14 =0. L
Statement |1 A straight line lies in a plane, if the line is
parallel to plane and a point of the line in the plane.
Sol. (a) Statement I(1,2, — 1) is a point on the line and
11+3-14=0.
. The point lies on the plane 11x —3z —14=0.
Further 3 X 11 + 11(—3) =0.
~.The line lies in the plane.
Statement II is also true.

Passage I
(Ex. Nos. 46 to 48)
Two line whose equation are i yT—?. = ZT_I and
=9 = =
XT =, yT:;— == 2 lie in the same plane, then.

® EX. 46 The value of sin™" sin A is equal to
@3 ®)r-3
© 4 dn-a

® Ex. 47 Point of intersection of the lines lies on
(@)3x+y+z=20 (b)y2x+y+z=25
(c)3x+2y+2z=24 dx=y=2z

© Ex. 48 Angle between the plane containing both the lines
and the plane 4x +y +2z =0 is equal to

T b _15
() ;‘ ( ) 2
d (d) cos™! 2
Oy N
Sol. (Ex. 46-48)
46. (d) Both lines and coplanar

2 3 A
3 2 3 [=0
1 -1 -1

= 2(—2+3)+3(3+3)+).(-3—2).—.o
= A=4
sin~'sin 4 =sin”'sin(t —4) =7 — 4
x—3_y-2_z—l___
47. (d)Let = e n
= x=3+2n

y=2+3n
z=1+4n

So, point of intersection is (5, 5, 5).
48. (b) Equation of plane contains both lines
x-3 y-2 z-1

2 3 4 |=0
3 2 3

(x=3)(1) +(y —=2)(12-6) +(z —1)(4 —9) = 0

x+6y—5z2=10
Thus, the angle is %

Passage I

(Ex. Nos. 49 to 51)
Letayx+ by y+cz+d, =0anda)x+byy+cyz=d, =0 be
two planes, where dy, d, >Q. Then, origin lies in acute
angle, if aya, + by b, + c;c, <0and origin lies in obtuse
angle, if a\a; + byb, +cyc, >0.
Further point (x,, y,, z,) and origin both lie either in acute
angle or in obtuse angle. If (a,x, + by +oz +4d)
(ale + bel + Gz + dz) >0.
One of (x, 1, 2\) and origin lie in acute and the other in
obtuse angle; if (a\x), + by + ¢z +dy)
(ale +b2y| +Cz1+ dz) <0.

® EX. 49 Given that planes 2x +3y — 4z +7 =0 and
X=2y+3z-5=0.Ifa _poian is(1,—2,3), then
(a) O and P both lie in acute angle between the planes
(b) O and P both lie in obtuse angle
(c) Olies in acute angle, P lies in obtuse angle
(d) O lies in obtuse angle, P lies an acute angle
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® Ex. 50 Given the planes x +2y =3z +5 =0 and
2x +y +3z +1=0.f a point P Is(2,~1,2), then
(a) O and P both lie in acute anglo between the planes
(b) O and P’ both lie In obtuse angle
() O lies In acute angle, P lles In obtuse angle
(d) O lies in obtuse angle, P’ lies an acute angle

® Ex. 51 Given the planes x + 2y —3z +2 =0 and
X =2y +3z +7=0, if the point P is (1,2, 2) then
(2) O and P both lie in acute angle hetween the planes
(b) O and P both lie in obtuse angle
(c) Olies in acute angle, P lie in obtuse angle
(d) O lies in obtuse angle, P lies In acute angle
Sol. (Ex. 49-51)
49. (b) Equation of the second plane Is = x + 2y=3z+5=0
A=1)+3-2+(=4)(=3)>0
~Origin lies in obtuse angle,
@X143(=2)=4%x3+7)(-1 +2(=2)=3%3+5)
=@R=6=12+7)(=1=-4=9+5)>0
.~ P lies in obtuse angle.
50. (c)1x2+2x1-3x3<0
.. Origin lies in acute angle.
Also, (2 +2(=1) =3(2) +5)(2X2=1+3%2+1)=(=1)(10) <0
.~ P lies in obtuse angle.
51. (a)1-4-9<0
~.Origin lies in acute angle.
Further(1+4-6+2)(1-4+6+7)>0
~The point P lies in acute angle.
Passage III
(Ex. Nos. 52 to 54)
In a parallelogram OABC with position vectors of A is
3 +4j and C is 4i +3j with reference to O as origin. A
point E is taken on the side BC which divides it in the ratio
of 2:1. Also, the line segment AE intersects the line
bisecting the ZAOC internally at P. CP when extended
meets AB at point F.

© Ex. 52 The position vector of P is

(@i+] (b)§(3+i>

CEI) @3 (+])

® Ex. 53 The equation of line parallel to CP and passing

through(2,3,4) is
x=2 s Y= 3

-2 _y=-3
Y23 ;=4 (X224 z=4
(@ 1 5 ? ®) 1 6 z

x=-2 _y=3 x=2_y=3
—_—=i =3 d)—="—=,7=3
(©) 2 5 @ 3 5

® Ex. 54 The equation of plane containing line AC and at a
maximum distance from B3 is

@ (i+])=7
(c) r'(zi— j) -7

hyr-(i=j)=7
(d) r-(31 + 4j) =7

@ivd)c E B(7+7)

0 A3l+4)

Sol. (Ix 52-54)
52, () OB=71+7},OF =5} + gj, or = ? i+

53. (b) Direction ratio of CP is (1, 6, 0), then equation of line
passing through (2, 3, 4) and parallel to CP is
x =2 = 3_z-4
1 6 0
54. (a) The plane containing line AC and at a maximum distance
from B must be perpendicular to the plane OABC.
Since, OABC is rhombus, so OB must normal to the plane. So,
equation of required plane is
[r-4i-3j]-(+J)=0
= (i+)=7

Passage IV
(Ex. Nos. 55 to 57)
A ray of light comes along the line L=0 and strikes the
plane mirror kept along the plane P =0 at B. A 2,1,6)isa
point on the line L =0 whose image about P =0is A’ It is

, x=2 y-1 z-6
iven that L=0is ——=—="—"gnd P=0]
g is 3 2 3 and P=0is

x+y=2z=3

® Ex. 55 The coordinates of A’ are
(a) (6,5,2) (b) (6,5,- 2)
(c)(6,-5,2) (d) None of these

® Ex. 56 The coordinates of B are
() (5, 10, 6) (b) (10, 15, 11)
(c) (= 10,- 15, - 14) (d) None of these

® Ex. 57 If L, =0 is the reflected ray, then its equation is
(a)x+10=y—5= z+2

4 3
(b)x+10=y+15=z+14
3 5 ]
(c)x+10=y+15=z+14
4 5 3

(d) None of the above



Sol. (Ex 55-57)

55. (b) Let (x,, ¥, 2,) be the image of A(2, 1, 6) about mirror
x+y —2z =3.Then,

x2_2=)’z—1_22—6

1 1 -2
S +1-12-8)
1*+1%+22
= (x2, y2,22) =(6,5,-2)
58 (L a2 LR Ly
3 4 5
x=2+3\y=1+4Az=6+5Aliesonplanex+y —2z=3
= 2430 + 1+ 4L —2(6 +5A0)=3
= 3470 -12-10A =3
= -3A=12
= A=-4
Point B=(- 10, - 15, — 14)

57. (c) The equation of the reflected ray L, =0 is the line joining
Q(x2 Y2, 72) and B(=10, =15, —14).
x+10_y+15=z+14

16 20 12
x+10_y+15_z+14
B 4 5 3
Passage V

(Ex. Nos. 58 to 60)

The line of greatest slope on an inclined plane P, is the line
in the plane P, which is perpendicular to the line of
intersection of the plane Py and a horizontal plane P;.

@ Ex. 58 Assuming the plane 4x —3y +7z =0 to be
horizontal, the direction cosines of the line of greatest slope
in the plane 2x +y —5Z =0are

3 -1 1 (b).i. 1, =1
@ 77 v Vi NI

=3 1 1 (d) None of these
(C)ﬁ‘ﬁ'msl
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® Ex. 59 The equation of a line of greatest- slope can be

LY (R 3Rl AR S
(3)3 1 -1 ()3 -1 1
_X_=Z=£ d§.=_)1=_z_
© 3 1 1 ()1 3 -1

® Ex. 60 The coordinates of a point on the plane
2x+y—-5z=0, 2v11 unit away from the line of intersection

of2x+y —5z=0and4x -3y +7z=0are

(a)(6,2,—-2) b)(3.1-1)
(c)(6,-22) d)(13,-1)
Sol. (Ex. 58-60)

58. (a) Plane B, is of the form r- n; = 0, where n, =(4, -3,7)
Plane P, is of the form r- n; =0,
n,=(21,-5)
The vector b along the line of intersection of planes is
m Xn, =(4,17,5)=n,

Since the line of greatest slope is perpendicular to ny and n,
the vector along the line of greatest slope

=npXny=@3-11)=n,

where

and the unit vector

59. (b) Since, (0, 0, 0) is a point on both planes, it lies on the line of
intersection.
Hence, the equation a line of greatest slope can be
LI
3 -1 1
60. (c) The point on the line§ = -—y—l = % at a distance 2V/11 unit
from the origin is given by
S e 2V
N TET

The point is (6, = 2,2).
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JEE Type Solved Examples :
Matching Type Questions

® Ex. 61 Match the entries between following two columns.

Column I Column I1
A Itheline X2 =YL 2t pinthe b gnot [
1 -2 A 25
plane 3x -2y +5z = 0, then A is equal to
B. If(3,A,p)is a point on the line G .2
2x+y+2z-3=0=x-2y+z-1,then 5

A+ p is equal to

C. Theanglebetweenthelinex=y=zand .r. -3
the plane 4x — 3y + 5z =2 is

D. The angle between the planes
x+y+z=0and3x—-4y+52=0is . 75

Sol. (8) - (). (B)— (). (CO) = (p), (D)—>(S)
(A)3-1-2(=2)+5A)=0 = 7._-;
(B) Point (3, A, p)lieson2x+y +z —3=x-2y +z -1
= 3:2+A+p-3=0and3-2A+p-1=0
= A+p+3=0and2A —p-2=0
So, - A+p=-3
(©)sin6 = 1-4+1(=3)+1-5

JiP+1P+12 fl6+9+25 f~/—

0 =sin~’ J:
25

_1-3+1(-4)+1-5_ 4
W= BJ16+9+25  B+50

0= cos'lﬁ
75

® Ex. 62 Match the following

.. The lines are coincident.
(c) <5, 4, — 2 > are direction ratios of both the lines.
. The lines are parallel.
Also, x=2+5A,y=-3+4A,z=5-2A
2+5X-—7 —3+4l—1 9 2A -2
5 4 -2
3-2\
-2

ie. A-1=A-1=

..No value of A.

Thus, the lines are parallel and different.

(D) <2, 3,5>and <3, 2, 5 > are direction ratios of first and
second line, respectively.

® Ex. 63 Match the followings

Column I Column IT

A. The coordinates of a point on the line x =4y +5, p. (-1,-2,0)

z=3y - 6 at a distance 3 from the point (5, 3, - 6)
is/are

" The plane containing the lines X%

-2_y+3 q. (5,0,—6)
3 5

=z+5mdparaﬂeltoi+4]+7I‘(hasthepoim

. A line passes through two points A(2,—3,—1) r. (2,5,7)
and B(8, - 1,2). Th~ coordinates of a point on this
line nearer to the origin and at a distance of 14
units from A is/are

D. The coordinates of the foot of the perpendicular 5. (14,1,5)

from the point (3, — 1,11) on the line

__—.y_'2.=¥is/am

Column I Column II
A_x—-l=y—2=z—3mdx—l=y-3=1"5 p. coincident
2 3 4 3 4 5
are
B. x-1_y-2 _z-3 x—3_y=-5_z-7 q. paralleland
- = = —and——="—=—r %
2 3 4 2 3 4 different
are
c,x-2=y+3=5-zmdx—7=y-l=z-2 r. skew
5 4 2 5 4 -2
are
D.x-3_y+2 _z-4 x=-3_y-2_z-7 s intersecting
2 3 5 3 2 5 in a point
are

Sol. (A)- (s). ()= (p). (C)— (9. (D) ()
(A) Both the lines pass through the point(7, 11, 15).
(B) <2, 3, 4 > are direction ratios of both the lines. Also,
the point (1, 2, 3) is common to both.

Sol. (A)- (q), () (@), (C) = (5). ) = (1)

(A) The given line is x = 4y +5,z =3y —6,

i x=5 . z+6
e Ty
x=5_y z+6

or —— === sa;
o (say)

Any point on the line is of the form (4A + 5, A, 3 —6).

The distance between (4A +5, A,3A —6) and (5, 3, — 6) is 3 units
(given).

Therefore, (4A + 5 —5)* + (A =3) +(3A —6 + 6)> =9

= 16A% +A% + 9 —6A +9A2 =9

= 2602 —6A =0

= A =0.—3—
13

The point is (5, 0, - 6)

(B) The equation of the plane containing the lines

+3 z+45
_._y—-..Tandparallclto|+4J+7k



X=2 y+3 z+5

1 4 7

3 5 7
Point (-1, - 2, 0) lies on this plane.
(C) The line passing through points A2, -3, -1)

=0=x-2y+z-3=0

and B, —1,2)isX=2. Y +3 _z+1
8-2 —1+3 2+1
X-2 _y+3 z+1
or ———— =
3 3 5 A (say)

Any poipt on this line is of the form P(6A + 2,2\ —3,3A — 1),
whose distance from point A(2, — 3, — 1) is 14 units. Therefore,

= PA =14 = PA? =(14)?
= (62 +(20) +(30)% =196
= 4907 =196 = A’=4 => A=%2

Therefore, the required points are (14, 1, 5) and (- 10, =7, = 7).
The point nearer to the origin is (14, 1, 5).

(D) Any point onlineA.B,—2-=T_=%=).is
M(2A, 3\ + 2, 4\ + 3). Therefore, the direction ratios of PM are
2\ —3,3\ +3 and 4A -8,

But PM L AB
P (3,-1,11)

A M B
2(2A =3) +3(3A +3) + 4(4A —8)=0
4L —6+9A +9+16A -32=0
200 -29=0; A =1
Therefore, foot of the perpendicular is M(2, 5,7).

o Ex. 64 Match the followings

Column I Column IT
7\._ -'Im_a;e of the point (3, 5, 7) in the plane p. (-1,-1,-1)

2x+y+z=—lBis
_ extyT

B.

C.

D.

The point of intersection of the line q (-21,-7,-5)

x=2_y=1_2=3 jndthe plane

-3 -2 2

2x+y—z=38

—;Th; foot of the perpendicular from the point . (2 2 E)
4 l.z)tothcplaner-Zy+ 4z 4 5=0is {_3_3

T ftheli 125 2
The i ection point of the lines 8. ____._)
lterse oo x=d_y=1_ i 12'12'12
x-1_y=2_2"2,d> —= =zis
._2._——3 F 5

Sol. (A)-> (@), (8) 2 (), (). (D)= (&)

() If the required image is (. y.2), then

x-3 y-=5 z-7_ A6 +5+7+18)
T=T=T— 22+l2+|2

—~_120r(-21,-7-5)
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‘(—31 42,2\ + 1,2 + 3), which lies on plane2x +y =% =

221

' . "2_lll=z—:3=kis
(B) Any point on the lme-:z—— 2 2

3
Therefore,
—6A+4+2L+1-2A-3=3
—-6A =1
1

A=-=
6

e gk t.s(s 2 g)
Therefore, the point i 233

(C) If (x, y, z) is required foot of the perpendicular, then

=1 y_l_z_z_(2—2+8+5)
2 T -z 4 22 +(-2+ 4
) -125 .__2)
o SR FTRETIEY:
i -1 -2 z-3 §
(D)Anypointonthelinex2 ___}'_3_______=1_,s

P\ + 1,3\ + 2, 4\ + 3), which satisfies the line

2A+1-4 _3A+2-1_4A+3
5 2 1

=-1

or

=
The required point is(—1, =1, —1).

xX—2 -3 z-4
®Ex.65 1 =--Y"--
3 4 5
Column I Column II
A. Point on the line at a distance 10+/2 from - p- (-1,-1,-1)
@3y
B. Point on the line common to the plane q. (2,3,4)
x+y+z+3=0
C. Point on the line at a distance v29 from the origin. r. (8, 11, 14)
D. Point on the line common to the plane s. (—4,-5,-6)
x+y—-z+3=0
Sol. (A)— (x, s), B)— (p), (C) = (q), (D) > (s)

Any point on the line is (3r+2, 4r + 3,5r + 4

(A)Br+2-2)% +(dr+3-3)2+ (5r + 4 — 4)* =200

= (O+16+25)0r?=200 = r=+2

For r =2, the point is (8, 11, 14), For r =~ 2 itis(- 4, - 5,—6)
(B)3r+2+4r+3+5r+4+3=0

= 12r+12=0=>r=-1

and the point on the line common to the plane is (-1, =1, - 1),

" (©)Br +2) +(4r +3)? +(5r +4)? =29

76

50

S0r +76r=0 =>r=0,r=—

For r = 0, the point is (2, 3, 4).
(D)3r+2+4r+3-5r—4+3=0

= 2r+d4=0= r=-2

* The point on the line common to the plane is (~4, -5, —6)
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JEE Type Solved Examples :
Single Integer Answer Type Questions

® EXx. 66 If the perpendicular distance of the point (6, 5, 8)

from the Y-axis isSA unit, then A is equal to

Sol. (2) Foot of perpendicular from (6, 5, 8) on Y-axis is (0, 5, 0).
Required distance = J(6 -0 +(5-572+ @8- 0)®

=10 unit

= 51:10:1:%9:2

® Ex. 67 A parallelopiped is formed by planes drawn
through the points (2, 4, 5) and (5, 9, 7) parallel to the coordi-
nate planes. The length of the diagonal of the parallelopiped
is
Sol. (7) The length of the edges are givenbya=5-2=3,
b=9-3=6,c=7—-5 =2, s0 length of the diagonal
=,’az +b% +¢c?
=,/9 +36+4

=7 units

© EXx. 68 If the shortest distance between the lines
= = = + +7 z-6
i 3____y 8=z 2 g X2 3=—y == is A+/30 unit,
3 -1 1 -3 2 4
then the value of A is
Sol. (3) Given, lines are * .
r=3i+8j+3k+AGi-j+k)
£ = (=31 =7} + 6k) +p(-31 + 2 + 4k)

where A, |1 are parameters.

Subjective Type Questions

Shortest distance
[(-3-3)i+(7-8)j+(6-3)k]
T [6i- 3+ k) x(-31 +2j + 4k)]
(=61 —15) + 3k) x (~6] ~ 15k + 3k)
- 36 + 225+ 9
=4/270 =330 unit

© Ex. 69 If the planes x —cy —bz =0,cx —y +az =0 and
bx +ay — z =0 pass through a line, then the value of
a® +b? +c? +2abc is

Sol. (1) Given, planes are
x—-cy—-bz=0 (1)
x—-y+az=0 ...(11)
bx+ay-z=0 (iii)
Equation of planes passing through the line of intersection of
planes (i) and (ii) may be taken as
(x—cy—bz)+ Mex—y +az)=0
Now, planes (iii) and (iv) are same
1+ _—(c+A)_-b+al
b a =

By eliminating A, we get a® + b +¢? + 2abc =1

.(iv)

x-4 y-2 z -k
S
plane 2x — 4y + z =7, the value of k is

Sol. (7) The point (4, 2, k) must satisfy the plane.

So, 8—-8+k=7 = k=7

© Ex. 70 If the line

lies exactly on the

© Ex. 71 The equation of motion of rockets are
x=2t,y=—4t,z=4t,

where the time t’ is given in second and the coordinates of a

moving point in kilometres. |

What is the path of the rocket? At what distance will the

rocket be from the starting point 0(0,0,0) in 10s.

Sol. Eliminating ‘' from the given equations, we get the equation of

the path,
L .
2 -4 4
L SRS
o 1 <2 2

Thus, the path of the rocket represents a straight line passing
through the origin.

For t=10s

We have, x=20,y =— 40,z =40

Ir]=|OM|=yx*+y + 2
=,/400 + 1600 + 1600 = 60 km

© Ex. 72 Write the equation of a tangent to the curve x =t,
y=t%, z=1 at its point M(1,1,1); (t =1).
Sol. Here, r=£i+t*}+ ’k

and

dr . _, an
—=1+2 +3t°k
dt 0




Henee, the direction of
\ the tanger
determined by the veetor, s

dr N N
] =i+ 2]
( dt ) " Jeak
Thus, the equation of the desired tangent is,
X=1 yp=1 z-
——— R — B —

1 2 k)

é :

Ex. 7:9 Find the locus of a point, the sum of squares of
whose distances from the planes x - z=0, x - 2y +z=0and
Nty +2=00s 36,

Sol. Given planes are x—z= 0, x =2y + 2 = 0
and X+y+zr=0,

Let the point whose locus is required be P(ct, B, y) According
o question,

Lty la=2peylf |a+Byf
2 6 3

=36

or M +y? = 20y) +af + 4P + ¥F = 20P - 4Py + 20y
+ 200 +B* 4 y* + 208 + 2Py +20y) =36 X6
or o’ + 6B +6y° =36 %6
or o+ PP+ y =36
Hence, the required equation of locus is
Mayiezi=se

® Ex. 74 The plane ax + by =0 is rotated through an angle
o about its line of intersection with the plane z =0. Show
that the equation to the plane in new position is
ax +by t z\/a* +b? tana =0
Sol. Given planes are
ax+ by =0
and =0
»~Equation of any plane passing through the line of
intersection of planes (i) and (ii) may be taken as,
ax+ by + k2 =0
The direction cosines of a normal to the plane (iii) are
a b k
Jat+ b4kt Jat+ b4k Jad 4 07 ek

The direction cosines of a normal to the plane (i) are

a b
:;a’ + b ;;a' + b’.o

Since, the angle between the planes (i) and (iii) is cc.
ara+bb+k-0

at + b+ kP ot + P

’ at+ b
\a’ + b+ K

K cos? @ = a’(1 - cos” @) + b(1 —cos @)

i)
)

i)

cos( =
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s (a® + bz)sinza
cos’ o

On putting in Eq. (i) k =% ,[az + b® tan a, we get equation of

plane as,
ax+ by t z,'az +b? tana =0.

® Ex. 75 Assuming the plane 4x —3y +7z =0 to be hori-

zontal, find the equation of the line of greatest slope through

the point(2,1,1) in the plane 2x +y —5z =0.

Sol. The required line passing through the point (2, 1, 1) in the
plane 2x + y — 5z = 0 and is having greatest slope, so it must
be perpendicular to the line of intersection of the planes

k2

2x+y-52=0 .(i)

and 4x-3y+7z=0 (i)
Let the DR's of the line of intersection of Eqs. (i) and (ii) are a,
b c

2a+b-5=0
and 4a-3b+7c=0
(as DR's of straight line (a, b, c) is perpendicular to DR’s of
normal to both the planes)

L

4 17 5

Now, let the direction ratio of required line be proportional to
I, mand n, then its equation be

x—2=y—1_z—1

l m n
where, 2l + m —=5n=0and 4/ + 17m +5n =0
So. L
3 =il ¥
Thaus, the required line is X =2 = ¥ =1 _Z =1
3 =1 1

® Ex. 76 Does—— + b +
xX=y y—-z

— =0 represents a pair

of planes?

= + 2 + £ =0
x-y y-z z-x

= aly =2)z —x) +Hx - y) (2 =x)+ {x ~y) (y ~2) = 0

= —axy+ayz-azz+axz+bxz—bxz—byz

Sol. Here, given equation is

thyx+axy -z -y’ +cyz=0
= bx2+qz+azz—(b+c—a)xy—

(c+a-b)yz—(a+b-c)zx=0
~.Value of determinant;

b —%(b+c-—a) wd fr bl
iy i
2 c-a) ¢ —5(c+a—b)

‘%(ﬂ*'b-c) %(c+a—b) a
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0 0 0

1
= -E(b+c-—a) —%(c-&a—b)

1 1
-E(a+b-0) —E(c+a—b) a

[R >R +R, +Ry]
=0

Hence, the given equation represents a pair of planes.

® Ex. 77 If the straight line

Xx~a _y-8_ z=y.
[ = = intersect

m
the curveax® +by? =1, z =0, then prove that
a(an —yl)* +b(Bn —ym)* =n?,

x-o _y-B_z-y

1 m n=)‘

Sol. Here,

~.Any point on the given line
AL+, Am+B+An+y)
If it lies on the curve ax? + by? =1,z =0
(as the point of intersection)
a(a + A)? +bP + mA)® =1 (i)
An+y=0 (i)

and

From Eq. (i), A = _—Y must satisfy Eq. (i), we get

R

alnot — )? +b(nP —m)? = n*

® EX. 78 Prove that the three lines from O with direction
cosines l;, my, ny; l,, my, n, andly, my, ny are coplanar, if
l(myny —nymy) +my(nyls—lpng) + m(lpms —lmy) =0
Sol. Here, three given lines are coplanar, if they have common
perpendicular.
Let DC's of common perpendicular be [, mand n.
I, + mmy + nn; =0 (i)
(i)
and Il + mmy + nny =0 (i)
Solving Egs. (i) and (iii) by cross multiplication method, we

><><><

] _ m = n .
mpiy = nymy - noly —ngly  Lmy = lym,
= 1= Kmyny= n;my), m = k(ngly = nslg), n = k(lzmy = lymg)
Substituting in Eq. (i), we get
Kmny = ngma)ly + k(ngly = naly)my + k(lzmy = lyma)ng =0
= L(mgny — nymy) + my(ngls= nal) + m(l;my = lymg)

I, + mmy, +nn, =0

=

® Ex. 79 A line makes angle, o, B3, ¥ and 3 with the four
diagonals of cube, prove that

4
cos? 0. +cos? B +cos? 7y +cos? § s

Sol. Let the cube be shown in the figure, where four diegonzls zee
OP, AL, BM and CN and A(a, 0, 0), £40, a,0), C(9, 0, 2), 118, 2, z),

M(a, 0, a), N(a, a, 0) and P(q, a, a), hence direction cosines of OF
are

z
C(0.0,a) 43,02
L - U.m, )
©.a.2) g % _.P@.z2.2
Bl
Q) 2@0.0,
B(0,a, 0) N, a,0)
y
a a a
Vil +a®+a® Jat+a’+a® JaP+ai+
_(1 1 L)

BB
'I'heDCsofALa:e( }
TheDC’sofBMare( -—, —-

7
The DC’s of CN are (L L - L}
NN
Let the DC’s of required line be (I, m, n).
cosa_l+m+n cosB_—l+m+n

N V3

cosy—l—m+n 8_l+m—n

V3

cos® o + cos? B+ cos? y + cos’ §

=§-[(l+m+n)’ H=l+menl+Q-men)

+(1+ m—x))

4 4
==(*+m +n)==
.3( ) 3

® Ex. 80 Let PM be the perpendicular from the point
P(1,2,3) to XY-plane. If OP makes an angle 8 with the posi-
tive direction of the Z-axis and OM makes an angle § with
the positive direction of X-axis, where O is the origin, then
find© and ¢.

Sol. Here, P be (x, y, 2) shown as,

then, x = rsin0-cos ¢, y = rsin O sing, 2 = r cos® Q@



= 1=rsin®-cos ¢,2=rsinOsin ¢,3 =r cosO

= 12+22+3z=rzsin29cosz¢+rzsinzesinz¢+rzcosze
=r? sin? B(cos? ¢ +sin’ ¢) +r% cos’ O
=r*sin? 0 + r? cos? § =r?

= r=t.1a

. From Egq. (i), we have

R 1
sin® cos ¢ =+ ——,
¢ J14

R 3 2 3
sin B sin ¢ =ﬁ,cos6 =~E
(neglecting — ve sign as acute angles)
sin@sin¢$ _2
sin O cos ¢ "1

and tanB:sme =£
cos® 3
= tan¢=2andtan9=§_
= ¢=tan"2and0 =tan™" (?)

® Ex. 81 Find the distance of the point (1,0,—3) from the
planex—y —z=9 measured parallel to the line,
x-2 y+2_2-6

2 3 -6
Sol. Given plane is )
x_y_z=9 (l)
N x—Z_y+2_z—6 »
Given line ABis 2 =3 T 6 (i)
Equation of line passing through (1, 0, —3) and parallel to
x-2_y+2_z-6
2 3 -6
x -0 +3
" x-1_y=l.27 (i)
2 3 -6

Coordinate of any point on Eq. (iii) may be given as
P(er +1,3r,—6r =3)
If P is intersection of EQs. (i) and (iii), then it must lie on Eq. (i).
(2r +1) -(r) —(-6r =3) =9
2r+1-3r+6r+3=9
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S5r=5
= r=1

~.Coordinate of P(3,3, —9).

