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Preface

It is a matter of great pleasure and pride for me to introduce to you
this book “Play with Graphs”. As a teacher, guiding the All Engineering
aspirants for over a decade now, I have always been in the lookout for
right approach to: understanding various mathematical problems. I had
always felt the need of a book that can develop and sharpen the ideas of
the students within a very short span of time.

The book in your hands, aims to help you solve various mathematical
problems by the use of graphs. Ways to draw different types of graphs are
very easy and can be understood by even an average student. I feel glad
to mention that the use of graphs in solving various mathematical
problems has been well illustrated in this book.

I would like to take this opportunity to thank M/s Arihant Prakshan
for assigning this work to me. It is their inspiration that has encouraged
me to bring this book in this present form.

I would also like to thank Arihant DTP Unit for the nice laser
typesetting.

Valuable suggestions from the students and teachers are always
welcome, and these will find due places in the ensuing editions.

- Amit M Agarwal
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= In this section, we shall revise some basic curves which are given as.

7

» Algebraic

w

1.* Polynomial Function

Transcendental

s Prccovie) =

»LGreatest integer function)

2-)( Fractional part function ]

-.»( Least integer function]

-
s Exponential

@@arithmidlnverse of exponential ]

:-p( Geometrica

| curves) :

z»[ Inverse trigonometric curves]

-

_m ALGEBRAIC FUNCTIONS

A function of the form:

whereneN and ay, q;, a3,...,a, € R.

Then, f is called a polynomial function.

f(xX)=ag+ a;x + ax® + ... + a,x";

n

“f(x) is also called polynomial in x”.
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Some of basic polynomial functions are
(i) Identity function/Graph of f(x) = x y=x
L. 8N A function f defined by f(x)=x for all x€eR, is called the
1 { 5
W~ identity function. 450
+ Here, y = x clearly represents a straight line passing through [9) K
—ﬁ— the origin and inclined at an angle of 45° with x-axis shown as:

B The domain and range of identity functions are both
|| equal to R.
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Fig. 1.1

(ii) Graph of f(x) = x?

A function given by f(x) = x? is called the square function.

The domain of square function is R and its range is R* L {0}
or [0, =) .

Clearly y =x?, is a parabola. Since y=x? is an even x
function, so its graph is symmetrical about y-axis, shown as:

y=x?

Play

(iii) Graph of f(x) = x*

A function given by f(x) = x? is called the cube function.

The domain and range of cube are both equal to R.

Since, y = x? is an odd function, so its graph is symmetrical
about opposite quadrant i.e., “origin”, shown as:

Fig. 1.2

(iv) Graph of f(x) =x™; ne N
If n e N, then function f given by f(x) = x2" is an even function.
So, its graph is always symmetrlcal about y-axis. Fig. 1.3
Also, x2>x >x >x%>... forall xe (-1,1)
and x%<x*<xb<xb<.. forallxe(—oo,—l)u(l,eo)
Graphs of y = x2,y =x*, y =x5,..., etc. are shown as:

yextyaxs Npooy=x o

-1 .0 1

Fig. 1.4

! (v) Graph of f(x) = xln-1; "

If neN, then the function f given by f(x)=x?"! is an odd function. So, its graph is
W symmetrical about origin or opposite quadrants.
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Here, comparison of values of x, x3, x°

for

xe (1, ) x<x3<x®<...
xe(0,1) x>x3>x%>...
xe(-1,0) x<xi<xS<...
X € (—o0,— 1) x>x3>x%>...

Graphs of f(x)=x, f(x)=x3, f(x)=x>,... are shown as in

Fig. 1.5

2. Rational Expression

Fig. 1.5

A function obtained by dividing a polynomial by another polynomial is called a rational function. ———-!! =+

P (x)
Q(x)
“Domain € R - {x|Q(x) =0}

= fe=

ie., domain € R except those points for which denominator = 0. T

Graphs of some Simple Rational Functions

(i) Graph of f(x) = 5

A function defined by f(x)=— is called the reciprocal

1
X
function or rectangular hyperbola, with coordinate axis as
asymptotes. The domain and range of f(x)= Slc- is R - {0}.

Since, “f(x) is odd function, so its graph is symmetrical
about opposite quadrants. Also, we observe

lim f(x)=+e and lim f(x)=-eo
x—0* x— 0~

and asx—xoeo = f(x)>0

Thus, f(x)= 1 could be shown as in Fig. 1.6.
X

(i) Graph of f(x) = —
X

Here, f(x)= iz is an even function, so its graph is symmetrical about y-axis. ——
X

Domain of f(x)is R — {0} and range is (0, ).
Also,as y— o as lim f(x) or lim f(x) .
x— 0* x— 0"

and y—0 as lim f(x)
X toeo

Thus, f(x)= lz could be shown as in Fig. 1.7.
x

y L CLESEe

Fig. 1.7 ST
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(iii) Graph of f(x) =

7> NEN

Here, f(x)= 1_ is an odd function, so its graph is
x2

symmetrical in opposite quadrants.
Also,y >~ when lim f(x) and
x— 0t :

y—>—-e when lim f(x).
x— 0"

Thus, the graph for f(x)=—; f(x)= is ' ., etc. will

be similar to the graph of f(x) =— which has asymptotes
as coordinate axes, shown asin Fig. 1.8

(iv) Graph of f(x) =——;neN

We observe that the function f(x):LG is an even
X

function, so its graph is symmetrical about y-axis.

Also, y—>eas lim f(x) or lim f(x)
x— 0t x— 0" .
and y—0as lim f(x) or lim f ().

—o00

Fig. 1.8

The values of y decrease as the values of x increase.
Thus, the graph of f(x)_ f(x)— .., etc. will be

Fig. 1.9

similar as the graph of f(x) = —2-, which has asymptotes as coordinate axis. Shown as in Fig. 1.9.
x

3:.Irrational-Function

The algebraic function containing terms having non-integral rational powers of x are called

irrational functions.
Graphs of Some Simple Irrational Functions
(i) Graph of f(x) =

Here; f(x)= J_ x is the portion of the parabola y? = x, whxch
lies above X-axis.

Domain of f(x)e R* U {0} or [0, )
and range of f(x)e R* U {0} or [0, «).

Thus, the graph of f(x) = x"? is shown as;

Note If f(x) = x" and g(x) = x!/", then f(x)and g(x)are inverse of
each other.

=~ f(x) = x" and g(x) = x!/" is the mirror image about y = x.

y
=X
1. y =\
IE— ¢
o 1
Fig. 1.10



(ii) Graph of f(x) = x"/?

As discussed above, if g(x) = x®. Then f(x) = x"/?
is image of g(x) about y = x.

where domain f(x)eR.

and range of f(x) € R.

. 11Thus, the graph of f(x)=x"? is shown in Fig. ;

(iii) Graph of f(x) =x"*;neN

Here, f(x) = x?" is defined for all x €[0, =) and the values
taken by f(x) are positive.

So, domain and range of f(x) are [0, ).

Here, the graph of f(x)=x"?" is the mirror image of the
graph of f(x) = x?" about the line y = x, when x &[0, ).

Thus, f(x)=xY2, f(x)=x"*,...are shown as;

(iv) Graph of f(x) = x"?""', whenne N

Here, f(x)=xY?"1 is defined for all xeR. So,
domain of f(x)eR, and range of f(x)€R. Also the
graph of f(x) = x/?""! is the mirror image of the graph
of f(x)=x?"" about the line y = x when x€R.

Thus, f(x)=x"3, f(x)=x"%,..., areshown
as;

Note We have discussed some of the simple curves
for Polynomial, Rational and Irrational
functions. Graphs of the some more difficult
rational functions will be discussed in
chapter 3. Such as; . gt

Fig. 1.13 '
X 1 X Hx+1 '8 |

y=x+1 y=x2_1, y—)(z—x+1”“.

4. Piecewise Functions

As discussed piecewise functions are:
(a) Absolute value function (or modulus function), (b) Signum function. |
(c) Greatest integer function. (d) Fractional part function. i .

(e) Least integer function.’ gL |
(a) Absolute value function (or modulus function) ’

= ¥]= x, x20
Y=IXI= g, x<0 l




__.;V.
——

,_ d N~
f—-i =11 “It is the numerical value of x”.
]'wi—-*- = “It is symmetric about y-axis” where domain € R
S 1111 and range € [0, ).
| |
o 0 Properties of modulus functions
jﬁ‘lj_jg; M) |x|sa=-a<x<a; (@20)
;'_J«‘“T_ (ii) |x|2a = x<-a or x2a; (a20)
Hw—:.—q Gil) [xy|<|x|+|y]
Q0 @ Ixtyl 2 |Ixl-1yl} |
= S-— (b) Signum function; y = Sgn(x) yexs
e “E‘ > It is defined by; 1D
ALT | x| x +1, if x>0
1 '—S;-- — o —; x#0 ; A
o y =Sgn(x)={ x | x| =¢-1, if x<O0 x-2xi3
TN (0]
Q|- 0; x=0. |0 if x=0
. =1
i 1% Here, Domain of f(x)eR.
: and Rapge of f(x)e{-1,0,1}. Fig. 1.15
i (c) Greatest integer function M=n
s [x] indicates the integral part of x which is nearest and smaller /‘\
1 |1 integer to x. It is also known as floor of x. _
i Thus, [2.3]=2, [0.23]=0,[2] =2 [-8.0725]=-0,.... n n+1
In general; . ' X o
! n<x<n+1 (nelnteger) = [x]=n. ' Fig. 1.16
Here, f(x)=[x] could be expressed graphically as; y-axs
1 T3 —
B X S EY
| 2 ol
i 0<x<1 ) 0
| 1 —=
_’__,‘__i___ 1<x<2 1 X
REE 22x<3 : SRR ARIEREE
NEEE =T
. _L Thus, f(x)=[x]could be shown as; 1o
- ‘— Properties of greatest integer function
-1 1 : - = e
mE (i) [x]= xholds, if x is integer.
T N Fig. 1.17
1 (ii) [x+I]=[x]+1,ifI is integer.
;‘l (ifi) [x+Y)2[x]+[y].
] iRE | @iv) 1f[0 ()12 1, then ¢ (x)> 1.
i } i} ) 9 (x)]S I, then ¢ (x)<I +1.
|]- —= (vi) [-x]=-[x], if x € integer.
'_T!_ E (vii) [-x]=~[x]-1, if x¢integer. .
i}--jjl— “It is also known as stepwise function/floor of x.” \
0% R Kes
[EEgy
(BTERE



i : o
(d) Fractional part of function -
Here, {.} denotes the fractional part of x. Thus, in y = {x}. ___pln_f_
x=[x]+{x}=I+f; whereI =[x] and f={x} 3"‘
y ={x} = x—[x], where 0< {x} < 1; shown as: n’i
y i
x {x} I~ |
0<x<1 x . ]‘#*,.
OO/ SR ) KO- W - WMl | SUEC = ||
1<x<2 x-1 IV /x"/f%’ 0
2<x<3 x-2 + + + X lsul_
3 =2 - o 1 2 3 i 1
-1<x<0 x+1 Q9 [
2 1 2 118 ° =
—2Sx<— x+2 Fig. 1. =1
i&’
Properties of fractional part of x ﬂ_r
() {x}=x; if 0<x<1 ol | :
(ii) {x}=0; if xe integer. i
(iii) {-x} =1-{x}; if x€ integer. Bl
x
(e) Least integer function i
y=0)=[xl, i
|

(x) or [x] indicates the integral part of x which is nearest and greatest integer to x.
It is known as ceiling of x.

o =[x]=n+1
Thus, [2.3023]=3, (0.23)=1, (-8.0725)=—8,(-0.6)=0 W= s
In general, n<x<n+1 (neinteger))
LE; [x] or = (x)=n+l s . "
shown as; . Fig. 1.19
Here, f(x)=(x)=[x], can be expressed graphically as: .
y-axis
X [_X] = (x) 3J. >—a
-1<x<0 0 2l >—e
0<x<1 ] : 11—
l<x<2 2 % 3 29 ]01 2 3 s
_1 -+
2<x<- 3
2< x 1 _— 5
“3<xs-2 & - =l
Properties of least integer function Fig. 1.20

(i) (x)=[xT=x, if x is integer.
(i) (x+D)=[x+I1=(x)+1;if Ie integer.
(iii) Greatest integer converts x =1I + f to [x] = I while [ x]converts to (I +1).

Note We shall discuss the curves:

y={sinx},y={03}, y={sin"! (sinx)} y=[sinx], etc. in chapter 2. (Curvature and
Transformations),
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%] Graph diagram

1. Trigonometric Function
(a) Sine function

Here, f(x)=sin x can be discussed in two ways i.e., Gréph diagram and Circle diagram where

Domain of sine function is “R” and range is [-1, 1].

(On x-axis and y-axis) ) "
f(x)=sin x, increases (—5" 1) ‘ . (% 1)

. T
from 1 to-1as x increases from — L =% z
2 2 2 2

to 37“ and so on. We have graph

as; )
Here, the height is same after Fig. 1.21

every interval of 2x. (i.e., In above figure, AB = CD after every interval of 2mx).
. sin x is called periodic function with period 2.

1
DT T N Istrictly from-1to 1 asxincreases = ----mm-opmegommmemmmemmoe g T e Y =
] S LA .
il __34_1 from -5 to 5 decreases strictly /\ hy hy :
' + + + + X

Circle diagram 2 T, 1) =(5_Tf, 1)

(On trigonometric plane or using /" 2 2
quadrants). Let a circle of radius ‘1’, y=1y Y
i.e., unit circle.

Then, sino= L . rd \

1 / 1
b { \
sinf=—, : i
1 . 5m3mn y=0} 10=y  x=0,2n,4x,.
i C \e J
siny=--, - y
sin8=-—£1,..., shown as. S Y on-s
1 ' W
sin x generates a circle of '
radius ‘1’. 3n/2,7m2,
(b) Cosine function Fig. 1.22
Here, f(x)=cos x
The domain of cosine function is R and the range is [-1, 1].
Graph diagram (on x-axis and y-axis) .

As discussed, cos x decreases strictly d 2e 1)
from 1 to -1 as % increases from 0 to m, ey L) S, - '
increases strictly from -1 to 1 as x
increases from n to 27t and so on. Also, ;
cos x is periodic with period 2. —2n-3u\ -n Jfm2 |0 w2\ n Jow2 2r

"""" e M B R
Fig. 1.23



Circle diagram y

5 JO uUoI}onpo4juj

el

Let a circle of radius ‘1, i.e., a unit circle. ,—}:3‘1 ~~~~ N ;* »
’, \\\ ! -
Then, coso=2 , cosP=- 2 ,:" 1 1 % al
p osP=-7. Yo @ at
' 5, h \ i
c d : : LRy
COS'Y=—, COSS=—— y=0|‘ . :y:O X v].;;...‘
1 1 . vd o d |
\\\ 1 1 ¢ /', .,]‘.ﬁ gy
Cos x generates a circle of radius ‘1°. Yo l : ;
e H
(c) Tangent function ik 1.5 l{ ,_.",'_!
f(x)=tan x L T.H -
The domain of the function y = tan x is; ' ' ! ' ' & }
]
R=42 T, 538 4 58, E 5 i : L]
2" 2 9 I i i 1 b=
1 | | 1 e u
- P 1 | 14 | | |
ie, R—{(2n+1)= | | i i e
> NVATHARNANE
: " 1 1
and Range€R or (—oo, o). ' x % /0% | % : X B
The function y = tan x increases strictly E B 1 LB i i
from — oo to + oo as x increases from : i i i y
1 B I
I ] ]
m toE,EtoE, Etoﬁ,...andsoon. ] : ‘ i '
2 2 2 2 2 2 Y v v v +
Th hiis sh . x=-3n/2 Xx=-n2 x=m2 x =32
e graph is shown as : Fig. 1.25 i
_ _ T
Note Here, the curve tends to meet at x =+ =~ + 3—":‘1: e but -
i =%35:f 5 5 ... but never meets or tends to .
infinity. i
x=tZ, PR .. B asymptotes to y = tan x. i oo
2 2 2 . qd.
(d) Cosecant function £
- f(x)= cosec x 3
Y =cosecx, 3=
: i
*'" [
y=sinx { |
+ + + x
' -v2 /10 w2 n\ 3n2 /i2n !
1 ---------- - -—-:1- -------- ;- - - (
£ 3n _ i
t2) 2) .
y=cosec x y =cosec x : y=cosecx ’: ‘
|
Fig. 1.26 ‘

|
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i
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Here, domain of y = cosec x is,
R-{0,+m +2m, +3m,...}
i.e., R-{nn|nez} and rangeeR-(-11)

- as shown in Fig. 1.26.

The function y = cosec x is peribdic with period 2.

l (e) Secant function

f(x) = sec x
Here, domaineR - {(Zn + 1)% ne z}
RangeeR -(-1,1)
Shown as:
Y,
y=secx 2 y= S(?C X
w o/ | er1)/ |
a 1: p e ----§ --------- -
= + + + X
\ —2n_3n -n X |0 X n 3t 2n \
! -2 2 2: 12 ! y=cos x
Fig. 1.27
The function y = sec x is periodic with period 27 .
Note (i) The curve y =cosec x tends to meet at x = 0, +x, +2x, ... at infinity.
x=0,tx, £2n,...
or x =nm, n e integer are asymptote to y = cosec x.
(i) The curve y = sec x tends to meet at x = + g-i 3—2" ,... at infinity.
sXx=% % - %, * 5?1t,...orx=(2n + l)g.n € integer are asymptote to y = cosec x.
Here,"'we have uséd the notation of asymptotes of a curve in the context of special curves,
but we would have a detailed discussion in chapter 3.

(f) Cotangent function
f(x)=cot x
Here, ' domain e R - {nrn| n € z} Range € R.
which is periodic with period =, and has x = nm, n € z as asymptotes. As shown in Fig. 1.28;



y y=co}x

.._-___---.._..________
=3
)
e [ S S
N
)

-2m _3n\-m _m\ O =®N\ «x g !
| T 2 2 *
: 8 |
1 -— |
: E =L
+ a +
Fig. 1.28 _,[
2. Exponential Fuhction 1
Here, f(x)=a* a> 0, a#1, and xe R, where domain eR,
Range € (0, ). [
Casel.a>1
Here, f(x) =y =a* increase with the increase in x, i.e., f(x) is increasing function on R.
Y y=a%Xa>1
(0,1)
f6) X
_ ‘ Fig. 1.29 — ”

For example; 3x

X

y=2%, y=3%, y=4%,...have; 2

2*<3*<4*<...forx>1 (0.1)
and 2*>3*>4*>... for 0<x<1 5 x-axis
and they can be shown as; ‘
Fig. 1.30
y=a* y-axis

Casell. O0<a<1

Here, f(x)=a* decrease with the increase in x, i.e., f(x) is
decreasing function on R.

“In general, exponential function increases or
decreases as (a>1) or (0 < a< 1) respectively”, o) x-axis

3. Logarithmic Function i
Fig. 1.31

(Inverse of Exponential)

The function f(x) =log, x; (x,a> 0) and a # 1 is a logarithmic function.

Thus, the domain of logarithmic function is all real positive numbers and their range is the set R
of all real numbers.

We have seen that y =a” is strictly increasing when a > 1 and strictly decreasing when
O<ac<l

0.1)

Tl
i 41—

I
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Ifa>1

++4 Thus, the function is invertible. The fo<a<1 !
i inverse of this function is denoted by log, x, g Y s
ST we write
[ Fsl=y K =1 ”
G 1 y=a = x=log,y;
B IT where xeR and ye(0, ) = {L.0) x-axis 5 (:'—x-axis
Q@ writing y =log, x in place of x =1log, y, \ ’
~ 1 (@] we have the graph of y =log, x.
.Ml Thus, logarithmic function is 'also _
L~ &J | ' known as inverse of exponential function. Fig. 1.32
[ i\_-% Properties of logarithmic function
: “}*j 1. log,(ab)=1log,a+log, b {a,b> 0}
Ti-_,‘x:_ 2. log, (E) =log,a-log,b {a, b> 0}
RN I b
_%._'.R,m 3. log,a™=mlog, a {a>0 and meR}
L 4. log,a=1 {a>0 and a=#1}
l 5 log-b,,,a=—l-logba {a,b>0, b#1 and meR}
f ; m :
; 6. log, a= 1 {a,b>0 and a,b#1}
e log, b
-4::: 7. log, a=log"‘a {a,b>0#{1} and m> O}
i 3 log,, b
Az 8. ql%%™ = {a,m>0 and a#1}
-’;-~1--r~ 9, q'°%? = ploza {a,b,c>0 and c#1}
! ) x>y, if m>1 {m,x,y,>0and m#1}
10. Iflog,x>log,y = x<y, if 0<m<1

which could be graphically shown as;
If m> 1 (¢+aph of log,, a)

“logm x

logmy

/1 Yy  x

Fig. 1.33

= log,, x>log,ywhenx>y and m>1

Again if 0 < m < 1. (Graph of log,, a)

logmx
logmy

= log,, x>log, y;when x<y and 0< m<1l

11. log,a=b = a=mb {a, m>0;m=#1;beR}

a>mb;

a<mb;

ifm>1

12. log,a>b =
' < { if0<m<1

a<m®; ifm>1

13. log,,a<b = .
oo {a>m"; if 0<m<1



4. Geometrical Curves : y

(a) Straight line E
ax + by +c =0 (represents general equation of straight line). We c\

know, - (0,——5)
Y== when x=0 \(;—2.

L
b
(0]
and  x=-° when y=0 ™
a
joining above points we get required straight line. Fig. 1.35
(b) Circle
We know,
@) x*+y?=a?is circle with centre (0,0) | (i) (x-a)>+(y-b)?=r?, circle
and radius r. centre (a, b) and radius r.
4 y
'I" \\\ ’I’ \\
! \ l \
: : | e
T colo o) \ b
‘\ I, AN ’Il
N gl B 27 —— r— X
Fig. 1.36 Fig. 1.37
(i) x2+y?+2gx+2fy+c=0; (V) (x=x)(x=x)+(-y) ¥ -y,)=0;
centre (~g, — f); radius G2+f ¢ . Er:;i }13(2))mts of diameter are (x,,y,) and
y - -
e ’f \\
L~ =, \~ Il \\
I/’ “ ] fo) \
I
l, Co/‘l (xy, y1)l‘ ’l(le yz)
\ (-g,_') ! \ 7
ﬁ‘ ! X \s /’
"Q r" a2
= Fig. 1.39
Fig. 1.38
(c) Parabola
(i) y? = 4ax (ii) y? = - 4ax
Vertex : (0,0) Vertex ¢ (0,0
Focus . (a,0) Focus : (-a0)
Axis : x-axisory =0 Axis : xaxisory=0
Directrix : Xx=-a ) Directrix : x=a

|

€45 JO uUonRoNpPoU]
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Directrix

T
1}

i '

G |

1

(iif) x? = 4ay

1

o
|
!

Y

R

G®

Pla

——— e

|

(a,0) Focus

E y2=4ax

Fig. 1.40

(0,0)
(0,a)
y-axisor x=0
y=-a

x2=4ay

Y
K-(O, a)
vV X

Eccentricity :

------------ - ==

Directrix *

Fig. 1.42

(v) (y - k) = 4a(x - h)

(h, k)
th+ak)
x=h
x=h-a

=1 (a’>b?)