= Distance between (1, 0, —3) and (3,3, — 9)

= 1/(3 —1)2+(3-0)? +(-9+3)*
=J4+9+36=7

® Ex. 82 Find the equation of the plane which passes
through a;x + by + ¢,z +d; =0,a;x +byy +cz +d; =0

and which is parallel to the line

x—a_y-B_z-%

[ m n
Sol. Given,a;x + by + gz +d; =0
ax+by+cz+d,=0 (i)
and Lol B o (i)
I m n

Equation of plane through the intersection of plane (i) is given -

by

(ayx + by + ¢z + dy) + Magx +byy + ¢z +dz) =0

or (a, + Aay)x +(b + Aby)y +(c + Acz)z

DR’s of normal to Eq. (iii) are

(a + Aay), (b + Aby),(c; + Acy)

.. Eq. (iii) is parallel to Eq. (ii).

= Normal to plane (iii) should be perpendicular to line (ii).
(@, + Aay)l +(by +Ab)m+ (¢ + Acz)n=0

__lal+bm+an)
(ayl + bym + c,n)

+(dy + Ady) =0 ...(ii)

, putting in (iii), we get

(ayx + by + ¢,z + dy)(a,l + bym + c;n) — (gl + b, + ¢;n)

(ax + by +cz + dy) =0

Hence, the equation of required plane.

® Ex. 83 Find the perpendicular distance of a corner of a
unit cube from a diagonal not passing through it.
Sol. Let the edges OA, OB, OC of the unit cube be along OX , OY and
OZ, respectively. Since, OA = OB =OC = 1 unit
: 0A=i,0B=j,0C=k

Z
(0,0, 1)
—(P(1,1,1)
DY ol
I”‘ M
%0 60,10
A1,0,0) D

X

Let CM be perpendicular from the corner C on the diagonal OP.

The vector equation of OP is

r=A[+j+ k)
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OM =Projection of OC on OP —At4 _p+2 —2h+7 _21+3

=0C- OP = A+1  p+1 A+l p+1
_pG+itR)_ 1 A+8_Su+4
- B3 B A+l p+1
Now, 0C? = OM? + CM? = A+ +5_(+1)+1
oM? 2 2 1_2 A+1 ped
= =|0oC|* -oM L —2AA+1)+9 _2u+1)+1
2 A+1 p+1
= CM = |-
\/; y (A+)+7_5@+1)-1
A +1 p+1
® EXx. 84 If a variable plane forms a tetrahedron of constant oD i
volume 64k* with the coordinate planes, then find the locus =° A+1 H+1
of the centroid of the tetrahedron. e ¥y A
Sol. Let the variable plane intersects the coordinate axes at : ‘ A+1 p+1
A(a, 0, 0), B(0, b, 0) and C(0, 0, c). Then, the equation of the 7 § 1
i 1+ =5-
plane will be r+1 @+
x. ¥z ;
—+=+—-=1 (i) 1 1
a b ¢ Let =xand——=y
Let P(a, B, ) be the centroid of tetrahedron OABC, then ! pE1
= Sx-y=29x-y=47x+y=4

o=dpaly=t
4 4 4 On solving, =l.y =1
or a=40,b=4Bc=4y 2 2

1 = A+1=2p+1=2
= Volume of tetrahedron = 5 (Area of AAOB) - OC Nt
5 11 _ abe Clearly, if A =1 andp =1,
= o= -(_ ab) 6 AB and CD bisects each other.
4o0) (4) (¢ ; (252
= 64k3=£_%4ﬁ)(.7_) 5 P-(z_z,z)
o 2 2 2
= k’:ﬂ Now, AP:J(q..E +( _E] +( _2)
a 2 2 2
~.Required locus of P(c, B, 7) is xyz = 6k>. T
= =pB
) 2
® Ex. 85 Show that the line segments joining the points N =3 =
(4,7,8),(=1,—2,1) and (2, 3, 4) (1, 2, 5) intersect. Verify Also, CP= J(z_ 5) +( B E) +(4 . E)
whether the four points concyclic. 5
Sol. Here, A(4,7,8), B(-1,-2,1),C(2 3, 4) and D(1, 2, 5). If the lines - T3 -PD

d CD int, t at P, then let ;
AB an Intersec We know four points A, B, C and D are concylic, if

AP-PB=PC-PD

A
¢
D
AP A CP_p °
PB 1 PD 1 But here, )
Then, P('}?‘:l‘. -:};:7;:?) AP-PB:I—‘:—E and PC-PD=%

_(m+2 2043 54 +4 - Points are non-concyclic.
p41 g+l g+l



® Ex. 86 If P be any point on the plane Ix + my +nz = p
and Q be a point on the line OP such that OP-0Q = p?,
* show that the locus of the point Q is
pllx +my +nz) = x? +y?+ 22,
Sol. Let P(o, B, y)and Q (x;, y,, z,)
DR's of OP are (ct, B, ¥) and DR’s of OQ are (x;, y1, 2,).
** 0, Qand P are collinear.
o _B_x_ k
N oz
Since, P(a, B, ) lie on the plane
Ix+my+nz=p,

(say) ...(i)

loc + mB +ny=p
Since, P(ct, B, y) lie on the plane Ix + my +nz = p,
lo+mB+nytp
=5 klx, + kmy, + knz, = p [using Eq. (i)] ...(ii)

Since, OP -0Q =p*

,/ot’+[iz+7’-,/x,’+y,‘+zf=1,72

\/kle2 + kzy,2 + kzz,2 fo + y,2 + z,z = pz

= Kaxt +yl +28)=p* ...(ii)
From Egs. (ii) and (iii), we get
I +my, +nz, _1
2 2 2
Nty tz P
= - p(lx|+my,+nz,)=(x,z+y,z+zf)
Hence, locus of Q
= plx + my +nz)=x* +y* + 2°

© Ex. 87 Find the reflection of the plane

ax + by +cz +d =0 in the planea’ x +b"y +c’z+d" =0

Sol. Given planes are

ax+by+cz+d=0 (1)

and dx+by+cdz+d =0 (i)
Let P(a, B, ) be an arbitrary point in the plane (i) and Q (p, g, r)
be the reflection of the point P in plane (ii). Locus of Q will be
the required reflection of plane (i) in plane (ii), let L be the
mid-point of PQ.

A

\

-
©

7

“Q
pra g+ ’”)
Then, L’—z‘_' 2 2

L lies in plane (ii), we get
a (___p x a) + v
2

(1) 53
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= d(p+0)+b(g+P)+(r+y)+2d" =0 .o(iii)
DR's of PQarect — p,p—q, Y~ 7.

Since, PQ perpendicular on plane Eq. (iii), we get

a-p _B-g_¥y-r_, (say)
a v Jd
R a=p+dkP=g+bky=r+ck
Putting the values of o, f and yin Eq. (iii), we get
a'@p+ ka') + b'(2q + kb') +c2r +kc')+2d" =0
= 2(a’p+b'q+c'r+d')=-k(a’2+ b2+ %) .(iv)

Since, P(c, B, 7) lies on plane (i), we get
ac +bP+cy+d=0
= a(p+kn’)+n(q+kb')+c(r+kc')+d=0
_ (ap + bg +cr+d)
T (ad’ + bb +cc)
Putting the value of k in Eq. (iv), we get
2Adp+bqg+cr+d)
@+ bP+?)(@p+bgter+d)
B ad’ + bb’ + cc’

~.Locus of Q(p, q, r)-
i.e. equation reflection of plane (i) in plane (ii) is,
20ad +bb +cc )@ x+by+z+d")
=(@?+ b2 +c'?) (ax + by + cz +d)

® Ex. 88 A point P moves on a plane5 +X+Z=14 plane
a c

through P and perpendicular to OP meets the coordinate

- axes in A, B and C. If the planes through A, B and C parallel

to the planes x =0, y =0 and z =0 intersect in Q, then find
the locus of Q.

Sol. Given plane i i+l+5=1 :
plane is =+ -4~ (0

Let P(h,k, I) be the point on plane.

ko3 )

a Be (i)
= OP =\[1? +Kk* + I
DeEOp et K

VR +k + 1 R 4k 4 12 [+l 11

- Equation of the plane through P and normal to OP is,
hx ky Iz

R +kE + 1 v R+ K+ P +Jh=+k=+12

_JFa T

= hx + ky +lz =h* + k% + I?
2 2 2
AE(L:ﬁgzﬂQ%
h
2 2 2
Ba(qﬁ;ﬂ%iinq
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CE(MMJ
]
Let Q(a, B, v), then
a=h1+k2+1’
— ey
B=h’+kz+12
S
R +k% + 12
Y=-’_ (i)
a’ B° ¥ (RP+kP+1P)
. 1
TR+
From Egq. (iii), we get
h=h’+k’+lz
o
h R+ K +1?
a ao.
kR +K+ 1P
b
I
¢

.(iv)

Similarly,

L
B k2 + 1P
oy
hz+k’+lz+hz+kz+l2 B +kE+1?
ac 4] o
=£+E+l=1 [from Eq. (ii)]
a b ¢

and

i1l [from Eq. (iv)]

® Ex. 89 Prove that the shortest distance between any two
opposite edges of a tetrahedron formed by the planes
y+z=0,x+z=0,x+y=0,x+y+z=+/3a isv2a.
Sol. Here, planes
y+2=0z+x=0x+y=0meetatO(0,0,0).
Let the tetrahedron be OABC.

Let the equation of one of the pair of opposite edges OA and
BC be

y+z=0x+2=0 ()
and x+y=0,x+y+z=J§a (i)

000 F—"
o]

c‘\r'\.
(0,0, V3a) Q B

Egs. (i) and (i) can be expressed in symmetrical form as
x—0 -0 _z-0
kol 55 A (i)
1 1 -1

x=0_y-0_2z-v3a
1 -1 0
DR's of OA and BC are (1,1, — 1) and (- 1, 1, 0).

Let PQ be the shortest distance between OA and BC having
direction cosine (I, m, n).

- PQ s perpendicular to both OA and BC.
l+m+n=0 (V)
I-m=0 (Vi)
On solving Eqs. (v) and (vi), we get
O __iP A

.(iv)

and

Also, P+ m?+n?=1

K+ K+ akP=1 = k=
NG
1 2
l=—==mandn=—
N3 N3
Shortest distance between OA and BC,
ie. PQ = Length of projection of OC and PQ
=|(xz =)+ (Y2 = y1)m+(z; = z))n|

=lo.L 4oL .2
_ng+o JE+J§GJ€

=+/2a




[a] Three Dimensional Coordinate System Exercise 1:
Single Option Correct Type Questions

1. The xy-plane divides the line joining the points
(—1, 3 4) (Zr =5, 6)-
(a) Internally in the ratio 2: 3
(b) externally in the ratio 2: 3
(c) internally in the ratio 3 : 2
(d) externally in the ratio 3 : 2

2. Ratio in which the zx-plane divides the join of (1, 2, 3)
and (4, 2, 1).
(a) 1: 1 internally
(c) 2 : 1 internally
3. If P(3,2 —4), Q(5 4, —6) and R(9,8 —10) are collinear,
then R divides PQ in the ratio
(a) 3 : 2 internally (b) 3 : 2 externally
(c) 2 : 1 internally (d) 2 : 1 externally
4. A(3,20), B(53,2) and C (-9, 6, —3) are the vertices ofa
triangle ABC. If the bisector of ZABC meets BCatD,
then coordinates of D are

19 57 17 19 57 17
B b (-2
(a)(S 16 16) ()( 8 16 16)

19 57 17
Q===
8’ 16 16

" (b) 1: 1 externally
(d) 2 : 1 externally

(d) None of these

5. A line passes through the points (6, ~7, —1)and (2 —3,1).
The direction cosines of the line so directed that the
angle made by it with the positive direction of x-axis is
acute, are

2 2 1 221
(8)5.—'3‘. 3 (b) 333
2 21 221
Mg s Pysa

6. If P is a point in space such that OPis inclined to OX at
45° and OY to 60° then OP is inclined to OZ at
(a) 75°
(b) 60° and 120°
(c) 75" and 105°
(d) 255°

7. 1y, my,ny and I, m;, n, are direction cosines of the two
lines inclined to each other at an angle 6, then the
direction cosines of the internal bisector of the angle

between these lines are
L+1;

+1, m+m mtm m+m; m+n
(a)h 1 ____._—(b)2 e o
in — in— 2sin— cos— 2cos— 2cCO0s—
2sin 25m2 2 2 2 S
= - -n, I -1, -m; n—-n
(@4l Bp A @ e Tham

0
G B in— 2sin— 2cos— 2cos— 2cos—
Zsm2 25"‘2 2 2 2 2

8.

10.

11.

12,

13.

14,

The equation of the plane perpendicular to the line
i , y_—} Z*1and passing through the point (23, 1),
1 -1 2 -
is .
(@r.(i+j+2k)=1
©r@ -3+ 2k) =7

®rd-j+2k)=1
(d) None of these

. The locus of a point which moves so that the difference

of the squares of its distances from two given points is

constant, is a
(a) straight line
(c) sphere

The position vectors of points a andbarei—j+ 3k and

(b) plane
(d) None of these

3+ 3} +3k respectively. The equation of a plane is
r.(Si +2:i —7ﬂ)+9 =0.The pointsa and b

(a) lie on the plane

(b) are on the same side of the plane

(c) are on the opposite side of the plane
(d) None of the above

The vector equation of the plane through the point

2i — j— 4k and parallel to the plane

r.(4i-12j-3k) =7 =0,is

(a)r.(4i-12j-3k)=0 (b)r.(4i -12j-3k)=32
(c)r.(41 —12J -3k) =12  (d) None of these

Let L, be the line r, =2§+}—fc+l(§+2f<)andlet L,
be the another line r, =3i +3+u (i +}— ﬁ).Let T be
the plane which contains the line L, and is parallel to
L;. The distance of the plane 7t from the origin is

2 1

(a) J; (®) 7

(CR3 (d) None of these
 x=1_y-2 z-

For the line x4 " =¥-e 2 sf—= 3 3, which one of the

following is incorrect ?

(a) it lies in the plane x =2y + z =0

(b) it is same aslineX=2=2

(c) it passes through (2, 3, 5)

(d) it is parallel to the plane x —2y +z —6 =0

The value of m for which straight line

3x —2y+z+3=0=4x-3y+4z +1is parallel to the
plane2x —y + mz —2=0is

(a)-2 (b) 8

(c)-18 @n
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15.

16.

17.

18

19.

20.

21
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The length of projection of the line segment joining the
points (1, 0, ~1) and (~1,2,2) on the plane x +3y — 5z =6,
is equal to

271
2 b) .[—
(a) (b) =
472 474
palll d) [-2=
© 31 @ 35
The number of planes that are equidistant from four

non-coplanar points is

(2)3 (b) 4
()7 d)9
In a three dimensional co-ordinate system, P, Q and R

are images of a point A (g, b, ¢) in the xy, yz and zx
planes, respectively. If G is the centroid of triangle PQR,
then area of triangle AOG is (O is the origin)

(a) 0 (b) a® + b + ¢*

(c)g @ + b? + c?) (d) None of these

A plane passing through (1, 1, 1) cuts positive direction
of coordinate axes at A, Band C, then the volume of
tetrahedron OABC satisfies

9

V2=

(b) 2
(d) None of these

Iflinesx=y=zandx=§=§anclthird]inepassing
through (1, 1, 1) form a triangle of area /6 units, then
point of intersection of third line with second line will
be
(@(1,2,3)

4 8 12
(c) [5. ;. 3 )
The point of intersection of the line passing through

(0, 0, 1) and intersecting the lines x +2y +z=1, '
—x+y—2z=2and x +y =2 x +z=2with xy plane is

5 1
2l () (1,1,0

2 1 51
- —_— 0
(c)(s' 3.0) (d)( 3’3 )
Two systems of rectangular axes have the same origin. If

a plane cuts them at distance g, b, cand @', b’, ¢’ from the
origin, then :

(b) (2,4, 6)
(d) None of these

@artpratEtytatt
Ok
N
Wk

22,

23.

24,

25.

26.

The line —— = Z—— = ——— is the hypotenuse of an
5

isosceles right angled triangle whose opposite vertex is
(7, 2, 4). Then which of the following is not the side of
the triangle ?

3 5
(d) None of these

Consider the following 3 lines in space
L:r=3i-j+2k+AQ2i+4j—k)

Ly:r=i+ j-3k+p(4i +2j+ 4k)
Ly:r=3i+2j—-2k+t(Q2i+j+2k)

Then, which one of the following pair(s) is/are in the

same plane ?
(a) Only L L, (b) Only L,L,
(c) Only LI, (d) LL; and L1,

Letr=a + Aland r = b + pum be two lines in space,
wherea =5i+ j+2k,b=-i+7j+8k,1=-4i+ j—k,
and m =2i — 5j — 7k, then the position vector of a point
which lies on both of these lines, is

(@i+2j+k

(b)2i+ j+ k

(©i+j+2k

(d) non-existent as the lines are skew

L, and L, are two lines whose vector equations are
L:r=A\[(cos® + 3)i + (V2 sin®)j + (cos 8 —/3)k]

and L, : r = (ai + bj + ck)

where, A and 1 are scalars and & is the acute angle

between L, and L. If the angle a is independent of 6,
then the value of ot is

n T
(2) P (b) ";
n n
£ d) =
(c) s (d) 3
The vector equations of two lines L, and L, are

respectively,
r=17i-9j+9k + A (3i + j + 5k)
r=15i —8j — k +p1 (4i +3j)
I.L, and L, are skew lines.
IL (11, =11, 1) is the point of intersection of L, and L,.
0L (=11, 11, 1) is the point of intersection of L, and L,.

and

IV. cos™ (%) is the acute angle between, L, and L,.

Then, which of the following is true ?
(a) I and IV (b)land IV
(c) Only IV (d) I and IV




27.

28.

29,

30.

31.

Consider three vectors p = i + j+kq=2i+4j-kand

r=1+j+3k.If p, q and r denotes the position vector of
three non-collinear points, then the equation of the
plane containing these points is

(@)2x-3y+1=0 ®)x-3y+2z=0
©3x-y+z-3=9 (d)3x-y-2=0

The intercept made by the plane r.n = g on the x-axis is

q 3
(¢)(i.n) q @<L
|n]

If the distance between the planes
8x+12y—14z=2 and 4x+6y—-7z=2

can be expressed in the form L where N is natural,
JN

then the value of ﬂ'y is

(a) 4950 (b) 5050

(c) 5150 (d) 5151

A plane passes through the points P (4,0,0)and Q (0,0, 4)
and is parallel to the Y-axis. The distance of the plane
from the origin is ’

(@) 2 (b) 4

©~2 @22

If from the point P (f, g, h) perpendiculars PL and PM be

drawn to yz and zx-planes, then the equation to the
plane OLM is

X.3 2 XilsZ_
@=+Z-==0 b)—+=+—-=0
f g hk f & h

z X Y
(c)5—1+i=0 (d)—}:*‘;*‘;-o

32. The plane XOZ divides the join of (1,~1,5)and (2, 3, 4) in

33.

the ratio A : 1, then A is

1
(a) -3 (b) 3

1
d) =
()3 (d) 5
A variable plane forms a tetrahedron of constant volume
64K? with the coordinate planes and the origin, then
locus of the centroid of the tetrahedron is
@ +y’+22 =6 ) oyz=6k

O +yi+2i=a  @xP+yt =47

| Let ABCD be a tetrahedron such that the edges AB, AC

and AD are mutually perpendicular. Let the area of
AABC, AACD and AADB be 3, 4 and 5 sq units,
respectively. Then, the area of the ABCD, is

(a) 5v2 ®5

5
() 5/2 @ 2
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35.

36.

37.

38.

39,

40.

41.

Equation of the line which passes through the point
with position vector (2, 1, 0) and perpendicular to the
plane containing the vectors i+ jand j+k is
(a)r=(210)+1(1,-1,1)
(b)r=(21,0)+1t(-1,11)
(©r=(210)+1t(1,1-1)
(d)r=(210+1t(1,11)
Where, t is a parameter.
Which of the following planes are parallel but not
identical ?

P :4x—-2y+6z=3

P, :4x—2y—22=6

Py :—6x+3y—9z=5

Py
(a) P, and Py
(c) R and Py
A parallelopiped is formed by planes drawn through the
points (1, 2, 3) and (9, 8, 5) parallel to the coordinate
planes, then which of the following is not the length of
an edge of this rectangular parallelopiped ?
(a) 2 (b) 4
()6 (d) 8
vector equation of the plane
r=i—j+A(i+j+k)+p(i—2j+3k)in the scalar dot
product form is
(@r.(5i—2j+3k)=7
) r. (5i + 2j —3k) =7
(©) r.(5i —2j—3k)=7
() r.(5i + 2j + 3k) =7

2x—y—-z=3
(b) P, and P,
(d) R and P

The vector equations of the two lines L, and L, are

givenby L,:r=(2i+9j+13k)+ A (i +2j +3k)

and Ly:x=(=3i+7j+ pk) + p (i + 2j - 3k).

Then, the lines L, and L, are

(a) skew lines for all p € R

(b) intersecting for all p € R and the point of intersection is
(-1,3,49) :

(c) intersecting lines for p = —2

(d) intersecting for all real p € R

Consider the plane
(x,3.2)=(0,1,1)+ A (1, —1,1) + 1 (2 — 1.0). The distance
of this plane from the origin is

1 V3
(a) 3 (b) Y
© \F @

2 B
The value of a for which the lines > a2 A3
1 2 3
and X8 YT w2 intersect, is
-1 2 -3

(a) -5 (b) -2
()5 (d)-3
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42,

45.

46.

47.

o X=1 -2 -
For the line T = yT = -2—3. which one of the
following is incorrect ?
(a) It lies in the plane x -2y + z =,

(b) It is same as line % =% =

(c) It px;sses through (2, 3, 5).
(d) It is parallel to the plane x =2y + z =6 = 0.

. Given planes P, :cy+bz=x;

Pyiaz+ex=y
Py:bx+ay=z
P, P, and Py pass through one line, if
(@)a* +b* +c*=ab + be + ca
(b)a®+b% +c* +2abc =1
(©a®+b*+c*=1
(d)a® + b + ¢* + 2ab + 2bc + 2ca + 2abc =1 .

The]mesf_z_u_ﬂ d.x__l=y;4_i‘_s
1 -k k 2 1

are coplanar, if

(@)k=0o0r-1 (b)k=10r-1

(c)k=0o0r-3 (d)k=30or-3

The line xT—-Z = yTH =L intersects the curve

xy =c?,in xy-plane, if ¢ is equal to

@%1 ®)+;

(c) 5 (d) None of these

The line which contains all points (x, y, z) which are of

the form (x, y, z) =(2 —2,5) + A (1, —3,2) intersects the
plane 2x — 3y + 4z = 163 at P and intersects the YZ-plane
at Q.If the distance PQ is a/b, where a, be N and a>3,

then (a + b) is equal to

(a) 23 (b) 95

(c) 27 (d) None of these

If the three planes r.n, = p;,r.n; = pandr.ny = p4

have a common line of intersection, then
pi(nz Xn3)+pp (ny Xny)+ps (ny Xn,)is

equal to
(a)1 (b) 2
(c)o (d)-1
. The equation of the plane which passes through the line

of intersection of the planes r.n, =¢q,,r.n; =q, and is
parallel to the line of intersection of the planes

r.ny =gy and r.n, =q,,is

(a) [n; ny ny)(r.n, =) =[n, nyn,](rn; -q,)

(b) (ny n; ny)(r.ng = q) =[n, nyn](rn; -q,)

(c) [y ny n)(r.ng = q,) =[n; ny ny](r.n; - qy)

(d) None of the above

49.

50.

51.

52,

85,

A straight line is given by r=(1+1)i+3t j+(1-1) k,
where t € R If this line lies in the plane x + y + cz =d,
then the value of (¢ +d) is

(a)-1 (b)1

(7 (d)9

The distance of the point (=1, —5, = 10) from the point of
1 -2

intersection of the line it N —)% = -z—lz— and the

plane x —y+z=5is

@2V11 ®) Vize

(c)13 (d) 14

P(p) and (X q) are the position vector of two fixed points

and R(r) is the position vector of a variable point. If R

moves such that (r — p) X (r — q) =, then the locus of Ris

(a) a plane containing the origin O and parallel to two
non-collinear vector OP and OQ.

(b) the surface of a sphere described on PQ as its diameter.

(c) a line passing through the points P and Q.

(d) a set of lines parallel to the line PQ.

The three vectors i + j, j + k, k + i taken two at a time

form three planes. The three unit vectors drawn
perpendicular to these three planes form a

parallelopiped of volume
@3 ®) 4
3 4
3— e
(= @z

. The orthogonal projection A’ of the point A with

position vector (1, 2, 3) on the plane 3x — y+4z=0is

@¢13-1 w(-12)
1 5
(c) (5‘ 5 1) (d) (&, =7,-5)

The equation of the line passing through (1, 1, 1) and
perpendicular to the line of intersection of the planes
X+2y—-4z=0and2x -y +2:=0is

X=1 1-y z-1 xX=1 1-y z-1
a =—— —_—s—=
® 5 1 2 ®) =5 1 2
x=1 1-y =z-1 x=1_y=-1 z-1
(3 E— d) —=— ="
© 0 -10 - @ -10 0 -5
A variable plane at a distance of 1 unit from the origin
cuts the axes at A, B and C. If the centroid D(x, y, z) of
AABC satisfies the relmion%+%+%=k’. then the
X y z
value of Kis
()3 )1
1
(0)5 (d)9



56. The angle between the lines ABand CD, where

A=(0,0,0), B=(1,1,1),C =(-1,~1,—1)and D =(0,1,0)is
given by

(a) cosQ = —l =—
l(~ (b) cos @ -\/_

0=— — ——l

(C) cos -\/_ (d) cosO = ,\/—

57. The shortest distance of a point (1,2, —3) from a plane

making intercepts 1, 2 and 3 units on position X, Y and
Z-axes respectively, is

() 2 (b)o
(c) =2 a) 12
12 ( )7

58. A tetrahedron has vertices 0(0,0,0), A (1,21),B(21,3)
and C (-1, 1,2). Then the angle between the faces OAB

and ABC will be
(a) cos™ (g) (b) cos™ (%)
(c) 30° (d)90°

59. The direction ratios of line I, passing through P (1,3, 4)
x-1_y-2_z

and perpendicular to line I,

(where, I, and I, are coplanar) is
(2) 14,8,1 (b) -14, 8, -1
(c)14,-8,—1 (d)-14,-8,1

60. Equation of the plane through three points 4, Band C
with position vectors —6i + 3j + 2k, 3i — 2j + 4k and
5i +7j + 3k is equal to
(@)r(i—-j+7k)+23=0 (b) r(i+j+7k)=23
©ri+j-7K)+23=0 (d)rii—j-7k)=23

61. OABC is a tetrahedron. The position vectors of A, Band
C are i, i+ jand j+ k, respectively. O is origin. The
height of the tetrahedron (taking plane ABC as base) is

1 23
(a) - (b) 5
1 (d) None of these
€% ’

62. The plane x—y—z= 4 is rotated through an angle 90°

about its line of intersection with the plane
x +y+2z=4.Then the equation of the plane in its new

position is

(@ x+y+4z=20

(@) x+y=-4z=20
63. Let Ay, Ay, Ase be the area of the projection of a

plane area A on the xy, yz, zx plane respectively

Then A” =

(a) A% + Ay + AL

(b) x + 5y + 4z =20
(d)5x+y+4z=20

() AL + A + AL

(C)Ary+Ayx + Aq @ A"+AY'+Au
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64.

65.

66.

67.

68.

69.

70.

7.

233

Through the point P (h, k1) a plane is drawn at right
angles to OP to meet co-ordinate axes at A,Band C. If
OP = p then the area of the AABC is

5 5

» b) 2—
@ ohet @ ki

P a2
© 2het D
The volume of the tetrahedron included between the
plane 3x + 4y — 5z — 60=0and the co-ordinate planes is
(a) 60 (b) 600
(c) 720 (d) 400
The angle between the lines whose direction cosines are

given by the equations [% + m? —-n?=0l+m+n=0is

(a) cos™ (2V3) () cos™ V3
n n

(c) = (d) z

The distance between the line

r=2i-2j+3k+A (i—j+ 4k)and the plane
r-(i+5)+k)=5is

10 10
(a) 3B (b) 3
10 10
Tt d) =
() > (d) =
The Cartesian equation of the plane perpendicular to the

i X=1 -3 z—-4
line —— =y—=Tand passing through the origin
is
(@)2x-y+2z-7=0
(©)2x-y+2z=0

(b)2x+y+2z=0
d2x-y-z=0

Let P(3,2,6) be a point in space and Q be a point on the
line r = (i - j +2k) +p (=31 + j + 5k). Then the value of
K for which the vector PQ is parallel to the plane
x—4y+3z=1is

1
@ (b) —%

1 1
(c) 3 (d) =

A plane makes intercepts OA, OB and OC whose
measurements are g, band ¢ on the OX, OY and OZ axes.
The area of triangle ABC is

(a)%(ab+bc+ca) (b)%abc(a+b+c)
@3 @+t + ) @ Lar by

The radius of the circle in which the sphere

x? 4+y? 422 +2x — 2y — 42— 19 =0is cut by the plane
X+2y+2z+7=0is
(a) 2

(c) 4

()3
(d)1
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72. Leta=i+j and b =2i- K, then the point of

73.

74,

75,

76.

77.

78.

79.

intersection of the linesr Xxa=bxaandrxb=a xbis

()3, -11) (b)(3,1,-1)
(c)(-3,1,1) (d)(-3,-1,-1)
The co-ordinates of the point P on the line

r=(@i +.Ai+l;)+l(—i+j— ﬁ)whch is nearest to the
origin is

24 :2
@&?3
2 4 2
“(;;‘ﬂ

The 3-dimensional vectors v;, v,, v, satisfying

(d) None of these

ViVI=4, V.V, =2 vV, =6V,.V, =2v,.vy ==5
V3.V3 =29, then v, may be

(a) -31 + 2 + 4k (b)31 —2] + 4k

(c) -2 +3j + 4k (d)2i +3j + 4k

The pointsi—j+3f< and 3i+3}+3f( are equidistant
from the plane r.(5i +2} —71‘\() +9 =0, then they are

(a) on the same sides of the plane

(b) parallel of the plane
(c) on the opposite sides of the plane
(d) None of the above
A, B,C, D are four points in space. Then,
AC? + BD? + AD® + BC? 2
1 1

2 2 B W

(a) AB® + CD' (® TR
1 1

) — —— (d) None of these
) CD*  AB?
If| x> | ysl +1 21, | y2]> | ¥2] + 22, |23]> | %3] +]ys),

then x,; +ylj +z;k, x,i+y,j+2zkand
x3§ +y,j +z3kare
(a) perpendicular

(c) coplanar

The position vector of the point of intersection of three
planesr.n, =q,,r.n; =q,,r.n3 =gs, wheren,, n,
and n are non-coplanar vectors, is

( [gs (my X n,) + gy (nz X 03) + g, (03 X my)]

(b) collinear
(d) non-coplanar

& [ny nz ny]
1

¢ [0y n; n,]

© —[na n, n;]

(d) None of the above

A pentagon is formed by cutting a triangular corner
from a rectangular piece of paper. The five sides of the
pentagon have length 13, 19, 20, 25 and 31 not
necessarily in that order. The area of the pentagon is
(a) 459 sq units (b) 600 sq units

(c) 680 sq units (d) 745 sq units

[g: (ny X n3) + g2 (nz X n3) + g3 (03 X my)]

[@ (ny X 1) + g, (n; X n3) + gy (ny X my)]

80.

81.

82,

83.

85.

86.

In a three dimensional coordinate system P, Q and Rare
images of a point A(g, b, ¢) in the XY they YZ and the ZX
planes respectively. If G is the centroid of triangle POR,
then area of triangle AOG is (O is the origin)

(a) 0 (b)a® + b* +c*

(c) §(¢1z +b¥+¢?) (d) None of these

A plane 2x + 3y + 5z =1 has a point P which is at
minimum distance from line joining

A(1,0,-3), B(1,-5,7), then distance AP is equal to
(@35 b)2v5

() 4v5 (d) None of these

The locus of a point which moves in such a way that its
distance from the line % = % = il is twice the distance
from the plane x + y +z=0is

(@) x> +y?+2z2 -5x -3y —3z=0

B x*+y*+z2 +5x+3y +32=0

(@ x*+y*+z2° —5xy —3yz =3zx=0

(d) x® + y? + 2%+ 5xy +3yz + 32x =0

A cube C ={(x,y,2)|0< x, y, < 1}is cut by a sharp knife
along the plane x =y, y = z, z = x. If no piece is moved
until all three cuts are made, the number of pieces is
(a)6 ®)7

(©)8 (d) 27

. A ray of light is sent through the point (1,2 3) and is

reflected on the XY-plane. If the reflected ray passes
through the point (X3 2 5), then the equation of the
reflected ray is

XS Y2 255" s XN yi=2 25
W= 0 T O 0 -3

x-3 y-2 z-5 x=1 y=2 z-3
C)——==——= d)—="—"=
© 1 0 4 @ 1

0 4
A plane cutting the axes in P, Q, R passes through
(a—B,B -7, y—a)IfOis the origin, then locus of
centre of sphere OPQRis
(a)ox+PBy +yz =4
b)(@-Px+@-yy+¥-a)z=0
(©) (@ =B)yz + B - Y)zx + (Y —a)xy =2xyz

1 1 11, 2 .2
d)| 5+ —=+— +y?+z2Y)=
The shortest distance between any two opposite edges
of the tetrahedron formed by planes x + y =0y +z=0,
z+x =0 x+y+z=ais constant, equal to

(@)2a ®) :27%
©F @ %



87. The angle between the
equation 2x?

meq

3

(c) cos™! (1)
9

88. Let(p,

pair of planes represented by
=2p? 4422 z =0i
Y 27 +6xz+2yz +3xy=0is

(®) cos™ (i)
21
= 7
@es ()

9.r)be a point on the plane 2x + 2y + z = & then
the least value of p? + q% +r¥isequalto
(a) 4 b)s ()6 (d)s

89. The four lines drawing from the vertices of any
tetrahedron to the centroid of the opposite faces meet in
a point whose distance from each vertex is 'k’ times the

flislance from each vertex to the opposite face, where k
is

1 1 3 5
(a) - b) - = =
33 ()2 (t)4 (d)*

90. The shortest distance from (1, 1, 1) to the line of
intersection of the pair of planes xy + yz + zx + y? =0is

mﬁ ®%  ©Of
91. The shortest distance between the two lines L, : x = k,;

y=kyand L, :x=ky;y=k, isequal to

(a)| v -JiE+ i l o) Rk ¥ KK,

(c) J(k, +ky)? + (ke + k) (d) \/(kl —ks)* + (ky = k,)?

@2
3

L m o onm Pr 1 N
92. A=|l, m, n;|andB=(p, q.» r;|, where
Iy my ny Ps 93 Ny

pi.qi. i are the cofactors of the elements I;, m, n; for
i=123If(l;,my,n ) (l2,my,ny)and (I3, my,n3)are
the direction cosines of three mutually perpendicular
lines, lhen(Pl-91.'l1(Pz-‘I:»’z)and(Pav‘h:’s)al’C
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93.

235

(a) the direction cosines of three mutually perpendicular
lines

(b) the direction ratios of three mutually perpendicular lines
which are not direction cosines

(c) the direction cosines of three lines which need not be
perpendicular

(d) the direction ratios but not the direction cosines of three
lines which need not be perpendicular

If ABCD is a tetrahedron such that each AABC, AABD

and AACD has a right angle at A. If ar(AABC) = k,,
ar(AABD) = k,, ar(ABCD) = k4, then ar (AACD) is

[
PYTIYT . [tk
(a) VA + k; + k§ (b) Rtk Ak
O+ K =K @ ik = K =K
94. In a regular tetrahedron, if the distance between the
mid-points of opposite edges is unity, its volume is
1 1
= B
(a) 5 ( )2
1 1
L B
s R
95. A variable plane makes intercepts on X, Y and Z-axes

and it makes a tetrahedron of volume 64 cu. u. The locus
of foot of perpendicular from origin on this plane is
(a)(x* + y* + 2%)* =384 xyz

* (b) xyz =681

96.

2
(C)(Jr+y+2)(l+l+1) =16
x y z

d)xyz(x+y+2z)=81
If P, Q, R S are four coplanar points on the sides AB, BC,

PB OC RD SA
equals

(a)1 (®)-1 ()3 (d)-3

Three Dimensional Coordinate System Exercise 2 :
 More than One Correct Option Type Questions

97. Given the equations of the line3x ~y +z +1=0 and
5x +y+3z=0Then, which of the following is correct ?
trical form of the equations of line is
(a) Symme : A

2 - !

(c) Equation of the plane through (2, 1, 4) and perpendicular
to the given linesis2x —y + z =7 =0,

(d) Equation of the plane through (2, 1, 4) and perpendicular
to the given linesis x + y =2z + 5= 0

Consider the family of planes x + y + z = ¢ where c is a
parameter intersecting the coordinate axes at P,Qand R
and a, f§ and y are the angles made by each member of
this family with positive x, y and z-axes. Which of the
following interpretations hold good for this family?
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99.

100.

101.

102.

103.

104.
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(a) Each member of this family is equally inclined with
coordinate axes.

(b)sin® @ +sin? B+ sin? y=1

(c) cos® @ + cos® B + cos? Y=2

(d) For ¢ =3 area of the APQR is 3/3 sq units.

Equation of the line through the point (1, 1, 1) and
intersecting the lines2x -y -z - 2= 0 xX+y+z-1
andx-y-z-3=0=2x+4dy—z—

(@) x=1=07x+17y =3z -134=0

(b) x—=1=0,9x+ 15y -5z =19 =0

(c)x—1=0.y—_l‘:_1

3
d)x-2y+2z-1=09x+ 15y -5z -19=0
Through a point P (h, k, 1) a plane is drawn at right
angles to OP to meet the coordinate axes in A, Band C. If
OP = p, A is area of projection of AABC on xy~plane,
A, is area of projection of AABC on yz-plane, then

'(b) |() "’

(a)A =
1

Ihu zhu

Which of the following statements is/are correct?

(a)If na =0, n.b =0 and n.c = 0 for some non-zero vector n,
then[abc]=0

(b) There exist a vector making angles 30° and 45° with x-axis
and Y-axis.

(c) Locus of point for which x =3 and y = 41is a line parallel to
the Z-axis whose distance from the Z-axis is 5

(d) The vertices of regular tetrahedron are O, A, B, C where
‘0’ is the origin. The vector OA + OB + OC s
perpendicular to the plane ABC

Which of the following is/are correct about a

tetrahedron ?
(a) Centroid of a tetrahedron lies on lines joining any vertex

to the centroid opposite face
(b) Centroid of a tetrahedron lies on the lines joining the mid
point of the opposite faces
(c) Distance of centroid from all the vertices are equal
(d) None of the above
A variable plane cutting coordinate axes in A, B Cis ata
constant distance from the origin. Then the locus of
centroid of the AABC is

(a)x2+y?t+27%=16 =9

O +y ez

-1
©: {—+L+l} =0(@X+Y=0
y

-X; _

‘ sy o X
Equation of any plane containing the line

X%-‘-: i isA(x=x,)+B(y-y)+C(z-1z2,)=0
c
then pick correct alternatives

105.

106.

107.

108.

109.

110.

(a) Ae g =5y is true for the line to be perpendicular to the
a c
plane

() A@+3)+B(b-1)+C(c-2)=0
(c) 2aA +3bB + 4cC =0
(d) Aa+ Bb+Cc=0

-1
The line —— = =—— = —— intersects the curve
1

x* +y*=r? z=0then

(a) Equation of the plane Lhrough (0,0,0) pcrpendxcular to
the given line is3x + 2y —z =

®)r=126 ©r=6
dr=7
A vector equally inclined to the vectors i- j +kand

§+j k then the plane containing them is

@it Ewmi-k  ©d - @f
Consider the plane through (2 3, —1) and at right angles

to the vector 3i - 4} +7k from the origin is

(a) The equation of the plane through the given point is
3x—-4y+7z+13=0

(b) perpendicular distance of plane from origin T%—
(c) perpendicular distance of plane from origin %
(d) perpendicular distance of plane from origin j.—%—
A plane passes through a fixed point (g, b, ¢) and cuts the

axes in A, B,C. The locus of a point equidistant from
origin, A, B and C must be

(&)ayz+brx+uy=2xyz(b)£+£+£=1
x y z

@2 424 % @242+828
x y z x z

Let A be vector parallel to line of intersection of planes
P, and P,.Plane P, is parallel to the vectors 2j S +3kand
4_] -3k and that P, is parallel tOJ -k and3i +3J.lhen
the angle between vector A and a given vector
2i+j-2kis
n n n 3r
A b) — < £t
(a) > (b) p (c) = (d) 1
Consider the lines x = y =z and the line
2x+y+z-1=0=3x+y+2z -2 then
(a) the shortest distance between the two lines is 712-

(b) the shortest distance between the two lines is v2
(c) plane containing 2nd line parallel to 1st lineisy =z +1=0

(d) the shortest distance between the two lines ?



111. If p, ;. pydenote the perpendicular distances of the
plane 2x — 3y + 4z + 2 =0 from the parallel planes.
(@ p+8p,—py=0 (b) ps = 16p,
(©8p;=p (d) py +2p; +3p3 =29

112. A line segment has length 63 and direction ratios are 3,
—26. The components of the line vector are

(a) -27, 18, 54 (b) 27, -18, 54
(c) 27, -18, 54 (d) 27, 18, -54
113. The lines Jr_2=y——3=uandx—_l=u='z;§
1 1 -k k 2 1
are coplanar if
(@)k=0 ) k=-1
©k=2 ) k=-3

114. The points A (4,5,10), B(23, 4) and C (1,2 —1) are three
vertices of a parallelogram ABCD, then
(a) Vector equation of ABis2i+3j+ 4k + A (i + j + 3k)

- - -4
(b)szesaianequatjonofBCisx—lz=¥=z5

(c) Coordinates of D are (3, 4, 5)
(d) ABCD is a rectangle

115. The line x = y = z meets the plane x + y +z=1at the
point P and the sphere x? +y? +2% =1at the points R

and S, then
(a) PR+ PS =2 (b)PRxPS=§
()PR=PS (d) PR+ PS=RS

116. A rod of length 2 units whose one end is (1,0, —1) and
other end touches the plane x —2y + 2z + 4 =0, then
(a) The rod sweeps the figure whose volume is 1 cubic units.
(b) The area of the region which the rod traces on the plane is
2m.
(c) The length of projection of the rod on the plane is 3 units.
(d) The centre of the region which the rod traces on the plane
(222
333
117. Consider the planes P, :2x +y +z +4=0
P iy—z+4 =0and Py :3x+2y+z+8=0
Let Ly, L,, Ls be the lines of intersection of the planes
P, and P3, P and P,, and P, and P, respectively. Then,
(a) at least two of the lines L,, L, and L, are non-parallel
(b) at least two of the lines L, L, and L, are parallel
(c) the three planes intersect in a line
(d) the three planes form a triangular prism
118. The volume of a right triangular prism ABCA,B,C, is
equal to 3. Find the coordinates of the vertex A,, if the
coordinates of the base vertices of the prism are

A(1,0,1), B(20,0)and C(0, 1.0).
(ag?- 2,0,2) (b)(0.-2,0)
(c)(0,2,0) d)(2,2.2)
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119. Let a plane pass through origin and is parallel to the line
i L TR e such that distance between plane

2 -1 -2
and the line is 3. Then, equation of the plane is ....... :
3

(b)x-2y-22=0
dx+y+z=0

(a)x—-2y +2z=0
(c)2x+2y+2=0
120. OABC is a regular tetrahedron of side unity, then

(a) the length of perpendicular from one vertex to opposite
face is v2/3 -

(b) the perpendicular distance from mid-point of OA to the
plane ABCis1/6

(c) the angle between two skew edgesis /2

(d) the distance of centroid of the tetrahedron form any
vertex is v3/8

121. 1f OABC is a tetrahedron such that
OA? + BC? =OB? + CA? =0C? + AB?, then
(a)0A L BC (b) OB L AC
(c)OC L AB (d) AB L AC

122. If the line ; = {— = % intersects the line

3Bzx+3(1—m)y+z=3=—%{6azx +3(1-28)y + 2z}

then point (c, B, 1) lie on the plane
(a)2x-y+z=4 b)x+y-z=2
(©)x-2y=0 d)2x-y=0

123. Let PM be the perpendicular from the point P(1,2,3) to
XY plane. If OP makes an angle 8 with the positive
direction of Z-axis and OM makes an angle ¢ with the

positive direction of X-axis, where O is the origin and 8
and ¢ are acute angles, then

5 N 2
tan® = — in ¢ =—
(a) - (b)sm0m¢—m
(c)tand =2 d %) =1
(d) cos 8 cos ¢ ik

124. A variable plane which remains at a constant distance P

from the origin (0) cuts the coordinate axesin A, B C
(a) Locus of centroid of tetrahedron OABC is

Xyt 4 yla? 4oty Exzyzzz
o
(b) Locus of centroid of tetrahedron OABC is
Xyt 4 yh? 4 23? =ixr),zzz
o
(c) Parametric equation of the centroid of the tetrahedron is
P
of the form (:s«:us«ﬂ.%s«a cosec f§, i cosec
4

a,B €(0,2x) - {r/2, r,3r/2)
(d) None of the above
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o] Three Dimensional Coordinate System Exercise 3 :

~ Statement | and Il Type Questions

= Directions (Q. Nos. 125 to 138) For the following
questions, choose the correct answers from the codes (a),
(b), (c) and (d) defined as follows -

125.

126.

127.

128.

129.

(a) Statement [ is true, Statement II is also true; Statement IT
is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement l]‘
is not the correct explanation of Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

Statement I Let A(i +j+ 12) and B(E —j+ IA()be two

points, P(2i +3j + k) lies exterior to the sphere with AB

as one of its diameters.

Statement IT If A and Bare any two points and Pis a

point in space such that PA.PB > (, then the point P

lies exterior to the sphere with ABas one of its

diameters.

Statement I Ifr=xi + }3 +zk, then equation

rx(2i- _; + 3ﬁ) =3i+k represents a straight line.

Statement IT Ifr=xi + y_; + 2k, then equation

rx(i+ Zj -3k)=2i- _] represents a straight line.

Statement I Let 0 be the angle between the line

.x_—gzy__l.=.zﬁand[heplanex+y—z=i

2 -3 -2
1
Then, 8 =sin ™ —)
S (JS_I

Statement IT Angle between a straight line and a plane
is the complement of angle between the line and normal
to the plane.

Statement I A point on the straight line 2x +3y —4z =5
and 3x — 2y + 4z =7 can be determined by taking x =k
and then solving the two equations for y and z, where k
is any real number.

Statement I1 If ¢’ # kc, then the straight line

ax + by + cz+d =0, Kax + Kby + ¢’z + d’ =0, does not
intersect the plane z = ¢, where & is any real number.
x=1_y=3_

Let the line L having equation

intersects the plane P, having equation x — y + z=5at
the point A.

Statement I Equation of the line L’ through the point
A, lying in the plane Pand having minimum inclination
withline Lis8x+y—-72-4=0=x-y+z-5
Statement II Line L” must be the projection of the line
L in the plane P.

130. Given lines % =2 =" _—and——=

Statement I The lines intersect.
Statement II They are not parallel.

131. Consider the lines L, :r=a+A band L, :r=b+p a,
" wherea and b are non-zero and non-collinear vectors.

Statement I L, and L, are coplanar a.nd t_he plane
containing these lines passes through origin.

Statement II (a — b).(b X @) = 0 and the plane containing

L, and L, is[ra b]=0which passes through origin.
132. Statement I Pis a point (a b,c). Let A, B, C be the
images of Pin yz, zx and xy planes respectively, then
equation of the plane passing through the points
ABandCisZ+2+Z=
a b c

Statement II The image of a point Pin a plane is the

foot of the perpendicular drawn from P on the plane.

133. Statement I The locus of a point which is equidistant
from the points whose position vectors are 3i — 2 j + 5k

andi+2j-kisr(i-2j+3k)=8

Statement II The locus of a point which is equidistant

from the points whose position vectors are a and b is
+b :
2 | .a=b)=0

r—

134. Statement I If the vectorsa and c are non-collinear
then the linesr=6a — ¢+ A (2c—a) and
r=a—c+W (a +3c)are coplanar.

Statement II There exist A and i such that the two
values of r in Statement I becomes same.

135. Statement I The lines > 1_ b -)—,l = :—-:1 and

xX=2_y+1 _z

=== ; are coplanar and equation of the plane

1 2
containing them is 5x +2y -3z -8=0
Statement II The line ‘—1-—2 = -y~;—l =3
3
perpendicular to the plane 3x + 6y + 9z =8 =0and
parallel to the plane x + y -z =0
136. The equation of two straight lines are
x-1_y+3 z-2 x=2_ y-1
=——=——and——=
2 1 -3 1 -3
Statement I The given lines are coplanar.

z+3

2

Statement II The equations 2x, — Vi=Lx,+3y, =4

and 3x, +2y, =5are consistent.



137. Statement1 A plane passes through the point
A (2.-1. —3). If distance of this plane from origin is
maximum, then its equation is 2x + y — 3z = 14.
Statement II If the plane passing through the point

A (a)is at maximum distance from origin, then normal
to the plane is vectora.
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138. Statement I At least two of the lines L;, L, and L, are
non-parallel.
Statement II The three planes do not have a common
point.

Three Dimensional Coordinate System Exercise 4 :

" Passage Based Questions

Passage I
(Q. Nos. 139 to 142)
Let 4(1,2,3), B(0,0,1) and C(~1, 1, 1) are the vertices of
A ABC.

139. The equation of internal angle bisector through A to side
BCis
(a)r=1+2j+3k+p@i+2j+3k)
() r=1+2j+3k +p @i +4j+3k)
(&) r=1+2j+3k+p(Gi+3]+2k)
(d)r=1+2]+3k+p@3i+3j)+4k)

140. The equation of altitude through B to side AC is
(a)r =k + t (71 — 10 + 2k)
) r=k+t(-7i + 10j + 2k)
(¢)r =k + t (71 — 10j — 2k)
(d) r =k + t (71 + 10 + 2k)

141. The equation of median through C to side ABis

(a)r=—i+j+k+p@i-2k)
b)r=—i+j+k+p0i+2k)
(c).-=—§+j+fc+p(—3i+2f()
(dr=-i+j+k+pBi+2j)

142. The area of (AABC) is equal to
17 17 7
@3 ®T @ @
Passage Il

(Q. Nos. 143 to 144)
Consider a planex + y—z =1 and the point A (1,2, -3).
A line L has the equation x =143r, y=2-r, z=3+4r
143. The coordinate of a point B of line L, such that ABis
parallel to the plane, is

(a) (10, -1,15) (b)(-5.4,-5)
(©)(4.1.7) (d)(-8,5,=9)

144, Equation of the plane containing the line L and the point
A has the equation

(b)x+3y-7=0

—3y+5=0
(a) x =3¢ d)3x+y=-5=0

©3x-y-1=0

Passage III
(Q. Nos. 145 to 148)
Consider a triangular pyramid ABCD the position vector of
whose angular points are A(3,0,1). B(=L 4,1} C(5,23)and
D(0, -5, 4). Let G be the point of intersection of the
medians of the ABCD.

145. The length of the vector AG is

Wi @ @f @
3 9 4
146. Area of the AABC (in sq units) is
(a) 24 (b)8Je
- (¢)4V6 (d) None of these

147. The length of the perpendicular from the vertex D on
the opposite face is .

7 2.
a) T (b) %
(c) % (d) None of these

148. Equation of the plane ABC is
@ x+y+2z=5 b)x-y-2z=
(€)2x+y-2z=4 dx+y—-2:=1

Passage IV
(Q. Nos. 149 to 151)
A line L, passing through a point with position vector
P=i+2j+3k and parallel a =i+2j+3k. Another line L,
passing through a point with position vector =2i +3j+ 3k
and parallel to b=3i+ j+2k.
149. Equation of plane equidistant from line Lyand L, is
(@ f.(i-7j-5k)=3 O F.(i+7j+5k)=3
(©)F.(i-7j-5k)=9 @r.(i+7j-5k)=9
150. Equation of a line passing through the point (2 -3 2) and
equally inclined to the line L, and L, may be equal to
(a)x—2=).'—3 =z—2
2 -1 1

(C)X—2=y#3=:—5 +
3 2 4

-2
®E oy es=z 0
(Pl 2_y+3 =x-2

1 =5
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151. The minimum distance of origin from the plane passing
through the point with position vector p and
perpendicular to the line L, is

(2) V14 ®) 5 7
1
= N
(c) 0T (d) None of these
Passage V

(Q. Nos. 152 to 154)
For positive L, mand n, if the planes x =ny+ mz, y=I= + nx,
z=mz + lyintersect in a straight line, then
152, I, m and n satisfy the equation

@I +m*+n*=2 ®F+m+n’+2mn=1

©@F+m +n°=1 (d) None of these
153. cos™' I+ cos ™' m+ cos ™! nis equal to

(a) 90* (b) 50°

(c) 180° (d) None of these

154. The equation of the straight line is£=%=i.whem the
a c

- ordered traid (a, b, c)is

(a) ‘/l o \)1 -m?, Jl -nt

()L, mand n
© 1 m and n
c ,———
;]1 - 1-m* ‘;1 -n
(d) None of the above *

Passage VI
(Q. Nos. 155 to 157)

Ifa=6i+7j+7k b=3i+2j -2k P(1,2,3)
155. The position vector of L, the foot of the perpendicular
from Pon the liner=a +Ab s

(a)6i +7j + 7k (b)3i+zj-21‘f
()31 +5j + 9k (d)9i +9j + 5k
156. The image of the point Pin the liner=a +Abis
(a)(11,12,11) ®G.2-7)
() (5.8,15) (d)(17,16,7)

157. If A is the point with position vector a then area of the
triangle APLA is sq. units is equal to

(a)3v6 (®) @
© 17 @2
Passage VII

(Q. Nos. 158 to 160)
A(-2,2,3)and B(13,-3,13) and L is a line through A.

158. A point P moves in the space such that 3PA = 2PB, then
the locus of Pis
() x*+ y? + 27 +28x —12y + 102 -247=0
() x>+ y +27—28x+ 12y +10z —247=0
©x+y* + 234+ 28x—12y —10z +247=0
() x2+y*+27—28x+12y —10z +247=0

159. Coordinates of the point P which divides the join of A
and Bin the ratio 2:3 internally are

®) (4 07)

(d) (20, 0,35)

x+2 -2 z-3
(a =% L
15 =5 10
x-2_y+2_z+3
O=5=="s 2
x+2 -2_z-3
©===2"=
3 13 2
x-2 y+2 z+3
@IF=122-E0
15 =5 10
Passage VIII

(Q. Nos. 161 to 163)
The vector equation of a plane is a relation sarisfied by
position vectors of all the points on the plane. If P is a
plane and f is a unit vector through origin which is
perpendicular to the plane P then vector equation of the
plane must be v.tv=d where d represents perpendicular
distance of plane p from origin.

161. If A is a point vector a then perpendicular distance of A
from the plane r.n = d must be

(@)|d +an]| (b)|d —an|
(0)|a] -d| (d) |d -3]

162. If b be the foot of perpendicular from A to the plane
r.n=d thenb must be
(a)a+(d —an)n
(c)a+an

(b)a—(d -an)a

(da-an

163. The position vector of the image of the pointa in the
plane r.n =d must be (d #0)
(a)—a.n (b)a-2d —an)n
(©a+2d -ah)d (d)a + d(-a.A)

Passage IX
(Q. Nos. 164 to 166)
A circle is the locus of a point in a plane such that its
distance from a fixed point in the plane is constant.
Anologously, a sphere is the locus of a point in space such
that its distance from a fixed point in space is constant.




T?te JSixed point is called the centre and the constant
distance is called the radius of the circle/sphere.

In anology with the equation of the circle| z - c| = a, the
equfzt.ion of a sphere of radius a is| r — ¢| = a, where cis the
position vector of the centre and r is the position vector of
any point on the surface of the sphere. In Cartesian system,
the equation of the sphere, with centre at (— g,— f,—h)is
x2+ 2+ 22 +2gx +2fy+2hz + c=0and its radius is

F? v+ —c.