0, 0)
(xae, 0)
(£a, 0)

b2
e=[1- a—z

a
x=%t-
e

y%=—-4ax

).

(.;y V(0,0)

Il @ccmcccccadeccccccacea

X=a
Fig. 1.41
(iv) x* = - 4ay
Vertex : (0,0)
* Focus : (0,—a)
Axis ¢ y-axisorx=0
Directrix : y=a
Y
------------------------- » y=a
v|(0,0) N
ﬂ T(0,-a)
x2=-4ay
Fig. 1.43
AR — F—
i VN F(hva k)
R
x=h-a x=h
directrix
Fig. 1.44
, a?>b?
§ S
é _a\—o-/a E
: -b |
v
x=-a/o x=a/e

Fig. 1.45



~N

2
X
(n);z-+gf_1

(a?<b?)

y b2>a

0

0,b)

2
-=y=ble

-a.0) \ y (@0) ¥
(0,-b)
- - y=-ble
directrix
Fig. 1.46
(e) Hyperbola
2 2
X
M -Lr=1
a b
Centre ‘ ,0)
Focus (xae, 0)
Vertices (aq, 0)
b2
Eccentricity : e=,/1+—
a
: . a
Directrix x= % 2

In above figure asymptotes are y =+

2 2

X g
(n)—zf+b—z_1

SRS

Cx-h)? =K a2
(ili)( & + b7 =1 (@“>b’)
Yy
h, k+b)
y=k A (a+h k)
R hK_Ja
(h, k=b)
o] X
x=h
Fig. 1.47
% Y
Y=——5X § é Q\o\e y=%x
\ | =5
(—ae.:))jo)g : “3-0) (;e. 0)
x=tale | xJae %
Fig. 1.48
L (x—h?  (y-k)?
L e
y
\ i / >y=k
/ s(h.k)\ Y
i x
x='h
Fig. 1.50
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LAl (iv) x* - y? = a? (Rectangular hyperbola) | (v) xy = c?
- j As asymptotes are perpendicular. Therefore, Here, the asymptotes are x-axis and y-axis,
B 01 I called rectangular hyperbola.
/)] - y
>: :.A \e-y:X §
e g |- ] 39 g
_.. 2 B o El
@ 2 & (c,0)
T
f G! } / \ O  asymptote X
. §4 1 a5 (=c.-0)
ool »,
IR ] N
. i Y=
R Fig. 1.51
'("&t' . Fig. 1.52
: “: f ~ | Note In above curves we have used the name asymptotes for its complete definition see
B : chapter 3.
S T NS
" *;'- Inverse Trigonometric Curves
BT As we know trigonometric functions are many one in their domain, hence, they are not
“ |t  invertible. )
_i | But their inverse can be obtained by restricting the domain so as to make invertible.
I ’ rNote Every inverse trigonometric is been converted to a function by shortening the domain.
- "'-J;— For example: Let f(x) = sin x
BT[] We know, sin x is not invertible for xe R.
BT In order to get the inverse we have to define domain as:
| non
-+ — xe Se——
53]
g I s IR [— g, -g] — [-1, 1] defined by f(x) = sin x is invertible and inverse can be represented
by: .
3 T . =1 n
=sin'x. |-=<sinT x<=
d ( 2 2)
‘ Similarly,
e y = cos x becomes invertible when f:[0,m]—>[-11]
§ T .
{44 4 y =tan x ; becomes invertible ~when f: (_1‘2_ . %) — (=00, %)
B |
e | Yy =cot x ; becomes invertible =~ when f:(0,1t) = (=00, )
t - ¢ | .
| : .
% - Y =sec x; becomes invertible ~ when f:[0, 7] - {%} - R-(-11)
o
|

¥ = cosec x; becomes invertible when f: [—% . 1‘2_] -{0} - R-(-1,1)




£l
|
: —d -1 N s O
(i) Graphof y =sin™" x ; y R y e b
where, n2 + P I '*”‘T
1 f(x)=sinx -l g e et
xe[-11) 1 [ 4 _ILBT
l =z ; X — —t —>X : :Tn‘":
. Y e[ 5'5] (1, 0)N\_(-72,0) (10,19 (1,0) (v2.0)  (r,0) e
: 7/ 14 G T
As the graph of f~'(x) is mirror image of / 3 PN
f(x)about y = x. -n2t k| a'_» |
Fig. 1.53 TS
(ii) Graph of y = cos ™' x ; y=cos'x ¥ ;. STt ] 1_
. 15 y=x . Y
Here, / -h i
/2 :
domain e[-1,1] 1>\\ : QT
/2 ' i
Range € [0, n1] / 5 \; x = _%f—j—
. ‘ f(x)=cos x -—'!=‘:-
i — -1 . 2 S
(iii) Graph of y =tan™' x ; Fig. 1.54 i !m‘_{_
Here, domaineR, . Rangee (—E, E). !
22 | f
yy y=fanx : Y, %.__I._L,
- mTT
y=tan"'x _l ! :~—
0 x o] x _i | | £
ET
X=—2 Xx=7/2 T'Tj:— 7
Fig. 1.55 . 1
As we have discussed earlier, “graph of inverse function is image of f(x) about y = x” or “by .Ir_v__'.,,‘
interchanging the coordinate axes”. 1 +
(iv) Graph of y = cot™" x ; Bl
We know that the function f: (0, t)— R, given by f(0) = cot 0 is invertible. 1
Thus, domain of cot™ x e R and Range € (0, r). { ] ]
4 y=cotx Ya. -‘_[_,’
0. y=n 1

\ 2 e I 'i :.._:.,
[o] (r/2,0 (x,0) X \m 1

|
SRS
o] x PT_‘

Fig. 1.56 17
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(v) Graph for y = sec™ x;

The function f: [0, nt] - {—725} — (—o0, — 1] U[], =) given by f(8) = sec8 is invertible.

Ly= s<f,c‘l x, has domaineR -(-1,1) and range€[0, n]- {%} : shown as

y . ¥ ;
o y im/
-axi ; . =12

5 = x-axis ; 5 y
-1 (o) i =

f =R R %
x=m2 x=n l '

y=secx y=sec”'x
Fig. 1.57
(vi) Graph for y = cosec™'x;
Asweknow,  f: [— ] %] —{0} = R-(=1,1)is invertible given by f(8) = cos®.
y = cosec™? x; domaineR — (-1, 1)
T on
Rangee|-—, —=|—{0}.
N
y . y ;
§ 3 y=x2
T é K—
= o 1 %
1} “‘\\\\g ‘
§ : y=-w2
x=-m2 x=7/2 x=!—1 x=1

y=cosecx y=cosec™'x

Fig. 1.58

Note |If no branch of an inverse trigonometric function is mentioned, then it means the principal
value branch of that function.

In case no branch of an inverse trigonometric function is mentioned, it will mean the
principal value branch of that function. (i.e.,)




Function Domain Range Principal value branch
1. |sin™ x -11] i AN ~T<y<® wherey=sin" x
2’2 2 2
2. | cos! x -1,-13 [0, 1) 0<y<n, wherey =cos™' x
-1
3. |an” x R BE. - cy<® wherey=tan'x
' 2'2 2 2
A
4. |cosec™ x| (—eo,—U[L)ff_T & —10y | -Z<y<Z;y 0 wherey =cosec x
22 2 2
-1
ol i (=1 UL, =) (g x)- {%} OSy<m; y# {%}, where y =sec™'x
6. | cot™! x R o, ) O<y<m;wherey=cot™ x.

MIGONOMETRIC INEQUALITIES

To solve trigonometric inequalities including trigonometric functions, it is good to practice
periodicity and monotonicity of functions. .

Thus, first solve the inequality for the periodicity and then get the set of all solutions by adding
numbers of the form 2nn; n € 2, to each of the solutions obtained on that interval.

EXAMPLE @ Solve the inequality; sin x> — %

O SOLUTION  As the function sin x has least positive period 2. {That is why it is sufficient to solve
- inequality of the form sin x> g, sin x2 g, sin x< g, sin'x < a first on the interval of length 21, and
| then get the solution set by adding numbers of the form 27n, ne z, to each of the solutions

| obtained on that interval}. Thus, let us solve this inequality on the interval [—g ’ 3—;], where

) ==
; graphof y =sinxand y =— % are taken two curves on x-y plane.
!

|
| Bl
} : sinx>-L :
i - ' +1 2 :
| F Ny : f 25, %
| ’ \ ! ! ’ \

7 \ i i [ 4 \
i ’ \ H : ’ \

l Y H 4 Vi N X
; i AR S0 1 [ 7n 3n ¢ \
i ‘ . 2! 6 2 6 2 ;' ‘\‘
| ’ s, IR Sy, = TN
! S \\;, - \\L, y-—2 .

. —
} £ on y:-slnx
Fig. 1,59

y=sinx and y=-

|
|
|
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From above figure, sin x> — % when ——1;- <x< =

Thus, on generalising above solution;

7n
2nn—£<x<2n7l:+——3 nesz.
6 6

which implies that those and only those values of x each of which satisfie
for a certain ne z can serve as solutions to the original inequality.

s these two inequalities

1
EXAM i ity: <-=.
‘ PLE e Solve the inequality: cos x >

@ SOLUTION As discussed in previous

example, cos x is periodic with period 27 . .
So, to check the solution in [0, 27].
It is-clear from figure, cos x< — > when; 121
CLPIOL L — o IN|ZE ¥ & /ZE 2 X
o R 2 2 \/3 3y 2
. g . 72 y=—1/2
On generalising above solution; | .
0SX<—7
o+ 2% < x<onn +2%; nes COSX=To
. 1 3 Fig. 1.60
Solution of cos x< - 3
= xerznn+2—15,2n1t+4n1;nez.
! 3 ]
EXAMPL E e Solve the inequality:tan x< 2.
@ SOLUTION  We know tan x is periodic with period , y ,
: = R :
So, to check the solution on the interval & i i
- y=2
It is clear from figure, tanx< 2 when; e (1.% (tan™'2,2)
_ T x<tanl2 or -Z<x<arctan2 P
2 2 2, e, |0 wa | w2
= General solution 5 |
2m:—§<x<2mt+tan"2 i flanx<2
n j i
= ne(th—E,th+arctan 2) X=—1/2 x=m2
x=tan-'2=arctan2
Fig. 1.61

"EXAMPLE o Solve the inequality: sin (3—; .

12

l SOLUTION Here, sin (3—; + £]< 1 : put 3x oL
12



& sint<— , now sint is periodi ' |
N periodic 1 — i- [a -
with period 2, thus to check on 14 . e
1 & 1
[E, 5_"] of [_E, 3_"] 2 : . —vg 10 1
= 2 22 o n 3 p 3 2n| 91 S'n:__t t o '—"32
From figure, 2 4 2 ¢ 77 r'{ - ‘g :
-1+ ; S
sint<—1—,when3—n<t<g75, smr<f;—. .i_‘-_j'*
V2 4 AL
general solution s, ) t= 9/ i g 3
2n1t+3—:»<t<2n1t+97n; nez g 18 i |
09
Substituting £ =>X + .~ T
2 12 ‘i“{lf ”Gs ‘
2nn+3—n<3—x+£<2nn+% LL-H-:
4 2 12 4 : I‘j"‘m‘ |
= 4 %n+im<x<l§n+inn;.nez. ;”':‘"
pE- N
PR W0 |
EXAMPLE o Solve the inequality : cos 2x — sin 2x2 Q wll_—%l—j
| e
@ SOLUTION Here, cos 2x — sin 2x can be reduced to, %—-zr !
V2 —l-cos?.x—lsian} = «/E{COSECOSZX—SiHESinZX LB ]
7 7z 4 4 B
4 -
= V2 cos (E + Zx) i 7]
) i
cos2x—sin2x20  or cos(%+2x) 20 ; put 2x+%=t v"ﬁ
—— =58 I §
-~ cos (t)= 0, solving graphically, y o5 _%_
Clearly; Fsper S AN
) 2 2 1] cos t20 |
or 2n1r—£<t<2n1t~i-E 1
2 2 -
h = T _‘ﬂ T o & + + — y =
where t—2n+z t=—% =t n=t %":t 2=t
o onm-Z<on+Zconn+ ik ' 1]
2 4 2 y: coSs f -1‘-.; 1=
nn-ﬁSnSnn.{.E; nez. Fig- 1.63 J__;-tA
8 8 ) |
L
EXAMPLE e If A+ B+ C ==, then prove that; cos A + cos B+ cosC < %; where A, B, C are +— "-w
FL 0 )
distinct. L
SOLUTION Here, we have the three trigonometric functions as cos A, cos B and cosC. p e ‘} “ -
let f(x)=cosx;  which can be plotted as; ‘T\
21 !



|- l o d
ERas i !
BEa- R cos X
| m i ‘ /\
EE | — s
. o ) \—"K/I/Z o 1[/2\i/
=1~ ~§~‘ =it
SD Fe Fig. 1.64
ks i '§~ Now, let us suppose any three points x= A, x=B, x =C on f(x) = cos x. So that A+ B +C =mn or
=44 | on the interval of length . y
T-84~ | where G, be centroid of A given by [ (A+ [33 &= CO‘(’“ ’33" C))
-1 A+B+C cosA+cosB+cosC 1
'8 P Ql;-— 3 W2 3 (B,cos B)
Mt i . Thus, from figure points Q,G,P are
1| =ds [A8l8 collinear, (gos A): (C,cos O)
e ——} | where; ordinate of GQ <ordinate of PQ. fa} s h N T
e A ) [oX=A 0| /Qx=B x=C\w/2 n
15 cos A + cos B + cosC (A+B+C) -
—t—= < cos
3 _A+B+C
LG5S 3
| = cosA+cosB+cosC < 3cos (5) () = cos x
i 3 5
i | ; 3 Fig. 1.65
=> cosA+cosB+cosC<-z—
i | Note Here, a particular case arises when A= B = C (i.e., when A, B, C are non-distinct)
R . cosA=cosB=cosC and A+B+C=n
{H : = ‘ A+A+A=n or A=n/3.
1 cos A= cos B =cos C = =
= 2
]l '"'17_: cos A+ cos B+cosC=-2- (only when A= B =)
e
: '“I:!‘““ EXAMPLE @ Solve the inequality: sin x cos x + % tan x> 1.
| JumE i . .
_| 1. Q SOLUTION Here; left hand side is defined for all x, except x = nx + E, ywherene z.
. ; 257
W ! 2sinx cos x+tan x> 2
T ‘ 2tan :
R = : +tan x2 2 [Let, tan x = y]
T ; 1+tan® x ’ ‘
T | Y ., ay
. | Tt
P



2Y+y(1+y )-2(1+y? )s

s {s1+y
A+y?)
2y +y(Q+y?H-20+yH20
= y¥-2y2+3y-220
= YIy-D-yy-D+2(y-1)20
or O-Dy2-y+2)20
= y-120 y, tanx 21
2
- y2—y+2=( —-1) +Z>0, for all y}
2} 4
- tan x21, shown as:
from given figure; 0 w4
T n
—<XxX<—
4 2,
or mt+£<x<n1t+E ; NEZ
r 4 ] X=—n/2 x=m2
n .
xelnn+—,nn EJ,nez Fig. 1.66

y=1

EXAMPLE @IfA+B+C=n, then prove that

24 2B C

tan +tan? = +tan? =>1.
2 2 2

£(x)=tan? g, whose period is 2.

. 2 X \
plotting tan 5 for x € (—m, m). A

In given curve let us consider any three points
A, B, C such that

@ SOLUTION Here, tanZ%,tanzg and tanZ% are three same function. So consider

Bl
>

A+B+C=m.
Now, centroid of ARST; X
Adpie tan? 2 4 tan? B gan2 & ; .
G . 2 = 2 2 X=- x;n
3 Fig. 1.67
+B+ A+B+C '
also, M A—B——C, tan? —) where; GN > MN.
3 2(3)
A 2B 2 C
tan? = + tan? = + tan? =
= 2 2 5 tan? (A+—B+C-) = tan?2;wan?8 + an2€s1
3 6 2 2 2
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MLWNG EQUATIONS GRAPHICALLY

'Here, we sketch both left hand and right hand side of equality and the numbers of intersections

are required solutions.

EXAMPLE e Find the number of solutions of; sin x= e

“Graph

7y Pt/'?

/.
i/

TS RIS ey

10°
@ SOLUTION Here, let f(x)=sinx and g(x)=l—’:)
also we know; -1<sinx<1
dgXgi = =105x£10
10

Thus, to sketch both curves when x € [-10, 10]

3n
3r, 7o) (10.1

X

2 _
14 . (2"'1_3) v g(x)-10
4 (.70 :
1
| - oY — : Ly
i 10 \ 3% —2n - (0,0) w2 \/ 2x 3n\ 10 32
— -1 N
g(x)=156 f(x)=sin x

{ From above figure f(x)=sin x and g(x)= l_);) intersect at 7 points. So, numbers of solutions

i
i , Fig. 1.68
i
|

{ are7.

EXAMPLE @ Find the least positive value of x, '.éatisﬁring tan x = x + 1 lies in the interval.
@ SOLUTION  Let; f(x)=tanx and g(x)=x+1; which could be shown as:

X

y g(x) =x +1

&R

'; : Fig. 1.69
* From the above figure tan x = x + 1 has infinitly many solutions but the least positive vaiue of
| non

xe(Z213]-




EXAMPLE @ Find the number of solutions of the equation,

l

2
@ soLuTION LCt;f(X)=Sinxandg(x)=x2+x+1=(x+%) +‘—::
)

" which could be shown as;

2

sinx=x“"+x+1

y
/g(x):x’+x+1
P 1,‘\\ /-r(;j:smx
/ \ (—1—-:3 & \ 7
L \\ 2 4. L/ & X
7 1/ x =
Y \ -2 10 N ,/
> \\/ Ny
Fig. 1.70

which do not intersect at any point, therefore no solution.

EXAMPLE O Find the number of solutions of: e* =x*.
‘SOLUTION Let; f(x)=¢* and g(x)= x*, which could be shown as;

i
i

R e e e S —_ T — . S — T S

@ SOLUTION  Let; f(x)=1log,, x and g(x) =

&
§
g

y x4 et

| l )

Fig. 1.71

From the figure, it is clear they intersect at two points, therefore two solutions.

EXAMPLE @ Find the number of solutions of; log X = x.

x; which could be shown as;

y
M, 5 1(9=log,ox
o~71 i
-11 /L
g0 =x

Fig. 1.72

From above figure, it is clear they intersect at one points, therefore 1 solution.

|
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- & SOME ORE SOLED EYANLES

| .E XAMPLE Q Sketch the graph for y =sin™" (sin x}
. @ SOLUTION As, y =sin™ (sin x) is periodic with period 2.

hs
e "}"‘ —

P

S N

i 8 “ 'f: <. to draw this graph we should draw the graph for one interval of length 2 and repeat for entire
1 GL values of x.
l"’! j‘ X —ESXSE
J\'§ 1 As we know; sin”! (sin x) =< 12‘: g » 3
T \‘ (m-x); ——=<n—-Xx<-— (le,—SrS—-)
el § P | 2 2
L mY
8} | x, ~Bexgk
T%‘r or sin~! (sinx) = n?- 32n
T {n—x, —<x< —,
. 2 2
'j- - p which is defined for the interval of length 2, plotted as;
J°is .
- - =— Repeated Curve 2 Main Curve  Repeated Curve
~~1—JK % | @ emeeemeee x:;/ ------------ ;/- -------- X’-;\- --------- -y=12
- N 4 G R
{ X/ £\ 3 2> +’1, &
-t o " } + r—t—; VTR x ory=0
s NG X /0 2 & xyd % i
17 . N 2 2 24 SN
-——T‘ —-M-, —————————————— :1?/5 ———————————————————————— )l——>y=—rd2
W i
i i
RE Fig. 1.73
- J-——';-_— Thus, the graph for y = sin™! (sin x), is a straight line up and a straight line down with slopes 1
S ] . L
EE and -1 respectively lying between ~ i |-
| ‘1” Note : Students are adviced to learn the definition of sin™ (sin x) as,
LB & X+21 —s—nSxS—B—n
L 2 2
B -n-X ; —ESESxS—E
B S " 2
=ik eun n T
=sin” (sinx)={ x R =
¥ 2- %3
mx § | DowgtE
X 2
74
x-2n ; —sts—"...andsoon
2 2
| B




EXAMPLE e Sketch the graph for y = cos™ (cos x).
@ SOLUTION  As, y =cos™ (cos x) is periodic with period 2.

. to draw this graph we should draw the graph for one interval of lerigth 2 and repeat for entire

values of x of length 2.
As we know;
- X; 0<x<
cos™! (cosx)= ol
2n-x; 0<2n—x<m,
. <x<
or cos (cosx)={"" "
2n—x; N<x<2M.

Thus, it has been defined for 0< x < 27 that has length 2. So, its graph could be plotted as;

Y
(., m) -
------- P g e —————— -_-—------7-———----->y-n
N 7 ] N
IORAIN- ¥ e | % S ,‘bﬁ" “E
% <7 R 504 N + Y, Ng
4 A N N 7
L4 ¥ o xor y=0
[¢] T 2n 3n 4n
Fig. 1.74

Thus, the curve y = cos™ (cos x).

A EXAMPLE e Sketch the graph for y = tan™! (tan x).
_ é SOLUTION As i: tan~! (tan x) is periodic with period .

to draw this graph we should draw the graph for one interval of length 7 and repeat for entire
values of x. :
-1 T s
As we know; . . tan (tanx)={x;—-£<x<§}.

Thus, it has been defined for —g< x< g that has length . So, its graph could be plotted as;

y
-------- P oA I-k--------'-k---*)'=ﬂ/2
) R ) P : L7 ,
-31&/2/’—1: -2 /|0 1:)2/’1: 32 7 2n 512
L o S Y- . 4 .y:—«n/2
Fig. 1.75

Thus, the curve for y = tan"! (tan x), where y is not defined for x € (2n + 1) g
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EXAMPLE ° Sketch the graph for

y = cosec”! (cosecx).

6SOLUTION As y = cosec™' (cosec x) is periodic with period 2.

Thus, it has been defined for [—- —725, 3—;

as

values of x.
As we know;
' : X
cosec™ (cosec x) =
n-X;
!
X5
or cosec™! (cosec x) =

to draw this graph we should draw the graph for one interval of length 2man

3 —55x<0 or ()<x51‘-
2 2

T
y -ESn-x<0 or 0<m—-x5-—

39y

[n ( 3n
n-x; xe|=,n|lulr=
L 2 2

] - {0, t} that has length 2. So, its graph could be plotted

AT y=2

—
3n 7on %
2y
-

Fig. 1.76

d repeat for entire

. Ny=cosec(cosecx)

"EXAMPLE e Sketch ;he graph for y = sec™! (sec x).
é SOLUTION  As y = sec™* (sec x) is periodic with period 2r .

values of x.
As we know;

sec™! (sec x) = 4

or sec”! (sec x) =4

L

as;

X5

2n~-x; 2n—xe{0,£)
| 2

Thus, it has been defined for [0, 27] -

v
v

w<log)o (5n)
(57]

. T .
X3 0sx<= or E<x$n
2 2

2n-x; nSx<37n or 3—n<x52n.
2

~.to draw this graph we should draw the graph for one interval of length 21 and repeat for entire

|
!