164. Radius of the sphere, with (2, —3,4) and (- 5,6,—7) as
extremities of a diameter, is

251 251
(a) = (b) 3

251 251
CF e @5
165. The centre of the sphere
(x—4)(x +4)+(y—3)(y+3)+z% =0is
(a) (4,3,0) (b)(-4,-3,0)
() (0,0, 0) (d) None of these
166. Equation of the sphere having centre at (3,6,— 4)and
touching the plane r-(2i —2j— k)=10,is
(x —3)z +(y —6)2 +(z+ 4)t = k?, where k is equal to

(a)3 (b) 4
©6 @17
Passage X

(Q. Nos. 167 to 168)
Let A2,3,5), B(-13,2), C(A, 5,11) are the vertices of a
(riangle and its median through A (i.e.) AD is equally
inclined to the coordinates axes.
On the basis of the above information answer the following

167. The value of 2A — L is equal to

(a) 13 (b) 4
(c)3 (d) None of these
section of ABon BC is
168. Pro;f/g_ A o
(a) W T
(d) 48
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Passage XI
(Q. Nos. 169 to 171)

The line of greatest slope on an inclined plane P, is that
line in the plane which is perpendicular 1o the line of
intersection of plane P, and a horizontal plane P,.
169. Assuming the plane 4x —3y +7z =0to be horizontal, the

direction cosines of the line of greatest slope in the

plane 2x +y — 5z =0are

) ol s)

(c)(’_3_ . _1_) (d) (J_ 3 ___‘-)
170. The equation of a line of greatest slope can be
XYoo & L A
(a)3 1 1 (b)3 -1 1

XYV Lo P
© -3 1 1 (d)l 3 =1

171. The coordinates of a point on the plane 2x + y —5z =0is

V11 units away from the line of intersection of the given
two planes are

(@@31,-1) (b)(-3,1,1)
(©)(3,-1,1) d)(,3,-1)
Passage XII

(Q. Nos. 172 to 174)

Given four points A(2,1,0),8(1,0,1),C(3,0,1) and

D(0,0,2). Point D lies on a line L orthogonal to the plane

determined by the points A, B and C.

172. The equation of the plane ABC is
(@Q)x+y+z-3=0 b)y+z-1=0
(c)x+z-1=0 d2y+z-1=0

173. The equation of the line L is
(a)r =2k + A(i + k)

(b) r =2k + A@2j+ k)
(©)r=2k+A3j+k)

(d) None of the above

174. The perpendicular distance of D from the plane ABC is
(a) V2 (b) 172
()2 (1742
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Thf;é Dimensional Coordinate System Exercise 5 :

Matching Type Questions

175. Consider the following four pairs of line in Column I
and match them with one or more entries in Column II.

SR ... S _ Column IY
(A) L, =l+t,y=tz=2-5¢ (p) non-coplanar
Lyr=(2,1,-3)+1(2,2,-10) lines
®) p.x=1_y-3_z-2 (@) lines lieina
1 :
2 2 -1 unique plane
X=2 _y-6_z+2
I -1 -1

(C) Lix=-6t,y=1+91,z=-3t (r)
Lyx=1+2s,y=4-3s,z=

infinite planes
containing both

— . thelines
D) ;.x_ y-l_z-2 (s) lines are not
1 = . ;
1 3 intersecting at a
x-3 y-2 z-1 unique point

176. P(0,3,—2), O(3,7, —1) and R(1,—3,—1) are 3 given points.
Let L, be the line passing through P and Q and L, be the
line through R and parallel to the vector V = i+k

Column I ~ ColumnIl

(A) Perpendlcular distance of P from L, ) W3
(B)_Shortest distance between L and L, (q) 2

() Area ofthe APQR ® 6
(D) Distance from (0, 0, 0) to the plane  (s) _19
POR V147

177. Match the statements of Column I with values of
Column II.

Column I Column II

y+l z+1liesin ®) sin! ’i
-2 A 25
the plane 3x — 2y + 5z =0, then A is

G If the lme

equal to B R
(B) If (3, A, ) is a point on the line @ _7

2x+ y+z-3=0=x-2y+z—lthen 5

A+ is equal to i
(C) The angle between the linex = y=z (r) -3

and the plane 4x — 3y + 5z=2is _

(D) The angle between the planes
x+ y+z=0and3x—-4y+ 5z2=0

(S) cos” JT:

178. Consider the lines given by L, : x +3y —5=0,
L,:3x—ky—1=0and Lj;:5x +2y—12=0.

Match the statement of Column I with values of Column
I *

_ Column | Column II

(A) Ly, L, and Ly are conctirrent lf

® k=—9,—§,5

(B) Oneof Ly, L and Ly is parallel o (a) PR RN
atleast one of the otl;er two, if 5
(©) L,,L, and I form a triangle, if ® % =§
(D) Ly, L, and L; do not form a (s) k=5
il k=0

179. A variable plane cuts the x, y and z-axes at the points,
A, B and C, respectively such that the volume of the
tetrahedron OABC remain constant equal to 32 cu units
and O is the origin of the coordinate system.

Column II
(p) nz=24

Column I

(A) The locus of the centroid of the
tetrahedron is

(B) The locus of the point equidistant ~ (q) (x? + )* +z?)
fromO,A4,Band C is

=% »4y =192 xyz
(C) The locus of the foot of (r) xz=3
perpendicular from origin to the
_ Pl
(D) If PA, PB and PC are mutually
perpendicular, then the locus of P is

©) 2+ P+
= 1536 xyz

180. Match the statements of Column I with values of
Column II.

Column I Column IT

(A) The area of the triangle whose vertices (p) 0
are (0,0, 0) (3,4, 7)and (5, 2, 6) is

(B) The smallest radius of the sphere (q) 70
passing through (1, 0, 0), (0, 1, 0) and E7

___(0,01nis

(C) The value(s) of A for whnch !he @ [2
triangle with vertices 3
A(6.,10,10) B(1, 0, - 5)and
C(6,—10, A) will be a right angled

__ triangle (right angled at 4) is/are

(D) dis the perpendicula.r distance from

-1 y-1
Ui3idyo oY= 2 fen
-1 11

value of—l

2V3
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181. Match the statements of Column I with values of Column II. Consider the cube

Column I Column If ' —
(A) Angle between any two solid diagonal ®) cos~! %
(B) Angle between a solid diagonal and a plane @ o5t ( ” %)
©) A;gle between plane diagon;ls_o.f;dj;:;ntr faces (f)_ cos:' ;7 a
(D) The values of |a x b| A -(;)—_;_ o

a| Three Dimensional Coordinate System Exercise 6 :

~ Single Integer Answer Type Questions

182. In a tetrahedron OABC, if OA =i, OB =1 + jand
oC=i+ Z:i + k, if shortest distance between edges OA
and BCis m, then v2m s equal to ... (Where O is the
origin)

183. A parallelopiped is formed by planes drawn through the
points (2, 4, 5) and (5, 9, 7) parallel to the coordinate
planes. The length of the diagonal of the parallelopiped

184, If the perpendicular distance of the point (6, 5, 8) from
the Y-axis is 5A units, then A is equal to .........

185. If the shortest distance between the lines
=& 3 = R =— lS A30

units, then the value of A is .........

186. If the planes x —cy — bz =0,cx —y +az=0and
bx + ay — z =0 pass through a line then the values of
a® +b% +c? +2abcis ...

187. If xz-plane divide the join of point (2 3, 4) and (1,~1,5) in
the ratio A : 1, then the integer A should be equal to

188. If the triangle ABC whose vertices are
" A(-1,1,1),B(1,—-11)and C(1,1,—1)is projected on

xy-plane, then the area of the projected triangles is ..........

189. The equation of a plane which bisects the line joining
(1,5,7) and (=3, 1, -1) is x + y + 2z = A, then A must
be ......c....

190. The shortest distance between origin and a point on the
space curve X =2sint,y =2cos t,z =3t is ..........

191. The plane 2x — 2y + z + 12 =0 touches the surface
xt+y? +22 —2x -4y +2z—-3=0only at point
(-1, A, —2). The value of A must be

192.

193.

194,

195.

196.

197

198.

199,

If the centroid of the tetrahedron OABC where A, B, C
are the points (¢,2 3),(1, b,2) and (2 1, c) be (1, 2, 3), then
the point (a, b, c) is at distance 5VA from origin, then X
must be equal to ...........

If the circumcentre of the triangle whose vertices are
(3.2 -5),(-3,8 —5) and (=3,2 1) is (-1, A, —3) the integer
A must be equal to .........

If P,P, is perpendicular to P, Py, then the value of k is,
where Pi(k, 1, —1), P,(2k,0,2) and P3(2 + 2k, k, 1) is ...........
Let the equation of the plane containing line
x—y—2z-4=0=x+y+2z— 4and parallel to the line
of intersection of the planes 2x +3y + z =1 and
x+3y+2z=2be x + Ay + Bz + C =0. Then the values
of|[A+B+C—4|is
Let P(a, b, c) be any point on the plane 3x + 2y+z=7,
then find the least value of 2(a? + b2 + ¢? ).

The plane denoted by P, : 4x +7y + 4z + 81 = 0is rotated

through a right angle about its line of intersection with
the plane P,:5x +3y +10z = 25, If the plane in its new
position be denoted by P, and the distance of this plane

from the origin is d, then the value of [E] (where []
3 2

represents greatest integer less than or equal to k) is

The distance of the point P(~2,3, — 4) from the line
x+2 2y+3 3z+4
S 2 T measured parallel to the plane

4x +12y —3z +1=0is d, then find the value of (2d - §).

The position vectors of the four angular points of a
tetrahedron OABC are (0, 0, 0), (0,0, 2), (0, 4,0) and (6,0, 0),
respectively. A pomt Pinside the tetrahedron is at the
same distance ‘r’ from the four plane faces of the
tetrahedron. Then, the value of 9r is
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200. Value of A do the planes x -y +z +1=0,

Ax +3y+2:-3=03x+Ay+2z—2=0form a triangular

prism must be

201.

least value of z such that the ‘P’ lies on the planes
7x +6y+2z=272and x — y + z =16, then the value of
(x+y+z—42)isequal to
202. 1f the line x = y = z intersect the line
xsin A+ ysin B+zsinC -2d* =0

= xsin2A + ysin2B + zsin C — d?, where A, B, C are the

internal angles of a triangle and sin é—sin 2 sin Ce k,
2 2 2
then the value of 64k is equal to

203. The number of real values of k for which the lines
x_y-1_z x-k_y-k_z-2
1 k-1 2k

k-1 k
204. Let G,, G, and G, be the centroids of the triangular
. faces OBC, OCA and OAB of a tetrahedron OABC. If V,

If the lattice point A(x, y,z); x, y,z2>0and x, y, z € [ with

—— are coplanar, is

205.

206.

207.

denotes the volume of tetrahedron OABC and V, that of
the parallelepiped with 0G;,0G, and OGj as three
concurrent edges, then the value of 4V, / V3 is (where O
is the origin)

A variable plane which remains at a constant distance p
from the origin cuts the coordinate axes in A, B, C. The
locus of the centroid of the tetrahedron OABC is

k .
x2y? +y%2% +2%x2 =—2x2yzzz, then ¥/2k is

If (I, my, n, ), (I, m,, n, ) are D.C’s of two lines, then
(ymy = lmy)? +(myn, - m,n;)?

+(myly = naly)? +(hily +mym, +mn;)? =

If the coordinates (x, y, z) of the point § which is
equidistant from the points 0(0,0,0), A(n %,0,0)
B(0,n*,0), C(0,0, n) obey the relation Ax + y +z)+1=0.

IfneZ then|n|= (- |is the modulus
function).

Three Dimensional Coordinate System Exercise 7 :

Subjective Type Questions

208. Find the angle between the lines whose direction
cosines has the relation I + m +n=0and
21% +2m* —n® =0

209. Prove that the two lines whose direction cosines are
connected by the two relations al + bm + cn =0and
ul® + vm® + wn® =0are perpendicular if

az(v+w)+bz(w+u)+cz(u+v)=0

2 2 .2
and parallel oL
u v w
+2 +1 z-3
210. Find the point on the linef—s——=-y7-=Tata

distance of 32 from the point (1, 2, 3).

A line passes through (2 - 1,3) and is perpendicular to
the lines r-(i+ j - k) + A(2i - 2j + k)and

r= (23 - j - 3f() + p(i + 2} + Zﬁ) obtain its equation.

211.

212. Find the equations of the two lines through the origin

which intersect the line

=L 2=ig angle of &
1 3

each.

213,

214,

215,

216

217.

Vertices Band C of AABC lie along the
: +2 1 -0
line XT = y—l— = £4— Find the area of the triangle

given that A has coordinates (1, - 1,2) and line segment
BC has length 5.

a

fixed. The plane through P perpendicular to OP meets
the axes in A, Band C. The planes through A, B,C
parallel to yz, zx, xy planes intersect in Q. Prove that if
the axis be rectangular, then the locus of Q is

LZ+L2 11,1 .1
xt oy 2t

A point P moves on the plane S % +Z =1whichis
c

Prove that the distance of the point of intersection of the
Iinex_z-y+1—z—2andthe lane x -y +z=5
_— - z=
3 4 12 ¥ 7

from the point (=1, =5 = 10)is 13.

Find the equation of the plane through the intersection
of the planes x +3y + 6 =0and 3x — y - 4z =, whose
perpendicular distance from the origin is unity.

Find the equation of the image of the plane
x=2y+2-3=0intheplanex+y+z-1=0Q



z
221. Two lines Ly:x=5———=-—and Ly :x=0,-"—=
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Three Dimensional Coordinate System Exercise 8 :

" Questions Asked in Previous Years Exam

(i) JEE Advanced & IIT JEE

218, Consider a pyramid OPQRS located in the first octant

(x20,y>0,z>0) with O as origin and OP and OR along
the X-axis and the Y-axis, respectively. The base OPQR of
the pyramid is a square with OP = 3. The point S is
directly above the mid-point T of diagonal OQ such that
TS =3. Then,

[More than One Correct Type Question, 2016 Adv.]

(a) the acute angle between OQ and OS is g

(b) the equation of the plane containing the AOQS is
x—-y=0

(c) the length of the perpendicular from P to the plane
containing the AOQS is —}—2

(d) the perpendicular distance from O to the straight line

containing RS is %

219. Let P be the image of the point (3, 1, 7) with respect to

the plane x — y + z =3. Then, the equation of the plane
passing through P and containing the straight line

X_Y_Z;

1 2 1

[Single Option Correct Type Question, 2016 Adv.]
(a)x+y—-3z=0 (b)3x+z=0
(c)x—4y+7z=0 d)2x-y=0

220. From a point P(A, A, 1), perpendiculars PQ and PR are

drawn respectively on the linesy = x,z=1 and
y=—x,z=—L1If Pis such that ZQPRis a right angle,
then the possible value(s) of A is (are)

[Single Option Correct Type Question, 2014 Adv.]

(@ V2 (b) 1 (0) -1 @ —2

are coplanar. Then, 0. can take value(s)
[More than One Correct Type Question, 2013 Adv.]
(b) 2

W1 () 4

(c) 3

222, A line I passing through the origin is perpendicular to

the lines [More than One Correct Type Question, 2013 Adv.]
L:(3+ )i+ (-1 +20)j+ (4 +2)k —m<t <o
L:(3+25)i+(3+25)j+(2+s)k e <s< o0

Then, the coordinate(s) of the point(s) on [, at a
distance of V17 from the point of intersection of land

1, is (are)

223.

224.

225,

226.

775 _1,-1,0)
@ (3.3.3) ®) (

(9) (1,1,1)

T T ]
perpendiculars lie on the line
[Single Option Correct Type Questl;n. 2013 Adv.]

x_y-1_z-2 X Y= 2
@ 5= "5 ® 3 3, =
=—_1—=z—2 (d)z:y_—_=z

3 -7 2 ~7. 5

=1 z+3

Consider the lines L, = = -Zl- e

(c)

o

= =Z"" and the planes
1

P :7x+y+2z=3P;:3x +5y —6z=4.Let

ax + by + cz = d the equation of the plane passing

through the point of intersection of lines L, and L, and

perpendicular to planes P, and P,.

Match List I with List I and select the correct answer

using the code given below the lists.
[Single Option Correct Type Question, 2013 Adv.]

List I List IT
P a= 1. 13
Q. b= 2. =3
R. c= 3. 1
S. d= 4. _2
Codes
P Q R S P Q R S
@3 2 4 1 (1 3 4 2
©3 2 1 4 d 2 4 1 3
If the straight lines X1 yTH =%md
2
x+1 _y+1
& = 5 = P are coplanar, then the plane(s)

containing these two lines is/are
[More than One Correct Type Question, ITJEE 2012)
(@) y+2z=-1 M) y+z=-1
() y-z=-1 d) y-22=-1
If the distance between the plane A x —2y+ z =d and

the plane containing the lines X=bay—2 a3

z-4.
Lol 5 Al g 5 is V6, then |d|is equal to....

[Single Option Correct Type Question, IT-JEE 2010)
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Passage
(Q. Nos. 227-229)

Read the following passage and answer the questions.
Consider the lines

L — =
T 1 2
L,: x—2=y_+2=z_—3

1 2 3

[Passage Type Question, IIT-JEE 2008]
227. The distance of the point (1, 1, 1) from the plane passing

through the point (=1, -2, —1) and whose normal is
perpendicular to both the lines L, and L, , is

(a) 2/+/75 unit (b) 7/375 unit

(c) 13/4/75 units (d) 23/4/75 units
228. The shortest distance between L, and L, is

(a) 0 unit (b) 17/+/3 units

(c) 41/5+/3 units’ (d) 17/5+/3 units

229. The unit vector perpendicular to both L, and L, is

230.

231

232,

Consider three planes

Pix-y+z=1, P:x+y—-2z=-1
and Py:x-3y+3z=2
Let L,, L,, Ly be the lines of intersection of the planes
P, and Py, P; and P, P, and P,, respectively.
Statement I Atleast two of the lines L,, L, and L; are
non-parallel.

Statement II The three planes do not have a common
point. [Assertion and Reason Type Question, lIT-JEE 2008]

Consider the planes v
3x—6y—2z=15 and 2x+y—2z=5.

Statement I The parametric equations of the line of
intersection of the given planes are x =3+14t,
y=1+2t, z=15t.
Statement IT The vectors 14 +2j+15 k is parallel to
the line of intersection of the given planes.

[Assertion and Reason Type Question, IITJJEE 2007]

Consider the following linear equations
ax+by+cz=0,bx+cy+az=0cx+ay+bz=0

—i+7}+7ﬁ —i—73+5ﬁ [Matching T: Questi
g Type , IT-JEE 2007]
(a) =% (b) 55
-1 +7j+5k 7i-7j-k Column I Column IT
©——F— (d) —=—— -
573 J99 A. a+b+c#0and p. The equations represent
P+ +F=ab+ betca planes meeting only at
= Directions (Q. Nos. 230-231) For the following questions, e asinglepoint
choose the correct answer from the codes (a), (b), () and g ;4 p4 0= Oand q. The equati;r:s_ r;:_;arésé;; ;I;e;
(d) defined as follows. 2 32 linex=y=
) N a+ b+ #ab+ be+ca e
(a) Statement I is true, Statement II is also true; St n i =
is the correct explanation of Statement I C. a+b+c+#0and r. The equations represent
(b) Statement I is true, Statement II is also true; Statement Il a*+ b2+ #ab+ be+ ca identical planes
S ; e1 -
is not the correct explanation of .sfatemen D. a+b+c=0and r.  The equations represent the
(c) Statement I is true; Statement Il is false 2. .2 whole of th:
: % a+b’+c*=ab+bc+ca ole of the
(d) Statement I is false; Statement 1l is true three-dimensional space
(ii) JEE Main and AIEEE
233. If the image of the point P(1, — 2, 3) in the plane 235. The distance of the point (1, -5, 9) from the plane
" 2x +3y — 4z + 22 = 0 measured parallel to the line X —y +z=>5measured along the line x=y=zis
3J10
XY 24 Q, then PQ is equal to .(a) 1\({— ®) 12%‘/5 [2018EE Malo]
1 4 5 [2017 JEE Main] (c) % d)=
(2)3v5 (b) zfﬁ 3 3
o) Jaz d)6v5 . Xx=3_y+2 z+4
© ( 236, It the liie, 2= =X " 2 = E T R ey i the plane,
234, The distance of the point (1,3, —7) from the 2 -1 3
plane passing through the point (1, -1,-1) Ix +my —z=9, thenI* + m® is equal to [2016 JEE Maln]
having normal perpendicular to both the lines (a) 26 (b) 18 (c)5 (d)2
x-1_y +22 _z ; 4 x 2’ 2_ y—+ll - Z_+IZ, 237. The distance of the point (1, 0, 2) from the point of
1 - = = . . o x- -
intersection of the line e W il o and the
20 .. 10 . 3 4
(a) —= units (b) " units 12
J74 83 [2017 JEE Malin] plane x -y +z=16is [2015 JEE Main]

(© Tzs;—s- units

(d) 7‘% units

(a)2V14 (b)8
(c)3v21 (dn3



238.

239.

240.

241.

242,

243.

244

245,

The equation of the plane containing the line
2X—=5Sy+z=3,x+y+ 4z'=>5and parallel to the plane

X+3y+6z=1,is [2015 JEE Main)
(@) 2x + 6y + 122 =13 (b) x +3y + 62=—7

(©) x+3y +62=7 (d)2x + 6y + 122 =13

The angle between the lines whose direction cosines

satisfy the equations [+ m+n=0and 12 = m? +n? is
T

@ ®) =
3 4 [2014 JEE Main]

L T
(©) z (d) =

The image of the line x_;_l ol P in the plane
5

2x —y+z+3=0is the line [2014 JEE Main]

x+3 -5 -2 + -
® 3 =y1 =z—s ) x—33= 15=z;2
-3 +5 - - -
(c)x =¥ _z 2 (d)x 3=y+5:z 2
3 1 -5 -3 -1 )

Distance between two parallel planes 2x + y + 2z =8 and
4x+2y+4z+5=0is [ 2013 JEE Main]

3 5
(3)5 (b)i
7 9
2 d) =
C} = ()2
If the lines
x—-2_y—-3_z—-4 x—-1_y-4_z-5
1 1 -k k 2 1

are coplanar, then k can have
(a) any value
(c) exactly two values

[2013 JEE Main)
(b) exactly one value
(d) exactly three values

An equation of a plane parallel to the plane

x —2y +2z —5=0and at a unit distance from the origin
is [AIEEE 2012]
(a) x-2y+2z-3=0 (b) x-2y+2z+1=0

(c) x=2y+2z-1=0 d) x-2y+2z+5=0
x-1_y+1_z-1

Beline ="~ 0 g &}
intersect, then k is equal to [AIEEE 2012]
2
(a) -1 o3
© 2 @o
: y-1_2z-3
If the angle between the line x = 5 = and the
plane :
=4iscos™ | ,[]— | then A equals
x+2y+3z=4iscos [\/; } A
2
3 —
(a) z (b) s
2
5 -—
(c) = (d) 3
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246.

247.

248.

249.

250.

251.

252.

247

Statement I The point A (1,0,7) is the mirror image of

. -1 z-2
the point B(1,6,3)in the line§=y—2— =22
.

3
s X =1 2. i i
Statement II The lmeT=-2—=Tbxsectst e line

segment joining A (1,0,7)and B(3,6, 3). [AIEEE 2011]

(a) Statement] is true, Statement Il is true; Statemt':nt Ilisnota
correct explanation for Statement I

(b) Statement I is true, Statement II is false

(c) Statement I is false, Statement II is true

(d) Statement I is true, Statement I is true; Statement Hisa
correct explanation for Statement I

The length of the perpendicular drawn from the point

W o

(3-1, 1) to the line - = == === [AIEEE 2011]
(2) V66 ®) 29

33 (d) 53

The distance of the point (1,-5,9) from the plane
x-y+z=5measured along a straight line x=y =z, is

[AIEEE 2010]
(a)3v5 (b) 1043
(c)53 (d)3v10

A line AB in three-dimensional space makes angles 45°
and 120° with the positive X-axis and the positive Y-axis,
respectively. If AB makes an acute angle 8 with the
positive Z-axis, then 0 equals [AIEEE 2010]
(a) 30° (b) 45°

(c) 60° (d) 75°

Statement I The point A(3, 1, 6) is the mirror image of
the point B(1, 3, 4) in the plane xX—y+z=5.
Statement I The plane x —y+z =5bisects the line
segment joining A(3,1,6) and B(1, 3, 4). [AIEEE 2010)
(a) Statement I is true, Statement II is true;

Statement II is the correct explanation of Statement 1
(b) Statement I is true, Statement II is true;

Statement II is not the correct explanation of Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true
Letthelinezr;2=y——l=z+2

3 =5 2

x +3y —0z + B =0. Then, (o, B) equals
@ (6.-17) () (-6,7)

lies in the plane

[AIEEE 2009)
(©) (.-15) (d) (-5,15)
The projections of a vector on the three coordinate axes

are 6, — 3,2, respectively. The direction cosines of the
vector are

[AIEEE 2009)
6 32
(@ 6,-3,2 b) =—sis
® 355
6 32 6 32
9 -.-c.2 d) -2,-=. £
© =73 @-3 7'7
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253.

254,

255.

256.

257.

258,
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The line passing through the points (5,1a), and (3, b, 1)
crosses the YZ-plane at the point (0, %. -—13} Then,
2

[AIEEE 2008]
(@) a=8,b=2 (b) a=2,b=8
(c) a=4,b=6 (d) a=6,b=4
If the straight lines

x-1_y-2_z-3 o W W)
k 2 3 3 k ' 2

intersect at a point, then the integer k is equal to

[AIEEE 2008]
(a) -2 () -5
(© 5 @ 2

Let L be the line of intersection of the planes
2x+3y+z=1and x + 3y +2z = 2. If L makes an anglea
with the positive X-axis, then cos o equals [AIEEE 2007]

(2) 1/43 ) 172
(© 1 @ 1/42
If a line makes an angle of —:E with the positive directions

of each of X-axis and Y-axis, then the angle that the line
makes with the positive direction of the Z-axis is

[AIEEE 2007]
(a) m/6 (b) /3
(c) m/4 d)m/2
If (2, 3, 5) is one end of a diameter of the sphere

x? +y? +2% —6x —12y—22z+20 =0, then the coordinates

of the other end of the diameter are [AIEEE 2007]
(a) (4.9,-3) (b) (4,-3,3)

(c) (4.3,5) (d) (4,3,-3)

The two lines x =ay + b,z =cy +d and
x=a’y+b,z=c’y+d’ are perpendicular to each
other, if [AIEEE 2006,2003]

259,

260.

261.

262.

263.

a ¢
(a)aa’ +cc’ =1 b)=+—5=-1
a’

©=+<=1 (d)aa’ +cc’ =-1
a

The image of the point (1,3, 4) in the plane x — 2y =0is

®) (— L. 1)
3™ 3 [AIEEE 2006]
@ (

9 1
2-2.4)
5 5

If the plane 2ax —3ay + 4az + 6 = 0 passes through the
mid-point of the line joining the centres of the spheres
x4yt 427 +6x —8y—2z=13and

x*+yt+z? —10x+4y—2z =8 then aequals

(2) (15,11, 4)

(c)(8,4,4)

[AIEEE 2005]
(a) 2 (b) -2
(0) 1 (d -1
If the angle 6 between the line XTH = yT—l = ZT_?‘ and

the plane2x — y +vAz + 4 =0is such thatsin9=l.'l'he
3

value of A is [AIEEE 2005]
4 3
(a) 5 (®) 3
3 5
(c) : (d) 5
The angle between the lines 2x =3y = — z and
bx=—y=—4zis [AIEEE 2005]
(a) 30° (b) 45°
(c) 90° (d) 0°

The plane x + 2y — z = 4 cuts the sphere
x? +yz +2% —x+2z-2=0in a circle of radius

[AIEEE 2005]
(a) V2

(c) 1

(b) 2
@ 3



Exercise

for Session 1

1.8 2.3 |k | 4.0,2 _
5.5 6.(4,5,6) 7'260’3)' 345 ¢16.-7)
8. -1 9.0 11 (.2-,;‘ z)or(-_z l .__2
12. V14 8 o .3
Exercise for Session 2
Lr=30 - j+ 3k + A@i - 2] + 5K)
2.r =21 - 3]+ 4k + AQ3 + 4] - sn___y”_z-"
4 -5

13 23 19
3-(?,?‘0) 4.cos” (2_1] 5.(-1,-1,-1)

1 41
6. — 4

V3 i
8.—):-1:‘—}':7'-'2 or_x—l=‘_y.,: 2

-1 2 =7 1 -2

-1 -2 _z+1
9.x—=y_=

: — : 10. (5, 8, 15)

Exercise for Session 3

1.2v— y+32=9 2xla@i+2j+ i)

3
3.4x-3y+2z=3 4.5x+ 18y +6z=0
5.x=5y-2z+6=0,3x- y+4z-2=0

i 15
6.(-3,5,2 7. 22
) s 7m)
8. y+z=2 9.13
10.17x - 47y—-24z+ 172=0
1.3 x=y+3z+10=0
12.x-2y+2z=0andx-2y+2z-6=0
13. 25x + 17 y + 62z = 238 (acute angle bisector)
x+ 35y — 10z = 256 (obtuse angle bisector)
14.x—-8y+4z=17
15.2x+ 2y+z=9
Exercise for Session 4
1. Centre (2, - 2, 0), Radius:@
2.2+ Y+ 22 —4x+ 4y— 4z + 9 =0, Centre (2,- 2,2)
3.2+ Y+ 22 -2J3y-1=0
4.92 + 9)% + 922 — 54x— 108y + 72z + 545=0
5.A=J/3£3
6.2 +2)2 + 22 —6x+2y-4z=25
(37 VI8 .
7. _.-.—2) @ G s
()[2 .
Chapter Exercises
1.(b) 2.(b) 3.(b) 4.(2) 5.8  6.(b)
7.(b)  8.(b) 9.(b) 10.(c) 1L.(b) 12.(a)
13.(c) 14.(a) 15.(d) 16.(c) 17.(a) 18.(b)
19.(b)  20.(a) 21.(c) 22.(c) 23.(d) 24.(a)
25.(a) 26.(b) 27. (d) 28. (a) 29.(d) 30.(d)
31.(a) 32.(d) 33.(b) 34.(a) 35() 36.(c)
37.(b) 38.(c) 39. (c) 40.(c) 41.(d) 42.(c)
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Answers

43.(c) 44.(9)
49.(d) 50.(c)
55.(d)  56.(b)
61.(b) 62.(d)
67.(a) 68.(c)
73.(a) 74.(b)
79.(d)  80.(a)
85.(c) 86.(b)
91.(d) 92.(a)
97. (b,d)

100. (b,e)

103. (b,c)

106. (c,d)

109. (b,d)

112. (c,d)

115. (a,b,d)

118. (b,d)

121. (a,b,c)

124. (a,b)

127.(a) 128. (b)

133.(a) 134.(a)

139.(d) 140. (b)

145.(b) 146. (c)

151.(c) 152.(b)

157.(b) 158. (a)

163.(c) 164.(c)

169. (a) 170. (b)

175.(A)->r (B)- g,
176.(A)—>r (B)—> g,
177.(A)—> q (B)>r,
178.(A)—> s (B)—> g,

179.(A)—> r (B)> g,
180.(A)— s (B)->r,
18L.(A)> r (B)- p,

182.(1) 183.(7)
188.(2) 189.(8)
194.(3) 195.(7)
200.(4) 201. (4)
206.(1) 207.(1)

208. cos”™[ =}

2L r=(i-
22 E =V 2

1 2 -

-1 1

45.(c) 46.(a) 47.(b) 48.(a)
sl.(c) 52.(d) 53.(b) 54.(a)
57.(b)  58.(a) 59.(c) 60.(a)
63.(a) 64.(a) 65.(b) 66.(c)
69.(a) 70.(c) TL(D) T72.(b)
75.(c) 76.(a) 77.(d) 78.(a)
81.(b) 82.(c) 83(a) 84.(0)
87. (c) 88.(a) 89.(c) 90.(a)
93. (c) 94.(a) 95.(a) 96.(a)
98. (a,b,c) 99. (b.c)
101. (a,c,d) 102. (a,b)
104. (a,b) 105. (a,b)
107. (b,c) 108. (a,c)
110. (a,c) 111. (a,b,c,d)
113. (a,d) 114. (a,b,c)
116. (a,c,d) 117. (b,c)
119. (a,c) 120. (a,b,c,d)
122. (a,b,c) 123. (a,b,c)
125. (d) 126. (d)
129.(b) 130.(d) 131.(a) 132.(c)
135.(b) 136.(a) 137.(a) 138.(d)
141.(b)  142.(b) 143.(d) 144.(b)
147.(a) 148.(d) 149.(d) 150. (b)
153.(c) 154.(a) 155.(c) 156.(c)
159.() 160.(c) 161.(b) 162.(a)
165.(c) 166.(b) 167.(b) 168. (b)
171.(c)  172.(b) 173.(c) 174.(d)
(©)- (¢.5)(D) = (p,s)
©)- p, MD)— s
©C)-p D)—> s
©)->@rn D> (ps)
©)>q, D)= (s)
©)>gq, (D) (s)
©C)>q
184.(2)  185.(3) 186.(1) 187.(3)
190.(2)  191.(4) 192.(3) 193.(4)
196.(7)  197.(7) 198.(9) 199. (6)
202.(4) - 203.(1) 204.09) 205.(2)

210.(-2, -1, 3)an d(ss 43 m)

i+ 3k)+u(21+i-2k)
Py 2
=2

[EANTART;
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1775
213. J—s—squmts 216.2x+ y-2z+3=0andx—2y-2:-3 =0

217.x-8y+4z-7=0

218. (b, ¢, d)

219.(¢)  220:(c) 221 (ad) 222. (b.d)
223.(d) 224.(a)  225.(b,c) 226.(b) 227. )
229.(b) 230.(d)  231.(d) ® ® R
232. (A) = (1); (B) > (Q); (C)— (b); (D)= (s)

233.(b) 234.(b)  235.(b) 236.(d) 237.(d) 238, (c)
239.(a) 240.(a)  241.(c) 242(c) 4N(a) 244, (0)
U5.(d) 246.(d)  247.(d)  24B.(B) 249.(c) 250, (a)
3L () 252.(c)  253.(d) 254.(b) 255.(a) 286, (d)
357. () 258.(d)  259.(d)  260.(b) 261.(d) 262, (c)
263. (c) » o



Solutions

1. Suppose xy-plane divides the line joining the given points in
the ratio A : 1. The coordinate of the point of division are
(21—1 —5A+3 6A+4

A+1" A+1 A+1)

This point lies on xy-plane.
6 + 4
A+1

Hence, xy-plane divides externally in the ratio 2 : 3.

Aliter We know that the xy-plane divides the line segment
joining P (xy, yy, ;) and Q (x3, 5, z,)in the ratio —z, : z,.
Therefore, xy-plane divides the segment joining (-1, 3, 4) and
(2,—5,6) in the ratio —4:6 i.e. 2 : 3 externally.

=0=.'ak=—z
3

2. Suppose zx-plane divides the join of (1, 2, 3) and (4, 2, 1) in the
ratio A : 1. Then, the co-ordinates of the point of division are

(4A+1 2\ +2 x+3]

A+1 A+1 A+1

This point lies on zx-plane

2A +2
-coordinate = 0 =
* A+1

=0=>A=-1

Hence, zx-plane divides the join of (1, 2, 3) and (4,2,1)
externally in the ratio 1: 1.

Aliter We know that the zx-plane divides the segment joining
P (x, y1, z;) and Q (X3, y2, z2) in the ratio —y; : y,.

..zx-plane divides the join of (1, 2,3) and (4, 2, 1) in the ratio
—2:2ie.1:1externally.

3. Suppose R divides PQ in the ratio A : 1. Then, the coordinates
of Rare
5A+3 4A+2 -61—4)
(AH' A+l A+1
But, the coordinates of R are given as (9, 8, —10).
SA+3_, 4A+2
A+l A+1
-6\ — 4 3
and e =-10 = A= 5
Hence, R divides PQ externally in the ratio3:2.
4, D divides BC in the ratio AB: ACi.e. 3 : 13. Therefore,

coordinates of D are
3x-9+13x5 3X6+13x3 3X-3+13X2 or(g 57 E)
3+13  3+13  3+13 816 16)

5. Let I, m,n be the direction cosines of the given line. Then, as it
makes an acute angle with x-axis. Therefore, I > 0. The line
passes through (6, =7, -1) and (2, -3, 1). Therefore, its direction
ratios are

6-2—-7+3,-1-1o0r 4-4,-20r2,-2-1

Hence, direction cosines of the given line are g - ;—, —%

6. We have, o = 45°and B =60°
Suppose OP makes angle y with OZ. Then,
cos® . + cos’B + cos’ Y=1"

: LY (1) e
= (—J—i-) +(E) +cos"y=1
= cos"{:l::cosy:i1
4 2
> y =60°,120°
7. Let OA and OB be two lines with direction /;, my, mand
1, my, ny.

Let OA = OB = 1. Then, the coordinates of A and B are

(, my, ny) and (I, m,, n,) respectively. Let OC be the bisector of
/Z AOB. Then, C is the mid point of AB and so its coordinates
are

(I,+lz m+m, n,+n2)

2 2 2
Y
B (= lpmyn
€ lemany) I+I2m,+m2n'+n2
2T 2 Tz
= A (hmyny)
& olL 11l
B X
Iy +I2 my+my ny+ny
T2 T2
D (-lp-mp.-ny)
Y .

~Direction ratios of OC are *—2 h+ lz ik L Sl B sl +n,
2

2 2
2
Now, 0C=J(I‘+lz) +(m,+mz)+(n,+n2 :
2 2 2
oc=1
2
O+ m? +n2) + (2 + m2 + n?) + 210, + mm, + nny)
1
= oc= E,}Z +2cos® [ cos® =1, + mm, + nn, ]
= oc =% 2+ 2cosO = cos(g-)

. Direction cosines of OC are
L+1l, m+m n+n,
2(0C)" 2(0C) " 2(0C)
L+l, m+m n+n,

0 R )
2| =) 2 - 2
(cosz) (cosz) (2cos2)

or,

8. The given line is parallel to the vector n = § — j + 2k The
required plane passes through the point (2,3, 1) i.e., 21 + 3] + k
and is perpendicular to the vector n =1 - j + 2k So, its
equation is

{r =21 +3j + k)}-(i - j + 2k) = 00000
= r(i-j+2k)=1
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9. Le the
3 position vectors of the given points A and B b db 15. Let A(1,0,-1),B(-1,2,2)
:}c]:[t)cclivcly and that of the varlablel::;lnt Pber.It i: ;i::n

~

Direction ratios of segment AB are <2,-2,—3 >

PA* +3(-2)— —3)! 11 11
A? - PB? = k. le 3(—2)-5(
(constan!) cos 0 F % = .\/1__‘/_5-————‘/3—_

| AP ~ | B = k o .
Ir-af’ —|r-b? =k Length of projection =(AB)sin 8

121
{Ixf* +Jaf* ~2r-a) = {|xj? + |bf’- 2r-b} = k =@ +@)}+06) XJI—SE

2e-(b=2) =+ f o T[T
Y 73 V3

16. Let the point be A, B, Cand D
The number of planes which have three points on one side and

8 LU

r(b-a)=A, where A =.;. {k + b2 [a[?}

Clearly, it represents a plane.

10. The gosition vectors of two given points area= i~} +3k and the fourth point on other side is 4. The number of planes
b=3i +3]+3k and the equation of the given plane is which have two points on each side of the plane is 3.
r =(5}+23_7|“()+9=0 = Number of planes is 7.
or r.n+d=0 17. Point A is (a, b, ¢) = Points P, Q, Rare(a, b, —c),(=a, b, c) and
We have a.n+d=(i-j+3k)- 6i+2j-7k)+9 (a, — b, c) respectively.
=5-2-2149<0 = Centroid of triangle PQR is [g 5 g) =G= (g E, §)
and b.n+d=(3i+3)+3k) (51 +2j-7k)+9 06 llin £ tri : ’
g wifiictirosg = A, O, G are collinear = area oxtnanglezAOG is zero.
So, the points a and b are on the opposite sides of the plane. 18. Let the equation of the plane be a * % T
¢ c
11. The equation of a plane parallel to the plane 101 .1
r-(4i-12j-3k)-7=0is, = a5 e
* ) T
r-(41-12j-3k)+A=0 => Volume of tetrahedron OABC =V = l(a bc)
This passes through 2i - j -4k o
5 ~ ¥ & 3
(@i-3-4ak)- (4i-12]-3k)+ A =0 ; Now, (@be)® 2 ——23(GM 2HM)
= | 8+12+12+A=0 a b e
= A=-32 9
o o = be22 S
So, the required plane is r-(4i-12j-3k)-32=0 sl et 2
12. Equation of the plane containing ,, 1. A(1,1,1)
A(x-2)+B(y-1)+C(z+1)=0
where A+2C=0; A+ B-C=0
= A=-2C, B=3C,C=C
=5 Plane is —2(x-2)+3(y-1)+z+1=0
. a
or 2x-3y-z-2=0
il B Y B (A, 21, 3A)
Hence, == =\/: L i :
al V7 et any point of second line be (A, 2A, 31)
13. (1, 2, 3) satisfies the plane x—2y+2z=0and also cos @ = %,sin 0= %
g & " 42
(i+2]+3k)-(i-2j+k)=0 1 .
Pk gD B Aoss =—(0A)OBsin 8
Since the lines —’u=-}i=-z—3 and 2
1 2 3 1 BAVTE J6
==VBAVIa X — = =
Xl = oth satisfy (0,0,0) and (1, 2, 3), both are same. Given 2 % Jaz V6 = =2
1.2 3 So, Bis (2, 4, 6).
line is obviously parallel to the plane x—2y +z=6 20 Equation of I
14, Vector (31 ~2)+ k)x(41 -3} + 4k) is perpendicular to 2i-j+mk - Bquation of line x +2y + z 1+ AM=x+ y -2z -2) = 0 (i)
i X+y-2+u(x+z2-2)=0 i
p =24 (0, 0, 1) lies on it ()
=2 4 -3 4|=0 = m=-2
= A=0p=-2

b -1 For point of intersection, z = 0 and solve (i) and (ii).
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X .y, z X .y z
’ —+=4+==land =+ = + = =1
21. The planes are gl i
Since the perpendicular distance of the origin on the planes is
same, therefore

-1 ” -1
T
7ot

=3 -—2+F+-—-——--————=0

22. Given one vertex A(7,2, 4) and line
x+6 y+10 z+14
—— Y S—
5 3 8
General point on above line, B = (50 - 6,3\ — 10, 8\ - 14)
Direction ratios of line AB are <5\ —13,3A —12,8A - 18>
Direction ratios of line BC are <5,3,8 >

Since, angle between AB and BC is %

05 o A =3)5 + 33X —12) + &8\ — 18)

C

4 5\ —13)?
,/s‘ +3°+8% |+ (3L -12)?
+(8A -18)°

Squaring and solving, we have A =3,2
i 3 x=7_y=-2_z-4
Hence, equation of lines are = =—=—

and SR

23. L L, intersecting; L, L, parallel; L, skew.
24, A =y =1 (point of intersection of two lines)

= r=a+lorb+m,ie,r=i+2j+k
25. Both the lines pass through origin.

Line L, is parallel to the vector
V, =(cosb + V3)i +(¥25in)j + (cos® —3)k and L, is parallel
to the vector
V,=ai+ bj+ ck
Vi'V,
RANA
_a(cosB + «/5) + (in)sinO + o(cos 0 - \ﬁ)
- 9+ V3)? + 2sin’0
B i
+(cosO—\ﬁ)
(@a+c)cos0+ by/2sin0 + (a —c)ﬁ
,/a’ +b+ctfzve

In order that cos & in independent of

cosQa =

a+c=0

and b=0
i 3
cosa = -—
av2 - 2J2 2

a==
=5 iad
6

26. Given lines are skew lines and angle between them

cos! 12+43+0
= TT—
35425
cos™ .
=
335

Equation of plane
x=1 y=1 z=1
1 3 -2 |=0

S y.2)

R
a@4-n "9

= 20x=3~-y+1)=0
= Ix-y=2
x~intercept <L
L P
x,l-n-q:oxln_‘!—
i'n

N=4x+6y -7z ~-1=0
Py=d4x+6y =71 -2=0

1 1
d= =

:;M+36+ 149 3101

Hence, ARl =5151
2

x and z-intercept of the plane is 4 and it is parallel to y-axis,
hence equation of the plane is x + z = 4,
Its distance from (0, 0, 0) is 2v/2.

Coordinate of I(0, g, h) and M(f, 0, h). Now, to find the
equation of OLM.

©0(0,0,0)

*P (x.¥.2)

®/(0,g.-h) e M(0nh)

Xy z
= 0 g hi=0
f 0 h
= (gh)x + (fh)y = (gf)z'=0
or LIFOP 5. 3
f & h
y-coordinate of P is zero.
i A (D [ p /
Al 11,5 / [ 2
= Awl
3



35.

36.

37.

X,
_l=u.&=v.z—'=w
4 4
X =duy, =4v,z) = 4w
l4u 0 0
V=g 0 4v 0 =(ﬁ)uw
0 0 4w 8
64(“_"‘"):64,(;
6 :
Z
X4
Y1
xyz =6k’

~ B(b, 0,0)

C(0,c,0)
Area of ABCD = %| BC x BD|

=%I(5—C])x(b§ -—dl‘()|=%|bd_'i+ bek + dci |
= %,/b’c’ +c%d? +d° ()
Now, 6 = b, 8 =cd, 10 = bd

b%c? + c’d* + d*b* =200
On substituting the value in Eq. (i), we get

A= %Jzoo =542

r=2i+j+0k+ti+3)xG+k)
=(21,0)+ (k- j+1)=(210)+11,-1,1)

. 2 2 2
Opuon(a).—;=—§=;
Option (b),2 =2 =2 =2 identical

-2 -2 -2_3
Opnon(c).—3—=?--T¢§
Option (d),2=2#-6
x=%x=1
y=8;y=2
z2=52z=3

Edges of the cuboid are 8, 6 and 2.

Chap 03 Three Dimensional Coordinate System

38, Plane through a and parallel to two non-collinear vector
(r—a)(b xgc) =0 (takes dot with b X ¢ both sides)

(r-(i-3-6Gi-2j-3k)=0

ie.,
= r-(5i-2j-3k)=7
39. Intersecting, if
5 2 13-p| |5 2 13-p
1 2 3 =0 2 0
-1 2 -3 -1 2 -3
—4(-15+13-p)=0
p=-2
Aliter
A+2)=—(u+3)
A+ p=2u+7
IL+13=p-3p

FromEq. (i) =(-A +5)
On putting in Eq. (ii),2A + 9=—2(A +5) + 7

A=-3
Now, from Eq. (iii), -9+ 13 =p + 6
p=-2
40. r=a+vb+pc
Taking dot with b X ¢
[rbe]=[abc] [where,a =(0, 1, 1)]
b=(1,-1,1)andc=(2, -1, 0)
0 1 1
[abe)=[1 -1 1|=0-(0-2)+1(-1+2)=3
2 -1 0
x y z
and [rbe]=[1 -1 1 =x(0+1) - y(0 - 2) + z(-1 + 2)
2 -1 0
=x+2y+z

Hence, equation of plane is x + 2y + z =3

2

2-a 9-7 13-(-2)

p:

41.| 1 2 3 =0
-1 2 -3
= i
42.

(?n 1.2 3).satisﬁes the plane x -2y + z = 0 and also
(i+2j+3k)(G-2j+k)=0
Since, the lines X =1 =¥ =2 _z -3

x
and l—=§=§bothsatisfyr+lnnd3r+3.

Hence, both are same.
Given line is obviously parallel to the plane x -2y +z =6

253
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1 - -b
43. Infinite solution (¢ . -1 a |=0
b a -1
= A+ bt +ct=1

Note that 3 such planes can meet only at one point i.e. (0, 0, 0)
or they may have the same line of intersection i.e., at infinite
solution.

The given lines are coplanar, if

2-1 3-4 4-5 1=1-1
1 1 -k |=0 = |11 -k|=0
k2 1 k21
1 0 0
= 1 1 1-k|=0
kk+21+k
= 20+ k)-(k+2)(1-k)=0
if k*+3k=0 = k=00r-3
Put z = 0in the line given x =5and y =1
= 5-1=c°
Equation of the line is i -’% =zz;5 =i .di)
Hence, any point on the line (i) can be taken as
x=A+2
y=—(3A+2)
z=02A +5)
From some A point lies on the plane
2x -3y + 4z =163 (i)
2\ +2) +33A +2) + 42\ +5) =163
194 =133
= r=7
Hence, P=(9,-2319)
Also, Eq. (i) intersect YZ-plane i.e., x =0
A+2=0
Hence, A==-2

s Q0,4,1)
So, PQ = 9" +27% +18*
=9/1+3%+2% =914

= a=9and b=14

Hence,a+ b=9+14=23

Equation of the plane passing through the line of intersection
of the first two planes is r+(n, + Anz), = p; + Ap,. where Lisa
parameter

Since, three planes have a common line of intersection the
above equation should be identical with r-ny = p, for some A.
That is for some A,

n, + An; =kny ()
and P+ Ap =kpy ..(ii)
From Eq. (i)

n, Xny+An; Xny =0
and n, X n; =kny Xn, .(iil)

From Eq. (ii)

(1 + Ap)(nz X ny) = kpy(nz X 03)
= py(nz X my) . iv)
p(ng X n3) + ppA(nz X ny) + pa(my + n;) =0
= p(n; X ny) + py(ny X my) + py(n; Xny) =0
[Using Eq. (iii)]

. Equation of any plane through the intersection ofr-nm; =q,

and r- n, = g, is of the form
r-n +Arn, =g + Ag’ (i)
where A is a parametel". .
So, n, + An, is normal to the plane (i). Now, any plane parallel
to the line of intersection of the planes r-nj = g3 and
r-n, =q, is of the form. .
r-(ny + Un,) = g5 + Pgy, hence we must have
n, + An, = k(ny + pn,) for some k
= [n, + An,]-[n; X ng]=0
= [n nyng]+A[n, nyng]=0
_ [n ny n,]

[n ny n,]

= A=

On putting this value in Eq. (i), we have the equation of

required plane as

[n ny ny] (r-n,
[nz ny n,]

= [n;nyn,)(r'n, —q)

=[n; ny n)(r-n; —q;)

rm-q= - q2)

. Equation of line is

r=i+0j+k+ti+3j-k) )
Eq. (i) liesinx+y+cz=d
1+0+c=d
. 1+c=d
Also, 1-1+1:3+(-1)=0
c=4
P 1+4=d =d=5
= (c+d)=4+5=9
3 Anypointonx——%=y—+l=z—_2canbe
2 4 12

(2r +2,4r—1,12r + 2)

which lieson x -y + z =5
@r+2)—(4r-1)+12r+2=5

r=0

~.Point on the plane =(2, -1, 2)

Distance between (2, -1, 2) and (-1, -5, —10)
=Je+1? + (1457 + @+ 10y
=13

R(r) moves on PQ,

R(r)
—_—
P(p) Aq)
(i +3)x(+ k) =1 -]+ k= Unit vector perpendicular as to

the plane of i + jand j + Risjl_:;(i—}+]}),

Similarly, other two unit vectors are
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L 1 e o & X Y .
B i-p gl X + ¥ 4 Z 1 be the variable.
@(h-j-k)a"d\/;(‘*.l*‘k) 55.Lela+b+c 1 be the variable

1 =1 1
Ve[, fady)l=—=|1 1 1=
1 Rz, Ry 3 1 35 So that,
Aliter
Leta=i+jb=j+kande=k+i Then, the coordinates of AABC are A(a, 0, 0), B(0, b, 0) and
N°W-[3Xb.bxc.CXa]=[.bc]? (0, 0,¢) -
a
11 of Thecenuondofmas(; o 5)
=01 1| =N)-10-1)F=4 b e
Lo *=3r=3"s
Hence, actual volume with unit vectors Aetmileo
= 4 < yz 22

s =
laxbl|bxe||cxal| 56. Direction ratios of ABare1:1:1.

Now.|a xb|=a®" ~(a-b)’ = Vi-1=V3etc. Direction ratios of CDare1:2: 1.
Vv o A Angle between AB and CD,
33 cosg= 1XItiIx2+1x1 4
53 aumil Yl B
Line through A are parallel to n is 57. Equation of plane is =+ £ + % =1
r=1+2j+3k+AGi-j+ 4k) L2 3
=30 +1,2-A,3+4A (i) 1 2 3
—+2-2
a AfL2.3 " Required distance |-——2£_3 | 1 2 3
§8. Angle between the faces = Angle between the normals
n, =Vector normal to face OAB
- ik
Hence, Eq. (i) must satisfy the plane =0AxOB=|1 2 1|=si_ j-3k
3x-y+4z=0 213
3BA+1)-(2-A)+43+470)=0
260 +13 = 0 n, =Vector normal to face ABC
Pt i j ok
2 =ABXAC =1 -1 2
Hence, A’ is (—% % l) which is the foot of the perpendicular -2 -1 1
from A on the given plane. =1-5j-3k
54. On solving x + 2y — 4z =0and 2x — y + 2z =0, we get Angle between faces = cos™! M- M2 _ _,(19)
X W B [n,][n,] 35
0 -10 -5 59. Q=(1+202+3A3+4))

One point P on line is (0, —10t, =5t) and 0 =(1, 1, 1)
Direction ratio of PQ =(1,1 + 10,1 + 5t)
0—-10-100t —=5-25t=0

Direction ratio of PQ =2, 3 —1, 4\ —1
Now, (2A)2+ (3% ~1)3 + (4 —1)4 = 0)

29\ =7
= r=- Rl
4 29
= P= (0. g %) Direction ratio of line PQis (14, -8, — 1)
= Hie -1 60. Equation of the plane passing through three points A, Band C
Hence, required equation T = e = = with position vectora, b and ¢ is

r (nxb+bxc+ch)=a-bxc
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61.

62.

63.
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So that, if a, b, c represent the given vectors, then

a A

i j k
axb+bxc+cxa=|-6 3 2
3 -2 4
i j k ijk
+[(3 -2 4|+|5 7 3
5 7 3 -6 3 2
=-13i + 13] - 912k
-6 3 2 i
and araxc=|3 -2 4(=299
5 7 3

So, the requnred equation of the plane is
r.(-13i + 13j~91k) =299 orr-(i— j+ 7k) + 23 =0

The volume of tetrahedron

- o

1
= £(0A 0B 0C) = o= % units

1

O |
S

Area of the base =%|(i+j-i)x(j+ k-1

1. = 1

=-li+k|=—4

A
3><Volumc 3W2 1
H ht——_—_=—-_
< Area of base 6 V2

x—y—z—4=0.x+y+2:—4=0
Required plane is of the form
(x- y—z—4)+l(x+y+22—4)—0
Since, this plane is perpendicular to the plane x -y —z —

1+ A+ -1)(=1)+ @A =1)(-1)=0, A,-—

. Required plane 5x + y + 4z =20
Let I, m, n be the direction cosines of the normal to the plane
on which lies the plane area A.
Then, A,, = projection of A on the xy- plane

= Acos 0, where o is the angle between the plane

and xy-plane.
1.0+ m0+nl
1

Since, the normal to the xy-plane has direction cosines (0,0,1)
Ay =4,
A = A
A = Am
nAY + AL + AL = A

cosa =

Similarly,

. Equation of the plane through P(h, k, I) perpendicular to OP is

xh+yk+zl =h* + k* + I = p?

where, pr=h+ K+
X . z

= —+=+—=1
P
h k 1

4=0

65.

66.

67.

68. -

69.

70.

19 p 1p°p
) MY Ay W =
A=y T2k
2 3
P i
2 1 h
A=\A% + AL + AL
gt [PrEeR _pt [0
T\ o 2 Vh,™®  2hkl
Hence Ar(DABC) = Z—hﬁ

Equation of the given plane can be written as
1 + .y_ + .L =1
20 15 -12
which meets the co-ordinates axes in points A(20, 0, 0),
B(0, 15, 0) and C(0, 0, —12) and the co-ordinates of the origin
are (0, 0, 0).
. The volume of the tetrahedron OABC is

20 0 0
% 015 0 ||= %x20x15x(—12) =600
0o 0 -12
l+m+n=012+m’-n*=0
= P+mi=(-l-mi=0 -
= 2lm=0ie,l=00orm=0
Ifl=00m=-nandifm=0,l=-n

Since d.r.’s of the two lines are 0,1, —1and 1,0, -1
ox1+1><0+(—1)x(—1) 1

V22 T2

cos0 =

= a=2
3

(-j+ak)-G+5j+k)=0
Therefore the line and the plane are parallel. A point on the

line is (2, —2, 3). Required distance is equal to distance of
[2+5-2)+3-5]_ 10

Plane is perpendicular to the line
.. Equation of plane is of the form2x —y + 2z + k=0
- If passes through origin .. k=0
2x-y+2z=0
PQ- i(-2-30) + J@ -3) + k(sp - 9)
PQis parallel to x —4y + 3z =1
= 1(-2-3p)—4u-3)+3(H—-4)=0

= u-_l.
4

Plane meets axes at A(a, 0, 0), B(0, b, 0) and C(0, 0, c).