T 3n h |
2 5 [ hathas length 2. So, its graph could be ploted |



Thus, the curve for y = sec™ (sec x).

3W2 2n 5mw2

EXAM PL E e Sketch the graph for y = cot ™ (cot x).

values of x.
As we know

So, its graph could be plotted as;

‘ SOLUTION As, y = cot ™" (cot x) is periodic with period .

cot}(cot x)={x; O<x<m}
which is defined for length 7, i.e., x€ (0, &) and x ¢{nn, n € z}.

to draw this graph we should draw the graph for one interval of length 7 and repeat for entire

Thus, the curve for

y
’
_____ 7 *i‘,\:_'____ i‘f'_'
3. 3.
-2n -3n2 -n -W2

y = cot™(cot x).

EX A MPLE e Sketch the graph for:
(i) sin (sin™" x)
(iv) cosec (cosec™’x)

restricted domain and range.

(i) Sketch for y = sin (sin™' x)
We know; domain, xe [-1,1]

(ii) cos(cos™'x)
(v) sec(sec™'x)

(ie,-1£x<1)
and rangey =x = ye€[-1,1]

(iii) tan (tan'x)
(vi) cot (cot™'x)

‘SOLUTION As we know, all the above mentioned six curves are non-periodic, but have

So, we shall first define each curve for its domain and range and then sketch these curves.
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Hence, we should sketch y = sin (sin™* x) only when x€[~1, 1Jand y = x. S0, s gragivenly
be plotted as shown in figure.

y
= 1
% g
.'\(\\5\“
¥ X
T o] 1
_1 y =-1
x=-1 x=1
Fig. 1.79
Thus, the graph for y = sin (sin! x).
(Il) Sketch for the curve y = cos (cos™ x).
We know, domain, xe[-1,1] (ie.,—-1<x<1)
and rangey =x = ye[-11]

Hence, we should sketch y = cos (cos™ x) = x only when x e [-1, 1]. So, its graph could be
plotted as shown in Fig. 1.80.

: E :

H e i

E 1 \005 ' r=1

Il )

: \1””0

& 0 9 o

) 1

H H

1 1

....... i --——---::1----------1:——--—-> y=-1 7

1}

1]

x=-1 x.!-1
Fig. 1.80

Thus, the graph for y = cos(cos™ x).

(iii) Sketch for the curve y = tan (tan™" x)

We know,
Y. D
domain, xeR (i.e., =< x<e) and \\,2,6
A S
Range y=x = y€ER. 11 (\
Hence, we should sketch ) )
y=tan(tan”! x)=x,V xeR. -1 0,0) 1 X
So, its graph could be plotted as shown; ; -1¢
Thus, the graph for y = tan (tan™" x).
Fig. 1.81

S — i~



(iv) Sketch for y = cosec (cosec'x)
We know;
domaineR - (-1, 1)

(ie, —o<x<—10rl< x<o)
and range y=x = yeR-(-11).
Hence, we should sketch

y =cosec (cosec'x) = x only when
X € (=e0, = 1] U], o).

So, its graph could be plotted as
shown in Fig. 1.82;

Thus, the graph for
¥ = cosec (cosec™* x).
(v) Sketch for y = sec (sec™ x)
We know, domaine R — (-1,1)
(i.e., o< x<—1 or 1S x< o)
andrange y=x = yeR-(-11).
Hence, we should sketch
y =sec(secx)=x,
only when x € (- eo, — 1] U [1, )

So, its graph could be plotted as shown
in Fig. 1.83.

Thus, the graph for
y =sec(sec'x)=x
(vi) Sketch for y= cot (cot™'x)
We know; Domain €R (i.e., -0 < X< )
and Rangey=x = Y=R.
Hence, we should sketch
y =cot(cot™ x)=x,V xeR.
Shown as in Fig. 1.84.
Thus, the graph for y = cot (cot™ x).

|
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Note From previous discussions, we learn that if:
(i) The function is periodic then find period and trace the curve.

(ii) If non-periodic, then define for their domain and find range to trace the curve.
Now, before going ahead you must revise previous curves of inverse trigonometry as;

y=sin?x, y=cos'x, y=tanx, y=cot?x, y=cosec’x, y=secx

with their domain and range.




EXAMPLE @) sketch the graph for:

F oo 2x 4 (1-x* a 2
- (i) sin? i) cos™! (iii) tan ( 2}
1+x 0 1+x? 1-x
- i . E
= (iv) tan™ | 32X ) sin™ (3x—4x®) (i) cos”' (4x° —3x)
b 26 1-3x2 , ‘
] _ , )
i @ SOLUTION As we know, all the above mentioned six curves are non-periodic, but have
“:_ﬁ‘ ! Restricted domain and Range. :
i 1 G So, we shall first define each curve for its domain and range and then sketch these curves.
B
g (i) Sketch for y =sin™ 2x |
g5 e
l,* S Here, for domain 2x <]
I T
J ot ]
i | = 2|x|€1+x? {-1+x*>0forallx} ~
i1 ‘ :
ERE | = |x|* -~ 2|x|+12 0 o x® =[x’}
[} = (x*-1)%20
_],._;__ = x€R.
E
11 For range: y =sin™ ( & 2)
T 1+x
144 B T "] A -1 [ = =]
= : Y|~y as; y=sin" 6 =>yej-=, =
_ , : [ 22 { d i
B Defining the curve: Let, x=tan®
n-20 ; 20>%
2
. [T T 14 ’
= y =sin" (sin26)={26 . s —ESZBSE {See Ex. 1}
-n-20 ; 20<-E
BE . >
BE. . _
R i n-2tan'x ; tantx>"
; 4
or Y= 2tan”! x H —%Stan"l xS% {- tanf=x = 6=tan™' x}
~:——* -n-2tan'x ; tanlx<-T
L 4
—T.....__.
T n-2tan'x ; x>1
et
143 or y={2tan! x ; —1<x<1 ()
—_——— -n-2tan'x ; x<-1
_'L____
b= B el so~1 2x . T T
r Thus, y =sin (1 ye is defined for xe R, where y € 5 =l so the graph for Eq. (i)
could be shown as in Fig. 1.85.
l_ s —,
-1 32,



. 5T
______________ i._-__"_/2____\1_-.:(_1'_"12_)_-___-_-»y=1:/2 :__:_ﬁ__.
: & g1 |
i 0 i "~2tan~1 ___O__
— x .
y=-n-2tan"'x i | .l—l—;‘
i H TN
| ' i L os: el | *__
__________________________ ,_-_--__------>y=-1t/2 T ]
-1, -5 2 : o S e
( 2): : -L.J..LO___
x=-1 x=1 -
Fig. 1.85 T——-—— =
. i | *—.:
Thus, the graph for y =sin™! Ak | L_'_‘m__
1+x? L_:_q__
Ll lay
Note As in later section (i.e., chapter 2) we shall discuss that functions having sharp edges and @
gaps are not differentiable at that point. 1 j’“’
4 T
So, in previous curve y =sin™ [lz_xxz] , we know it has sharp edge at x=-1 and x=1. o
+ i . S o Gt A S
So, not differentiable. : S
(ili Sketch for y = cos™ 1-x* ' K__L '
1+ x2 ] i
E T
g Tix? i1
Here, for domain =S 1 [ EEN
1+x ool g
. 5 & 5 e} |
= [1-x%<1+x° - _ v 1+x°>0 VxeR} B[ [
which is true for all x; as 1+x?>1-x? __ﬁé:‘_
g of 1
xeR !
i 1- x2 —
For range: y=cos”| — = ye(,n) . I
1+x b
Define the curve : Let, x=tan 7—“——; T
2 HEE
y =cos™ l_tanTG =cos™! (cos26) | R
1+tan”0 bt |
ENE
26, 2020 . S
= ’ . See Example2} || | |
{— 20; 206<0 { ple 2} -
BT
2tan'x; tan”' x>0 ' T
= y= : : {+ tanf=x =06=tan x} A——n
—2tan™ x; tan” x<0 1




1

(iii)

So, the graph of y = cos™

[l_xz]—{ et X - is shown as:

A1+ x? 2tan”' x;  x<0,
y
___________ > y=n
lan-, y=2\an““"‘Z
(10020} X~0 1.02)
;. i 5
I (O
Fig. 1.86

2tantx, x20

2
Thus, the graph for y =cos™ [1 Sl )= {

1+x?) |-2tan?x, x<0

2
From above figure it is clear y = cos™ [1 — xz] is not differentiable at x = 0.
1+x

Sketch for y=tan™ X
1-x2

2

Here, for domain €Rexcept; 1-x“=0

2

1-x

ie., x#t1 or xeR-{1,-1}
For range y=tan™! 2
5 1_x2

L S ( nn
© Y e
Defining the curve
Let X =tan0

n+26;, 20<-2~
2

-1 2tan® o
=  y=tam l(—] =tan” (tan20)=126; - g< 29<% {See Example 3}

1-tan?0
-n+20; 2057
2

-1 -1

E T £
={2tan'x; -Z<tan!'x<®
4 4

-n+2tan' x; tan! x> %
- 4

{as tanf=x = O=tan™ x}



o [r+2tantx; x<-1
={2tanlx; -1l<x<1
—n+2tan”! x; x>1

So, the graph of;
n+2tant x; x<-1

2 2x e .
y =tan 1(1 == 2tan!x; —1<x<1 is shown as;
-x
—m+2tan”! x;  x>1
Y
| :
———— o B 7, i bt - y=1t/2
1 / 1
| IS 1
L
E/a
f 0 ] X
1 1
H 1
: :
| ) .
S f ,:.r > y=—1/2
H H
1 1
Fig. 1.87

‘|lr+2tantx, x<-1
e ]: 2tan”' x; -1l<x<l1

Thus, the graph for y =tan™ (1 5
=x

-m+2tan x, x>1

which is neither continuous nor differentiable at x={-1,1}.

- 3 :
(v) Sketch for the curve y =tan™ (3)‘ 2 }

1-3x?
3
Here, for domain y=tan™ 3x_x2
1-3x
= xeRexcept 1-3x’=0" = x;&i—lg
1
xeR -+t —
%
3 -
For range y=tan™ i
1-3x?
n T _1‘ m
= €E|l=-—, — =g -—, —
Y(zz) {asy an 6=ye(22)}

Defining the curve: Let; x=tan6

poaju

i

:F)n

o _uol

sydeso 3




i

!

Ploy with Graphs

(]

= -1 T
n+30; 30<-~ |n+3tan”'x tan K

N

= ¥y =tan™ (tan 30) = { 30, —g<30<% ={3tan™" x; -%<tan"x<§

-t + 36; 36>% -nt+3tan”" x; tan"x>%

o 1
n+3tan! x; x<-—

" 1 1
=43tan x; - —<x<—
V3 V3
1
-n+3tan”! x; X>—
NE)
1
n+3tan” x; x<-—
V3
af 3x=x3 1 i
So, the graph of; y =tan '( ]=<3tan" X; ——=<X<—
1-3x? V3 V3
-n+3tan! x; x>
3
i S o - y=n/2
| /\&"%\a“
-
L /B ¥
E ---------------------------- - y=;n/2
x=-1N3 x='1N§
Fig. 1.88
n+3tanlx, x<-_L
3x - x3 ¥
Thus, the curve for y =tan“[ x_xz)=‘ 3tanx, - L cxe L
1-3x . V3 V3
-n+3tanlx; x>l
| © 43

which is neither continuous nor differentiable for x = {i 1 }

V3

(v) Sketch the curve y =sin™ (3x - 4x?)
Defining the curve: Let x=3sin0,



x-36, F<30<3®  |n-3sinTx < Z<sinTtx<Z
2 2 6 2
= y=sin"'(sin30)=136; -T<30<t =13sinl x ~Tesintx<t
2 2 6 6
-n-36; 3 39<-F |-g-3sinlx “Tesinlx<-T
2 2 2 6
| 1
n—-3sin" Xx; ESxSl
. 3 . 1 1
y=sin" (3x-4x>)=43sin". x; -—<x<—
2 2
- -3sin x; —1.<_xs——:1):

For domain y=sin”'(3x-4x’) = xel-11]

For range y=sin"'(3x-4x}) = ye[—%, %]
.1 1
n-3sin" Xx; ESXSI
So, the graph of; y =sin™(3x - 4x®)=1{3sin"" x; —%st%‘
—n-3sin x; -ISxS—%
is shown as:
¥
T E y=n2
4
v
® 1 %
2
4 y=-n2
.
x=1/2
Fig. 1.89

y =sin"} (3x - 4x%)

which is not differentiable at x= {t %}

Thus, the curve for

(vl) Sketch the curve y =cos™ (4x® —3x)
Here, domain €[-1,1] range € [0, 7]
Now, defining the curve
Let x =cos
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i
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1
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1

2n - 36; n<360<2n
= .Y=COS‘1(c0539)= 36;

-27+36;, —n<30<0

since, cos x is decreasing in [0, 1]}

[
2n-3cos' x;  F<cos! x< 2F
3 3

0<30<m ={3cos x; 0<cos?x<™
3

2n

T

5 n
-2mn+3cos™! x; —55 cos™ x<0

2n-3cos™! x; Lol

2 2

=1{3cos! x; lex<t
2

-2n+3cos! x; —ISxS—%

e T
{- If 059$§ = cos%5cosescoso or %SCOSQSL Here, the interval changed

2n-3cos! x; .
, 27772
So, the graph of; y =cos™ (4x® - 3x)={3cos™ x; lex<1
' 2
-2n+3cos™ x; 1
X; -1<x<-—,
2
is shown as;
’ y
i i (12, 7) |
S Y \\O" T
\ ! X 0 H
% i 'L"b i ?‘)"\,
NE T P fomyiNeR
L\ P
H l H
8 Lo boar
t = W {3 TR
x==1 x=-1/2 x=1/2  x=1
Fig. 1.90
Thus, the curve for y = cos™ (4x> - 3x),
which is not differentiable at x= {i :_12}
EXAMP LE e Sketch the graph for:
(i) sin x. cosec x (ii) cosx-sec x (iii) tan x- cot x

@ SOLUTION  As we know for the above curves each is e;]ual to 1, but for different domain as;

(i) y =sinx-cosecx=1; V xe R-{nm; ne 2}



(i) y=cosx-secx=1;" xeR—{(2n+1)£; nez} ~’3_
. 2 LT .
% _.'__La_
(iii) y =tanx.cotx=1; xeR-{nm,nu+=;nez;. LI |
2 !
—
Thus, they could be plotted as: I .
{ y oy TR
e
? e o e y=1 T
i : : i E : : : T1T 1§
| = R T == o & &= gl TS
~ e P N 11 1oy
- o | bl ¥ =
y=sin x.cosec x y=cos x.sec X | m
4 4 &
e ettt y=1 '% o
P Pl N
e T Tt x -~ e
i3l LT[0 [T In i3« - |
T2 2 2 v 42 = o
y=tan x.cot x i
Fig. 1.91 T_f_'_
Note From above example it becomes clear that y =sinx-cosecx=1, y=cosx-secx=], :_.___l
y = tanx-cot x =1 but they are not equal, as their domains are different. #i
. Equal functions : Those functions which have same domain and range are equal :
functions. ——
_ _ . s 8
EXAMPLE @ Sketch the graph for: el
) .. |sin x| ... |cosx| e e [ 1 ¥ % g 1
i) —— (ii)) —— (iii) sin |
( sin x €oS X 2x *—l-“
, 1), 1 2 I
(iv) 10g,4 x—z +§log4(l6x -8x+1) bt 1
| 1
(v) 1+ 3 (log|sin x| + log | cosec x|) (vi) 1+ 3 (log sin x + log cosec x) T =
@ SOLUTION  As we know, to plot above curves we must check periodicity domain and range; __.___
Isin x| .
() y= | [
sinx ]
4__,-——...:._
1, sinx> = '
Here, Y= ot G it |
-1; sinx<0 a1




vh _

I

lay Wi

1 2nm<x<(2n+1)m; nez
o -1; 2n+1n<x<(2n+2)7w; nez

So, from above,

domaineR - {nm; nez}

Riiigee 5 2ni<x<(2n+ 1w Pnoi2n w0 M 2m 3m 4n *
-L n+Dr<x<(2n+2)n — = <
it could be plotted as shown in- , Isinxl
Fig. 1.92. Y="sinx
Fig. 1.92
(i) Sketch for y=!c0sx!
cos x
T b9
: —-—<x<2nm+—
1; cosx>0 ki 2 2<x 2
Here, y= ] = y= 3
= om0 - 2nm+Z<x<2nm+ o8
2 2
So, it could be plotted as:
17
— =
| L
%—57!/2 Sw2  4m210 w2 iaw2 (5w x
; l—c: _1 3 h-(i :)_
Icos x|
Y= cosx
Fig. 1.93

af1+x?
(iii) Sketch for y = sin ‘( ;x ]

x2

o ] is defined;
2x

. a1
Here y=Sml(

1+ x? g
when; <1 {as; sin™ xisdefined when |x|<1}
= 1+x2<2|x| {as; 1+x?>0}
- x2-2|x|+1<0 {as; x*=|x|*}
= [x|> - 2|x|+1<0
= (Ix|-1)?*<0
= (Ix|-1?=0 {as; (]x|-1)%<0is not possible}



For range y =sin™! [1

points A and B.

or

=

=

x=%1
Domain e {t+ 1}
+x?

], where x=+1-1
2x

e 1
y=sin?(1) ‘and y=sin"'(-1) :_: i
n 4, Y
=i i
Y==3 y “Ij:“» .
— {i E} A2 Q|
. ' B Y
. 2 ) : e
Hence, the graphfor y =sin™ 1+x7) o only two t 5 Qi
n Il
° 1 |
oints. Sh : B JENENY ., WA
p own as . g (-1,-m/2) = Q E
: ERREL
Thus, the sketch for y =sin™! (HTXJ is only two Graph for sin™! (%-;‘2) ' —7“”*7-{
Fig. 1.94 :;.u—w
(iv) Sketch for y =log,,, (x - %) + %Iog,, (16x2 -8x +1) _]’_‘Vf ——
1), 1 1 | TR
Here, y=log,, x—z +§_log4 (4x-1) Ll
1)1 1 1)? o
=1 -=[+=1 16+ =1 -= | !
= y 081/4(" 4) 5 084 2 084(" 4) | i .
1) 1 2 1 =i
}'=—1084(x—z)+51084 42+§]°g,4(x_2) {as; log,, a"‘=%lng a} | 1
1 1), 2 i
=-log,|x-=|+1o x—-—)+—lo 4 ]
Yy g4 ( 4) g4 ( 2)73 84 —
= y =1, whenever; (x - ‘lJ> 0 {as; log, x exists only when q, x> 0and a # 1} ! l '
. Y ]
‘ 11,1 2 S
Thus, y=log,, x—z +§log4(4x—1) | !
’ L .
1 | - AN
Domain e (—, oo) v 1]
4 : & 11
Range € {1} 5 J : _._4“«7-.'
i I |
Thus, the graph is shown as: i3 |
Thus, the graph for I
Fig. 1.95 A

y =log1/4(x—%)+712-log4(4x— 1)2.

(v) Sketchfor y=1+ 3(loglsin x| + loglcosec xI)

Here

¥y =1+ 3[log(|sin x|-| cosec x|)]



|
hs
=T

ll_ 1
ll'ifp

F/a ,'_"lf’.'4 .’_1G

2 I

whenever

; |sinx|#0 and |cosecx|#0

! ie., y =1+3(log1); whenever xenm; neg.
!, = y=1 {as; log1=0)
:

i Domain € R - {nn; n € z}

L Range € {1}

( - it could be plotted as:

; ¥

{ — i) ﬁ'i)—lu (el —(—

s o . . S S S S

i i~4n  |Bn -2t i-n |0 m 2r!  3n 4w

| Fig. 1.96

Thus, the curve for y =1+ 3 (log|sin x|+ log| cosec x|).

. (vi) Sketch for y=1+ 3 (log sin x + log cosec X)

Here y=1+3(logsinx-cosecx) whenever sinx>0 and cosecx> 0

= ’ y=1+3logl; xe (2nm, (2n +1)w)
or yi=l whenever xe (2nm, (2n + Dn)
y =1+ 3 (log sin x + log cosec x) ={1; 2nn< x< (2n + 1) mis shown as;
' Y
S i i 1 1 : : H

Fig. 1.97

{ Thus, the curve for y =1+ 3 (log sin x + log cosec x)

e

EXAMPLE @ Sketch the curve for cos y = cos x.

@ SOLUTION Here, cosy=cosx =  y=o2nm+x; nez

| - COSy =COsX, represents two straight lines;
| -
| _ { X+2nm, negz

-X+2nw;, nez



i.e., two infinite set of perpendicular straight lines which could be shown as:

y=x+2rn;n=-1
y=x;n=0
y=x-2n;n=1
y=x-4n,n=2

y=-x+4n;n=2
y==x+2n,n=1
y==x;n=0
y==x-2rn;n=-1

y==x—4n;n=-2

Fig. 1.98

idnan

1
3u

f)‘.l

N

3oNp

|

|

2 8 it |

|
1

O uol
|

3

Y

el
L L]

Thus, graph for cos y = cos x; represents two infinite set of perpendicular straight lines which have
infinite number of points of intersections; (So, if asked number of solutions then they are infinite).

EXAMPLE @ Sketch the curve for sin y = sin x.

1
@SOLUTION Here siny=sinx = y=nn+(=1"x; nez
y siny =sinx; represent two straight lines; ‘
{mr + Xx; n eveninteger

" |nn - x; nodd integer
g < Ay=x+4m;n=4

y=x+2rn;n=2

y=x,n=0

=4




l Le., two infinite set of perpendicular straight lines as shown in Fig. 1.99:

, Thus the graph for sin y = sin x.

Yay with Gra

o _.I_?.__
l
e

I
Rk
p_h

- EXAMPLE @ Find the number of solutions for;

' @ SOLUTION Let f(x)-smE and g(x)=2X

e  99x

sin—=——.

2 500

500’

to find number of solutions; we shall plot both the curves as;

Fig. 1.100

Clearly, from the above figure, the number of solutions are 7.

EXAMPLE @) Find the number of solutions for;

) |
@ SOLUTION As, cosx=x
-~ to plot the curve for
y=cosx; y=xand find the
point of intersection as to
obtain number of solutions.
Here, the two curves intersect

COS X=X

Y

at a point A.
So, cosx=x has only one

solution.

+ + X
0 wvn/z 2n

Fig. 1.101

o -31:/2\/-/
-14

/21

EXAMPLE @ Find the number of solutions for; [x]={x}. there [e], {} represents

%reatest_

integer and fractional part of x.

“> SOLUTION As, [x]={x} y .
~toplot y=[x};, y={x} 1 2 —
and find point of intersection. W5 A 1/’_,5‘“ A
Here, the only point of intersection is x =0, _“2 _'"1/ A 0 11“ 2“ -
. only one solutions. ' —q -1
' — t-2
Fig. 1.102 -




|

-
i

EXAMPLE @ Find the number of solutions of ~<5: i
' 4{x}=x+[x] L.
where { -}, [-] represents fractional part and greatest integer function. . ‘[__53 il :
@SOLUTION As we know, to find y ?g‘"-’
number of solutions of two curves we 3 i
should find the point of intersection of T~
two curves. 27 .2\
4{x} =x+[x] jomy |
= 4x-[x])=x+[x] 1 g 1SS
{ x=[x)+{xh) =
= 4x - x=4[x] +[x] iy
= 3x=5[x] %
, 3 . e
= [x]—gx .. =
. To plot the graph of both
y=[x] and y =§x. Fig. 1.103

Clearly, the two graphs intersects when _
[x]=0 and [x]=1

s g[ X1 a [from Egs. (i) and (ii)]

x==-0 and x=§(1)

L x=0 amd x= :—i are the only two solutions.