(2, =2, 3) from the given plane =

ThenareaofAABC=1|ABxAC|

%1(-«. + b)) x (~af xck)|

==|(a’b* + b’ + c’a’

Nl—-
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71. Centre of the sphere is (-1, 1, 2) and its radius = p=-2
=/1+1+4+19=5 and vy-v=29=a’ + BT+ 7
CL, perpendicular distance of C from plane, is = y=t4 .
Sit2tasr| vy =3i -2 £ 4k
1+4a+4 75. The given plane is r-(5i +2j —7k) = -9
Length of the perpendicular fromi - j+3ktoitis
—9-(i-j+3k)Gi+2)-7k)_-9-5+2+21_ 9
J5+a+49 J18 J78
A N 3
8 Length of the perpendicular from3i + 3j+ 3k
—9—(3i+3]+3k)-(5i+2j—7k) _-9-15-6+21 9
Now, AL* =CA? - CI* =25 -16 =9 S J7_s) ’ - 78 T
Hence, radius of the circle =9 =3 Thus, the length of the two perpendiculars are equal in
72. Let rxa=bxa magnitude but opposite in sign. Hence, they are located on
- G~ b) e opposite side of the plane.
i T 76. Let the position vector of A, B,C, Dbea, b, cand d
oy % ivel
Similarly, other line r =a + kb, where t and k are scalars. g
Now at+kb=b+fa Then, AC? + BD? + AD® + BC?
= t=1,k=1 (equation the coefficients ofa and b) =(c-a):(c-a)+(d -b):(d -b)
r=a+b=i+j+2i-k +(d-a)(d-a)+(c-b)(c~b)
=3i+j-k =lef+laf" ~2a-c+|d [ +|b]
ie.(3,1,-1) -2d-b+|d+|al -2a-d +|c|?
73. Letthepointhe(x.y.z),thenthevec!orﬁ+_ﬁ+zf(wi.lllie ) +|b|*-2b-c
on the line =lal*+|b2-2a-b+|c[2+|d|
> .l i
= (x-1)i+@y-1))+(z-1k —zc'd+|a|z+|b|z+|c|z+|d|2
=-M+ -2k +88-b 456 d=Bneo~ahd
= x=1-A,y=1+Aandz=1-2 —2a.d-2d-¢
Now point P in nearest to the origin. =(@-b)@-d)+(c—d)(c—-dp
= D=(1-A2+(1+A)P+(1-7) +@+b-c-d)@+b-c-d)
= AB? + CD? s
- Do _1-A)+21+4)=0 CD*+@+b-c-d)@+b-c-d)
d 2 AB* + CD?
1
= l:; 7 ) X » oz
5 & 3 » If the given vectors are coplanar, then X, y2 z,|=0
= The point is (5. 3 ;) X ¥s %
The set of equation
74. We have,| v, | =2,| vz | =vZ and| v5 | =29 qxlx+y,y+zz—0
I£0 is the angle between v, and v, then XX+ yoy + z;z =6
2J2cos0=-2 XX+ Yy +22=0
o cos O =_% = 0=135° ::::h non-trivial solution.
e given set has a non-trivial solution x, ith
of generality, we can assume that x > y Zz..y'zw‘ e
vi For the given equation x,x + y,y + z,z = 0, we have
XNX==yy -zz
v =, | ax|=|yy +zz|<|yy|+| 22|
- =
Letv,=2l,v,=—i+}andv,=a§+|3]+1k N lr‘::i:y";":";ﬂ
¢ 1 itz
Si ViV, =6=20 ich i i oti .
:ce 3 (;=3 Which is a contradiction to the given inequality.
[xl>Inl+|z]

Also, Vy-vy=-5=-a+p
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79.

80.
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Similarly, the other inequalities rule out the possibility of a
non-trivial solution.
Therefore, the given equations have only a trivial solution.
So, the given vectors are non-coplanar.
The vectors n; X ny, n, X nj and n, X n, are non-coplanar
vectors, so every vector can be written as
r=a(n; Xn,)+ bn, X n,) + o(ny x n,;)

Substituting this value in r-n, = q;,a,b, we get

a(ny X ny) - ny + b(n, X n3)-n, + o(n; X n,)-n, =q

G
n; n; ny

b(nyn;ny)=q, = b=

Since, the required point of intersection will have the position
vector,
1

r= e [g5(n; X n;) + gy(n; X n3) + gy(n3 X )]

Since r? + 5% = e?
=>e =31o0re=19is not possible.
Therefore, e equals 13, 20 or 25.

The possibility for triplet {r, s, e} are {5, 12, 13}, {12, 16, 20},
{15, 20, 25}, {7, 24, 25}.

ad r

Since 16, 15 and 24 do not appear among any of pair wise
differences of 13, 19, 20, 25, 31

=a=19,b=25c¢=31,d =20,e=13

Hence, required area = 745 sq units.

Point A is(a, b, c)

= Points P, Q, Rare (a, b, ¢),(-a, b, c) and(a,— b, ¢c)
respectively.

b c
= Centroid of triangle PQR is G = 5)
i (e, b s)
3353
= A, O, G are collinear =» Area of triangle AOG is zero.
Let line joining AB meet plane 2x + 3y + 5z =1at P.

A+1 =50 7A-3 AP
=| —, — —=A
et £ ().+1'k+1'7\+1] [PB
-5\ A -3
% 3| — 5|——|=1
ki (A+1)+ (A+l]
2(+1) =154 +35L =15=A + 1
= =2
3
= P=(1,-21)
= AP=2‘[5'

82,

85.

86.

<

7.

88

Q=(rr-r)
PQ perpendicular f:% = __z;
@=r)1+@-r)1+@+r(1)=0
a+B-y
r=———
' 3
po? =2 (a7 4Bt + 7 0B+ Br+ 1)
But PQ =2
{perpendicular distance from P(a,B,y)toplanex+y +z =0}
2
a+fB+
2t ey B+ =4 {20
o + B+ y7 + 50B + 3Py + 3y =0
. The cut x = y separates the cube into points with x < y and

those with x > y.

~ So, number of pieces equals to the number of ways of
arrangements of x, y and z which is 3! =6.

Aliter Since in each coordinate there is inequality x >y > z.
So, number of pieces = number of ways of arranging x, y, z =6
Here P and Q lie on the same side of XY plane

Image P(1, 2, 3) on the XY plane is P'(1, 2, —3)

x=3 y-2. z-5

Reflected ray is PPQ = o r
= X508, Yl @)
1 0 4
Let Z + £ 4+ Z =1 be required plane.
a b ¢

Letﬂmespherebexz+y2+zz+2u.x+2vy+2wz+d=0
d = 0if it passes through origin.
Also,a=-2ub=-2v,c =-2w
oBp . B-v y-o_
-2u =2y -2w

and 1

Locus of centre (— u, — v, — w)is Z(at - B)yz = 2xyz
On solving the given planes, the vertices are 0(0, 0, 0),
A(-a,a,a), B(a, - a,a), C(a, a, - a).

Consider the edges OA, BC whose equations are — = ¥ = 4
=% & 1
x-a_y+a_z-a
0 1 =1

Now, find S.D. between the lines.
The angle between the pair of planes is
ax2+byz+czz+2fyz+2gzx+2hxy=0is

0= :an-n[sz’ vg R o —bc-ca]

a+b+c
2p+2q+r=6
=L+ 2§+ k) (pi + q) + rk) =6
@-b’s|al|bp?
6°SAp* +q* + 1)
P+qi+rics



89. Let A(x, Y1, 2y), B(x3, y5, 2,), C(xs, Y3 23), D(xy, 4, 24 ) be the

vertices of tetrahedron. If E is th i i
the centroid of ABCD then AG :3(:/&41{:};‘)1 s

K =3/4.
90. Y(x+y)+z2(x+y)=0
X+y=0 = dr'sareb, =(1,1,0)
and y+z=0 = dr'sareb,=(0,1,1)
R
. i j k
Now, by xb,=|1 1 0|=(,-1,1)
01 1
and a;-a, =(1,1,1)-(0,0,0)=(1,1,1)
sp=lBL X -1 _[-202)
|1, -1,1)| |, =1,1)|
_,/4+o+4_\[§
Ji+1+1 V3

91. L,|| L, Then required distance = distance between (ki k3, 0),
(k3, ky, 0)

=k = ks)* + (kp =k, )?
92. Leta =1i + mj + mk b =1 + m,j + n,k
and ¢ = i + myj + myk

Given that a, b, c are three mutually perpendicular unit

vectors.
Then, p,i+qu+r,fl=bxc=a
(. b X c parallel toa and b X ¢, a are unit vectors)
Similarly, i+ qj+nk=cxa=b
and pii+qsj+nk=axb=c

These vectors also mutually perpendicular unit vectors.
93. Let us suppose A be origin.
ar(AABC)? + afAACD)? + a{AABD)’ = a(ABCD)*
Hence the result follows.
94. a, b, cbeP.V.of A, B,C|a|=|b|=|c[=K

a b+c
=—||OE| =
oD 2| | 5
b+c-a
Given, |DE|=1=—:—— =1= |b+c-a|=2
1. 1. 1
k? 2( ————— ):4
= 3k* + 2k S
0
B E C
= K=+2

) 143 2 )_1
Volume = % (base area X height) = ;(T(k)' x J;k) =3

Chap 03 Three Dimensional Coordinate System

95.

96.

97.

98.

4

The plane equation in the intercept forms is E * > =

Volume of tetrahedron OABC is

v=£b£=64 = abc =384
6

Foot of perpendicular from (0, 0, 0) on this plane is

x Yy B e et i

. PO o
= —a'y b c
1_P+y+2t
= P
2 2 2

= +y*+z° =k

(x* + y? +2%)° = k® = abc xyz =384 xyz is the required

locus.
Let A(xy, y1, 71) B(x2 ¥2, 22)
C(x3, y3 23), D(x4, Y40 24)

and the equation of the plane containing P, Q, Rand S is

ax+by+cz+d=0andkg =ax, + by, +cz, +d
AP BQ CR DS _-K,

PB OC RD SA K, K, K, K,

Let g, b and c be the DR’s of the given line. Then,
we have 3a-b+c=0
Sa+b+3c=0

3 b ¢
On solving, we et£=—-=—
B 5 1 1 =2

Again, suppose the given line intersect the plane z = 0 at

(X1, 1, 0), then3x; —y, + 1=0and5x; +y, =0
On solving, we get x; =—§.yl =%
Hence, the symmetrical form of the line is
sl
§.° 8.2
1 1 -2
Equation of plane through (2, 1, 4) is
ax-2)+Hy-1)+cdz—-4)=0
whena=1b=1andc=-21
X=2+y-1-2Az-4)=0
X+y-2:+5=0
Vector normal to the plane
n={+j+k
Ve=1V,=}V,=k
V,'n
In|

= sinu:%

cos (90°—-a) =

Similarly, sinB=713- and siny:%
~

259

=1



260 Textbook of Vector & 3D Geometry

Hence, Y sina =1
and Y cos’o =2
Also, plane is equally inclined with the coordinate axes.
Also, A = %m = ??
99. 2x—y -z -2+ Mx+y+z—1)=0satisfies (1, 1, 1)
2-1-1-2+A3-1)=0

A=1

x=1
x—y—-z2-3+U@x+4y—-z-4)=0

-4+p(1)=0

n=4
x-y—-z=-3+42x+4y—-2-4)=0
9x+ 15y =52 —-19=0
From Egs. (i) and (i), we get
x=1=0,9x+15y =5z -19=0
a=0andc=3b

100. op = ,/h’ +k+ 2

Direction ratios of OP are (ﬁ, 5. —I—]
P PP
+

Equation of plane is L +
P

101. (a) Since,n-a=n-b=n-c=0
.. a, band care coplanar
o [a,b,c]=0
(b) cos®30° + cos?45° + cos’y =1
sin2r=2+1=§which is not possible.
4 2 4
(c) Obvious
(d) AB x BC is perpendicular to the plane ABC.
AB x BC =(0B - OA) x (0OC - OB)
= 0B x0C-0A xOC + OA xOB
=0A xOB+ OBxO0OC + OA xOB
ie. a xb+ b x ¢+ cxais perpendicular the plane ABC.
(a+b+c)x(lxb+bxc+cxa)

102.

(i)

103.

={a+b+c)-cib—{@+b+c)alb
+{@a+b+c)cib—{@+b+c)b}xe
+{a+b+c)ajc—{@a+b+c)aja
=@a+b+c)(b-ca+@+b+c)
{c-a)b+{@a+b+c)@-b)e
=(@@-b-a-c+ b?-c?a+(b-c-b-a
+(¢’-a’)b+(a2 —~b?+c-a—c—b)c=0

Thus, the statement is true.
Let A(a), B(d), C(c) and IXd) be the vertices of a tetrahedron,
then centroid of the tetrahedron is

a+b+c+d

4
b+c+d

centroid G, of the face BCD is
Now, centroid of the tetrahedron G, divides AG, in the ratio
3:1,
3b+c+d)+a_a+b+c+a

3+1 4

ie.

.~ Clies on AC,.
(b) The edges AB and CD. Let E be the mid point of AB and F
be the mid point of CD

a+b

.. Positive vector of E is

£5 P R o
Positive vector of F is =

A

B D

R ..at+b
Mid-point of EF is % which is the centroid of the

tetrahedron ABCD.

Lettheplanebc£+z+£=1
a b ¢

1

2 2 2
E)+6)-6)
a b c
The plane cuts the coordinates axes at A(a, 0, 0), B(0, b, 0),

(0, 0, ¢). The centroid of AABC is
abec
(;- 3 g) =(xyz2) (let)
-2 -2 -2 =9

R

'~ -

%[

o

| =
I
)



104.

105.

106.

107.

108.

109.

When a line lies in a p]. iti i
plane, then it is at right angles to the
normal to the plane. Here, d.r’s of the line are <ga, b,c >and

altitude numbers of the p] g
So, we must aA + bB +c%“:°({’-"ebemgtakenas<A, B,C>.

For the given curve z = 0, therefore, the line and the curve

meet where X =2 _ ¥ +1 =9-1
; 2 -1
= X - +1
ie. where =1, Pt lie, where x=5y =1
z

So, the given line and the given curve meet in the point

S, 1, 02). Silece. this point lies on the curve also, therefore,
+1°=r

= 72:(\/2—6)2
= r=+.26

A vector coplanar with given vectors is
(L+2A)1+ (A —1)j+ (1 — A)k Since it is equally inclined to
the two given vectors
A+Mi+A-1)j+a-Mk (G-j+Fk)
[Q+Mi+A-Dj+a-2 k| 3
_Q+Mi+A-1)j+a-Mk (+j-k)
[a+Mi+(A-Dj+a-1k] B
A=1
Required vector is 21 or i
The equation of the plane through (2, 3, —1) and perpendicular
to the vector 3i — 4j + 7k is
Hx=2)+ (4 -3)+7z - (-1)) =0
or 3x—4y+7z2+13=0
Distance of this plane from the origin
_]3X0—4X0+7X0+13|_ 12

VB 4+ (—4)? + 72 V74

Let A, B, C be(a, 0, 0), (0, B, 0) and (0, 0, y) then the plane ABC
ax Y
is—+=+—=1
o« By
Since it always passes througha, b, ¢

LI S ) Q)

o By

If pis (& v, w) then OP? = AP = BP* = CP?

= uz+v2+wz=(u—a)z+vz+w2
=.oa=2p=2ly=%
=... =>B=7

On putting o, B, v in (i), we get

a b ¢
—+—+—=2
u v w

b ¢
= Locusof(u.v,w)is£+—+—=2
x y z

Normal of plane B is
n, =(2j + 3k) x (4) —3k) =-181
Normal to plane P, is X
n, =(j- k) x (i +3j) =31 -3j -3k
. Aisparallel to(n, <n;) =% (-54] - 54k)

Chap 03 Three Dimensional Coordinate System

110.

111.

261

- Angle between A and 2 + j — 2k is
(543 + 54k)-(2i + § —2k) _ a1

cosB =% 54J2—3 _‘/5
n__3n
6=—or—
40 4

Any plane through the second line is
2x+y+z—1+k(3x+y+22—2)=0
If this is parallel to the first line, then
@+3k)+(1+ k)+(1+2k)=0
2

k=--
o 3
2
=Planei52x+y+z—1—;(3x+y+2z-2)=0

ory —z + 1= 0. The required SD must be distance of this
plane from any point on the line x =y =z say (1, 1,1)

- 1-1+1 1
= PSS - G-l S S TR 2%
Jor+ 17+ (-12 V2

S a2, L e B
Pl—\/z—g--Pz—Jz—g 2J2—9'p3 \/ﬁ

For these values all the choices are easily verified.

112. Let the components of the line segment vector be g, b, ¢, then

113.

114.

a’+ b+ c® =(63)? ..(i)
a & ‘e
al —_—=—===) th
so S (say) then

a=3)b=-2\ and c=6A
and from (i), we have
9A7 + 40% + 36A% = (63)?

= 49)% = (63)?
= X=t§=i9.
7
The required components are 27, —18,54 or -27, 18, -54
The given lines are coplanar if
2-1 3-4 4-5
0=| 1 -k
k 2 1
1 -1 =1 1 0 0
=1 1 -k|=|1 2 1-k
k2 1 k k+2 1+k
orif2(1 + k) = (k + 2)(1 —k) =0
or ifk?+3k=0orifk=0,-3.
DirectionratiosofABare4—2.S—3,10—4or1.1.3.SoABin

parallel to the vector i + j + 3k and passes through B (2, 3, 4),

the vector 2i + 3] + 4k, its equation is

2i+3j+ 4k + MG + j +3K)

S|:.milarly. BC passes through the points B (2, 3, 4) and its

direction ratios are2 —1,3-2,4 + 1 or 1,1,5.

So its cartesian equation is
x-2_y-3

T 1

z-4

T
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115

116.

117.
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Next, it Dis(a & ¢\ then since ABCD is a parallelogram mid
point of AC and BD is same. (diagonals of a parallelogram
bisect each other)

l.n‘.‘ d+3 ‘*4) (570]
= — =S < -
EINE 2'2"2

= @he)=QR45)
AB is not perpendicular to 5C because

INT+INXL+3XS5=2Q
ABCD is not a rectangle.

The coonlinates of P where the line x = y = 2 meets the plane

X+y+r=lare(1A 1% 13)and the co-ordinates of Rand §
where the line meets the sphere x* + 3% + ¥ =1 are

(/301 \Slﬂ\.\)aml(- V3.-1/43.-1743)
So that PR = \Sl(l - L) =\'§(_‘_ = l)
I 3 A3 3
n =f! 1
and R\=\':\(-+—-)
3 3
= PR ls=:\(l-l)=:'
3 9 3
PR+ FPS=2
B R o Eew T a——
and RS=\'(1/\'3+11\/3)'X3=

Sothat, PR+ PS=RS

The rod sweeps out the figure which is a cone.

A(1,0,-1)

The distance of point A(1, @ —1) from the plane is
1=-2+4
N

The slant height [ of the cone is 2 units.
Then the radius of the base of the cone is
g oy

=1 unit.

' o .
Hence, the volume of the cone is ;—(\'3)’ -1 = X cubic units.

Area of the circle on the plane which the rod traces is 3x.
Also, the centre of the circle is Q(x, y, 2}

xX=1 -0 z2+1
i R
-(l -2+ 4)
,x’(_z)x‘..x
S
gl ¥ '3y
Observe that the lines L, L, and L, are parallel to the vector
(L=-1-1)
Also,A=0=4,and ic; ~ b, 20

118. Volume = Area of base X height

119.

120

121,

122,

123,

Ala.b.c)
B, Cy
Al(1.0. 1)
V2 N3
8 \5 c
(2,0.0) 0.1,0)
3= % XV2 X3 xh
k=6
(AAY =h*=6
AA-AB =0
AA-AC=0
AA,*BC=0

On solving, we get position vector of A, are (0, -2, 0) or (2 2, 2).
Let the equation of plane be Ix + my + nz = 0, where I, m, n be
de's=P+m+ni =15 ()

Givcnlim"“:l =y_+13_=:_il = 2l -m-2n=0- (ii)
Also, _L:-:!m_—ns?=§
\/l"+m‘+n‘ 3
5
= l—3m—n=,;-§(m)

Solving (i), (ii) and (iii), we get equation of plane as
x—-y+"--0 or 2x+2y+z=

(a) Height=h Jl -— (

(b) Required distance = — (

c) Angle = —
(c) Angle 3

(d) Required distance = -(h) [

LetOA =a,0B = b,OC = c then
aa+(b-c)(b-c)=bb+(c-a)(c-a)

= =2-c=-2-a=(a-b)c=0

or BA-OC =0

Hence, AB L OC similarly BC L QA and CA 1 OB.

Intersection of line with both the planes are the same
3 -6

Wred -2 +3 st +o1-2P)+ 6
= W-'+xa -2 =0=a=2p=1
If P be (x, y, 2) then from the figure,

X =rsinBcos@, y = rsindsing, z
= 1=rsinfcosd, 2=

=

=rcosd
rsinBsing, 3 = rcosO



124,

125.

126.

1’+z’+3’=,’=,=im

3

s 1
sin® tos¢=ﬁ, sinesino=%.cos6=ﬁ

z

Plx,y,2)

X M

(neglecting negative sign as 8 and ¢ are acute)
sinBsin¢g 2

==—=t 2
sinBcos¢ 1 Sl
Also, tan® = %

Let (I, m, n) be the direction cosines of the line perpendicular to
the plane.
=> Equation of the plane Ix + my + nz=p

x

TS
ONOND
] m n
A(p/1,0,0), B0, p/ m, 0),C(0,0, p/n)

Centroid of tetrahedron OABC is

(PP P
(x'y’z)_(4l'4m'4n)

=1

Using, I*+m?+n’=1
16
Xyt 4yt 2= 1oyl
p
1 1 1 16
= - + =7 + = = =
<t y* 22 p
Put x gsecasecﬁ. y= f—secu cosecP .,z = —5 cosec O
4
4 1 4.
1.2 cosa cosB. — = —cosasinP, — = —sin
x p y »p z p

2 z 2

16
(_1..) + (l) + (.l.) = -—Z

X y 2z P

[cos?c cos®B + cos?asin®P + sinat]
= -lﬁz[cosza +sin‘a) = —
P
Statement I PA-PB=9>0

.~.P is exterior to the sphere
Statement 11 is true (standard result)

1} &
Statement I r X (i +2j-3k)=(x y z
1 2 -3

Chap 03 Three Dimensional Coordinate System

i(-3y —22) = J-3x—z)+ k@x - y)
s =3y-22=23x+z=-12x-y=0
ie. —6x—2z=23x+z=1
~Straight line2x -y =0,3x +z =-1
Statement I

i j k
rxQRi-j+3k) =[x y z
2 -1 3

=i@By +z) - JBx —2z) + k(-x —2y)

3y+z=33x-22=0-x-2y=1
3x—23-3y)=0
3x+6y =6
= x+2y=2
Now, x+ 2y =-1, x + 2y =2are parallel planes.
~r X (21 = j+ 3k) =3i + kis not a straight line.

2-3+2 1

Ja+9+443 =1

.~.Statement I is true, Statement II is true by definition.

127. sin6 =

263

128. Statement I
3y —4z=5-2k
2y +4z=7-3k
-13
Sx=ky=12-5kz= 2laak 7 k is a point on the line for all
real value of k.
Statement I is true.
Statement II Direction ratios of the straight line are
< b’ —kb, kac —ac’, 0 > direction ratios of normal to be plane
<0,0,1>
Now, 0 x (bc’ — kbc) + Ox(kac—ac’)+1x0=0
+.The straight line is parallel to the plane.
Statement IT is the true but does not explain Statement I.
129.

Equation of the plane, perpend.xcular to the plane P
containing line Lis8x +y —7z = e

130. L, and L, are obviously not parallel,
Consider the determinent
2 -4
D=|2 4 =3
1 3 2
=2J(8+9)+4(4+3)+ 16 - 4)
=34+28+2
D#0 = Skew
Hence, Statement I is false,
131. n=a x b. Equation of the plane

n

d a

R (r)
b

(r"'l\)'(l\ xb)=
[rabl=0
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132,

133.

134.

135.

136.

137.

Statement II is not true because image of P in a plane is a point
M such that PM is perpendicular to the plane and the
mid-point of PM lies on the plane.

The point A, B, C are respectively (~a, b, ¢), (a, - b, ¢) and
(a,b,—c)

oo x ‘
which lie on the plane 3 + —:~ +Z=1and thus Statement I is
c

true.

In Statement II, let r be the position vector of the point on the
locus, then

Ir—a|=|r=b| = (r-a)*=(r-b)?
= Ir*+lal?~2r-a=|r[2+|b*=2r-b
= 2r-@a-b)+|b]>-|a?=0
= 2r-(a-b)+(b-a)-(b+a)=0
= r—? (a=b)=0
Showing that Statement II is true using it for Statement I.
we fet the required locus as

l__:«li—z_”i+5k+i«+2_’i+l‘<‘|
| )

GBi-2j+s5k-(G+2j-k)=o0
= [r-(2i+2k)-2i - 4j +6k)]=0
= r(i-2j+3k)=2x1-0x2+2x3=8

and thus Statement I is also true.

Since a and ¢ are non-collinear. Equating the coefficients of a
and c in the two values of r we get.

6—A=1+P2A-1=31-1= A=3u=2
So there exist values for A and i such that the two values of r
are same showing that the lines intersect and hence they are
coplanar. Thus, statement I and statement II both are true and
the first follows from the second.

1-2 0+1 -1-0 -1 1 -1
Since,| 1 -1 1 =1 -1 1 (=0
1 2 3 1 2 3

The lines in Statement I are coplanar and equation of the plane
containing them is

x=1 y z+1
1 -1 1 |=—-(5x+2y-3z-8)=0
1 2 3

So Statement I is true.

Also, Statement II is true because% = % = % and1+2-3=0

But does not lead to Statement I.
Any point on the first line is 2x, + 1, x; =3, =3x; + 2).
Any point on the second line is (y, + 2, =3y, + 1,2y, —3)

If two lines are coplanar, then2x; —y, =1, x; + 3y, =4and
3x, + 2y, =5 are consistent.

A 5 < 2 1 -3
The direction cosines of segment OA are 3 and 1
& 314 3 14 314
OA =414

This means OA will be normal to the plane and the equation of
the plane is2x + y =3z =14,

138. 1f1, m, n denote the direction ratios of L and [ + m — n = 0 and

1=-3m+3n=0=[=0,m=n

= direction ratios of L, are 0, 1, 1 similarly for L, and Ly, we
find that the direction ratios of both are 0, 1, 1 showing that L,

L,, Ly are parallel, thus Statement I is False.

Statement Il is True, because solving the given equation we get

x=0y-z=-landy -z = —?2 which is not possible.

Solution (Q. Nos. 139-142)
139. Here, AABC is an isosceles with AB = AC

So, internal bisector of A is perpendicular to BC.

A(1,2,9)
3 3
B(0,0,1) M+2 C(-1,1,1)
AAMB = AAMC (RHS rule)

M is mid-point of BC.

So, M= (:1-, _—1. 1)
2 2
.Equation of internal bisector through A to side BC is
r=( +23+3ﬁ)+u(§i + %}nf()
= r=(i+2j+3k) + u@i +3j + 4k)

Aliter Equation of BCisr =k + A(i - j)

Let position vector of M on BC be r.

Now, AM = Position vector of M — Position vector of A
=(M -7+ k) - +2j+ 3k)
=(A-1Di-(A +2)j -2k

Since, AM-(i-})=0 = A =_1

2
Position vector of point, M = —1§ + l} +k
2 2
Equation of internal bisector through A to the side BC is
r=( +2}+3fc)+pei +i}+zf<)
2
= r=( +2j +3k) + pi + 3} + ak)
140. Now, equation of AC is

r=(+2§+3K) + Al + § + 2i)
A(1,2,3)

N

B(0,0, 1) Ci-1,1,1)

BM =(1+20)i + @+ 1)) + 201 + M)k
BM.i+j+2k)=0



= 2(1+21)+(2+X)+4(1+k)=0
= A,:‘—s
9

: 2 ~
Position vector of N = /1t 10) + 11k
9

Equation of altitude through B to side AC is
2 7. 10 3
r=k+tl-—i+—=j+—k-k
( SR A )
r=k+ (=71 + 10} + 2k)
141. Clearly, mid-point L of AB is G, % 2).