EXAMPLE Q Find the value of x graphically satisfying; [x] - 1+ x? > 0; where [ -] denotes
the greatest integer function. I

SOLUTION As, [x]-1+x%20 = x?-12-[x] N
Thus, to find the points for which f(x)=x? -1 is greater than or equals to I
| |
g(x)=-[x]. T
where two functions f(x) and g(x) could be ey Y 5 TR
plotted as sﬁoyvx} in Fig. 1.104; ) . \G\ ¥ =i e
From the adjoining figure; the solution set lies = > Pt 1
: —Q\~ 3 T RS
when n Hieds 1
x<A or x2B. ' Al I* n i - |
Thus, to find A and B. N9 b T
It is clear that f(x) and g(x) intersects when; -4 -3 2' 4 y B 2 3 a4 X x-_ ir’ 3
—[x]=2. =1 — i
o xz -1=2 ” X2—1$—[X] j{._i E .
o x= 438 = x=-qfs Fig. 1.104 ST T
(neglecting x=++/3 asA lies for x< 0) ' ‘ S



’ 4=

Thus, forA: x=-+v3 and forB: x=1
~ Solution set for which x* -=12-[x] holds.

= xeCo- @Y

Note The method discussed in previous example is very important as ltfitaducesyouc
calculations, so students should practice these forms.

EXAMPLE @ Find the values of x graphically which satisfy; = 1S [x] - x? +4<2; where[-]
denotes the greatest integer function.

, S:;QSOLunon As, -1$[x]-x?+452 = x?-55[x]sx?-2

Thus, to find the points for which f(x)=x?-5 is less than or equal to g(x)=[x] and
g(x)=[x] is less than or equal to h(x) = x* - 2, where the three functions f(x), g(x) and h(x)
, could be plotted as;

y Ny =x>-2
f(x)=x2-5
f 9(x)
‘3 h(\<g(x<f(x)
‘ 4 5 X
|
i
[ Fig. 1.105
l Thus, from the above graph;
; 2
| x?-5<[x]€x?-2 when xe[A, BJuIC, D]
| where A and D is the point of intersection if;
i x2-5=t2 = =-43,47
| and C is point of intersection of
] 2 . -
x?-2=1 = x=43.

A a3 =-1, C=v3 and D=47. _
| -~ -1<[x]- x? +4<2 is satisfied;
. when xe[- V3, - 11U V3, V71.

EXAMPLE @lfos as3 0sbs3and the equation; x* + 4+ 3cos (ax + b) = 2x has atleast
one solution then find the value of (a + b).

l

|

@SOLUTION Here, x?+4+3cos(ax+b)=2x or x? = 2x+ 4=~ 3cos(ax +b)
l = (x-1)2+3=-3cos(ax+b)



’ for above equation to have atleast one
| solution; plot f(x)=(x-1)>+3 and
i g(x)=-3cos(ax+b) in such a way that
they touch each other.

From figure the two curves could atmost

N\_e o

f(x)=(x-1)2+3

<~ (1,-3cos(a+Db))

S

g(x)=—3cos (ax+b) Ji‘

-3

|

1

p;oi'll |

|

|
|

on

4

=
1

uol
(O

[
i

At

q.

3

Il

|
I
{

sinA + sinB + sinC
3

I(A+§+C, O); G(A+§+C,

A+B+C .'(A+B'+C)
H , sin
3 3

HI >GI

)

and

| From figure;

ie., ordinate of H > ordinate of G
. (A+B+C) sinA + sinB + sinC
= sin > $
3 3
| - 3—f>sinA+sinB+sinC.

t touch at one point only when

| —3cos(a+b)=3 o 2 X

| ' :

| = cos(a+b)=-1 \/ \_/ .
g (a+b) ”

| = a+b=m, 37 5m,... ' 1
! Fig. 1.106

! But 3n>6

% = a+b=n as 0<qb<3.

EXA_M PLE @ IfFA+B+C=n and A, B, Care angles of A; then show

% sinA+sinB+sinC<¥.
.SOLUTION Here; we have three y )

§ y . o . . : (B, sin B)
.| trigonometric ratios sin A, sin B, sinC. St

| - Let y =sinx, on which there are three O 0

| points x=A, x=Band x=C shown as; N

| As from the figure; In APQR, Refiag 116 o

! Centroid of A formed by P(A,sinA) ( 'S'Q\)_/P. aB : (&ang)

Q(B, sin B) R(C, sinC)is; S Bg’l E% én ,zn 5
c _(A +B+C sinA+sinB+ sin’C)
; 3 3
where; G, H and I are collinear Fig. 1.107

|
]

.d,t?.l
LT ]

|
|

u




'EXAMPLE @ If0<A<%, then show A(cosecA)<§-

| @ SOLUTION Here, graph for y = sin x is shown as;

|
B where P(A,sin A) and (E, sin EJ e
_‘_: Q 6 6 . I: O: y=sinx
_L%:_: From adjoining figure; sns 1T A
| { . _____I_ £
Tt slope of OP > slop:et of OQ sinA ' -E
T r_‘ . sin—-0 1 1
0| - e L
gﬂ -A-0 T _, o A wel w2 .
TR | 1
-ty :
2| = L r P A
T N A " m A 3 Fig. 1.108
N T
":_'Q,;i“ or A(cosecA)< ry
WEE
P T 3n
; EXAMPLE @ If0<A,B,C< > then show that: A cosec A + B cosecB + C cosec C < i
- I 4
|
B @ SOLUTION Here, graph for y = sin x is shown as;
T 5
~an where P(B, sinB); Q(C, sinC); R(A, sin A); S (g sin g)
o
. From figure;
—-\f———- slope of OP > slope of 0S:
W] o
1 ——
—*"L— sinB—0_ 1 2 0
oL B-0 b3 B
e 2
— S %
| - sinB_ 2 B T . Fig.1.109
=i B = sinB 2
B or A BcosecB< ™ (i)
BE | 2
i__ﬂ',: Similarly, slope of 0Q < slope of OS and slope of OR < slope of 0S.
"'j: = C cosecC<m/2 (i)
3 .f_- AcosecA<m/2 : ... (iii)
L Adding Eqs. (i), (i) and (iii), we get
_j“; i A cosec A + B cosec B +C cosecC < E
EE ] 2
1%
= ___i_ Note Students must practice above method in different questions of trigonometric
_L}iﬂ_ inequality as it saves time.
£ =



EXERCISE

1. Construct the graph for; 4.
x-1 x<0
. 1
@) f(x)=4{—=; x=0 ’
4 5.
x% x>0
2x+3; —3sx<-2 6
(i) f(x)={x+1; -2<x<0 )
X+2; 0s<x<i 7.
2. Construct the graph of the function:
(i) f(x)=Ix-1+Ix+1l 8
. 3, —-1<x<1 ’
ii) f(x)= !
(i) #(x) {4—x; 1<x<4
(i) f(x)=[x]+Ix-1; —-1<x<3 9.
(where [ -] denotes greatest integer function)
4 2
. x*; x° <1
(iv) f(x)= \
x; x°21 10.

3. Is f(x)=x?+ x + 1invertible? If not in which
region it is invertible.

7. 5 solutions. 8. infinite 9. xe[

If fis defined by y =f(x); where x =2t —Ifl,
y =12 +1tItl, teR. Then construct the graph
for f(x). :
Construct the graph for f(x) =[[x] — x]; where

[-] denotes greatest integer function.

-1
If 0<o <1;then show; Eu>£.
a 4

Find the number of solutions for;

 cos™Y(cos x)=[x] where [-] denotes the

greatest integer function.
Find the number of solutions for;
[[x] = x] = sin x; where [ - ] denotes the greatest
integer function.

Find the values of x graphically which satisfy

2

X <1
x=-1
Find the value of xfor which x® — [x] = 3, where
[-] denotes the greatest integer function.

-1-45 ﬂ] 10. x=22°,

Dy ) TLiNED
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Chapter 2

Curvature and Transformations



A g
In this chapter we shall study: I_ !
w The bending of curves at different points. 1——:‘ 4". —

|

= Transformations of curves. »
CURVATURE . ——i——:m-j- =
R

: 4O
“The study of bending of curves at different points is known as curvature.” or “Rate at | :

T 11
which the curve curves”. 4——3—~
Consider a curve and a point P on it and let Q be a point ' Yf’“s *—m’ =
near P. Let A be a point on the curve. —
arc AP =s, arc AQ=s+3s

arc PQ =3s
Let yand y + 8y be angles which the tangents at P and
Q makes with x-axis. .
- 8y is called the total curvature of the arc PQ.

%l’ is called the average curvature of the arc PQ.

i @-=d—w= curvature of the curve at P.
8—-0 ds ds

2 :
Note To study curvature we shall define Z—l:- or dy. !

e ‘ j&f 1 |

_mCONCAVITY, CONVEXITY AND POINTS OF INFLEXION BT

e
(a) Concave upwards i

If in the neighbourhood of a point P on a curve is above the tangent at P, it is said to be concave IR
|

upwards. BT
il |
Mathematically ; .
2 - R . -
d_y increases as x increases. = g_y >0 ey )]
dx dx2 4




Geometrically

t

Tangent

4 Fig. 2.2
[ -~§ e=1 (b) Convex.upwards or Concave.downwards

2 _§ :ﬂ If the curve is below the tangent at P, it is said to be convex upward or concave downward.
- % -— Mathematically

NI % decreases as x decreases. = e <0

1~ ‘Geometrically

Tangent A Tangent

B W

dJ
dJ

Fig. 2.3

——e e

(c). Point-of Inflexion

RlEl" If at a point P, a curve changes its concavity from upwards to downwards or vice versa. Then P is
called point of inflexion. ,

Geometrically

- f— y‘ yl
- 5 /
oL L — e - )
Fig. 2.4
- Mathematically
i d? :
6)) @Y _0at the point.
dx? 3
2, 2 d
(i) L4 changes its sign as x increases through the value at which L o ie., _—}3' #0
dx* dx? dx
ﬁ.J,:..L.
| S 7_5'2 ]
=



Note In general we can represent concavity as;.

p Concave down

Fig. 2.5

»<

Concave down

Tangent :

Concave up

o

Here; O

b > 0 for both curves.

_m PLOTTING OF ALGEBRAIC CURVES USING CONCAVITY

Here; if y=f(x)=(x-o)(x-B). O<oa<p.
Then we know it has roots o and B .and would be
plotted as shown in Fig. 2.6.

From above discussion it becomes clear that to
plot curves we require; 0

(i) Point of intersection on x-axis. (i.e., y =0)

(ii) Point of maximum and minimum value._

(iii) Interval for which function increases or

decreases.

(iv) Point at which concave up, concave down

and point of inflexion.

"EXAMPLE @ sketch y =(x-D(x-2).
@ SOLUTION Here; y=(x-1)(x-2)

| @ Put y=0 = x=L2.

| (if) y=x2-3x+2

and

= iy—=2x—3 d—x=2
! dx dx2

2
minimum at x = 3 as dy >0
2 dx?
(iii) Increases when x>:_;

3
X< =

and decreases when

-

y

\

LY

y="£(x) = (x=0)(x=p)

o

Concave up

min
F——>

when x < x,

Fig. 2.6

NI

Concave up
x=xo Whenx>Xx,

(for point of intersection on x-axis.)

Y
Q
o\ ©
2\/2
AR
o\ %
A 3
'Ah 01.
o\ o
P\
O 3/2
=7 =" » minimum x=3/2
Fig. 2.7




=~

w

(iv) Concave upwards for x> g or Xx<-—.

|3

Graph is sketched as shown in Fig. 2.7.

EXAMPLE o Sketch the curve  y =(x=1)(x = 2)(x-3).

TR @SOLUTION Here; y = (x-1)(x=)(x-3)

() Put y=0 = x=12:3
() y=x'-6x*+11x-6

o 2
= Y o_3x2-12¢411 and  EL=6x-12
dx dx*
when d~_y_=o = x= 63
dx 3

2
maximum when; x= 5 -3J§ g d—— =-243
2
minimum when; X= 6+V3 as d_v =23
3 dx?
(iii) Here; Y _ 3x2-12x+11 Y
dx .
[e))
6-3)[. 6+3 . 5/
= X=——|l - m %
3 3 £ | S
g ) > | S 2
6-3 o[ §/Ts62\siwa/3 A
= Increases when; X< 3 S 5
minimum
6++3 %= / J "
or 3 goncave Concave
L own for up for
- * 2
decreases when; 6-+/3 - +3J§ < x>e
-6
(iv) Concave upwards when x>2 and 1/
concave down when x<2. Fig. 2.8
Graph is sketched as shown in Fig. 2.8.
EXAMPLE @) Sketch the curve y = (x - 1)*(x - 2),
@ SOLUTION Here; y=(x-1)*(x-2)
(i) Put y=0 = x=112
(i) y=x-4x? +5x-2
dy 2 d?
Y 3y i P
= T 8x+5 and S =6x-8

dy 5
hen —=0 = =1],
w o x

" . d?y
maximum when; x=1 as —=-2.




2
{ minimum when; Xi= 3 as d_y =2
| 3 dx? A )
b s dy 2 5 &
‘ Here; —=3x“-8x+5= =t - 4
3 (iii) dx Xx+5=3(x-1) (x 3) ——_ \é"
i 5 atx=1 3|3 o
| = Increases when; x<1 or x>=. o .&N 2
i 3 ,55”0 l%\on\/ minimum at
{ 5 & "9&,'7 x=5/3
| Decreases when; I<x<=. D %
3
g (iv) Concave up when x> 4 and - / > —
! 3 / Concave down Concave up
i 4 when x<4/3 when x> 4/3
i concave down when x<-—.
: 3 Fig. 2.9
| L Graph is sketched as shown in Fig. 2.9. -
EXAMPLE o Sketch the curve y = 3x% - 2x>.
@ SOLUTION Here; y =3x? - 2x°
i S _ . y
= x—O,E when y=0 .. 9% y
} : 2
| also Y ox—bx? = = 6x(1 - x) . ) |
{ dx &L ; J é\(\Q maximum
. d2 &% when x=1
and =6-12x=6(1-2x) > | x
dx? minimum (O |1/2 (1 32\ o
. 42 y when x=0 S
| = maximum when; x=1 as Ez- =-6 ’&%
| ' 2 .. (i) %
and minimum when; x=0 as __% =6 < Concave up > Concave down —»
dx x=1/2
y increases when; O<x<l (iii) Fig. 2.10
y decreases when; x<0 and x>1
Concave up when; x<=
2 . (iv)
. Concave down when; x> 2
‘ Graph is sketched as shown in Fig. 2.10.
E XAMPLE e Sketch the graph for the function:  f(x)=|x+ 3|(x +1).
(x+3)(x+1); x=-3
‘ SOLUTION . y=|x+3/(x+1
: Here; y=|x+3|(x+1)= {— (x+3)(x+1);x<-3
I = x=-1-3 when y=0 ()
i a - 2 . -
] e dy _[+2x+4 x2 3 - d’y | 25 x2-3
dx |-2x-4 x<-3 de? [-2; x<-3

|

i

o W

|

T

ot

|

AN

3

1
|

]

st
i

|

a94n

€

ue._
ol




i ’y
i 3
-‘1: .
A4 - S
N e 4
B o J S
4 — Y maximum gt x=—3| 7 ; R
‘u S B\ -2 1 O 1 2
5 9 4
— {’? minimum at x=5-3
1 o Concave [down Concave up
5 Pl
¢ N .
bt - N Flg. 213
\ : = Increasing whgn x<-3 or x>-2 ()
i decreasing when -3<x<-2
A maximum at x = - 3 (i)
i ...l
2 minimum at x =- 2
i concave up when x< - 3 .
: concave down when x> - 3 slevl
~ 2 Note -Above example could also be solved by using transformations discussed in later part of
5 chapter. :
EXAMPLE @) sketch the graph for:  f(x)= 2
H T — ‘x%+3
x=-1 wheny=0
1 @ SOLUTION Here; y=—<*1 = 1 (i)
e %43 =5 when x=0
dy -x*-2x+3_-(x+3)(x-1) i Increasing when; - 3< x<1 .
F (x? +3)° (x? + 3)? Decreasing when; x< - 3or x>1 0
bk N
112 maximum
1,172
:‘ . A / 13 ( \
] & 3 2_~" O 1 2 3 &4 5
"l‘ -1/6
1 (=3, =1/6)|minimum
f Fig. 2.12
e :
bl




also;
minimum at x=-3 as;
maximum at x=1 as;

<

- + -

{ Using number line rule for %,

dec"-é Inc” :1dec’I

dx?
dzy
dx?

J

d’y _2x’ +3x* -9x-3)

x%+3)°
1

36

...(iii)

detail refer chapter 3.

Note In above curve x-axis works as asymptote, i.e., the curve would never meet x-axis. For

<

EEMPHICAL TRANSFORMATIONS

e . g e . e —

Here, we shall discuss the transformations as;

(i) f(x)transforms to f(x)+a
(ii) f(x) transforms to f(x * a).
(iii) f(x) transforms to (a f(x))

(iv) f(x) transforms to f(ax).
V) f(x)transforms to f(-x).
(vi) f(x) transforms to —f(x).

(vii) f(x) transforms to — f(-x)

(viii) f(x) transforms to | f(x)|.
(ix) f(x) transforms to f(|x|).

(x) f(x) transforms to| f(| x|) |-

(xi) y = f(x) transforms to |y |= f(x).
(xii) y = f(x) transforms to|y|=| f(x)|.

(xiii) y = f(x) transforms to|y| =| f(|x)|. ]

(xiv) y = f(x) transforms to y =[f(x)].

(xv) y = f(x) transforms to y = f([x]).

(xvi) y = f(x) transforms to y =[f([x])].
(xvii) y = f(x) transforms to [y]= f(x).
(xviii) y = f(x) transforms to [y]=[f(x)].

(xix) y = f(x) transforms to y = f({x}).
(xx) y = f(x) transforms to y ={f(x)}.

(i) y = f(x) transforms to y ={f({x})}.

(xxii) y = f(x) transforms to {y} = f(x).

(xxiii) y = f(x) transforms to {y} = {f(x)}.

(xxiv) y = f(x) transforms to y = f ! (x), f~! (x) represents inverse of f (x).

to x.

> Where { ¢} denotes fractional part of x.

. Where | s | means modulus or absolute value function.

» Where [ » ] denotes greatest integer less than or equal




—,—‘ Now, we shall study the following cases as;

(i) When f(x), transforms to f(x) + a. (where a is + ve)

———L Le., f(x)— f(x)+a
i i‘_ shift the given graph of f(x) upward through ‘a’ units
—‘nwl— again, f(x)— f(x)-a

— shift the given graph of f(x) downward through ‘a’ units.

o Im || Graphically it could be stated as:
| |
BERT
RN
| 8
| = L_
| '({‘ x where a>0
_‘..Q_ A oy=tn-a
__3_1}__.
L1 g Fig. 2.13
_T_‘t__._
— 1 EXAMPLE ePlot y=e*+1 y=e* -1 with the help of y =e*.
| 1" . SOLUTION Weknow; y=e* (exponential function) could be plotted as;
%l_ y
.__4——- 1 y= 3‘
1—'[_._
— —/ ©,1)
; | 0 > X
— Fig. 2.14
it
T s = y=e*+1, is shifted upwards by 1  Alsoy=e* -1, is shifted downwards by
IRE unit, shown as . 1 unit, shown as
JHE y y
: y= 9x+ 1
——‘“—"—I y= e‘ t . y= e‘
Ti88 e
R 1
F 1
- 1 1 b o
I o s I o X
IR
1138
1 _i_i.._ Fig. 2.15 Fig. 2.16
i . e M — - ——— o —
158
! +_



2 H

,EXAMPLE Q Plot y=|x|+2. and y =|x|- 2, with the help of y =| x|. i :*
‘ SOLUTION We know; y= | x| (modulus function) could be plotted as; i =_‘
y -__2___:
y=Ixl==x;x<0 y=Ixl=x;x>0 _,_.m_
2 .
-
1 ‘_,,‘
o
=2 = o] 1 2 " -
:, 2y
Fig. 2.17 ﬁj
=y =|x|+ 2is shifted upwards by 2 units. 4 |
y=Ixl+2=-x+2; 4 y=Ixl+2=x+2;x>0 -
x<0 m'w!
y=Ixl=-x; y=Ixl=x;x>0 ——-—r=—~'
x<0 2 2 .._._..lm_‘
2 5 |2 o
2 9
> X )
Suoiny |
1 -
Fig. 2.18 1 ;I.!'J
also y =| x| - 2is shifted downwards by 2 units. *j-:
y=Ixl==x; - y y=Ixl=x; ~__°_L
- x<0 1 x>0 : |
y=Ixl-2=—x-2; y=Ix1-2=x-2; 1 UI
x<0 2 2 x>0
2 2
e < H
52 0
Fig. 2.19 _
108
EXAMPLE ePlot y=sinx y=(in?x)+1 and y=(sin'x)-1 |
‘ SOLUTION We know, y =sin"" x (Inverse trigonometric) could be plotted as; =1
y t
A -
w2t i
y=sin"'x; where -1 S x<1and
-n2Sysm2
+ > X
<9 (o] 1
—1/2 4

Fig. 2.20




£ .
| = y =sin™! x +1, is shifted upwards by 1 unit.
{ and ¥ =sin™ x - 1, is shifted downwards by 1 unit.
i : 11‘ (1,m2+1) y= (sin™'x) + 1
—0 | fReiy A
— -l w2t/ (1 m2)y=sinT'x
::—%: : % /i“'"/z_” y:(sin"x)—1 ox
mrnk ‘ (1,2 + 1){-1 7’:‘
e - crowef Ao
LA } (n2-1f T2
—t L& { x.!—1 x!1
: — (ii) f(x) transforms to f(x - a)
ie, f(x)—> f(x-a); a is positive. Shift the graph of f(x) through ‘a’ unit towards right
f(x) transforms to f(x + a). . '
- ie, f(x)—> f(x+a); ais positive. Shift the graph of f(x) through ‘a’ units towards left.
. Graphically it could be stated as
v:i-——-h-.————-
|
‘ Fig. 2.22
EXAMPLE @ Plor y=Ixl, y=Ix-2 and y=|x+2|
; . SOLUTION As discussed f(x) — f(x - a); shift towards right:
= y =|x — 2| is shifted 2’ units towards right.
f y
i (
y=Ix=-x;x<0 y=Ix-2l=-x+2;x<2 y=Ixl=x:x>0
................................................. e
y=Ix-2l=(x-2);x>2
2 2
2 2
1 o 2 2 .
B _
+— 80, Fig. 2.23



also Y =|x+ 2| is shifted ‘2’ units towards left.
Y
§ y=ixe2l=—(xs2ix<2 y==-xix<0 | y=br2l=xszixe-2]
y=Ixl=x;x>0
| 2 2
l 4
i
: 2 2
i — X
=5 2.0
L_...w.,,,..ﬁ-. o Fig. 2.24 - ,
EXAMPLE OPlot y—sm(x—%) and y—sm(x+2)
‘ SOLUTION As we know; y =sin x could be plotted as;
| i
i x n 4
b _ 2 2 2 =1
i A A S| A A A y=sin(x—/2)
x% , \ / 2\ / \ i
- -7t Y
i y=sin(x+mw4)/ -3 N 'g - L gg “ /0 \4\\4
i S s s ] R N ) _
% y=sinx y=sin(xmw4) % y=sirl (x+m4) y=sinx y=-1
i l
!
' Flg 2. 25
EXAMPLE e Plot y=sinlx y=sin(x-1) and y=sin"(x+1)
.sownon We know; : 38/
y =sin"! x could be plotted as shown in Fig. 2.26. n2t (1, w2)
= y =sin?(x — 1) is shifted ‘1’ unit towards right.
and y =sin~ (x + 1) is shifted ‘1’ unit towards left. A o 1 mx
Shown as in Fig. 2.27. % w2 d -2}
s
y=sin"|(x+1) #
w2l y=din'x |y=sin(x-1) Fig. 2.26
1 1
1 1 5
2 1 1o 2 X
1 1|2
Fig. 2.27

———




i
&

i

]
NI

TR
&
-~

(iii) f(x) transforms to a f(x)
Le., f(x)— af(x); a>1

Stretch the graph of f(x) ‘a’ times along y-axis.

f(x)—> %f(x); a>1

Shrink the graph of f(x) ‘e’ times along y-axis.

Graphically it could be stated as shown in

Fig. 2.28. Fig. 2.28
EXAMPLE @) Ploty=x y=2¢ and y=ix
i ,
=2
@ SOLUTION  As we know graph for y = 2x. T it
) 14
/ y=x
y =2x; is stretch of f(x) 2’ times I,’ .
: t1 ./
along y-axis and y = > x; is shrink of f(x) 2’ </
2 4 / 1,1/2)
times along y-axis. 710 1 X
Shown as in Fig. 2.29. (=3<112) I/ -1
/
S22
Fig. 2.29
EXAMF_’LE ePlot y=sinx and y=2sinx
@ SOLUTION Weknow; y=sinx and f(x)-af(x)
— Stretch the graph of f (x) ‘@’ times along y-axis.
- y=2sinx = stretch the graph of sin x ‘2’ times along y-axis.
| X
» y=2
2 y=[2sin x
1 > Y= 1
y=sinx
- w2 Jjo w2 |% o
1 » y=-1
2 »y=-2
Fig. 2.30
Above curve is plotted for the interval [~ &, ] as periodic with period 21 .




EXAMPLE ePlot y=sinxandy=%sinx.
@ SOLUTION  As we know;

) Ya &
; Y == fx) e
| 1 y=|sin x fr <R
| = shrink the graph of f(x) 12/~ sinj \ | »_.J;_)E
| ta, ti i =2 el
| imes along y-axis. = 2 40 X * 1.1 Q
§ = %sin x -2 N/ ~—1!—{m
| £ T2
i = shrink the graph of f(x) ] ’ —'»g
’ ‘2’ times along y-axis. Fig. 2.31 %—lri'-i
. S IR - = -
3 \D

(iv) f(x) transforms to f(ax) . =

ie., F(x) —> f(ax); a>1 3 i:‘.".
y=fax) y=f(x) y=f(tx) T |a
Shrink (or contract) the graph of f(x)‘a -'—12;
times along x-axis. ] -
A
again  f(x)—> f (l x); a>1 S/ ”a/‘/ Py i x 1
a —a / 1 / 1/a O / j__:}

> J&]
Stretch (or expand) the graph of f(x)‘a@’ 1_g
times along x-axis. .’__m

Graphically it could be stated as shown in

Fig. 2.32.
Fig. 2.32

EXAMPLE OPlot y=sinx and y=sin2x.

‘ SOLUTION Here; y =sin2x, is to shrink (or contract) the graph of sin x by ‘2’ units along

| x-axis. Shown as in Fig. 2.33.

N
»y=1
—2n -n T o I T 3n =X
2 2 >
y=-1
Fig. 2.33
From above ﬁgure sin x is penodlc wnh penod 2n and sin 2x with perlod .




] EXAMPLE @ Pt y-sinx and y=sin%

anams |
o | - ) o
—t m . SOLUTION Here; y =sin (%), is to stretch (or expand) the graph of sinx ‘2’ times along

—ro&St | x-axis. Shown as in Fig. 2.34.
—— i )
,l.n_ PP ? y“ l l ‘ ‘
Pl oml ] | : '
;__Q:i i ! ‘ L y=sin(x/2)
[ __'§__1 i ,1=sinx ‘
O Y _____I 1 ) e
A . -2 3 _x 0 I i 3] 2n
S N NI N
1 < 5
L
s 1
T“r‘“'l" “ ' Fig. 2.34
e
i
':‘“_i_"{‘“ From above figure sin x is periodic with period 2r and sin (2) is penodlc with period 4.
il EXKM]’L E e Plot y=sin™ x and y=sin"(2x)
hd
T @SOLUTION Here; y =sin™ (2x), is to shrink _ /I
Ell [ LA s
(or contract) the graph of sin™ x ‘2’ times 5 ‘y sm“ @9
along x-axis .
— /A y=sin"'(x)
Shown as in Fig. 2.35.
a3 o Eida
2
- T
ZL_}____ 2
—‘1—‘"‘ Fig. 2.35
HiE - —
1777 EXAMPLE oPlot y=sin'1(§—l).
" @ SOLUTION Toplot y= sin”! (% - 1) We should follow as;
| (i Plot y=sin"x
',1:_ (i) Plot y=sin™" (%) ,  Le.,stretch graph ‘3’ units along x-axis
4 . afx ; ; N _
L (iii) Plot y=sin™ (5 - 1) , Le., shift the graph (ii) by ‘3’ unit towards right.




(i) Plotting y = sin™ x :

(i) Plot y= sin-‘(ﬁ) :

|

e

'pue-ia.ui;'emh:

BE|

3
y
A
x T
2 2
= sin""x i
/ y=sin""(x/3)
-1 [e) 1 > X 3 5 3 > X -
L
_T . L
2 2
Fig. 2.36 Fig. 2.37
(iii) Plot y = sin"(g - 1):
s
2 3
a3 22— [© 1—7 |3 4 5 %
5 & g
2
Fig. 2.38
(iv) f(x) transforms to f(-x)
Le., f(x)— f(=x)

To draw y = f(- x), take the image of the curve y = f(x) in y-axis as plane mirror.

OR
“Turn the graph of f(x) by 180° about y-axis.”
Graphically it is stated as;

y=fx A y=f9

OR

y=f%

Fig. 2.39
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EXAMPLE @ plor y=e*.
, ©- -

shown as;
yk

S L2

@ SOLUTION As y =e* is known; then y = e is the image in y-axis as plane mirror for y =e*;

y=¢

¢

Fig. 2.40

%

1EXAM PLE @ Plot the curve y =log, (- x).

O
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+
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O SOLUTION Here; y =log,(~ x);is to take mirror imageof y = log, x about y-axis. Shown as;

mirror image of y =sin"'(x) about y-axis.
Shown as in Fig. 2.42.

%
y=log,(-X) y=loggx
(-1,0) o /01,0 X
Fig. 2.41
EXAMPLE @) Plot the curve y =sin” (- x).
y
O POLUTION B e G20y is the y=sin"'(-x) y=sin"'x

4

(vi) f(x) transforms to - f(x)
ie., fO)— - flx);

To draw y =- f(x) take image of y = f(x) in the x-axis as plane mirror.

OR
“Turn the graph of f(x' by 180° about x-axis.”



EXAMPLE oPlotthecurve y=-¢e*.

SOLUTION As y=e* is known;

-~ y=-e take image of y =e* in the x-axis as plane /
mirror.

/'V:ex
.=X
\:—e"

Fig. 2.43

EXAMPLE @) Plot the curve y = (log x). »

l y=log x
@ SOLUTION Asy =log x s given then y = - log x is

the image of y =logx in the x-axis as plane

mirror. 5 X
/\y:_lc);

Fig. 2.44

EXAMPLE e Plot the curve y =—{x}; where { -_} denotes the fractional part of x.
‘ SOLUTION As y ={x}is known;
; =— {x} is the image of y = {x} about x-axis as plane mirror.

8
A

1

-1

Fig. 2.45

(vii) f(x) transforms to - f(~x)
ie., f(x) —> - f(-x);

to draw y =~ f(-x) take image of f(x) about y-axis to obtain f(-x) and then take image of f(-x)
about x-axis to obtain - f(-x).

f(x)— = f(-x)
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il Judialindeod

7/
‘1

I

I

S e

= (i) Image about y-axis. (i) Image about x-axis.
Graphically it could be stated as;

/\\j’ //y=—f(—x) ) ﬁz‘ =i
2 > X > x
/A_:br(;o _a\ y=12 O<

7\ \

Fig. 2.46

EXAMPLE o Plotth;:curve y=-e”*.

y=€
@ SOLUTION As y=e* is known;
(i) Take image about y-axis; for y =e™.
X
o) !
(i) Take image of y =e™ about x-axis; for y =—e™. e /
Shown as in Fig. 2.47. /
y=-*
4 Fig. 2.47
EXAMPLE o Plot the curve y = - log(-x).
6 SOLUTION As y=logxis knowg;
(i) Take image about y-axis, for y =log(-x).
(i) Take image of y =log(-x) about x-axis, fory =-log(-x).
n
y=log (-x) y=log x
/ > X
y=-log (-x)
Fig. 2.48
B




EXAMPLE e Plot the curve y =—{-x}. (where { -} denote fractional part).
. SOLUTION As we know the curve for y={x}.
To plot y = - {-x}
(6))] Take image about x-axis.
(ii) Take image about y-axis.

y={} : yeix

> X

y=r{=x

-1

Fig. 2.49

AInD)

EXAMPLE o Plot the curve for y = — [-x}. (where [ - ] denotes the greatest integer function.)
. SOLUTION As we know the curve for-y =[x].
toploty =— [—x]
6] Take image about x-axis.

> X

= y={-4

Fig. 2.50

jJEuLIOjSUBL] pue aine
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Play w

70

(ii) Take image about y-axis.

‘ y=—4-2

)

Fig. 2.51

(viii) f(x) transforms to |f(x) | (where | ¢ |represents modulus function)
ie., fO)—f()|
Here; y =|f(x)|is drawn in two steps. :
(a) In the I step, leave the positive part of f(x), {i.e., the part of f(x) above x-axis) as it is.
(b) In the II step, take the mirror image of negative part of f(x). {i.e., the part of f(x) below
x-axis} in the x-axis as plane mirror. .
OR
Take the mirror image (in x-axis) of the portion of the graph of f(x) which lies below x-axis.
< OR
Turn the portion of the graph of f(x) lying below x-axis by 180° about x-axis.
Graphically it could be stated as

Graph of f(x): Graph for | f(x)|:

y=1f(x)!

AN | TN

Fig. 2.52 Fig. 2.53



Note Above transformation of graph is very important as to discuss differentiability of f(x).
As from above example we could say y = f(x) is differentiable for all x R - {O}.
But; y =|f(x)| is differentiable for all x € R — {- 1, 0,1} as, “at sharp edges function is not

differentiable.”

@ SOLUTION To draw graph for y =|log x| we have to follow two steps:

]
f
|
§
{
i

EXAMPLE Q Draw the graph for y =|log x|

(i) Leave the (+ ve) part of y =log x, as it is

(ii) Take images of (~ve) part of y = log x, i.e., the part below x-axis in the x-axis as plane mirror.

Shown as:
Graph for y = logx:

}

Fig. 2.54

which is differentiable for all x € (0, )

y
3

Graph for y =|logx|:

edge”.

Fig. 2.55
which is clearly differentiable

xe€ (0, =) —{1}. “as at x = 1their is a sharp

Q SOLUTION As we know the graph fory = x? — 2x - 3=(x - 3)(x +1)is a parabola; so to sketch

i
’
1
!
1
{
{
i
{
{
{

i
{

EXAMPLE @Drawthegraphfory:lxz—2.x—3|.

y =| x? - 2x — 3| we have to follow two steps.
(i) Leave the positive part of y = x%-2x-3 asitis.

(ii) Take the image of negative partof y = x* — 2x - 3, i.e,, the part below x-axis in the x-axis

as plane mirror shown as in Fig. 2.56.
Graphfory = x> -2x -3 =(x-3)(x + 1):

Y
3
2
1
B2 a10] 1 2 8 ©
-1
-2
b
i . Minimum at x= -5~
D
(1.4) S

Fig. 2.56
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Graph fory =|x? - 2x-3|:

4| |(1.4)

210 1 3

Fig. 2.57

Clearly above curve is differentiable for all xe R - {- 1, 3}.

EXAMPLE (@) Sketch the graph for y =|sin x|

‘ SOLUTION Here; y =sinx is known.
.~ Todraw y =|sin x |, we take the mirror image (in x-axis) of the portion of the graph of sin x
which lies below x-axis.

y
A
1 S N NN y=lIsin xi
= -nY ) 3 >3 X
i" 2n \J~ /]l o \J\ /})\2" 3n \J‘
Image of portion below
Xx-axis

Fig. 2.58

From above figure it is clear;
¥ =|sin x| is differentiable for all xe R - {n=; n ¢ integer}.

(ix) f(x) transforms to f(|x|)
ie., _ fx)— f(|x|).
If we know y = f(x), then to plot y = f(| x|), we should follow two steps:
(i) Leave the graph lying right side of the y-axis as it is.

(if) Take the image of f(x)in the right of y-axis as the plane mirror and the graph of f(x) lying
leftward of the y-axis (if it exists) is omitted.

OR
Neglect the curve for x < 0 and take the images of curve for x > 0 about y-axis.



1

;
Graphically shown as; _+°—L_L
y y 221
i x fir
y=1(x) y=1(Ix) .l
Neglected = m [
2
lv o | O > X O > X q 1
— o
|
Image of
f(x) about y-axis % 2
when x>0 = ]
! |
Fig. 2.59 +
EXAMPLE o Sketch the curve y =log| x| a
@ SOLUTION  As we know, the curve y =log x. =
"y =log| x| could be drawn in two steps: 0N
(i) Leave the graph lying right side of y-axis as it is. - __:
(ii) Take the image of f(x) in the y-axis as plane mirror. 1 lm 1
y
}‘/‘ y=log x i y=log x| T
__eir,_
i
o /i 2 N o /1 . 1 °_= L
' T
|
|
|
Fig. 2.60 !
- |
l
EXAMPLE.OPlotthecurve y =elXl, i |
@ SOLUTION As we know the curve for y =e*. |
Y, " ]
y=e* {
y: ex L ;
neglect (1,0) = o
- —> X
(o]
o
Fig. 2.61 Fig 2.62
Toplot y =e!*!, neglect the curve for x < 0and take image about y-axis for x2 0. Shown as in
Fig. 2.62. |




_"‘f EXAMPLE ePlotthecurvey-smlxl.
Q SOLUTION

fee S P oA

y=sinIxl

— R
AN

NER Fig. 2.63
-~ = — ———— - ————— S ——— S A S S S

T —1yl?
D EXAMPLE @) Plot the curve y =|x|” - 2|x| -

+ . SOLUTION As we know, the curve for y = x? — 2x — 3 s plotted as shown in Fig. 2.64.

= i 3 {
4 31T { B
— S y=x2-2x-3 ’g y=Ix2-2IxI-3
MR 3
1 a\ol 1| Js - -3 E S N C PR
: -4 (1,-4) (1,-4)
‘ . Fig. 2.64 ‘ Fig. 2.65
BE - y=f(x])," ie, y=|x|*>~-2|x|-3istobe plotted as shown in Fig. 2.65.
E which shows y = | x? - 2| x| 3 is dlfferennable for all xeR- {0}
; (x) f(x) transforms to [f(|x |)|
= ie., FOO— 1 £l x|
1 : Here, plot the curve in two steps; y
——‘—;" @ fx)—|f™)] (ii) 1‘
——  1f|—1fUxD] i y=1(x)
1 1R OR
e i x)— f(|x it
_ (@) f(x) fAxD | o7
: () fUxD—I1fUxPD}, ie, (vii) and (ix)
Tt transformations. —_—
_-——i— Graphically it could be stated as shown in Fig. 2.66. _
BB Fig. 2.66
— 74 .



M y=1£0)|:

y= 1)l

Fig. 2.67

an y =[f(xDI:

— A

y=I11(Ix])l

1172

Fig. 2.68

EXAMPLE oSkctch the curve for y =||x|* - 2|x |- 3|.

@ SOLUTION  As we know the graph for y = x* - 2x - 3, shown as;

f

y=x"’—2x—3

y

Fig. 2.69

() y=x*-2x-3-y=|x|*-2|x|-3.

-3 -1| O 1 3
-3
(-1,-4) (1,-4)
Fig. 2.70

(i) y =|x|*-2|x|-

)

b e

012 1

1.4

3-y =||x|* - 2|x|- 3|

i3 ¥
8 X
o

o

=

Ui

A
> X

-3

Fig. 2.71

Clearly, above figure is differentiable for all
xeR-{-30,3}.
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EXAMPLE e Sketch the graph for y =
: |
N — J @ SOLUTION  As we know the graph for y =e™.

N _l‘_
2

RIS Y
’ ‘«—_c y=e" 1
=
P
ol leml )
i @_ \ .
L§ 0
‘\:l ::—E: Fig. 2.72
A
—“‘\\\_: { () _Y=e-x —)y=e'x—-— (ii) _y=e'x_____)y=e"|"|___
o il 1
™ 4

1 X of | 2‘\.\' ot
i o) Iogz\ __/ 0g y=elxl___§

=2
{ 172
Fig. 2.73 Fig. 2.74
i .
\
‘ 1
4 (lil) y={3 I‘l__2_
| y
!
|
; — £ \E ~x_ 1
e Yl I yeet-1
8| > X
'y -log2 O| log2
1 ! -1/2
1
¥ Fig. 2.75
l (xi) y = f(x) transforms to |y| = f(x)
' Clearly|y|20 = if f(x)<0; graph of|y|= f(x) would not exist.

if f(x)20; |y|= f(x)would be given as y =+ f(x).
Hence, the graph of | y| = f(x) exists only in the regions where f(x) is non-negative and will be
reflected about x-axis only when f(x)2 0. “Region where f(x)< 0is neglected”.

J‘FT_



OR

(i) Remove (or neglect) the portion of the graph which lies below x-axis.

(ii) Plpt the remaining portion of the graph, and also its mirror image in the x-axis.
Graphically it could be stated as shown in Fig. 2.76.

t

AN

|

||
Graph for y = f(x): I-i_:?’
y j -0
i =
( T
Ly 0 y=f) , 1,1 W=l +4— ~'g
/ —x 112 Q-
ol /121 o) _+
3_
- (1,-1)  mirrorimage :A
i) about x-axis. J
1o neglectin //
Fig. 2.76 _34_
i 4 15
EXAMPLE °Sketchthecurve |y]=(x-1)(x-2) Dm—
| ' 1 .
@ SOLUTION T g,
As we know the graph for y=x-Dx-2)—|y|=(x-1)(x-2), _5_
y = (x —1)(x - 2), is shown in Fig. 2.77. as shown in Fig. 2.78. —W
ﬁ_L_q;_
}:k 4 - ‘
\ \ /\ o
o 1322 — X Q ( 1. 2 \ > X .__i
o \ : / 3 FIE
(3/2,-1/4) neglecting '
LA
[
|
Fig. 2.77 Image on x-axis, ey |
/ when (x-1)(x-2) 20 “_’_L
. &_l_
Fig. 2.78 I
: T
EXAMPLE e Plot the curve |y|=sinx. ;
@ SOLUTION Here, we know the curve for y =sinx. i i
‘ 7L



D

.
Wil W Wl T

-1

s

Graphs

Fig. 2.79
y =sinx — | y| =sinx
y

I
1
‘ ‘ '2"”_\"‘ o/ \ W 2"m3" — X
=y A AN A

! neglx;cted Image negle}:led -1 Image negl'ecled Image nuglécled

Play

Fig. 2.80

EXAMPLE (@) Skerch the curve |x|+|y|=1
@ SOLUTION  As the graph for y =1-xIis;
{ Y

{ i i [

e 5 ]
- i
| |

-1

|
]
-
/|
L
(R
x

Fig. 2.81
(i) y=1-x—>y=1-|x| (i) y=1-|x|—|y|=1-]|x|
"\

/1\I=1—le or Ixl+lyl =1
AN

Fig. 2,83

Clearly above figure represents a square.




EXAMPLE °Sketchthecurve|x|—|_y|=1,
@ SOLUTION  As the graph for y = x - 1is known;

A

Fit. 2.84

() y=x-1—y=|x|-1 (i) y=|x|-1—|y|=]x|-1

i A%, O TRE .
2 2, 4
N/ o
G, 1
14
Fig. 2.85 Fig. 2.86
(xii) y = f(x) transforms to |y| = 1f(x)|
ie., y = f(x)— |y|=| f(x)[; is plotted in two steps.
@ y=fx)—y =[]
(i) y = fx)|— |yl=1f(0)]
Graphically it could be stated as;
y y

/ =f(x) \/ y =110 Iyl = 9]
Y ) *
y=£f(x) - y=1f(X)

0 _ (i)
Fig. 2.87

Q

y=1f(x1 = lyl=1f (3]
(iii)



'qn

i EXAMPLE @) Plot the curve for| y| =[e ™}

‘ ] I @ soLuTion Here; curve for y=e ™ is shown as;

N y

£ 3

¥ !I-' y=e~

CHELS

E 1 Q* \ X

5 o

SR

S ‘g‘ Fig. 2.88

$TN | O y=e* —y=je (i) y =l |—1yl=le™|.

NI / 4
y=le™|
' 1
1 ws same \ >X
: i O /—-
I 2 %4
Fig. 2.89 i =|e]
Fig. 2.90
EXAMPLE @) Plot the curve |y|=|e* -1].
‘ SOLUTION As we know the curve for y =e* is shown as;

i ' y
i ¥ y=¢*
” —/1
s §
: Fig. 2.91
'i (i) y=e* yy=e -1 (ii))'=ex—‘1—)y=|e"-1|.
A y
i ‘ N py=ter-a
&t
{15 1t /e | [y
Al
1 i 0 —> X .
5; ’; _________ neglected o o
At - e — e
=80 Fig. 2.92




(il) y =|e*=1|—> |y |=]e* -1}

y
lyl=1e*-11
IO | et
— X
O
S L= . S
Fig. 2.94
EXAMPLE @) Plot the curve |y|= sinx+-§ .