Equation of median through C to AB is
A(1,23)

(319

B(0,0, 1) C-1,1,1)

r=(-i+j+k)+ p(§i+f<)

= r=(-i+j+Kk)+ p@i + 2k)
1. ad. 2
142. We have, cosA = %
cosA = 1.5
18 9

Now, area (A ABC) = %(3)(3)

64
sinA=2 L=
2 1
=2x—17 =—17 sq units
2 9 2

Solution (Q. Nos. 143-144)

. x—l_y—2=z-3=r
143f Line e

Any point B =3r + 1,2 —r,3 + 4r (on the line I)

AB=3r,-r,4r+6
Hence, ABis paralleltox+y -z =1
Hence, 3r-r—4r—6=0
2r=-6; r=-3
Hence, Bis(-8,5, —9)
144. Equation of plane containing the line Lis
A(x-1)+ By -2)+ C(z =3)=0
where, 3A-B+4C=0
.~Eq. (i) also contains the point A(1,2,-1)
Hence, C=03A=B
Equation of plane x =1+ 3(y -2)=9
x+3y-7=0

Chap 03 Three Dimensional Coordinate System

Solution (Q. Nos. 145-148)
2

2
kil 2] w2 22
145.|AG|—(3 L b g
V51
|AG|=—=

146. AB =—4i + 4j + 0k
AC =2i + 2] + 2k

D(.-5.4) (4,18
: (3'33)
h 2
G
A
3.0.1) i Spa
B(-1,4,1)
i ] k
ABxAC=-81 -1 0
1 1 1

=-g-i-j+2k)=81+j-2k)=n

~.Area of AABC =%| AB xAC| =46

147. h=|Projection of AD on n |
AD =-3{ -5j +3k
AD'n

(=31 =5 + 3k)(i + j —2k)

In| 3
-3-5-6 ‘_ 14
v |
148. Equation of the plane ABC
A(x=3)+By+(z-1)=0
where, A=1,B=1,C=-2
¥ x=3+y-2z+2=0
X+y-2z=1
Solution (Q. Nos. 149-151)
149, Line L, is parallel toa=1+2j+3k

Line L, is parallel to b =31 + j + 2k

Normal to the plane perpendicular to line Land L, is

axb=(+7j-5k)

and plane passes through the point with positive vector

=3§+§]+2f(
2 2

(i) Equation of plane is r(i + 7§ - 5k) =9

150. Angle bisector of vector a and b is,
1 o
n ='m'(2i -j-k)
1
and n= m-“i + 3] + Sf()

265
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Hence, the plane with either (2, -1, —1) or (4, 3, 5) as the
direction ratio of normal and passing through (2, -3, 2) is the
required plane. '

xX-2_y+3 -2

. . Equation of line is

x=-2 +3 _3-2
4 5
-x;2=y+3=z—-2 5 X=2 +3 _z-2
2 4 3
151. .. Equation of required plane is
r-Gi+j+2k) =1 +2j+3k)

= r-@i+j+2k)-11=0

and

11

VoO+1+4
= Solutions (Q. Nos. 152-154)

11

s

. Required distance =

The three plane intersect in a straight line. All three plane pass

through origin (clearly).
1 -n -m
n -1 1

=11 —12) + n(-n - Im) — m(nl + m)
m | -1 ;
1=12+m? +n® +2Imn
Let I = cos 0,, m = cos 0,,n=cos 03
05?6, + cos’0, + cos*0; + 2c0sB; cosB, cosB; =1

0520, + (2cos0, cos8;)cosh; + cos?0, + cos’8; —1=0

cos 0,

[since, I, m, n €(0,1)]

—2c0s0,cos0; ﬁcoszez c0s?0; — 40570, — 4cos’0; + 4

2
=—cos0,cos0; + /1 - 050;/1 — cos03
= cosB,; =(cosB,cosO3 — sinB,sin03)
= cosB; = —cos(8; + 03)

0, +6,+6;=m
y=lz

ny +mz="—

n*y+mnz=y-lz
1+ mn)z=(1- n?)y

z_1-n

y 1+mn
x-ny _y-—nx
m 1

Ix — nly = my — mnx
(! + mn)x =(m+ nl)y

y_l+mn

x m+nl
y=b =
h o om

.my —-mlz=nz —nly =
m+nl _ 5inB,sin0, - 5in0,
n+ml sin@,sin@, sin6,

£
y

(m+nl)y =(n+ ml)z

x_m+nl _ sinb,
y—1+mn 5in@,
x y z

sin@, sinB, sin6,

x . ¥ o Z
:;1—1’-;;l-mz ;;l-nz

153. (c) 154. (a)

152. (b)

Solution (Q. Nos. 155-157)

155. Let the position vector of L bea + Ab
=(6+3M + (7 +20)] + 7 -2M)k
So, PL =(6+ 30)i + (7 + 2A)] + 7 —2)k — (G + 2j + 3k)
=G5+ i+G+2A)j+(@-20)k

Since, PL is perpendicular to the given line which is perzlied o

b=3i+2j-2k
= 3(5+31)+2(5+21)—2(4—27.)=0
= A =—1and thus the position vector of Lis3i + 5j + 5k

156. Let the position vector of Q, the image of P in the given In=s be

xi+yj+ z,k, then L is the mid-point of PQ.
i+23+3l‘(+ x,i#y-jw’-:._i

= 3i+5j+9k= =

5 x,+l=3’y|+2=i z,+3=9
2 2 2

= x =5y =82z =15

=> Image of P in the line is (5, 8, 15)
157. Area of the APLA = %IPLHAL]

=%|zi+3j+sl}||—3§—2j+2i:]

1 7
= VEro+3e prava=1

4l

= S units
Solution (Q. Nos. 158-160) i
158. Let P(x, y, z) be any point on the locus then 3PA = 2FS

= 9(PA)*= 4 (PB)?

= I(x+2) +(y -2+ -3)})

=4[(x-13)' + (y +3) + (z - 13))

=5(x* + y? + 2%) + 140x =60y + 50z —1235 =0

= x’+y’+zz+28x—12y+10:—247=0
159. The required coordinates are

(z X134 3(=2) 2X(=3)+3@) 2X13 +3X3

2+3 " 2+3 2+

]=({\\?)

160. Direction ratios of ABare 13+ 2 -3 =213 =3

i 15,-510
Let the equatijon of the required line L be
.\'+2-\'—2_:—3
! m n
then 15/ =5m+ 10n =0

which satisfied by (c)



Solution (Q. Nos. 161-163)

161. Equationr =a + fi is line passing through a and parallel to fi .

This will meet the plane r- fi =d at point for which
(@+t).A=d=t=d-a.a
Required distance =|(a + (d — a.fi)f — a|=|d —a.f|
162. Foot of the perpendicular from the point A to plane r.A = d
=a+(d—an)h
163. Let b be position vector of image of a

a
=a+(d-af)n

b=a+2(d-an)h
Solution (Q. Nos. 164-166)

164. The centre of the sphere is at the mid-point of the extremities

of a diameter = the centre (- 3 3.3
. 2

T2

2 2 2
and hence the radius = (Z) + (2) + (l_x)
2 2 2

Equation of the circle can be written as
x}=16x+y*-9+22=0

165.

-

or xz+y2+zz=25
166. Distance of the point (3, 6, — 4) from the given plane is equal to
the radius of the sphere = the radius of the sphere
(31 + 6j — 4k)-(2i —2j - k) - 10 =| 6-12+4-10
Ja+a+1 3

Solution (Q. Nos. 167-168)

- 2
167. Mid-point of BC = (% %—)

AD=(—A—5,1.——H ‘8)
2 2
AD is equally inclined to axes = A =7, =10,2A —p =4
168. A(23,5)B(-1,2,3)C(7,5,10)
Projection of AB = —3i —3k on BC =8i + 2] + 8k
AB-BC _-8V3
| BC| 11
Solution (Q. Nos. 169-171)
169. Horizontal plane B, is of the form
r-m =0, where n, =(4,-3,7)
Plane P, is of the form r-n, = 0, where i, =(2,1, - 5)
The vector b along the line of interaction
=n, X n, =(4,17,5) = ny (say)
Since the line of greatest slope is perpendicular to n; and n,,
the vector along the line of greatest slope
=n,Xxny=(3,-11)=n,

=

DR’s

, Si 0, 0, 0) is a point on both the planes, it is a point on the
L lS;ec zr( i.nters)ectiog and hence the equation of a line of greatest
slope is
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x -y _ 2
T W
I TR TR T

171. The point on the line at a distance J11 from the origin is the
required point and it is (3, — 1, 1)

Solution (Q. Nos. 172-174)

A(2,1,0
B(1,0,1)
Px.y.2)
c@30.1)
x-2 y-1 z
-1 -1 1|=0
1 -1 1
(x=2-1D-W)-@-D(-1)-1]+z[1+1]=0
Ay-1)+2z=0
= y+z-1=0

The vector normal to the plane is r = 0i + j + k

The equation of the line through (0, 0, 2) and parallel to n is
r=2k+ A+ k)

The perpendicular distance of IX0, 0, 2) from plane.

172. (b) 173. () 174. (d)
XLy =0 252 G Ruad
175. (A) L: : : = Vi =i+j-5k;
-2 -1 3 s A ~
T mm s wialle) sk

Hence, lines are parallel and both contains the points (1, 0, 2)
and (2, 1, —3) Coincident lines both L, and L, may lie in an
infinite number of planes.

v, =2i+2j-k
® ' | =Li t

V= i-2}+3k ines not parallel
Also, both intersect at (3, 5, 1)

Hence, lines are intersecting, hence they lie on a unique plane.
x=0_y-1 _2z-0
OL:i—=2—="=
) -6 9 -3
x=-1 -4 -0
R .
L isparallel to - 61 + 9j — 3k
L, is parallel to 21 -3 + k
=> Lines parallel but not coincident,
Since, (0, 1, 0) does not lie on L,, not intersecting.
Hence L, L, lies in unique planes.
(D) Lines are skew can be verified.

176. L, : -;f = _y_;-_:i = f;:—z- «(i) (passing through P and Q)
x=1_y-=3 _z2+1 &
S T sl

(passing through R and parallel to v = { + k)
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(A) Distance of P(0, 3, = 2) from L,
PN=(t+1)i-6j+2¢t-1)k

Now, PN-V=0
[t+1)i-6]+(t+1)k]-(G+k)=0
P(0.3,-2)
N
T+ 13, -1 L2

v=1+0] + k

(t+1)+(t+1)=0; t=—1
Hence, PN =6] .

[PN|=|-6}| =6
(B) Distance between L, and L,
P(0,3,-2)
b n=5i-j-11k

Q@3.7,-1)a  R(1,-3,-1)

Equation of plane containing L, and parallel to L,
Ax+ By -3)+C(z+2)=0

where 3A+4B+C=0
And A+B+C=0
A+C=0

C=MA=-AB=+1/2
.. Equation of plane
—A.x+%(y-—3)+ AMz+2)=0

2x-y+3-2z-4=0

2x=-y—-2z=1
Now, distance of the point (1, — 3, — 1) lying on the line I, from
the plane (i)
gufraracil,
(C) Area of APQR

QR =a=2i +10j + 0k

QP=b=3i+4j+k
ijk
axb=2(1 0
3 .41

=2[i(5) - J(1) + k(4 —15)]=2[51 - j - 11k]
L”z‘_"l =B I+ 121 =147 =,3-49=743

(D) Distance of (0, 0, 0) from PQR

Equation of plane PQR is(r — p)-n
=[x +(y =3)] + (z + 2)k] - [51 -] - 11k]
=5x-(y=3)-11(z+2)=0
=5x-y-11z-19=0

L LS, ISR

Distance from (0, 0, 0) of the plane
19

19
Z5+1+121] Y147
177. (A)3-1-2(-2)+51A)=0
A=-2
G

=

(B) Point (3, A,.n) lies on
2x+y+z-3=0
=x=-2y+z-1
32+A+p—-3=0and3-2A +p—-1=0
A+p+3=0and2A —p—-2=0
So, A+p=-3
1-4+1(-3)+1-5

6
(C)sin® = =
P+ +12 fl6+9+25 V350
1
0 =sin™" 8.
25

1-3+1(-4)+1-5_ 4

O) = V3 Ji6+9+25 350

6 =cos™ \’1
75

1 3. =5
178. 3 —k -1 |=1(12k +2) —3(=36 + 5) — 5(6 + 5k)
5 2 -12
=12k +2+ 108 —=15—-30—-25k =0
k=5

L, L, and L, are concurrent for k =5.

Slope of L, = — % Slope of L, = i—

Slope of Ly = -—;

3.1 '
—_—=—— = k==
k 3 ?
3 5 6
—=—- = k=—=
k 2 5

L, L, and L, form a triangle, if they are non-concurrent or any
two out or three are not parallel.

k¢—9.—§,5
5

5 .
k=€and0wﬂlbethevaluesforw}ﬂchl,,lqandll,fonna

triangle.

I7¢:=3

s i)
179. Given, e 2, where A, Band C are respectively, (a, 0, 0),

(0,5,0),(0,0,c).
(A) Centroid of tetrahedron [a, B, y) = (ﬂ‘ 2. f)
4 4 4
a=40,b=4B,c=4y
64aBy =32 x6
ofy=3
abc

(B) Equidistant point (a, B, y) = (;. > —)
2
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a=20,b=2f,c=2 (B) Let the required sphere be o
80Py =32 x6 ¥ x4yt +zi+2ux+2vy +wz+d= 0...(1) substituting given
afy=24 points then we get 1 + 2u + d=0
x - 1+2v+d=0and 1+2w+d=0
(C) The equation of the plane is = + Y p By 1+d
a b ¢ = USVEWE T
~.Foot of the perpendicular from the origin
If R be the radius of the sphere,
5(‘1va7)5[ 1/a s 1/b 5 1/c z} i Rz=u2+v2+w2—d
1 i .
2 e 21 o 21 le covert above equation in terms of d differentiate, equate to
1 =L=L=f zero solve ford.
ac 6B ey (C) Let the given points be A, B and C respectively.
2 _ pr2
where, t= l, + % + lz = Zi Then find AB, AC, BC and then apply AB® + AC” = BC” then
a b« a’ solve for the A.
or t=(*+ B2+ 40 ) (D) Any point on the lineis(1 —r,r +1, r)
i 1 The direction ratio of the line joining (1,3,4) &(1 —r,r +1,r)
ol + B2+ 42 is—rr—2r—4
2 a2, .2 2, @2 A (F1)ERD +1(r=2)+(r—4)=0
and a=2 +i+y.b=u +%+Yz. r+r-2+r—-4=0
3 5 5 Ir=6 =>r=2
c= it L o ~.Foot of the perpendicular is (-1, 3, + 2)
" ~.Distance = ,I(Z)z +0+4=2V2
Now, abc =6 x32 Vi
(@® +B* + 7)) =192aBy = . d=2vz
(D) Let P be (a, B, ). then PA L PB LJ_=¥=%__Z
= al@—a)+PPE-b)+yy=0 W3 23 W3 .
5 a0+ bB=ot+ Py 181. The solid diagonals may be taken as the lines join (0, 0, 0),
(a,a,a) and (g, a, 0) and (0, 0, a). The direction ratios will be
PBLPC B+ o ) a,a,a,;aa —a.
= ac + b —b)+ (y-c)=0
= bﬂ+cy(p=az+[52+'¥2 = cose=M1:9=cos-ll
) b e 3a® x V3a® 3 3
;/_a. = m = TY Le:l usI take ':hc solid di_ag.oflal as the one joining (0, 0, 0) (a, a, a)
ot piey . al+ P+ P a"t ;’1 ane dllasonal :s joining (0, 0, 0) and (g, g, 0). We easily
a= o s B get the angle as cos =y
2 ;@2 a2
aid o "_"’%_LY_ The third part is easily found as cos"(%)
3 abe =6 x32 g Hence, matching follows (A) — (r) ;(B) —» (p):(C)> (q)
=y @+ Bz + 72) =192 x 8afy 182. (i) Shortest distance
= 15360BY _loB-oaxBc| |G+-ixGxk)|
180. Let 0(0, 0, 0), A(3, 4,7) and B(5, 2, 6) be the given point loaAxBC| ~  ix(G+k) V2
Area of AOAB = %omoa sin( ZAOB) v = V2m =1
183. The length of the edges are givenbya=5-2=3 b=
7_ . ya=5-2=3b=9-3=¢
Now, OA=\+4+7" =14 and ¢ =7 -5 =2, so length of the diagonal
OB =\[5? + 2% + 6" =65 =Ja +b* + = 9+ 36+ 4 =7 units
Also dc's of the line OA and OB are 5 3 184. Foot of perpendicular r from (6, 5, 8) on y-axis is (0, 5, 0).
3 4 7 5
= 5 i and i 3 Required distance
Jra' Jra Jaa o5 Jes' Jes q i : i
3 3 =6 -0 +5=5+E-0) =10
*. Re uiredarcalx-ﬁ;XﬁgX ==65
Lo 2 71-4' 2

= 5X=10=’l=:?=2
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185.

186.

187.

188.

189.

190.

191.

192,
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Given lines are
r=(383)+A(-3,1,1)
and r=(-3,-7,6) + u(-3,2, 4)
where, A and |1 are parameters
Shortest distance
= (-3-3,-7-8,6 -3)-[(3, -1, 1) X(-3,2, 4)]
[3.~1,1) x(-3,2, 4)|
_ (=6, —15,3) (=6, — 15,3)
T ermmee
=\/2%=3\/3_0units=l«/ﬁ

A=3
Given planes are
x=-cy—-bz=0 (i)
x-y+az=0 ...(ii)
bx+acy-z=0 " ..(iii)
Equation of plane passing through the line of intersection of
planes (i)‘and (ii) may be taken as
(x—cy=bz)+ A(ex—y +az)=0 .(iv)

Now, eliminating A we get
a®+b% + ¢+ 2abc =1

)‘(_1)+IX3=0 =
A+1

&2 A=3
The coordinates of vertices of projected triangle will be

3

We must have

A'(-1,1,0), B'(1,-1,0),C(1,1,0)
-1 1 1
area of triangle =% 1 -1 1[(Two dimension area formula)
1 1 1
= 2 square units.
Plane must pass through
(1——3, ﬂ. Z—_—l) or(-1,3,3)
2 2 2
= -1+3+2x3=A = A=8
x* + y* + z* = square of distance from origin

4sin®t + dcos’t + 9t° =4 + 9t

which is shortest att =0
=> Shortest distance =2
The point (-1, A, — 2) must be lie on the plane
2x-2y+z+12=0
-2-2A-2+12=0
A=4
We can easily show that the distance of (-1, 4, —2) from centre
of the sphere (1,2, —1) is equal to its radius.

l=a+1+2+o'2___2+b+l+o
4

3=3+2+c+o
4

a=1,b=5.c=7

193,

194,

195.

196.

197.

=» Distance of centroid from origin is

J17+25+49=75=5/3 = AL =3

Equating the distances of circumcentre (-1, A, —3) from
(3,2, —5) and (-3, 8, —5) we get
22+ (A +2)° +(-3+57=(-1+3)" + (A =8)* + (-3 +5)
= A=4
Note : Verify
(i) (=1, A, =3) is at the same distance from third vertex.
(ii) (=1, A, =3) lies on the plane containing three points
(3,2, -5)(~3,8 —5)and (-3,2,1).
D.R's of AP, =(k, —1,3)
D.R'sof PPy =(2,k, ~1)
el RP, L PPy
H2)-k-3=0:k=3
A plane containing line of intersection of the given planes is
x-y-z-4+AMx+y+2z-4)=0
ie,A+1)x+A-1)y+@AL-1)z-=4AL+1)=0
vector normal to it
V=A+1)i+A-1)]+Cr -1k
Now the vector along the line of intersection of the planes
2x+3y+z-1=0

and X +3y +2z —2=0is given by
ijk
n=2 3 1[=3i-j+k)
13 2

As nis parallel to the plane (i), therefore n- V = 0
A+1)-A-1)+@r-1)=0

2+2h-1=0 = A =21
2
Hence, the required plane is = —:2-—2: -2=0
2 2

x=3y—4z-4=90
|A+B+C-4|=7
Clearly, minimum value of a® + b? + ¢?

=[|3(0) +2(0) + (0) -7|]_4_9

Hence

7 .
b vt )T 2
4x+7y + 4z +81 =0 (i)
5x+3y +10z =25 ...(ii)
Equation of plane passing through their line of intersection is
(4x +7y + 4z + 81)+ A(5x + 3y +10z -25)=0
or(4+5A)x +(7+3A)y + (4 + 10A)z + 81 =25A =0
plane (iii) L to (i), so
444 5A)+ 77 +3N) + 4(4 + 10A)=0

=-1

-..(iii)

From (iii), equation of plane is
=x+4y -6z +106=0
Distance of (iv) from (0, 0, 0)
106 106

Sfitiesn - Im

(iv)



198. Line through point P(~2, 3, - 4) and parallel to the given line

199.

200.

X+2 2y+3 3z+4
3 4 5
3
x+2 Yty z¥
3 2

0 |

W«
Il
>

Any point on this line is QL31 2.2A—— —k—;J

Direction ratios of PQ are r3X. A 9. At 8]
2 3

Now, PQ s parallel to the given plane 4x + 12y =3z + 1=0

= line is perpendicular to the normal to the plane

- 40 + xz(“ 9) 3(51 + s) =
2 3

=>. - A=2 :Q(4,%.2)

2
= PQ:J(s)HG—s) +@r=2

The given points are (0, 0, 0), A(0, 0, 0), B(0, 4. 0) and C(6, 0, 0)
Here, three faces of tetrahedron are xy, yz, zx plane.

Since point P is equidistance from zx, xy and yz planes, its
coordinates are P(r, r, r)

Equation of plane ABC is
2x+3y+6z=12

P is also at distance r from plane ABC

|2r +3r + 6r —12|

(from intercept form)

= =r = |1lr-12|=7r
,'4+9+36
12
1r-12=*7r = r=—,3
= ’ 18
r=2/3 (asr<2)

The equation of the given planes can be written as
x-y+z+1=0
Axz+3y+2z-3=0
3x+Ay+2-2=0

The rectangular array is
1 -11 1
A 3 2 -3|=0
3 A1 =2
1 -11
Ay=|A 3 2
3 A1
Applying C; = C; + Gand Gy > C3 + G, then
1 .0 .0
Ay=|A 3+A 2-A|=(A-4)A+3) ..()
3 3+A =2
-1 1 1
Also, A=|3 2 -3
A1 =2

Chap 03 Three Dimensional Coordinate System

2n

Applying C; > C2 + G and C; = C; + G, then

-1 0 0
A=[3 5 0 |==5(A-2) . (id)
A A+1 A-2
11 1
A,=|A 2 -3
31 -2
Applying C; = C, -G and C3;— C3 — G, then
Lol 0
Ay=| A 2-A -3-A|=3A-16 ... (iii)
3 -2 -5
1 -1 1
Ay=|A 3 -3
3 A -2
ApplyingC, = C; + G and C; = C3 — G, then
L. 1. 0
As=| A 3+A =3-A =A+3)(A-2) ...(iv)
3 3+A -5

If the given planes form a triangular prism, then we know that
A, =0and none of A, A,, As is zero. Here from Egs. (1), (ii),
(iii) and (iv) we find that if A = 4, then A4 = 0 and none of A,
A,, A, is zero. Consequently for A = 4, then given planes form
a triangular prism.

201. 7x+6y +2z=272and x—y + 2 =16

= 5x+8y=240=x=48—8§y
Lety =5 A, L eI = x =48 —8)A
andz =16 +y — x =13\ —32

Butx>0,y>0andz >0 = 48—8k>0=l>£
8

= A<5 and 13L-32>0 = L
13

=5 A3

' A e[3,5]

Znin=39-32=7 = x=24,y=15
x+y+z-42=4

202 The given two lines are intersect each other, then

ao + b + ¢y + d,
al + bm+ cn

_a+bf+cy+d,
ayl + bym + cpn

-2d* - —d?
SinA +sinB +sinC  sin2A + sin2B + sin2C
= sinésinésing -
2 2 2 16
. k k-1 2
203. [c-abecl=0 = |1 kK -1=0
k 3k-1 k&

= k'-4ak*+8k-2=0
Here fk)=3k*-8k+8>0V keR

(' Its discriminate is negative)
*. The equation has only one real root.
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204. Taking O as the origin, let the position vectors of A, B and C
bea, b, ¢ respectively. Then the position vectors of G, G, and
G; are
b+c c+a a+b

s and
3 3 3

1
i =-6-[abc].'«de2=[()Gl 0G, 0G;]

1 2
= V;=—[b+cc+aa+b]==
A 27[ c+aa+b] z7[abl:]
= V=2 x6V, =0V, = 4v,
27
205. Let the equation of planes is Ix + my +nz=p

~LA= (ﬂ, 0, 0) B= (0, ﬁ, 0) C= (0, 0, £) respectively
I m n

Centroid of OABC = (ﬂ L i) =(x,y1,21)  (say)

2 2 2
A S

+ =
16xt 16yf 16z}

16 222
= X{yi + yizt + 2l _p_xlylzl

k=16 = 2k=32 = Yzk=2
206. 12+ mt+nt =11} +m}+n}=1
(2 + m +nf) (F + m} + n) = (b + mym, + mny)*
= (myny — mym)* + (myly = noh)? + (hmy — Lmy )?

(hmy = Lm)? + (mynz — momy )2+ (mly — nh)?
+ (hly + mymy + mny)? =1

)

AL

5 4
207. Coordinates of the point, S = [n?‘ ﬂz—,

5 4
n n n
= 2x|—+—+-|=-1
(2 2 2)

= n(n® +n*+1)=-1
= —1is the only solution.

208. Wehave, ~ I+m+n=0 ()
and 212+ 2m* —n* =0 ...(ii)
Now, A% +m?)-n*=0
= 21 -n%)-n*=0 [+ mt+n®=1]
= 3n=2 :

2
= n=% J;
Again, A%+ m?) = n?
= 200 + m)* - zlm] —(- (+m)?
—)
l+m=% \[ = 2= J:
= 7?

209.

210.

211,

.. Direction cosines are

1 2
o (-ﬁ' 6 3)
~1'f-1
The angle between in both the cases is cos ! (T) :

Elimination n between the given relations, we get

2
ul® + vm? + W(M) =0

-C

2 1 .
= (CCu+ azw)-[7 + 2abw.— + (b*w + c)=0 L)
m m
b*w + c%v
b b product of roots = zw—z
m, cu+a‘w
by __mm _  mm (by symm gtry)

bw+cv clu+a’w av+biu
If lines are perpendicular, then
L, + mymy + mn, =0
= a*(v+w)+ b (w+u)+cHu+v)=0
Again, if the lines be parallel, then their d’c are equal so that
the roots of Eq. (i) should be equal, i.e. discriminate = 0
4a%b*w? — 4(c®u + a*w) (b%w + &) =

= a’c*vw + b%luw + c*uv =0
2 B2

= —_—t—+—=0
u v w

The coordinates of any point on the line
x+2 ._&--z;s—laregwenby
3 2 2
(3A —2,2A —1,2A + 3)
The distance between the above point and (1, 2, 3) is 3v/2.

JBA-2-1)7 + @A —1-2)2 + (2h +3 -3)? =342

= A= ﬁ, 0
17 56 43 111
" Required points are (-2, -1, 3) and ( = —)
17°17° 17
The required line is perpendlcular to the lines which are
parallel to vectors b, =2i —2j + kand b, =1 + 2j+2k

respectively. So, it is parallel to the vector b =b, X b,.

2 A i
i j k

Now,b=b; xb,=|2 -2 1|=—6i-3j+6k
1 2 2

Thus, the required line passes through the point (2, -1, 3) and
is parallel to the vector b = — 61 —3j + 6k.

So, its vector equation is

r=(2i - j+3k) + A(-6i - 3] + 6k)
or r=(i - j+3k)+pEi + j -2k),
where =-3A.



212

givenbyxT_3=y_—3=5___;~_

x=3
2 . 1

The coordinates of any point on the line

1 1
So, let the coordinates of A be (2A + 3, A + 3, A).

Let the line through (0, 0,0) and making an angle % with the

given line be along OA. Then, its d’ r are proportional to
2L +3-0,A+3-0,A -0

" or 2A+3, A +3, A

213.

The direction ratios of the given line are proportional to 2, 1, 1.

It is given that the angle between the given line and the line
along OA is g

T _ @A+3)x2+(A+3)x1+A X1

cos =
3 Jer 3+ +3)+ A2y22 +1% 417
= 6\ +9
Jor? + 18M + 18 V6
A=-1-2
00, 0, 0)
/3 /3
A B
x-3_y-3_z
2 1 1

Putting these values of A in the coordinates of A i.e.

(@A + 3, A + 3, 1), we find the coordinates of Aand Bie.
A(1,2,—1)and B(-1,1,—-2).

So, the equations of OA and OB are

x-0 _y-0_2z-0
1-0 2-0 -1-0
x-0 _y-0_2z-0
10 1-0 -2-0
x Y2
or 1 2 -1
X iy X
and a1 =2

Clearly, height i of AABC is the le?gth of gcrpendicular from
-1 z- )
A(1, — 1,2) to the line xrE y—l_ =7 which passes

through P(-2,1, 0) and is parallel to b =2i + j + 4k

A(1,-1,2)

B P21,00 M ¢
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214.

h=]—-_lPAXb

|b]
Now PA =-3i + 2] -2k and b =2i + } + 4k
A )
PAxb=|-3 2 -2/=10i+8-2k
2 1 4
|PA x b| = |/10? + 8 +(=7)" =213
and [b] =27 + 12+ 42 =21
_|PAXDb|
|b]|
_Nzis_ 71
Tzt V7

It is given that the length of BC is 5 units.
1
Area of AABC = -(BC x )

=_1_x5x ’7_1 = ’1—772 sq units.
2 7 28

If the coordinates of the point P be (ct, B, ¥).