SOLUTION Here; we know the graph for

y =sin'x, is shown as

[\

/-Zn -n

(i) ynsinx+-12-—;y=

sinx+l’
2

=1
Fig. 2.95
. : ; 1
(i) y=sinx—y =smx+§.
] ' T ' 1
i Poae : :
7 | | \ y=3R
‘/_\ i H :/ ye1r
/ hY hY / %
Jpr TN /0 RN /2
) ! e
Fig. 2,96
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1
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y
A
32 y=32
y=1/2
\/ 12
=3 n 2n =3
—21‘ o y=-1/2
y=-32
Fig. 2.97
" 1 : 1
(iii) y =[sinx+=|—|y|=|sinx+=
2 2
A
4

; 1
|yl-|sm X+ -Z-I

N e S .
YV T A VSl
W\ AN/

— y=372

y=-1/2
\/ \/ y=-3/2
Fig. 2.98
(xiii) y = f(x) transforms to |y| = [f(|x])]

ie., y=fx)—|yl=|f(x)|

The steps followed are:

® y=f)—y=If(l

(i) y=lf|—y=[fUxD]

(iii) y=fUxD|— 1y =If(xD]

Graphically it could be stated as:




(1) ¥ =) ==y =|f(3)]

) y =/ |— y =1/ x D]

Flg, 2,100

(4D v = fAXDI= |y =1 £(] x )

}
1
0 > X
Fig. 2.101

y i
1
0 » X
_/_1\
Fig. 2,102
EXAMPLE Plot the|y|= c""—-l‘.
@ 1yl ;
* SOLUTION Here; we know the graph fory =e™,
A
1
) \ i
Fig. 2.103
- a1 . Bk
() yse*—ry=e r_i (i) y=e x_%__’y=e-|x|__12__
1 y
A
1/2
{ -log2 log 2 :
/ O \ .
- X
T =)
=R y=-1/2
Fig. 2.104 Fig. 2.105
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A i I T P | 1
(m)y=e|x|_5_,y=em_§i. (iv) y=|e 2|——>Iyl gl
Y,
)" A
_| 71
112 e =FT3
> X > X
—og2 O| log2 _/ o077 S
-1/2 -12
Fig. 2.106 Fig. 2.107

EXAMPLE @) Plot |yl=log|x]|.

s Q SOLUTION Here; y =log x is plotted as;

y
A

(i) y=logx—> y =log|x|

A
Fig. 2.109
(iii) y =|log|x||—>|y |=|log|xI|

Fig. 2.108

(ii) y =log|x|—> y =|log|x||

Fig. 2.110

lyl=1logIx!|

Fig. 2.111

2N




EXAMPLE @) Sketch the curve |y|=||x|? - 3|x|- 2.
‘SOLUTION As we know the graph for y =x% - 3x-2.

’1

T

\

.

Fig. 2.112

AN
Fig. 2.113
(iif) |y |=]lx|* - 3|x| - 2|

>

¥
A

W

Fig. 2.114

Iyl =11x12=3Ix1 - 2|

\]

Fig. 2.115

.

M y=x?-3x-2-y=[x[>-3|x|-2 @) y=|x|*-3|x|-2>y =[Ix]*-3|x|-2|. ——F—

7'._.; - —
y 1
pead



| S e

hs|

(xiv) y = f(x) transforms to y = [f(x)]; (where [ ¢ ] denotes the greatest integer function)
ie., f(x)—>[f(x)]

£\ Here; in order to draw y =[ f(x)]mark the integer on y-axis. Draw the honzo?tal lm.es through
- integers till they intersect the graph. Draw vertical dotted lines from these intersection points; ﬁna_lly
— draw horizontal lines parallel to x-axis from any intersection point to the nearest vertical dotted line
— with blank dot at right end in case f(x) increase.

'L

4
X

. ap

i

w,

a

b
)/,
T/

j o,

'Lj Step 1. Plot f(x).

Step 2. Mark the intervals of unit length with integers as end points on y-axis. .
Step 3. Mark the corresponding intervals {with the help of graph of f(x)} on x-axis.

Lo Step 4. Plot the value of [ f(x)] for each of the marked intervals.

e

__ Graphically it could be shown as:

§ y=109

I pr—e—

|
™

Xy Xp X3 |Xx X5 Xg X7 Xg

=1 y=[f()

Y A rvy
A4 X3 1% X5 Xg Xy Xg

Fig. 2.116

E XAMP LE a Sketch thecurve y =[sin x]
@ SOLUTION Here, sketch for y = sin x is shown as in Fig. 2.117.



A

e U

y
- 1|
w| R 0 2n | 3n
= -1
Fig. 2.117
y=8inx— y=[sinx]

Y,
1

» X
— y=sinx

I\

1N

= X

A

=~ ‘

= b -2 _8r ~py_ K| y_% m B 2r 5n 3
2 2 2 2 2 2

Y,

Fig. 2,118

e y=[sin x]
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EXAMPLE o Sketch the curve y =[x* ~ 1) (where [-] denotes greatest integer function).
When -~ 2<x£ 2,
@ SOLUTION [lere y =x* -1
could be ploted as shown in Iig, 2,119,

() y=x*-1—y=[x2-1

\

)

o o — S ------ -2 /
A/l / -\3
) Y P -2|-{l2HN\ © TNava 2

il

ys[¥-1-2<x<2
Fig. 2.120
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EXAMPLE e Sketch the curve; y =[y2-x*1; where [-] denotes the greatest Integer

function.
- @SOLUTION Weknow, y=42-x* representsa circlefor y20.
=~ | Shown as in Fig. 2.121. J
’ A
5 z
.\_ 1 p—y= V2 - Xz
?j BH o 1| N
. \Q_ | ,
%— Thus, the graph fory = [{2-x2] y
A
V2
TN =)
=1 ) | T 4 e
Fig. 2.121

(xv) y = f(x) transforms to y = f([x])

Here, mark the integers on the x-axis. Draw vertical lines till they intersect the graph of f(x).
From these intersection points draw horizontal lines (parallel to x-axis) to meet the nearest right
vertical line, with a black dot on each nearest right vertical line which can be shown as in Fig. 2.122.

y=f(x)

y
1

> X
5 -4 3] -2\ 1] .o 1 2 3 4

Fig. 2.122



|

[ 4

y = F(xD) 0

y &

‘ B~ B

= | —y=rax) "

| |t
| 1:

y i - X 1| 1|
-5 -4 -3 -2 -1 o 1 2 3 4 5 ‘ | Q ‘

d ) '”

2

i

Fig. 2.123 -]

‘B

OR :

y = f(x)— y= fUxD) )

Step 1. Plot the straight lines parallel to y-axis for integral values of x -y
(B 2e=1505 1 B Bsess) l 0

Step 2. Now mark the points at whichx=-3,x=-2x=-1,x=0,x=1,...on the curve. Y
Step 3. Take the lower marked point for x say if n < x< n + 1 then take the point at x = n and |

draw a horizontal line to the nearest vertical line formed by x =n +1, proceeding in this way we get )
required curve. | o

~ suol

EXAMPLE o Plot the curve y =e™.
b SOLUTION Here the graph for y =e™) is shown as;

f Y

o\
I
~<

1]
_
=

Fig. 2.124

EXAMPLE Osketchthecurye y=sin[x] when -2n<Sx<2m

@ SOLUTION  The curve for
y = sin[x]; could be plotted as shown in Fig. 2.125.
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A
L b3

"N —

= - 3\ -2| - 0 1: 2] 3] \4| 5/ 6
6| -5| 4| -3\ =2 -1 \ j,_éyzsinx

4 N ]
TT'I
y=sin[x]

Fig. 2.125

S s

EXAMPLE e Sketch the curve for y = cos[x]; -T<SXST

/ey

@ SOLUTION The curve for y = cos[x] could be plotted as;
' y

i y=cos [x]

‘\
5 by
Y-a -2/-1 o1 23n
/{—(

Fig. 2.126

EX’AM PL'-'o Plot the curve y =[x]%; -2<x<2.
‘ SOLUTION The curve for y =[x]?; -2<x<2could be plotted as;

y
A
~ 4 Y=X2
xR
1 '/— y=[x]
=2 A o] 1] 2 >
Fig. 2.127 -

(xvi) y = f(x) transforms to y = [f([x])]
Here, we should follow two steps;



() y=f(x)—y = f([x])
(ii) y = fx))— y =[f([xD]
EXAMPLE o Sketch the curve y =[sin[x]); where [ -] denotes the greatest integral function
when 0S xS
‘ SOLUTION Here; first we shall plot the curve for y = sin[x], when x € [0, 7].
/ y
7 cy=ein(x],04x<n
sin2 % sin2
sin 1 sin1|——
sin 3| sin3|—
o 1 |2 3 N o [T [2f]3 " X
y=[sin[x]];0<x<n
Fig. 2.128
!
From above figure we conclude that;
; when 0sx<nt = y=sin[x]€[0,1).
I = y=[sin[x]]—> 0 forall 0sxsm.
EXAMPLE @ Plot the curve y =[e™]; when - 4<x<2.
<]
@ SOLUTION Here to sketch y = [e*], we should follow the steps as;
(i) y=e
(i) y=e
(iii) y=[e™)] .
M) y=e (i) y = e™!
" f X
2 e
4 b
3 A,
z‘)(16‘f'7 R
2 (1.0) (-3.%) 22 e Ao
oAy -1,1) ! ' 3 3| =2 = o 1 2  F
-3 )2 ) e A0, 1)
-4 -3 -2| -1|o 1|2 ¥
Fig. 2.129 Fig. 2.130
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(ii1) y = [e™]; from Fig. 2.130. y
0<eXl<1; x<0
X1 = el =1 s 0<x<1 sl l :
e =27 ;1<x<2 2l d e

-

Thus; y=[e®*)] ]

0; x<0 a3 9 0 1 é =X
= y=11; 0<x<1 shown asin

2; 1€x<2
Fig. 2.131. Fig. 2.131

Graph for;  y =[e")];  when x<2.

(xvii) y = f(x) transforms to [y] = f(x) / Graph of Candles

Here, to plot[y] = f(x); we check only those points for which f(x)e integers, as[y] € integers for
all x.

Thus; [y]l=f(x) represents only integral values of y. Here, domain of f(x) are set of values of x

for which f(x) € integers.

EXAMPLE @ Ske‘tch the curve;

[yl=sinx.
. SOLUTION As we know; -1<sinx<1butsince; [y]=sinx.
= sin x =- 1, 0, 1 are only solutions;
or x=—nz—ne Domain of [y] = sin x.

Thus, [y]=sinx is shown as in Fig. 2.132.
Graph for y=sinx:

-2n N\ _X x —> X
- F) =3 * 2n




Graph for[y] = sin xt

%)

N

G
(_anl 0) ("2"0 U)I_’J:n. p) L

candles), or graph for [y]=sinx.

“Ol0.0 )

2 "
| [
A ) (u,A()) - I('.'u’.()\)\\ -

N
,C [y] = nin X

' 133

o’

From above figure, (the points marked O, A, B, c D EABCDE .. iy the graph for

EXAMPLE @ Sketch the curve [y]=sin"' x.
b SOLUTION As we know the graph for y = sin”! x; shown as in Mg, 2.134 and 2,135,

Graph for y = sin™" x;

y
k

w2

~1$IMn(- O sin 1‘ 1

Fig. 2.134

From above figure, [y]= sin x.

Graph for [yl = sin' x;

Y
2
e
cl(sin1,1)
If
; B0 s
I T B (O R =
A -1
pin =)
' )

Fig. 2.135

(xviif) y = f(x) transforms to [y]=[f(x)]

As we have earlier discussed y =[f(x)], i.c., transformation (xiv), and we know [y] implies

only those values of x for which f(x) € integer.

EX A MPLE o Sketch the curve; [y]=[sinx].
SOLUTION To sketch the curve [y]=[sin x] we first plot y =[sin x].
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(1) Graph for y = [sin x]

e e e it

3
13 y
Ll ]| |
- : 1 1 )
;“%“ =3n on] % O * 2n | 3n [
_;.aﬁ =
I_E 1 Fig. 2.136
i %,' (i1) Graph for [y] = [sin x]
R {
i A
4 ( -31:/2,1; ? (2| 1) (51J2,1)
A A A »

- 0 1 SIS

|

Y Pt 158 0% S
i
]

T ] Fig. 2.137
VG From above figure it is clear [y] =[sin x] is periodic with period 2.
117 (xix) y = f(x) transforms to y = f({x}); (where { -} denotes fractional part of x,
¥- —_ i.e.,, x}=x-1[x])
% 5 f)— fHxD
i ’_' Graph of f(x - [x]) or f({x}) can be obtained from the graph of f(x) by following rule.
=3 “Retain the graph of f(x) for values of x lying between interval [0, 1). Now it can be repeated for
j«i—- rest of the points. (taking periodicity 1).
i New obtained function is graph for y = f({x})".
‘,‘3’” Graphically it could be stated as;
s Graph for y = f(x) Graph for y = f({x})
| % bt A Y,
' A neglecting
1
e
I N | %

|
.'.. —
]t /3 2 10 2 3 fz\ =4 _4{_1-3// A—»x

{ -2 -1 0 1 2 3 4
_l_-4 9

— Fig. 2.138

94, Fig. 2.139

HasiE,



EXAMPLE a Sketch the curve y = ({x} - 1)2.
" SOLUTION Here, we know the curve for y = (x— 1)2 shown as;

Graph for y = (x - 1)%:
y

y=(x=17

2 1 0 1 2 X

Fig. 2.140

Now; to plot y =({x} —1)? retain the
graph for the interval xe[0,1) and
repeat for length ‘one’.

Graph for y = ({x} - 1)*:
’

yE((x-172

—> X

3 2 10 1 2 3 4

Fig. 2.141

EXAMPLE @) Sketch the curve |y|=

{x}-12

. SOLUTION As discussed in above example y = ({x} - 1)%.

Thus, |y|=({x}-1)? is image of ({x} - 1)2 on x-axis whenever ({x} — 1)2 is positive.

Graph of |y | = ({x} - 1)*:
y
i 1
| A3 A A Ao AN A2 AR e X
-1
Fig. 2.142

EXAMPLE @) sketch the graph of y =2

‘SOLUTION As we know 2% is exponential function and we want to trans

X

olx)’

form it to 2" jt
retain the graph for x € [0, 1) and repeat for rest points. X
Graph for y = 27 Graph for y = 2
To retain graph between x € [0, 1).
N y=2% 5
2 2
L ofx}
1 s
1
e 1 T -3 -2 -1 0O 1 2 3 a4
Fig. 2.143 Fig. 2.144




Playwith Graphs —

' ]
i
g

i

H

(xx) y = f(x) transforms to y = {f(x)}

Here, plot the horizontal lines for all integral values of y and for the point of intersection on
¥ = f(x) plot draw vertical lines and translate the graph for boundary y = 0 and y=1

EXAMPLE o Sketch the curve y ={sin x}. (where { - } denotes the fractional part of x).

@ SOLUTION  As we know the graph for y = sin x. Shown as.
Graph of sin x :

y=sinx

Fig. 2.145

Graph for y = {sin x} :
Y A

As to retain the curve when 0< y <1; and shift other sections of graph between y =0toy = 1.

—2n

Asitis

ol
1
Q

2
N

bl

P [3]

1G]

31 X

-3n S _%-ﬂt
b

Fig. 2.146

EXAMPLE o Sketch the curve y ={x?}.

@ SOLUTION As we know the curve y = x?, is shown as:
"\

5

4

3

2

1

2-3-+2-1 O 133 2

Fig. 2.147



Now to sketch y ={x?}; retain the graph for 0y <1 and for other intervals transform the
, graph between 0< y <1.

EXAMPLE gSketchthecurve y={e*}

Y,

Translated
between
0gy«<l

-é-x@ -\E -1

o

@ SOLUTION  As we know the curve y =e*;

shown as:
A
] /
2
1
o| log2 log3
Fig. 2.149

i

?

(xxi) y = f(x) transforms to y = {f({x})}
Here, we have to follow two steps :

(i) Draw the graph for y = f({x}).

(ii) f{x})— {f{xH}

EXAM PLE o Sketch the curve y ={e™}.

1438 2

Flg 2 148

Graph for y = {e*} :
To retain the graph for 0< y < 1and transform the

othersto 0 y < 1.

Y/ A
3 /
2 Transformed
«— between
) 1 0gy<1
___W l/;e e
¢ > X
o log2 log3

Fig. 2.150

@ SOLUTION As we know the curve for y =e*, is plotted as shown in Fig. 2.151.
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Graph for y = e: Now to sketch y =™ retain the graph for
y =€ between 0< x<1 and repeat for entire
¥ real x.
Graph for y = ¢
y=6'
Y\
e
1
e
o 0 » X 1
BN > X
Fig. 2.151 =2 -1 o 1 2[ 3
Fig. 2.152
Graph for y = {e!*"):
y
e
)i 7 A A A i 4
A . 2
’ ’ /14 / # ‘ z
7’ ,, V4 ,I ,I /l ’/
’1'] 7 1"] 1| .~ i | al -
v L ‘ A\ (x}
| _ : y={e"}
3 ) -1 -og2|O log2 1 2 3 4 "X
Fig. 2.153
Here, we know the graph for y =™, now to plot straight lines || to x-axis for integral values of y
and retain the graph for 0< y <1and transform the others between 0< y < 1.

E.-XA. MPLE e Sketch the curve y ={sin{x}}.
@ SOLUTION As we know the curve y = sin x; is plotted as;

Graph for y = sin x:
Y

AN INYAW
w . [¢) 1§ g 2n

Fig. 2.154



Graph for y = sin{x} :

<

— X

Fig. 2.155

Graph for y = {sin{x}} :
From above figure
y=sin{x} = 0<y<l
y

4

.
sin1

y = {sin {x}}
it 2 1o 1 2 3 & [~

Fig. 2.156 .

So, the graph of y = sin{x} and y = {sin{x}} are same.

]
1=
ued

(xxii) y = f(x) transforms to {y} = f(x)

Here; retain the graph of y = f(x) only when y = f(x) lies between y €[0, 1) and neglect the
graph for other values. .

Graphically it could be stated as;

neglected

Graph for y = f(x)

\— Graph for {y} = f(x)
) > X

Fgi. 2.157
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EXAMPLE @) sketch the curve {y}=x".

Graph for y = x%:

Fig. 2.158

1

| @ SOLUTION  As we know the curve for y = x*, is plotted as:

Graph for {y} = x%:

)
%
[3%
o
o

1

3,
5
2/
&
&

5

/(y]‘_"xz
+ > X

= |

(0]

1

Fig. 2.159

EXAMPLE o Sketch the curve {y} =sinx
‘ SOLUTION As we know the curve y =sinx, is plotted as shown in Fig. 2.160 and 2.161.

Graph for y =sinx :

y
A

/\
-31:\/—21: - [o)

AN
n\/Zn 3n\

Graph for {y} =sinx:

Fig. 2.160

Now to sketch{y} = sin x: We retain the graph for 0< y < 1and neglect the graph for other values.

y
A
/"\ /"\ /—\y} g
v | v \‘. >x
neglected
Fig. 2.161




(xxiii) y = f(x) transforms to {y} = {f(x)}

As we have earlier discussed y ={f(x)} (i.e., transformation (xx), which shows y ={f(x)}

belongs to [0, 1) = {y} = {f(x)}. Thus, the graph of y ={f(x)} and {y} ={f(x)} are same.

EXAMP LE ° Sketch the curve {y}={x}.
‘ SOLUTION  As we know the curve for y = x.

A

1

-1

-2

Fig. 2.162

Thus, graph remains same.

Graph for y = {x} :

%

pueain

-2

-1

Fig. 2.163

(%

= {x}

Fig. 2.164

2|

Graph for {y} = {x} : From above figure we can see y ={x} attains all values between [0, 1).

|
1

CITH

EX AMP LE e Sketch the curve {y} ={cos x}.

y

T

\/

5n 3n _T |0
2 2

n|a

Fig. 2.165

@ SOLUTION  As we know the curve y ={cosx} is plotted as shown in Fig. 2.165.

Wl
(=18
Jeuioys
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From above figure; y ={cosx} lies between [0, 1), which shows y ={cosx} and {y} = {cosx}
are same.

Thus, graph for {y} = {cos‘ x}:

P

{y} = {cos x}

,.
b

7 |

[l
S

vpiiirman- 1o " ey eibase s
S IR DM, W Lt R by 7 3 5 gpen wape -

Fig. 2.166

l,yp

L (xxiv) y = f(x) transforms to y = f~'(x)

As discussed in chapter 1. y = f~!(x) is the mirror image of y = f(x) about
OR
“Interchange x and y-axis when function is bijective.”
Graphically it could be stated as :

/.

y=x

y y=1()
4

; 7 y & S V=X
..\—L ‘]. - . ’I

id 7] y=f0
_.“ ! ’,1
g

“ X ’

’I

o I’

B 2

13 /

1} ’

L ’

! 7’

1 Fig. 2.167

_m SKETCHING h(x) = MAXIMUM {f(x), g (x)} AND h(x) = MINIMUM {f (x), g (x)}

(i) h(x) = maximum {f(x), g(x)}

. h(x)= {f(x);when fG)>g(x)
g(x); when g(x)> f(x)

. - Sketch f(x)when its graph is above the graph of g(x) and sketch g(x)when its graph is above
I the graph of f(x).

(i) h(x) = minimum {f(x), g(x)}

= A= {f(X),when fl)<g(x)
8(x), when g(x)< f(x)

-, Sketch f(x) when its graph is lower and otherwise sketch g(x).
f e
[ * ‘. i !



Note One must remember the formula we can write;

max (1o, ) = 2289,

f(x) + 8(x) _
2

f(x) - 8(x)
2

f(x) - 8(x)
2

min {f(x), g(x)} =

OR

“To draw the graph of functions of the formy =max {f(x),g(x)} or

y = min {f(x), g(x)}.”

We first draw the graphs of both the functions f(x) and g(x) and their points of imersectiqns. H_,,
Then we find any two consecutive points of intersection. In between these points either ™|
£(x)>g(x) or f(x)< g(x), then, in order to max{f(x), g(x)} we take those segments of f(x)

for which f(x) > g(x), between any two consecutive points of intersection of f(x)and g(x).

Similarly, in order to min {f(x), g(x)}, we take those segments of f(x) for which 1

|

{ 24| }
e ainjeAlnd

eIl pu

—i"
f(x) < g(x), between any two consecutive points of intersection of f(x)and g(x). -
— IR
"EXAMPLE o Sketch the graph of y = max {sinx, cosx}, V xe(—ma—;]- g !{;
| 1l
@ SOLUTION  First plot both y =sin x and A £ 2_-
{ y = cosx by a dotted curve as can be seen . 1ig 3_‘
i from the graph in the interval (—1:, 9—275) N B
7 B\‘ 4 ﬁ‘
t and then darken those dotted lines for 1 5 = = T -
| which f(x)>g(x)or g(x)> f(x). \;/ 4 AN \:/7 i g~
From adjacent figure the point of ———— S -0
intersections are A, B, C. -
Fig. 2.168 K
| & Graph qf max {sin x, cos x} |
(
B y=max.{sin x, cos x} | i _
— TN TE S
} e 2 2 -
] L. — '._
= |
Fig. 2.169 "
EXAMPLE 9 Sketch the graph for ¥ = min {tan x, cot x}, »
i .
@ SOLUTION First plot both f(x) = tan x and g(x) = cot xby a dotted curves as can be seen from the
! graph and then darken those dotted lines for which f(x) < g(x) and g(x) < f(x).
7103 L

J e i .



L,

i

Py

| 1 1 ! 'j
v i i b (R
\ ‘ 1 li 1 ) || 1
1 K l 1 ! N !
\ i A ] \ ! [\ h
\ ; R v N
\\ i 1 ‘\ /’ | /' l \ |
(N | v | / l' Mol '
\ | /s\ N /‘,\ ”
3t ~+ -k _RK°~ /|0 £|‘\\ ,’1;1! _3_".}
2| % | 2| N 2l % | 2|
| /A 1 A LA | :
1 < ! I
| | |
A At
o\ |
(- | /I
| I , | |
Fig. 2.170
From above figure we obtain the graph of min{tan x, cot x}.
Graph of min {tan x, cot x} :
y
A
1
8t ®. T 0 3 7/\31: =
2 2 2 2
Fig. 2.171
EXAMPLE (@) Sketch the curve y = min {| x|, | x~ 1|, ] x + 1]},
@ SOLUTION First plot the graph y
for: N L /y=|x+1l
y=|x|, y=|x-1], y=|x+1| N \\ 3t /’ Y=
by a dotted curve as can be seen ’ ¥ ’,’ y=ix-1
from the graph and then darken N o .
those dotted lines for which X . // 7
4
[x|<{|x-1],|x+1]|}; L 9 1,_{ 3
4
[x=1|<{|x|,|x+1][} N
and x+1|< -1} y t ' +— ; >
x+ 1< {lx,|x-11) T
Graph for 2 5
L Y=Elx], y=Elx-1,y=|x+1|.
Fig. 2.172



As from the above curve graph for y = min {|x-1|,|x|,|x + 1|} is plotted as;

Y,
J’\ t 7\
%, xt
,/ 4
3 V.
\+\ 1 /\\/
Ve E e //\+
SN H XTI YN
¥ c—+ + — X
-3 2 -_1 |91 1 2 3
2
Fig. 2.173
From above figure;
-(x+1); x<-1
(x+1) ; —ISxS—l
2
1
- -(x) ; -=<x<0
min {|x—1|,|x|,|x+1[} =4 2 .
Tl : 0<x<=
. & 2
! 1-x) ; lesl
2

(x-1) ; x21

_mw_um f(x), g(x) — f(x) + g(x) =h(x)

There is no direct approach; but we can use following steps if minimum or maximum value of any

one is known.
Step 1. Find maximum and minimum value of g(x) say; a< g(x)<b.
Step 2. Plot the curve h(x) = f(x) +g(x) between f(x)+ato f(x)+b.
ie., fO)+ash(x)< f(x)+b
Step 3. Checkg(x)=0 = h(x)= f(x).
Step4. Wheng(x)>0 = h(x)> f(x).
Step 5. Wheng(x)<0 = h(x)< f(x).

EXAMPLE 0 Plot the curve y = x + sin x.

@ SOLUTION Here, y=x+sinx=f(x)+g(x)
- as we know; g(x)=sinxe[-1,1]
¥ x-1<y<x+1

= To sketch the curve between two parallel lines y = x + 1and y = x — 1 (called bounded limits)

also; §(x)=0 = y=x
g(x)>0 = y=x+sinx>x

N ()

.. (i)
...(iii)




-,
hs
o

Feloladil
rf'al:}

1
|

|
/.
'/
l

g(x)<0 = y=x+sinx<x w(iv)
Using Egs. (i), (ii), (iii) and (iv), we get
: y=x-1
y=x /ﬂ
y=x+14 (’

32, 3n/2 -1
4 . 7’ ’
y Y/’i‘*/sm' K )
t (w2, w2 +(1), 7
’/ » ,I
11 77 7
/’ ,' //
/, ,’ 2
/, e ,’ Vx
-3n/2 - 2| AT 0.0 W2 = 3n/2
/,,’ 1’, -1 i
I, ’/,’ 4
R P (S R )
(82, -3n2 + 1) Jp—, (- )
,'/ ,/, v
/,’
Fig. 2.174

B e

.m WHEN f(x), g(x) —> f(x)-g(x) = h(x)

There is no direct approach but we can use the following steps if minimum and maximum of any
one is known. )

Step 1. Find the minimum and maximum of any one of them say a<g(x)<b.
Step 2. Fromstep 1; a-f(x)Sh(x)<b- f(x)
Step 3. Check g(x)=0 = h(x)=0.

EXAMPLE o Sketch the curve;  y = xsinx.
@ SOLUTION Here; y =xsinx;

<

e
I where, -1<sinx<1

= -XxSy<x ...()

also; sinx=0

= X==2%,=%,0,7 2K,...

s y=0when x=-2m,-7m,0,m,...

Fig. 2.175



and

EXAMPLE Q Draw the graph of the fuﬁction g
x

@ SOLUTION  As we know;

1

or to sketch the curve where - 2 Sys-—
> A

Here at x = 0; y is not defined but as;
sin x
x—0 = y=—-
g X
also; y=0 at x=nmn;
Using Eqgs. (i), (ii) and (iii), the curve could be plotted as;
Y

A

)

inx.. 1 1
-1<Ssinx<1 = y=s—m—{hesbetween—; to —.
x

X

—1
nez-{0}

y il IR~ -

()l

(i) U
... (iii) L"

.
__~Z3n —5W2 -2p\_-3n/2

w2

-

\ /
\ !

\
y=1/x ‘

Fig. 2.176

™ w2 2r 5m2  3n~~——
y-___

EXAMPLE eDrawthecurve: y=e "sinx.
§ . . -~\

@ SOLUTION  As we know; y=e" N
-1<sinx<1 S
y =e* sinx y=e7sinx

= -x

-e¥<sy<e ..

Thus, y is bounded between

=_e—X

Shown as in Fig. 2.177; »%

and y=e™*. .

Flg. 2.177

Some more Solved Examples
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0N

B O |

R 1 o
— =~ EXAMPLE o Sketch the curves of the following :

. S —

——gi_ @ y=yx-[x] (ii) y =[x]+Jx-[x]

e | (iti) y =|(x] +yx— [x] | where [ +] represent greatest integer function
| i |

1 I G_: @ SOLUTION (i) As we know that;
B 0<x-[x]<1 forall xeR.

——I\J,— Also, forany xe[0,1), we have

—--— T x?<x<x

a2 x-[x]<x-[x]
BE QQ

P ,/x 1, when -1<x<0

’ Jx when 0<x<1
! Now, =Jx-[x= )
_Li__, Y Jx-1, when 1<x<2
g .
1 9

x-2, when 2<x<3 ...andsoon.

i !4 ‘Thus, from above we have to plot;
: | HAae y=+x, when 0<x<1

yYy=4x-1, when 1<x<2

yY=+x-2, when 2<x<3

. the curve for y =[x - [x] is periodic with period ‘I’. Shown as in Fig. 2.178.

= y
=53 A
|
fEE | | ‘
| 4
Tl x+3 Nx+2 /ix7 ] W/)?Wﬁf Vx=3
1 1 8 2 -1 O 1 2 3 X
. Fig. 2.178
l-—’—— ; (ii) As we know; y=[x]+,/x—[x]
SEE | |
L‘___ 5 -1+x+1, when-1<x<0- - -
‘—l—; e | Jx » Wwhen 0< x<1
—{—ﬁ- — = =
£ g 1+,/x—1 , when1< x<2
1 ; 2+\/x—2, when 2< x< 3 ... and so on.
e !
-] 108;

: ; o] (ie., same as shifting /x towards right by 1 unit.)
!

(i.e., same as shifting +/x towards right by 2 units)



Thus, the graph for y = [x] + /x — [x] is obtained by the graph of y = /x - [x] by translatin
it by [x] units in upward or downward direction according as[x]>0 or [x]< 0.
Thus, the curve for y=[x]+ \/x—-[;]

; 5,
4 | -
3+\x-3

3

2+Nx=2

1 1+4x=1

Fig. 2.179

From above curve we could discuss that;
y=[x]+ ,/x —[x] is continuous and differentiable for all x.

(iii) The graph fory = l [x]++/x—[x] I is obtained by reflecting the portion lying below x-axis of
the graph of y =[x] + /x = [x] about x-axis and keeping the portion lying above x-axis (as it
is).

Thus, the graph for y =| [x]+x-[x] | .

Fig. 2.180
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EXAMPLE @) Sketch the curve y =(1- x¥*)¥2.

@ SOLUTION Here;

@ fe=x)=f(x) -

even function or symmetric about y-axis

)

i g il .. (i)
& Y y=0:x=i1}
ine[-1,1
© Domain € [ ] } (D)
Rangee[0,1]
d_y>0 when xe[-1, 0] .
@ dx ...(>iv)
d_y< 0 when x€[0,1]
dx
d%y
(e —Z>0whenxe[~1,1] (V)
de
From above;
y
A
1
y={1-x23¥2
-1 [ 1 i
Fig. 2.181
EXAMPLE @) sketch the graph for y = (x-1)x%?,
@ SOLUTION In y=(x-1)x*¥?
(a) Not symmetric about any axis or origin. (D)
as x=0= y=0 .
by - asy=0= x=0,1 ' -~ (i)
Domaine R i)
© RangeeR ... (iii)
(d) d_y_=x2/3+2(x—l)=5x—2
dx 3x1/3 31/3
Q> 0, when x<Oor x> 2
= ;‘;‘ g ..(iv)
E< 0, when 0< x<§

110!
-



&2y 1 xV3 .5~ (5x= 2):—13(x)'2/3
@ %73 73
_10x+2
- 9x4/3

2
ii_)zl>o, when x<-zorx>0
dx 5

2
il< 0, when _Z< x<0
dx? 5

| Fig. 2.182.

EXAMPLE ° Draw the graph for:
| ® y=I1-Ix-1]

...(v) .

Thus, curve for y =(x-1)x%? is shown in

> <

y= (X—1)X213

!
----_-g_-_---

o T T M T TS ST A

el -{%.----.

Fig. 2.182

@) |yl=11-]x-1]|

@ SOLUTION  As we know the graph for y =x-1

! y
y=x-1
0/1 X
A
L 4
e
4
e
4
e
Fig. 2.183

@ y=(x-)—y=|x-1]|

Fig. 2.184

0 y=le-1l——y=-|2-1|

Y.

Fig. 2.185

|
LT

1 pu
i

i
T

:

Ul

hea

,P()

suonew
Eiiias:




I PSR S -

112,

(

': (‘\) 'V....-IV\'-A”A .,.V»_—l__l‘\._ll

(@ y=1-|x-1]|—y=|1-|x-1||

e) y=|l~|x- H|==y|=|1=|x=1]|

EXAMPLE e Draw the graph for:

|
@®s

|
|
|
|
i
|

y
y==Ix=1)
+ > X
(o} 1 2
1]
Flg. 2.186 Fig. 2.187
y
Iyl =11 =1x=1ll
X
(‘-"1)
Fig. 2.188
®y=2-—'"— (fz‘)y='z——‘— @ |y|=|2- 1
x-1] x-1] be—1]

OLUTION We know the graph for y = L is shown as;
X

Fig. 2,189




0,-1) \

0,-1)

x=1
Fig. 2.192

1
=2 =
Yy Tl ¥

A

(2, -1)

1
g il | 2
=]

_ __i_l
y‘k x=1i

(2.1)

> X

-1

x=1
Fig. 2.193

1
|x-1]

03] y=‘2—|—x1—1|~—)|)’|=.2—

wi=le-tgl

1\ | (3
-2 2

x=1
Fig. 2.195
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EXAMPLE e Sketch the graph for: -
@ y=ed e i) y=[t+e —e|
m-- (lll) |y|=|l+e!x| _e—X| (lv) lylsll-}-elxl _e-xl
B I ‘sownon
| () Here y=¢'""'-e™*
eX-e*; x20
S = y={""
e X~y <l
_ ef—e™; x20
§‘ - 0 ; X< 0
N To discuss; y=e"-¢e*
NI (i) when x=0 = y=0 (it passes through origin)
(i) when y=0 = e*-1=0 = x=0
(i) f=x)=-f(x)
as y=f(x)=e* -¢™*
= f(=x)=e™ —e* == f(x);
it shows y = f(x)=e* —e™™ is odd function, i.e., symmetric about origin.
(iv) ~ ' y=e"-e™
2
= gy—=e"-|-e"‘=e x+1>0 forall xeR.
e
y is increasing for all x.
i AR i |
) EXT cese = e*
d%y 1 : ’
= 7‘7 >0 when x>0; concave up and increasing .
d%y . . . .
also Ex7< 0 when x<0; concave down and increasing from above discussion
y = €* - e™%; is plotted as shown in Fig. 2.196.
Y\ ' Recall : Increasing
O, 50“‘0
£ QQ )
&/e 5
e—J— e [& & N\
2] § § 6\00
&
24 0o 1 =X
/S |1
o8 15°°
S e
&g
= S
y=6"-6",xe R
Fig. 2.196
B
ERED)



G
I

. - AEND
Now; n #:]d__} _'1[
_ y=¢"-e*%x20 [ |@ | |
y=elxl _e X = eX —e™; x20 o y=e¥-¢g* '““!"5_:":
0 ; x<0. ,_lm_.'_,L
B
Thus from Fig. 2.197. e ox ELlOR | |
: (0.0) EN-EE
(530
e
Fig. 2.197 P
(ii) Plotting of y =11+ e'*' —e~*| . [ lg 1
1 ! |
Y, N J__'Qy ,
| {
y=1+€'~e™* x20 y=1+e¥-e™ 4& -
e B A
o
. i iy 1
y=1.X<° 1 1 m_l‘r .-
- _=‘.. a.?A_JE_
i olx .
o o 16 q_h!_;a
g
Fig. 2.198 Fig. 2.199 -|~~’r ——
b La b .
(= |
it E
From above Fig. 2.198. ﬂ N
y=eMl e —y=1+eFl e | BEN
- o | R,
1 | ; x<0 |
Thus, the graph for; y=[1+eX - e - et
is same as; y=1l+eM -¢* {as y>1forall xe R} 38
Graph fory =1+ el*! - e7*| is shown in Fig. 2.199. i —
(iil) Plottingof lyl=11+¢e'*' =€ *I i Nl
B
(! =
&
y=1+€e"~e*x20 ,::_T‘:l:‘i
y=1;X<0 1 :_ _4_{__"' —:'A
IR
0 o I Gt
NE——_ | { |
y=-1,x<0 3 )
y=—(1+€&"-e™);x20 b o v B
Fig. 2.200 1 .




A
ya1+0=-0"x20

/

(iv) Plottingof Iyl<sii+e'*' —e "I

~ From above figure check any point say /
0,0) y=1,x<0 1

= 0<|1| (True, thus toshade area towards > lylsi1+ @M~
..... - X

(0, 0). 11[1If 0y

From given figure shade part represents y=-1;x<0
the area bounded between two curves. \

\
y=~(1+6"-0")ixz0
Fig. 2.201

i &\‘:j‘ EXAMPLE 6 Sketch the curve of the following:
| @ |x+y|21 (i) |x-y|s1
v (i) |x|+|y|<2 @) |x|-|y|21
11 | @SOLUTION :
—ﬂgni (i) Here to sketch, |x+yl>1
&

i we know; |x+y|21
N S S x+y21
v =
x+y<-1

T or x+y21

i and x+y<-1

EET First we shall draw the graph for
|NE | | x+y=1and x+y=-1, now we
Ly : shall consider any fixed point say
(0,0) and check x+y=21 and
x +y £-1holds or not.

 -~1——.+~ As; x+y21 = OZI(false)-

— | . shaded part is away from origin.

‘ | 2 againas; x+y<-1

TR = 0<-1 (false)

W . Shaded part is away from origin
shown as in Fig. 2.202.

(1) Tosketch Ix-yl<1

- we know |x-yl<1

B - -1sx-y<1

' = -1-xS-ysl-x




or (x-1D<y<(x+1)
Thus, to plot y between (x - 1) to (x +1).

In figure shaded parts is towards origin as;
putting any fixed point say (0, 0); in|x - y|< 1.

= |0-0|<1

= 0<1 (true)

(iiil) Tosketch IxI+lyl<2
Here; |y|=2-]|x]|is plotted as;

\}
2

<
—»<

s

Ix-yl<1
Fig. 2.203
y

A%

; , . x o
2 -1 (01 2 L2 o 2 2 0 >
-1 \\ / \ /
y=2-x y=2-Ix|
-2 -2+ )
(0} (ii) (iii)
Fig. 2.204
y
From above graph of |y |=2-|x|, we can check shading of
ly|<€2-|x| or |x|+|y|<2.
asat (0,0) = 052 (true) — X
shading towards origin; shown as in Fig. 2.205.
=27 Ixl+lyl €2
(iv) Sketching of IxI-1yl21
To sketch |x|-|y|21; we proceed as: Fig. 2.205

y=(x-D-y=|x|-1=]yl=|x|-1=|x|-ly]21

y
1 y7
0 ’ —> X
/-1

(U]

4
A

y =y

_Y/“

(0]

x

}
|

eamyerunsy

i

'll\
|
LAES



>

‘ : IxI=Iyl> 1
Iyl =Ixl-1
X

bt
N

1\” 270] 1

il
R | (i) )
T Fig. 2.206
] -t
)
T EXAMPLE @) stach thecun
: | @ |x+y|+|x-y|<4 i) |x+y|+|x-y|z4
R~ @ SOLUTION (i) As we know: ,
\
X|- 5 1 x|2
|x—y|={' -1y l; IxI21y| 2
=Uxl=1y s 1x|<]y | '
Thus; |[x+y|+|x-y|]<4
—y<4 |x|2 .
- x+y+x-y<4|x|2|y| . o 5 x
xX+y—-x+y<4 |x|<|y]|
) Ix+yl+Ix=yl<4
2x<4; |x|2]y|
2y<4 |x|<|y| =
or |x+y|+|x-y|<4 Fig. 2.207
= [x]|€2 and ' |y|<2
! Thus, to shade the portion when -2<x<2and-2<y <2. Shown as in Fig. 2.207.
| (i) Again; |x+yl+lx-y24 = |x[>2 and |y[22
Thus, to shade the portion when x<-2or x>2 and y<-2 or y=2. Shown as in
Fig. 2.208.
yk
| —_— = ,
» = o — X
l — —
I = —
Ix+yl+1x—yl>4

o Fig. 2.208 ; I




EXAMPLE e Sketch the curve for;

i 1
@ 2|y |+ 2% <1 (i) 2¥ |y|+2X <15 |x|s§ and |y|$5
@ SOLUTION (i) Here 2M|y|+2¥1<1 = 2""{Iy| . %} <1
= Iyl 2s 2
2
Thus, to plot |y|+ % < 27X, we proceed as;
= 1 < 1 % 1 w1
- 2"——) =M |y|=2 W - —|ys27™ -
( 2 y 5N === T3
® (ii) (iii) (iv)
Shown as;
Y/
©.1)
0 > X
Fig. 2.209
N b/
y=27"%1/2
neglecllng.
i 12
K Image >
0 1‘\AX /_'1 [e) 1-\ X
-1/2 -1/2
B e iy y=2-x1 1
(I) y= 2 - 5 ( ) y 2
}Iu 2 }’I
1/2 1/2
N\ 1 =
-1/2
Giiy |y = 27 - 2 )yl <2 -2
Fig. 2.210




3

]

4, 1120,
i

Play wi

: 2 1
Here, figure (iv) is shaded towards origin as putting x=0,y =0 in lyls 27 - >
= 0<1- % or 0< %, which is true, therefore, shaded towards origin.
| (i) Plotting of 2|y |+2X1 <y, )
i
é 1 1
|x|$§ and |y|$§. 5 y=12
from above figure; ol —> X
2l¥l] y | 4 21 N 1
y|+2"7 <1
1/2 s
1 i . 2Ix||y|+2IxI <1 / y=-1/2
and |x S= |yls - shown as in xis 4 1 and IylsL 2 waet2| w1
g2 Fig. 2.211
EXAMPLE @ Sketch the graph of the function:
_! fx)=log,(1- x %
C SOLUTION  Here, log, (1-x 2y exists when, -1< x< 1
| iies, domane (-1,1) ...(i)
| and rangee (-, 0]
as x—>tl = y—> -0 ...(ii)
differentiating =log,(1- x?),
we get B L Zx) -(log,e)=2log, e
_ dx =X -1)
| Using number line rule;
f - + - +
‘ -1. 0 1
! .
i £1l>0, when-1<x<0
i ...(ii)
i
dy =<0, when O<x<1
a2y  -2log, e(1+x?) f
also, LY -"29828-%% )0 forall xe(-1,1)
dx? a-x*?
=log(1 - x?%)is concave down for x€ (-1, 1)} ...(iv) T —> X
4 -1 §
from above results we can draw ;:3 S
1]
y =log,(1-x?) asshown in Fig. 2.212. § ;
Sl 3
y=log, (1-x9)
Fig. 2.212




1

-

EXAMPLE @ Sketch the graph of y = log(sinx).

1
|

@ SOLUTION  Here; j ‘
(i) y =log(sinx) is defined, whensinx>0 = xe(2nm, (2n+1)n). ,1 z &
(i) Since, sin x is periodic with period 2. = a -
todiscuss y =log(sinx), when xe (0, ) as exists when x € (0, n) and then plotted for 1 —=
entire number line. Ty
[ 35 T
(iii) as x—0 = y =1og(0) = - oo, 1 = o
| 1
aa y—0 e sinx —> 1 = x=g. 10
(iv) Yol cosx= cot :':a_
dx sinx X _J--:, o
= d_y.> 0 when xe (0, E) -y ]
dx ) 2 Q-
d—y<0, when xe|X n ‘| 1=~1-
dx 2 —*'r*;m—'*"
2 =y
) 'd—‘)z'-=—cosec2 x<0 forall xe(0,m) Ij -

Thus, increasing and concave down xe€ (0, n/2)

ag

wio
o

decreasing and concave down x e (n/2, nt). T m -
and to plot the curve only when xe (2nm, (2n + 1) ). Shown as in Fig. 2.213. T‘J -
y T’;-l*
'!T“iq‘
-
I
7 i
» X ﬂ.__.“_rf =
—2n 4o\ = O £ o\ 2|7 3n 2n S 3r ____L_H”_
B : S/ 12 \% 2 : |
§’ 5 | f__ !._V ”
A
B g |
§ 8 1
2 3 R
£ ) i 3,
13 ©
§ g G
£ g =
Fig. 2.213 s
EXAMPLE @) sSketch the graph for L
.y__logsmx v =
g = —— is defined when,
@ SOLUTION (i) Here, y=-1logg, € log s
sinx>0 and sinx#l |
ie., x € (2n7, (2n + 1)n) - {2nn + 1/2); ne N SO
121 |
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Graphs
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{

e
1

{
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hadadl. 1
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(i) y = . periodic with period 27,

log,sin x :
to discuss the graph for xe (0,n)-{n/2} and sketch for the entire number line.
d cot x
(lll) o dl:-{. 1 . -1 . COSX * = _‘y_=-}--———2
dx  (logsinx)? sinx dx  (log sinx)
or d_y> 0 when xe (0, EJ
dx 2
d_y< 0 when xe (—E, n)
dx 2
(i) ﬂ — (log sin x)? - (~cosec? x) - cot x - 2 (log sin x) - cot x }
: dx? (log sin x)*
_ {(log sin x)?cosec?x + 2 (log sin x) cot? x}
(log sin x)?
d%y n
= —=0 forall xe (0, n)—.{—}
dx 2
ihcreasing and concave up x € (E, n)
1 2
Thus, y= — =
. decreasing and concave up x € (0, g)
7 .
A
5| O
i loggsin x
—2r| 3n| —=| _&| O & [®  [3r |2r |6r [3x %
2 2 2 2 2
y=-logsinxe
Fig. 2.214
EXAMPLE @ Sketch the curve:

(i) [yl=cosx; xe[-2m, 2x]
(i) [y]=[cosx]; xe[-2m, 2n]; where [ -] denotes greatest integer function.