L (i)
a B ¢

Again d’ ¢ of OP are proportional to &, 3, ¥ and hence these are
also the d’r of the normal to the plane which is perpendicular
to OP and since it passes through P, its equation is

a(x-a)+Py-P)+vz-y)=0

Then,

or ox+By +yz=a?+p* +v* (i)
It meets the axes in A, B, C and hence the coordinates of these
2, p2
a’+p

2
points are i . 0, 0) etc.
o

The equation of the plane through A and parallel to the YZ
a’+ B+
e
Similarly the equations of other planes are
o’ +p*+y? mdz=a2+Bz+y’.
B Y
The locus of their point of intersection is obtained by

elimination o, 3, y between the three equations of the planes
and relation (i)

plane is x =

y=

1 1 1 2 2 2
_z+_2'+_2=_—_az+az+yn
oyt 2 @+ )’

e
a?+pi+y?
o, GG+
Again, 2 e ot 82 DS )
ax by «cz at + B2+ v’
1
e (from Eq. (i)]
1 1 1 1 1 1
S tSt=s=—+—+ —
xz yt zl ax by cz
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Since, S is directly above the mid-point T of diagonal OQ and

215, Any point on the line is (3 + 2, 4r — 1, 12r + 2),
ST =3,

If it lies on the plane x — y + z =5, then 3
(Br+2)-(4r-1)+(12r+2)=5 ie. 5(5'5'3J
=r=0 33
Hence, point of intersection is (2, — 1, 2) . Here, DR’s of OQ (3, 3, 0) and DR’s of OS(E' 5,3).
Its distance from (-1, — 5, - 10) is 5 9
Ve+17+ (-1 +57 + @ + 10y bz 9 1
=PHI6+ = =13 ) mse_m\ﬁiw Va2 B
216. Any plane through the intersection of given planes is . <& ’
(x+3y+6+A(Bx-y=-4z)=0 .. Option (a) is incorrect.
or(1+3A)x+(B—A)y —dAz +6=0 .. Now, equation of the plane containing the AOQS is
Its perpendicular distance from (0, 0, 0) is 1. : xR
O 6 I 3 3 0[=0
U Navsrse-arecay| il
=A=%1 ry z
-~Required planes are 2x + y =2z + 3=0and = Bl
x=2y-2z-3=0. 11 2
217. The image of the plane = x2-0)-y2-0)+2z(1-1)=0
x-2y+2z-3=0 (i) = 2x-2y=0o0r x-y=0
in the plane x+y+z-1=0 (i) .. Option (b) is correct.
passes through the line of intersection of the given planes. Now, length of the perpendicular from P(3, 0, 0) to the plane
Theref'ore, the equation of such a plane is containing AOI?S i(s)| §
(x=2y+2z2-3)+H{x+y+z-1)=0 ==
= (1+r)xy+(—2+t)y+(2+}t')z-3—t=o (iii) vi+1 V2

.. Option (c) is correct.

Now, plane (ii) makes the same angle with plane (i) and image
Here, equation of RS is

plane (iii). Thus,

1-2+2_ 1+t-2+t+2+1t x=0_y=3 _z-0_,
3V3 B+ 1)+ -27 + @+ 1) 3/2 -3/2 3 :
3 3
2 = x==A,y==-= 2 =
= :=o,—§ P 2X+3z 3\
2 To find the distance from O(0, 0, 0) to RS.
For t = 0, we get plane (i); hence for image plane, ¢ = =5 Let M be the foot of perpendicular.

The equation of the image plane 2 0(0,0,0)

Hx—2y+2z-3)-2x+y+2-1)=0 E

= x—-8y+4z-7=0. 5
218. Given, square base OP = OR =3 ¥ :'“I
M

P(3,0,0), R=(03,0) s
s Y9 (25-20) (22
N, 2" 2"’ 22 J
,' : \\‘ oM RS —._—
] &N Awso ) OM9.}J: RS3 = O)‘M RS=0
T 3
H = —==|3-— =
! 2 2( 2 )+3(37k) 0
P T = l:;-
(3,3.0)
/ Q(3.3.0
e M(l, E. 1)
2'2
X
= om= 143, _ Po_[15
4 2

33
id-point of OQis T =, =,0|. i
Also, mid-point of OQ is (2 2 ) + Option (d) is correct.



219. Let image of Q3, 1, 7) wrt. x —y+z=3beP(xt,B Y

«-3 _B-1_y-7_-26-1+7-3)
S A N O
= @-3=1-f=y-7=-4
; a=-1B=5y=3
Q@A
Geecrecd
X-y+z=3

Ple, B. Y

Hence, the image of Q3 1, 7) is P(-1,5,3).
To find equation of plane passing through
P (-1.53)and containing > =¥ = 2

1 2 1

DR's (1,2,1)

x—-
1-—-

0
0
1-0 5-0 3-0

= x(6-5)-yB+1)+z2(5+2)=0
x—4y+7z=

220. (i) Direction ratios of a line joining two points (x;,y,,2;) and

(xayazz)are x;—5,y2 = Ynf2 =3
(ii) If the two lines with direction ratios a,, b, 6;a,,bs.¢; are
perpendicular, then aa,+bhb+6c=0
ljnel,isgi\rnb)‘y=r.:=lmnbe=xpressed

A -
= x=oy=0z:=1
Let the coordinates of Q on L, be (a,a.1).
Line Lygivenby y =—-x.z = -1 can be expressed as

Ll.i-;_y_:f*_’ =B

1 -1 0
= x=Ry=-Rfz=-1
Let the coordinates of Ron L, be (B—f—1)
Q@A)
PN R(0.0.-1)

[say]
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221.

Direction ratios of PQare A —at, A —¢, A —1.
Now, PQ L L
? A -a)+1-A-0)+0-(A-1"=0
= A=a
Hence, Q(A.A,1)
Direction ratios of PRare A =B, A +BA +1.
Now, PR L L,
1A =B)+(-1D)A+B)+0A+1)=0
A-B-A-B=0 = B=0
Hence, R(0,0,—1)
Now, as ZQPR =90°
[as aja; + Byb, + cyc; = 0, if two lines with DR’s a,by,c3a;,b0;
are perpendicular]
A=2A)A-0)+(A=-A)A-0)+(A-1)A+1)=0
= A-)(A+1)=0 = A=1 or A=-1
A =1,rejected as Pand Q are different points.
= A=-1

If two straight lines are coplanar,
i.e._ x_xl=y_yl=z—zl
a b C]
X=X, - -
and 2 =¥ =Y2 _ 2722 5 coplanar
a; b, e
A (x4, ¥1. 29)

(ay.b1.¢1) DR's

8 (Z) Y.
Y2
(Bz-bz.cy) DR's

Then, (x; = Xy, 2 =y, 22 = 2,), (ay, by, ¢;) and (ay, by, c,) are
coplanar,

X2=X Y2=N -2

ie. a bl o =0
ay b, c
Here, x=5-Y =%
3-a -2
= 5. .y=0 _z-0
0 —(@-3) -2 (0
and x=aL=2
-1 2-a
= oo Y0 20
o e (i)
S-a 0 0
= 0 3-a =2 |=0
0 -1 2-a
= G-0)B-0)e-a)-2)=0
= G-a)[a’-5a+4)=0

) = G-a)@a-1)(@=-4)=0

a=145
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222. Equation of straight line is ! :

223.

X=X _Y~n_z-z

Since, [ is perpendicular to /; and /, .

So, its DR's are cross-product of /; and /,.

Now, to find a point on /, whose distance is given, assume a
point and find its distance to obtain point.

Let l:f—_():y_—()___z—o

which is perpendicular to
L2 (31 -5+ ak) + 3 + 2§ + 2k)
L:(31+3) + 2k) + s@i + 2j+ f{)
ijk
2
1

DR’s of I is |1 =—2i+3j-2k

NN

2732
Now, A(=2k, 3k, —2k) and B(~2k;, 3k,, —2k,).
Since, A liesonl,.
(=2k)i + (3k)) — @k e = (3 + )i + (=1 + 20)j+ (4 + 20)k
= 3+t==2k~-1+2t=3k,4+2t=-2k
s k=-1
= Al2,-3.2)
Let any point on [,(3+ 25,3+ 25,2+5)
Je-3-25) +(-3-3-25) +2-2-5) =17
9s2 + 285 +37 =17
9s% + 285 +20=0
952 + 185 +10s +20=0

(9s +10)(s +2)=0
)
9

L v sy

x+2 y+1

Any point on

= x=2A-2y=-A-1z=31
Let foot of perpendicular from(2A —2,—-A -1, 31)

tox+y+z=3be(x2,yz.z2).
x-@h=2)_ys—(=A-1) _z-(})
1 - 1 1
_ (2A-2-A-1+31-3)

1+1+1
4\
= xz—21+2=y,+k+l=zz-3k=2—7
2\ A 5A
=Y =1=-—,2, =2+ —
X2 3 Yz 3% 3
=5 _ﬂ_y,-l_z,—z
2/3 =7/3 5/3
Hence, foot of perpendicular lie on
) B L PN R BN e
2/3 -=7/3 5/3 2 -7 5

x-1_y=-0_z-(3)
24, 1, 2= —="
i k|
Normal of plane P:mn =7 1 2
35 -6

= i(-16) - ¥—42-6) + kB32)
=—161 + 48j + 32k

DR’s of normal n = i —3}—21‘;

Point of intersection of I, and L,.

= 2K, +1=K, + 4

and =k -3

= k =2andk; =1

~..Point of intersection (5, —2 —1)

Now equation of plane,
1-(x=5)-3(y+2)-2Az+1)=0

= x—3y—-2z-13=0

= x-3y-2z=13

a=1,b=-3,¢c=-2d=13

. Since, ===

2 K 2
and x—4"1=‘y—+l=£areoopla.nar.
5 2 k
2 0 of .
= 2 K 2|=0
5 2 K
= K’=4 = K=%2

n, =b, xd, =6j—6k fork=2
o n,=b,xd,=14j+ 14k, fork=-2
So, equation of planes are(r—a)-n, =0
= y—z=-1 and (r—a)-n,=0
= y+z=-=1
Equation of the plane containing the lines
x=2_y-3 z-4

3 4 5
and X1 _y=2 z-8

2 3 4
isa(x—2)+ by -3)+c(z-4)=0
where, 3a+4b +5¢=0

2a+3b+4c=0
anda(1-2) + H{2-3) + (2-3)=0
ie. at+b+c=0
b

From Egs. (i) and (iii).% =—= f. which satisfy Eq. (iv).

-2
Plane through linesis x -2y + z =Q
Given plane is Ax =2y + z =d is V6.
Planes must be parallel, so A =1 and then

4l _ g
— =46
V6

= |d|=6

-1
(i)

(i)

~(iv)
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227, The equation of the plane passing through the point Then the DR's of line of intersection of planes is < 14, 2,15 >
—1. -2, ~1) and whose normal is perpendicular to both the and line is
given lines L, and L, may be written as x=3 _y+1_z-0_, -
(X+D)+7(@+2)-5@+1)=0 = x+7y-52+10=0 u 2 15
The distance of the point (1, 1, 1) from the plane = x=14A+3,y=2A-1,z =15\
“[tt7-5+100_ 13 units Hence, Statement 1 is false.
31 +49+25| V15 But Statement Il is true.
228. The shortest distance between L, and Lyis a b c
{@=(=1) i +@=2) ]+ B = (1)) k} - (=i -7} + 5K) e i :
543 c a
_| @1+ k)i 7] + 5k) =-lasbrallla=b) +(= +(e=a)']
5V3
35 (A) Ifa+b+c#0anda® +b*+c* =ab+bc+ca
=g§'“““’ = A=0 anda=b=c#0

= The equations represent identical planes.

229. The equati i i i
quations of given lines in vector form may be written as B)a+b+c=0 and a*+b*+c* #ab+bc+ca

L:T=(-1 -2]-k)+ A G0 + ] +2k) S5 AS0
and I, T = (zi - 2] + 3|.() +u (i + 2] +3K) = The equations have infinitely many solutions.
Since, the vector is perpendicular to both L, and L, . ax+by =(a+b)z, bx+cy=(b+c)z
i ] i = (b*-ac)y =(b*-ac)z =y =z
31 2|=-i-7)+5k ' = ax+by+cy=0 = ax=ay = x=y=z
12 3 (C) a+b+c#0anda®+b*+c* #ab+bc+ca
= A#0

.. Required unit vector
(-i » 7] + SI;) The equations represent planes meeting at

= ;(_,)1 +(=7) + ) only one point,

(D) a+b+c=0anda’+b*+c* =ab+ bc+ca

1 - - -
=——(-i-7j+5k = a=b=c=0
5B ( J ) a e
) = The equations represent whole of the
230. Given three planes are three-dimensional space.
B:x-y+z=1 ..(i) 233 . x z
., Any | Xy & -

Bixk ysgel (i) . ny line parallel to T and passing through P(1, - 2, 3)
and Py:x-3y+3z=2 ...(iii) Is
On solvi . (i) and (i), t P(1,-2,3)

n solving Eqs. (i) and (ii), we ge /<1' i

x=0z=1+y
which does not satisfy Eq. (iii).
As x=3y+3z2=0-3y+3(1+y)=3(22) R 2x+3y—-4z+422=0
So, Statement Il is true.
Next, since we know that direction ratios of line of intersection /
of planes  ax+ by +cz+d, =0 Q
and a, x+ by +c;z +d, =0is . X"1=y+2=z—3=x

bie, = by, cia; — aicy, aib, — aghy 1 4 5 (say)
Using above result, Any point on above line can be written as
Direction ratios of lines L, L, and L, are (A + 1,40 =2,5) + 3).

0,2,2;0,—4,-4;0,-2,-2 .Coordinates of Rare (A + 1, 4A = 2,5\ + 3).
Since, all the three lines L, L, and Ly are parallel pairwise. Since, point R lies on the above plane.
Hence, Statement I is false. S A1)+ AAN =2) =4SN +3) 4 2220 = A=l

231, Given planes are 3x -6y -2z = 15and 2x + y -2z =5. So, point R is (2, 2, 8).

Forz =0,wegetx=3y=-1 Now, I’R-\/(Z-I)'+(2+2)2+(8-3)‘=m

Since, direction ratios of planes are )
<3,-6,-2>and <21,-2> . PQ=2PR =242
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234. Given, equations of lines are

Jt—1=y+2=z—4and x—2=y+1=z+7
1 -2 3 2 =1 -1
Letn, =i-2j+3kandn,=2i -j-k

- Any vector n perpendicular to both n,, n, is given by

n=n, Xn,
ij Kk )
= n={1 -2 3|=5i+7j+3k
2 -1 -1

-.Equation of a plane passing through (1, - 1, — 1) and
perpendicular to n is given by

S(x=1)+7y+1)+3(z+1)=0

= 5x+7y+3z2+5=0
..Required distance = e W units
;}5’ +72+32| 83

235, Equation of line passing through (1, — 5, 9) and parallel to
x=y=2zIis
x=1_y+5_2z-9_
11 i o8 ‘el

Thus, any point on this line is of the form
A+1L,A=5A+9)
Now, if P(A + 1, A =5, A + 9) is the point of intersection of line
and plane, then
A+1)-(A-5)+A+9=5
= A+15=5
= , A=-10
..Coordinates of point P are (=9, - 15, — 1).
Hence, the required distance

Y TR FYSEES TRy

= f10? + 102 + 10* =103

236. Since, the line -3 Z—%% ekt lies in the plane
Ix + my —z =9, therefore we have
2l-m-3=0
[+ normal will be perpendicular to the line]
= 2l-m=3 (i)
and 3l-2m+4=9
[+ point (3, — 2, — 4) lies on the plane]
= 3l—2m=5 )
On solving Egs. (i) and (ii), we get
I=1andm=-1
2+m?=2
237. Given equation of line is
¥3 ytly -2, A (say) ...(i)
3 4 12
and equation of plane is
x-y+2z=16 ...(ii)

238,

239.

Any point on the line (i) is
(BA +2,4A - 1,121 +2)
Let this point be point of intersection of the line and plane.
(BA +2)—(4A —1) +(12A +2) =16
11A +5=16
1A =11
A=1
~Point of intersection is (5, 3, 14).
Now, distance between the points (1,0, 2) and (5, 3, 14)

=JF1)’+(3-0)2+(14-2)’

BTy reTT

=4/169

=13
Let equation of plane containing the lines 2x =5y + z =3and
x+y+4z=5be

@x—5y+z-3)+Mx+y+4z-5)=0
= @+M)x+(A=5y+(@A+1)z-3-51=0 (i)
This plane is parallel to the plane x + 3y + 6z =1.
2+A _A-5_4r+1

sLul

1 3 6.
On taking first two equalities, we get
6+3A=A-5
= 2A=-11
11
= =——
2

On taking last two equalities, we get
6A —30=3+12A
= -6\ =33

= .
2

So, the equation of required plane is
11 -11 44 11
—=|x+|[—-5ly+|-—— - —=
( 2) (2 )y ( 2 +1)z 3+5><2 0

2 Zy 2
x+3y+6z-7=0

Given, I+ m+n=0 = I=—(m+n)

= (m+n)?=10
2
= m? +n® +2mn=m?+n? [ 1> =m? + n? given)
2mn=0

=

Case I When m= 0, then
I==n
Hence, (I, m, n)is(1, 0, —1).
Case Il When n =0, then
l=-m
Hence, (/, m, n)is (1, 0, -1).
cose=l+o+0=l
V2xV2 2

0¥
3



240.

241,

242,

Plane and line are parallel to each other. Equation of normal to
the plane through the point (1, 3, 4) is
x=1_ y-3 z-4
) R S
2 -1 1 (5]
Any point in this normal is
@k+1,-k+3,4+k).
2k+1+1 3—
=5 ( s k+3,4+k+4)liesonplane.
2 2 2
= 2(k+1)—(-ﬂ)+(§+—k)+3=o
2 2
= k=-2
Hence, point through which this image pass is
@Rk+1,3-k 4+k)
ie. (2=2)+1,3+24-2)=(-3,5,2)
Hence, equation of image line is
x+3 _y-5_2z-2
3 1 -5
Given planes are
2x+y+2z-8=0
and 2x+y+22+§=0
Distance between two parallel planes
5
s
= |d —d,| = 2
\/az-f'bz+cz J22+12+22
21
it
3 2
The given line are
x=2. y=3 Z=4 (i)
1 1 -k
x-1_y-k_z-5 (ii)
and X == 1
Condition for two lines are coplanar.
[(=% h~Y: ' A~2%
A my m |=0
I, m; ny

wher,e (x;, ¥, z;) and (x,, y z,) are any points on the lines (i)

and (ii), respectively and < Iy, my, m, >and <l m; n, >are

direction cosines of lines (i) and (ii), respectively. ’
2-1 3-4 4-5|

1 1 -k|=0

k 2 1

1 -1 -1
= 11 -k[=0

k 2 1
= 1(1+2k)+1(1+k)-2-k)=0
= K +2k+k=0
. K +3k=0
=5 k=0-3
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Note : If 0 appears in the denominator, then the correct way of
representing the equation of straight line is
- -4 _z-5
x—2 =y——3;z =4andx=1;y——=z——
1 1 2 1
Given A plane P: x =2y +2z =5=0
To find The equation of a plane parallel to given p}ane P and
at a distance of 1 unit from origin. Equation of family of planes
parallel to the given plane Pis
Q:x-2y+2z+d=0
Also, perpendicular distance of Q from origin is 1 unit.
0-2(0)+2(0)+d | _
12428422
¢
3

Henze, the required equation of the plane parallel to Pand at
unit distance from origin is

x—-2y+2z2%+3=0.
Hence, out of the given equations, option (a) is the only correct
option.

= 1

= =1= d=%3

3 4
_x-3_y-k_ﬂ
L 1 2 1

To find The value of ‘k’ of the given lines L, and L, are
intersecting each other.

- + -1
Given TwolinesL,:XT]=y 1 %=1

and

x-=1_y+1 z-1
Let —_—=r— = =
L 2 3 4 #
x-3 y-k z-0
and H ==
- 1 2 1

= Any point Pon line L, is of type

P(2p +1,3p -1, 4p + 1) and any point Q on line L, is of type
g +3,29 + k, q).

Since, I, and L, are intersecting each other, hence both points
Pand Q should coincide at the point of intersection, ie.,
corresponding coordinates of Pand Q should be same.
2p+1=q+3,3p-1=2q+kanddp+1=¢q
On solving 2p + 1 =g + 3and 4p + 1 = g, we get the values of p
and qas
= and g=-5
2 &=

On substituting the values of p and q in the third equation
3p—1=2q + k, we get

-3
3(?)-1_2(—5)“:

= ke
2
245. Angle between straight line r =a + Ab and plener-n=dis
L
[blla]
sin0=(§+23+lk)-(§+23+3ﬁ)

Vi+442% fiTa+9
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5+3A

T A+s Vi
cosO=‘/E
14
5+ 3A

3 3
sinf=—==— =
Vs TV s

= 9 (A2 +5) =9A% + 30\ + 25

Given,

= 9% + 45 =9A7 + 30\ + 25
= 301=20=A=§
246. Mid-point of ABis M (1,3, 5).
A(1,0,7)
i
1
=
1
1
n
Mr yrtz2
i A3
H
'
B(1,6,3)
R x_y—-1_z-2
which lieson = ==——— =
1 2 3
as 1=—.__l=—5_2 =1=1=1
1 2 3

247.

Hence, Statement Il is true.
Also, directions ratios of AB is
(1-1,6-0,3-7)

ie. (0,6, —4) (i)
and direction ratios of straight line is
(1,23) ..(ii)

The two lines are perpendicular, if
0(1)+6(2)-4(3)=12-12=0
Hence, Statement I is true and statement II is a correct
explanations of statement II.
Let the coordinates of Q be (2A, 3A + 2, 4A +3) which is any
point on the straight line AB.
P(3,-1,11)

A al
- DR’sof PQis(2A-3,3\ +3, 4L -8)

i " e x _y-2 z-3
Also, perpendicular to straight line AB i e A

having DR’s (2, 3. 4).

Thus, 22\ -3)+303A +3)+ 44A-8)=0
= 4A-6+9A+9+16A-32=0
= 290 -29=0

A=1

248.

249,

250.

251.

Hence, coordinates of Q are (2,5,7)
[PQI=3-2)* +(-1-5)* +(7-11)*
=J1+36+16 =53
Let Q be any point on the plane.

Then equation of PQ is
o W L L
1

1 1

where P=(1,-509)

x=A+1,y =A-5z=A+9lies on the plane
x-y+z=5
= A+1-A+5+A+9=5
=-10
Hence, coordinate of Qis (-9, - 15,-1)

| POI= 1/(10)? + (10)? + (10)*= 103

We know that, cos? 45°+ cos?120°+ cos’0 = 1

1
= l+l+c0529=1 = cos’0 =—
2 4 4

= cos6=i% = 0 =60°0r 120"

The image of the point (3, 1, 6) with respect to the plane
x=y+z=5is

1 -1 1 1+1+1
X=X _ Y-y _z-z _ —2ax +by, +cz +d)]
[' a b ¢ a+b+
L x3_y-1_ 26,
1 - 1
= x=3-2=
y=1+2=3
and z=6-2=4

which shows that Statement I is true.

We observe that the line segment joining the points
A(3, 1, 6) and B(1, 3, 4) has direction ratios 2, — 2, 2 which are
proportional to 1, - 1, 1. The direction ratios of the normal to
the plane. Hence, Statements II is true. Thus, the Statements I
and II are true and Statement I is correct explanation of
Statement L.

Dr’s of given line are (3, - 5,2) .

Dr’s of normal to the plane = (1,3, - &)

. Line is perpendicular to the normal.

= 3(1)-5@) +2(-a)=0
= 3-15-200=0
= W=—-12=20=-6

Also, point (2, 1, - 2) lies on the plane.
2+3+46(-2)+B=0=3p=7
= (@, pB)=(-6,7)
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Projection of a vector on coordinate axes are
XY= YnZ2— %
- X =6,
Y2=n=-3
-z, =
Now, \/("Z =x) + 02 -n) + (@ -2,)

=36+9+4=7

So, theDCsofthevectorareé —2 E
77T
Equation of line passing through (5, 1, @) and (3, b, 1) is
x-3 _y-b_z-1 -
5 1-b a-1 =@
[ =% _JY-— }’1=z'z|]
-X N 22—z
Point (0, %, —%) satisfies Eq. (i), we get
u_b —E—l
o
2 1-b a-1
(-3)
= a-1= ; =5 = a=6
=)
Alii; -3(1-b) =2(§ —b)
= 3b-3=17-2b
= 5b=20=>b=4
Given, x-1_y-2_z-3 . (i)
k 2 3
x-2 _y-3 z-1 -
d oD P o . (ii)
an 3 k2 g

Since, lines intersect at a point. Then, shortest distance
between them is zero.

k 2 3
3 k 2(|=0
11 -2

= k(-2k-2)-2(-6-2)+33-k)=0
= —2k*-5k+25=0
= 2k? +5k—25=0
= 2k* +10k-5k—-25=0
= 2kk+5)-5k+5)=0

= =§,-5
2

Hence, integer value of k is — 5.

Let the drection cosines of line L be [, m and n. Since, the line
intersect the given planes, then the normal to the planes are
perpcndlcular to the line L.

2l+3m+n=0
[4+3m+2n=0

(1)
(i)

and
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From Egs. (i) and (ii), we get
Lol B
3 -3 3

We know that, [? + m® + n® =1

(3k)% + (-3k)* + (3k)* =1

[say]

1
27k*=1 = k=—4¢
33

1 1
|=— = cosO =—=
V3 V3
Since, a line makes an angle of E with positive direction of
each of X-axis and Y -axis, thcrefore
a=—=,B=—
B 4
We know that, cos o + cos? B + cos’ y=1

n
= cos? T 4 cos? L+ cos? y=1
4 4
1 A
= ~+-+cos’y=1
2 2
= cos’y=0 = y=90°

Given, equation of sphere is
x*+y?+22—6x—-12y -2z +20=0
whose coordinates of centre are (3, 6, 1).

Since, one end of diameter are (2, 3, 5) and the other end of
diameter be (ct, B, v),

Shea “+2=3,ﬁ+3=6,7+5=
2 2 2

= a=4pB=9

and =-3,

Hence, the coordinates of other point are (4, 9, - 3).
Given equations of lines are
x=ay+bz=cy+d
x=a'y+b,z=c'y+d’
These equations can be rewritten as

x-b_y-0_z-d

a1 ¢

_z-d’

and

and

These lines will perpendicular, if aa” + 1 + ¢¢’ = 0
' Ll + mmy + nin, =6
We know that, the image (x, y, z) of a point (x;, ,, z,) in a
plane ax + by + cz + d = 0is given by
Sl I S ) W et
a b ¢
_=2(ax, + by, + cz, + d)
at+ b+ ¢t

Thus, the image of point (=1, 3, 4) in a plane x —2y = 0 is given
by
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= 220X +(-2)x3+0x 4] 262. 1fay, by, c, and az, by, c; are DR’s of two lines, then the angle
1+4 between them is given by
= x:—l=Y~23=zg4=.-2§—7) — aya; + bib, + ¢ ¢,
s e B . 1 \Ez+b,z+c,2 a? + b} + ¢}
5 ik 5 s The given equations can be rewritten as
il g BV ok it w ok,
5 9 13 3 2 -6 2 =12 -3
Hence, th f point (—1,3, 4)is | =, - —, 4. 4
S BT i (5 5 4) . Angle between the lines is given by
260. Centre of sphere x* + y* + 2% + 2ux + 2vy + 2wz+d=0is | cos @ = oPAt 18
Vo+4+36/4+144+9
(-4 —v,—w). 4
Given equation of first sphere is =———=0
*+y*+ 2z +6x-8y—2z=13 .(i) V49157
= =90°
whose centre is (=3, 4,1) %3, s 6=90
and equation of second sphere is » Since, the centre of sphere
x+y’+2 —10x+ 4y —22=8 «-(ii) J"2"'3’2"'A"'z—:r+z—2=0i5(l-0.--1-)3"'-'1l'adiusofSPhere
2 2

whose centre is (5, -2, 1).

Mid-point of (-3, 4,1) and (5, -2, 1)is (1,1, 1). ‘ s Pl T o A0

Since, the plane passes through (1, 1, 1). 4. 4 2
2a-3a+4a+6=0

= 3a=-6 =a=-2
261. Direction ratios of line normal are T
(@, b, ) =(1,2,2) BE—A >
and direction ratios of a plane are o —
(az. by, 02) =2 ~1,¥3) Distance of plane from centre of sphere

aa; + bb, + cic,

Since, sinf =
Vst ea Jarbiea _s
_ 1X2+2(-1)+2 XA 3
J)+ @2 + @ +@) + (A
So, radius of circle = 10 _9
1 Zx/x 4
= -= =5+A =4\ 6
3 3/5+A =\/ﬂ_ 1z _,
. A=3 12 12
3