‘ SOLUTION As we know; y = cosx could be plotted as;

N

-2n _3rn =% 1.0 =n n 3n  2n
2 2 2 )

Fig. 2.215



(i) Sketching of [y]=cos x

N 0
From above curve cosx=-1,0,1when. x=-2m,~- 3—27:,— m, - g, 0, g, T, Tn: 2n ll I=
e
= [y]=cosx is possible only ’ 3 .‘g
2 | |-
when xe{iZn,iS—E,in,_E,o ' i -
2 2 1 ; -
e
Thus, - . B “"t"‘l{"”"
cosx=-1 = -1<y<0 A 2 = e :
2 2 2 2 A _1&
cosx=0 = 0<y<0 -1 3 e
cos x=1 = 1<y<2 E #7
Thus, [y] = cosx is plotted as ' [y = cos x [ g:
shown in Fig. 2.216. Fig. 2.216 0
a_
(il) Sketching of [y] =[cos x] . 1
First to plot y =[cosx]. Shown as; "—'3_
: s
2 L
o(2n.1) (0,1) o (2r, 1) 0
. . . . in-.
r o 2o % % o L4
2 2 2 2 |
— — *
Fig. 2.217
From above figure y =[cosx] =
[ =
-1; 1‘-<|x|<3—1t gey |
2 2 LY
= y=40; 0<|x|S% and 3—:;ts|x|<21c _]'—:
1; |x|=0.2n T
Thus, when y=0 = [yleloD) I
y=1 = el e

=—-1 = Dlel-10



— 1 Thus, graph for [y] = [cos X]
b yA
LA : |
, 2
- (
= :l.. 1 (21!‘1)
.- (-2r,1)
8
G \ _2n<xs_% -§5x<0<xs—2"- %Sx<2n
1T §:’ LS. =t 2n<x<§2£
d ~ T .
| §'I- 3 Fig. 2.218
-
TR EXAMPLE @ sketch the curves
e 88 . @) y=4-[x
B (i) [y1=4-[x]
BEED) -G [ly1=4-Tx]
- @ SOLUTION As we know;
: 1 (i) y =4-[x]could be plotted with in two steps; _
y=4-x—>y=4-[x]
I X
i y 5
- ‘r
...... 3 3
-;_ ,..— ] ; y=z4-x ;
T i
—f—f 4 3 42 410 > 3 NS5 “# 8 42 410 2 3 4
[0} @y Y4
Fig. 2.219
) 7- (i) Since, we know from above curve y =4-[x]
EE = y e integer, thus, on taking integral part, say
_ yl=1 = I<Sy<(+1)




Graph for [y] =4 - [x]

'

‘suonewojsuel] pue ainjeaind

Includod Excluded

-3 -2 -1 O

[yl=4-[x]
Fig. 2.220

In above curve lower boundary are included and upper are excluded.

(iii) To sketch [|y|1=4-[|x]]
From above figure we can say;
y1=4-[x1— y1=4-[x[1— [y 1= 4-[|x[]

[ b/

5

|

- D W

X

12 3 4[[[l[5
' —} [Iyl] = 4= [Ix1]

LT b Ld

-5

| l
[Iy1]+[Ixl]=4

Fig. 2.221

EXAMPLE @ Shade the region whose co-ordinates x and y satisfy the equation.
cosx—-cosy>0

?SQLUHON Here, cosx-cosy>0 canbe writtenas, 2sin (x ;J’)sin ()’ ; x)> 0

1125 4
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phs

e
i |

+

with Gra
| x_L._._.‘_‘L_L ‘

Y|

{

r 51.?/6

= sin(x'*yJ gin ()’_:ﬁ)>0
2

This inequality holds true for all points, )

when sin (x;—y ) and sin (.Y_;_fJ have same sign.

; - X

Le, sin(x+y)>0 and sm(‘y J>0

2 2
or sin(—w-)<0 and sin(‘y-x)<0

2 2
= x+y>2nn and y-x>2nn
or x+y<2nm and y-x<2nm
e y>2nn-x - y<2nm-x

>2nm+ x <2nn+x where nez

Here, the equation x+y =2kn represents a system of parallel straight lines corresponding to
different values of k.

Say k=01 = y=-x and y=-x+2m.
Le., the set of points whose coordinates satisfy the inequality
O<x+y<2m
Similarly, for general points: 2kn<x+y<(2k+1)n ...()

Now, the set of points which satisfy sin (%X) > 0.

-X=2nn

—> X

COS X>COS y

Fig. 2.222



X+
= 2nm < Y

<@2n+Dmn

= 22nan)<x+y<2@2n+ 1=

= only those points of x, y which satisfy Eq. (ii).

Similarly, 2@2p-1r<y-x<2@2p)n
From above results, graph for cos x > cos y is shown in Fig. 2.222.

...(ii)

... (iii)

"EXAMPLE @ Sketch the curve x%° + y¥? =q%3,
@ SOLUTION  As to sketch, x%¥3 +y%3 = q%3,

(iv). When, ' x=0 = y=ta
when, y=0 = x=ta

) y¥3 = (23 - x¥3),
or y2 = (a3 - x¥3?,

differentiating both sides, 2y % =3(@¥3- x¥3y ~(— g o 3)
dy

using Egs. (i), (ii) and (iii)].
% = xV3(q¥3 _ 32
Differentiating again, we get;
ﬁ+ &y 2 ——xV3.2a¥? - xwa).(_gx-1/3)+lx_4/3
dx? \dx 3 3
xV3@¥3- x¥3)+ %x-wa (@3 - x¥3)?2

(vi) From above y

Wl wln

x—2/3(a2/3 _ x2/3){4+x—2/3(02/3 _ x2/3)}

d*y .
Iz— =+vewhenever; O<x<a and y>0.

(i) Curve is symmetric about y-axis (as when x is replaced by (- x) curve remains same)
(ii) Curve is symmetric about x-axis (as when y is replaced by (- y) curve remains sme).
(iii) Curve is symmetric about origin (as when x is replaced by y and y by x curve remains same).

= 5 <0 when x>0, y>O0/[todiscuss 0< x<aand to take symmetry for rest of graph

.(a2/3 = x2/3)2

Y

A
a
decreasing and
concave up

Thus; when O<x<a and y>0
dy d%y

= —~/ <0 and —>0,
dx dx?

i.e., decreasing and concave up.
Graph for x%¥? + y¥3 =a??

SRR

-a (0] a. > X
=
-a

Fig. 2.223

Note Above curve is known as Astroid represented by the following parametric equations:

x=acos’t
.3, Osts<2m, a>0
y=asin’t

BT, et s
fe=tes1 I

|

ei] pue sinjeaind

|
1
|

{

A s A

|
8

>ijewIo)su

'
' Bty

suoy



s

P R

o ; . . 2/3 2/3 _ ,2/3
Eliminating cos t and sint from above equations, we get x“~ +y™" =a"".

. . 3 .
where the quantities x and y are defined for all values of t. But since, the functions cos™ t and sin®t are
periodic with period 2, it is sufficient to discuss the curve for t € [0, 27].

Thus, Domain of functhn €[0, 2r] 0)
. Range of function € [- a, a]
— =—3acos’tsint
Now, de ..(i)
) d_y= +3asin?t cost
dt
dx dy T 3n
Here, —=0, =—=0 =0 — —_— 3
& dx =t 0,2,8,2,211:
Yo tam} ....(iii)
2
dy__ 1 (i)
dx? 3acos*tsint
From Egs. (i), (ii), (iii) and (iv), we construct a table;
! - y 2 d%y
Range of t Domain (x) Range (y) Sign of — Sign of E
Qi O<x<a O<y<a - +
2
Nrrdm -a<x<0 O<y<a + +
2
e O -a<x<0 -a<y<0 & E
2
3 o O<x<a -a<y<0 + =
2
On the basis of above information we can sketch {
x=acos’t al Astroid: x3 . 28 - 223
y=bsin®t /\\ or ;222;53('
Students are adviced to convert the cartesian into <<0 % > X
parametric if possible. ' \ /
_a.
. Fig. 2.224
EXAMPLE @ Sketch the curves:
: e* +e7* : eX—e* eX —e™* e +e*
Y oy T _e -e” o . _
@y 2 (i) y ) (iii) Yy —“ex e (iv) y= gy
e* +e*
SOLUTION (i) Sketchingof f(x)=y="— "~
2
@) f(=x)=f(x), even or symmetric about y-axis )



(b) When x=0=>y=1
; ) X - 22X
Differentiating, we get; e I i
dx 2 2e*
- d’y e +e* _e* 41
dx? 2 2¢*
1
% > 0 whenever x> 0
From above; X . (iii)
iy

— < Owhenever x< 0
dx

d2
E}‘: > 0 for all x} ... (iv)
Thus, from Eqs. (i), (ii), (iii) and (iv) graph of
e* +e™ ;
= is;
2
X _ =X
(Il) Sketching y=°+
@) f(=x)=- f(x),
odd function or symmetric about.origin ...(i)
(b) x=0=y=0 ... (i)
dy e +e’™ :
L =-"""_>0 forallx ... (iii
© - 5 )
d’y e -e™*
@ T2
2
d—% >0when x>0
= dx e (iV)
. dZy »
—~ <0 whenx<0
de
ef -e*

From Egs. (i), (ii), (iii) and (iv) graphof y =

(i) Sketching of y=5_"5—
E . e’ +e
@@  f=x3=-f(x)

® - as x=0 = y=0

DomaineR .
© Rangee (-1, 1)
dy
—>0 forall xeR
()] dx €

| | ¥

|
. |

I
& A
...(ii) ]n i
! f: !
e
il
i |
&+ :‘= :
S ._x-Alq
‘i“:‘m
s
-
1] Q
> X | g
9 i
._(__lm
Fig. 2.225 ,
b3
& *
y L=
\ y=e"—26 -} '5;;
.\QQQ .,:,_;m_l
Q'J?AOQ .; ﬂ :
S/ |-
F .. 97
SE° -{Jm-
FS 'f @
N2 |4 5
S§ g%l ]
r R
Fig. 2.226 ’['t
%, _;,
,
t’. !
e §
W) B
i) 1]
{ !
11
L) { x

odd function or symmetric about origin



-w(‘th'Gl;aphs i

Sl |

3y

~Pla

{
I

!

e

{

SR |

!

|
1

e b i gl ._IL_.» LS et
B EE) =9

|

%
1
|

| {
)
i 1

y= il shown as in Fig. 2.227.

(iv) Sketching y = £

2 . A
-d—% <0 forx>0 ’

(e) dx (V) —— T ==,
dz.y y: 0 ~0
—=>0 for x<0 040"

2 -X

dx / (o]
From Egs. (i), (ii), (iii), (iv) and (v) graph of <<l |

-1

eX+e
X 4 X Fig. 2.227
eX-e™*
(@) f(=x)=-f(x), .. odd function or symmetric about origin
as x— 0 y —r oo
®) asy—Lx—ew}p - ..(i)
Yy—-1; x——o0

© Domain € R - {0} } . (i)

Rangee R -[-1,1] 5 > X

@ %<o forallxeR-{0)  ...(iv) =

2
d_y> 0 forx>0 \
dx? :

(e) " L)) o
t_i_y<0 for x< 0 hoaa
dx2

. . e +e™* 2 sen
From above information, graph for y = ——— i shown in Fig. 2.228.
e’ —e

Note In many applications we come across exponential functions of the form %(e"— e™)and

—;-(e"+ e™) known as “hyperbolic functions” represented by;

X _ o=X
sinhx = =07 |
cos hx = ghikg™ } -0
called hyperbolic sine and hyperbolic cosine.
e — e-xl
tan hX = W
also, { i i)
thx < e+ e
cot hx = o

called hyperbolic tangent and hyperbolic cotangent. Where if, x=cosht, y=sinht

x* -y =cos®ht-sin® ht =1 - {Using Eqg. ()}
wuich is equation of hyperbola.
X -X X ~X

Thus, sinhx = and cos hx = g

are hyperbolic functions.




EXAMPLE @ Sketch the curve y = 2sin x + cos 2x.

@ SOLUTION  Since, the function is periodic with period 2, it is sufficient to investigate the

function in the interval [0, 27).

d
(@ Ey=2cosx—2sin2x=2(cosx-2sinxcosx)
d
Ey=2cosx(l-25inx)
Here, iiz=0 = x=£,E,5_“,3_7‘
dx 62 6 2
d%y
®) —2=—Zsinx-4c052x
2
(d—‘;’ =-3<0 where y=§
dx® ) ypat 2
6
2
at =X is maximum at x = E. El—l =2>0
6 6 d)c2 n
atx = —
2
T, .. T
at x=§1s minimum atx=§, where y =1 y
2
at x=5—ﬂ we have, d_y=_3<0 312 | ‘
6 dx? o Tl B
3 (maxi [\ /
d == (maximum
e 4 ) of = & s x\ [ Jln
6 2 6 2
2 -1
at x=—3—n, we have, -d—}2l=6>0
2 d.x -2
and y=-3 (minimum) 5
Thus, curve for y = 2sinx + cos2x; y=2sinx+cos2x |
Fig. 2.229
-x2 ;
EXAMPLE @ Sketch the curve y =e (Gaussian curve)
i §
@ SOLUTION Asthecurve y=f(x)=e™
(a) Symmetric about y-axis {as f(-x)= f(x)} s5:(1)
asx—0=>y—1 o
(b) ... (i)
asy — 0 =2 x— to
d ) %<0 =x>0
(©) : Yoo (20) = d ....(ii)
dx —y>0=>x<0

';éwJoisueJ L ‘pue. a.m;e,uho‘ -.

)

{

suol

|



2 ) 2
@ Y e Coxc20e) =26 (262 - 1)
de
d%y 1 1
—>0 =2Xx<—-— Or X>—/—
= dx? : V2 V2 . (iv)
d%y 1 1
——<0 =23-—<x<—
dx? 2 42 7
A
(e) y= e’ assumes maximum at
o1 q":% » y=1
= = ; 7 | %
x=0=y=1 o d,,d&,,\o %@%;,q’"» )
. 3 3 = g K*d
and Domain€ R ) M PRl M
Rangee (0, 1] ' el oAy » x
-iNz2 © 1~2
From above discussion;
Fig. 2.230
EXAMPLE Sketch the curve y = .
@ e
Domain€ R X
SOLUTION Here; . e
® D Serigee[0 0.5]} o
(b) f(=x)=- f(x), hence, f(x)is odd, symmetric about origin . (i)
(c) When x=0 = y=0 ....(i)
(d) g = l;xz_ - N + e + 3 >
dc  (1+x%)? - -1
Fig. 2.231
—>0 when -1<x<1
Z h
or dy ...(iv)
—~ <0 when x<-1 or x>1
dx .
From above maximum at x =1 and minimum at x = -1} ..(v)
© Ay 2et-y s
’ il (lext)? T s ey
d2 T Fig. 2.232
-—'Z> 0, when xe (-+/3,0)and (3, =)
= :ch ..(vi)
p 4

-d?z-<0,'when x€(=,—3) and (0, v/3)

From above conditions graph for y =

+x?



In abové figure :

1t
S 06 (1,0.6)
] O I ~Yecrop, " (V3,V3/4)
; _\[ﬁ ‘z:i' \ i
ocy, Y1) 1 3 :
(-3, ~a/4) "’”* 2
|~1,-05) -06
Concave down Concave up Concave down Concave up
Fig. 2.233
x dy/dx d*y/dx*
—co< X< —+/3 - s
-V3<x<-1 - +
-1<x<0 + +
O<x<1 + -
1<x<+3 s =
J3<x<= - +

EXAMPLE @ Sketch the curve y? = x>,

6 SOLUTION To plot the curve we discuss;

(iii) Range e R.

()——-%W

X

(i) Domain € [0, o)

for all x, y > 0.

= Increasing and concave up when x> 0.
From Egs. (i), (ii), (iii), (iv) and (V).

x y dy/dx | d*y/dx*®
+ + + +
S » x =

(Semicubical parabola).

(i) Symmetric about x-axis (as y — - y curve remains same).

Here, to plot y =x = y= \/—3— and y=- ‘/_ we draw y = \/_— and take image
about x-axis for y = - Vx3. (i.e., to discuss curve when x, y 2 0).

(iv) d—y=—§xl/z=g~/§>0 for all x, y > 0.

y=0)
0 = X
y=-(x*?)
Fig. 2.234
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1

-1'(-—1) Note Inabove curve y2 = x* (semicubical parabola). For x = Owe have y = 0and y’ = 0, thus, the
—-,':. branch of the curve has a tangent at y = 0 at origin. The second branch of y = - Ve aiso
HSIN passes through origin and has the same tangent y = 0. Thus, two different branches of the
_Lm._ curve meet at origin, have the same tangent, and situated at different sides of origin. This
el is known as cusp of first kind.

ph

W\t :E XAMPLE @ Sketch the curve:  y? = x* - 2
I‘Gj @ SOLUTION Here; y=+x2/1_ x2
& Thus, to plot the curve for y = xz,fl -x? and take image about x-axis._
E ?S:H () Symmetric about x and y-axis.
-] | (D) Domaine[-1,1]
__.+5<_. 2 2
‘ (iii) Rangee[——, — 1.
*“:é\?‘- 3V3’ 33
] =1 | Gv) When x=0 = y=0
L & y=0 = x=0,t1
L W) 2y % =4x% - 6x° = 2x3(2- 3x2) = 2x3 (V2 - V30 (V2 + V3%)
= d_y>0 when; O<x<\P and y>0.
= dx 3
= ; iy—<0 when \/§<x<1 and y>0.
£ dx 3
B Here, we are sketching the curve only whenx, y > 0and then take image about x and y-axis.
. d%y 2
(vi) —=>0 when O<x<,= and y>0.
dx? 5
2

; _d_y<0 when Jz<x<1 and y>0.

{ dx? 5
el ’ From above discussion.
41 ¥, Concave up and increasing

Concave downward increasing

R 5. —2_| | Concave down and decreasing
By symmetry V3 [y
)/

1 YINIA 2
i - Y £

B 2 g
Aore 33 y symmetry
13 e e TR
k| 5

| -v2 2
11 3 5 3
o Fig. 2.235 -
B Note At the origin (as the singular point) the two branches of the curve corresponding to plus
B and minus in front of the radical sign are mutually tangent. Known as point of osculation
or tacnode or double cusp.
e
-

¢ efoae

Exercise



1. Sketch the curves; (where [-] denotes the

greatest integer function).
(i) y=12=1x-1ll

(i) y=2-

4
Ix =11
4

(i) 1y1=2- "

. |o__4
) y_lz lx—1l\

o__4
Ix =1l

(vi) y=le™-2|

(vii) Iyl=le™ —2]

(vii) y=x—[x]

) y=yx-[x

® y=(x=[x)?

(xi) Iyl=,/x—[x]

(xii) 1yl=(x—[x)?
(xiii) y=Ix—-11+Ix+1l
(xiv) lyl=Ix=11+Ix+1l
(xv) y=[x-1l]

(xvi) lyl=[Ix-1l]

(xvii) y=x+[x]
(xviil)y y=Ixl+[IxI]
(xix) lyl=x+[x]

(xx) lyl=Ix1+[lxI]

2. Sketch the curves;

(v) lyl=

(i) y=+sinx
(i) 1yl=+/sinx

(iy y=IsinxI+Icosxl|
(iv) lyl=cosx+lcos x|

8. 2 solutions,

9. 6 solutions.

(v) y=sin®x—2sinx
(Vl) y= zslnx
(vii) y =log,(Isinx1)
(viii) 1y l=log,lsinx|

) ¥ =19uns(3)

(x) lyl =logsinx(%)

1- x?
P |

=sin
3. Sketch the curve y =si (1+x2)

2x
4. Sketchthecurve y= e
5. Sketch the curves;
(i) y=x3-2IxI (i) y=e™
(iiiy y =e'™ (iv) lyl=x
v) y=x*-x (vi) y2=x—-1

6. Construct the graph of the function
' y=f(x=1+f(x+1)
1-Ix1, when Ix1<1

WA A {O, when Ix1>1
7. Sketch the curves;

M y=—1 (i) y=—

x=2 Ix1-

(iii) y = (iv) lyl=

_1
Ixl-2

When x €0, 4r].
9. Find the number of solutions of;
sinw x =llogl x |1

10. Sketch the curve

sin2x
y= > + COS X.

WERS]

2
1

Ixl-2
' 8. Find number of solutions of 2cos x =1sin xl.

Graph Tells us



Geaph Jolls Ws / —

Absolute maximum
No greater value of fany where.
Also a local maximum

Local minima
No greater value of fnear by

Local minimum
No smaller value of fnear by

No smaller value of fnear by
Absolute minima_j

No smaller value of fany where.
Also a local minimum

a c e d b X-axis
Local vs absolute (Global) Extrema
Fig. 1

Absolute maximum

f'undefined -
Local maximum |y=1(X)
=0
No extremum
fslo i f'=0
No extremum <0
Local minimum
=0
Local rlnlmum
a c, [N C3 Cy Cs b x-axis
Local vs absolute (Global) Extrema
Fig. 2

The First derivative Test for Local Extreme Value
(i) If f’ changes from positive to negative at C (f*> Ofor x< cand f’ < Ofor x> ), then fhasa
local maximum value at c. '




Local maximum Local maximum

f
[l
|
1
]
]
|
|
|
1
'
[l
1

X=c X-axis x=c x-;ds
(@ flo=0 ‘ (b) f{c) undefined
Fig. 3
(ii) If f* changes from negative to positive at ¢ (f’ < Ofor x< cand f*> Ofor x> c), then fhasa
local minimum at x = c.

f'<0
: | f'>0
Local ‘:minimum Local E minimum
X=0c X-axis X=0C X-axis
(@) f'(c)=0 (b) f'(c) undefined

Fig. 4

(iii) If f” does not change sign at ¢ (f” has the same sign on both sides of c), then f has no local
extreme value at c.

no extreme

X=C x-axis Xx=c x-a=xis
(a)f(c)=0 (b) f'(c) undefined
Fig. 5
(iv) At a left end point ‘@’: If f'<0  Localmaximum
* (f’>0) for x>a, then f has local i vy Local minimum 77, o
maximum (minimum) value at E . >
LS X=a X‘;XIS X=a X.gxis
Fig. 6

(v) At a right end point ‘b’: If f’<0 (f’>0) for x<b, then f has local minimum
(maximum) at x = b.

\ Local maximum
Local minimum /

b x-axls

[ SRE———

o

x

X-axis
Fig. 7

Chapter 3

Asymptotes, Singular Points and Curve
Tracing
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Il_'\ this chapter we shall study:

= Plotting of Rational and Irrational functions.
= Intersection of Curve and Straight line at Infinity.

|
Pla
T

L i__‘_,l ok

Jo
st m ASYMPTOTES
R ~
- |
e A straight line, at a finite distance from origin, is said to be an asymptote of the curve y = f(x), if

i
|
i
—
|

the perpendicular distance of the point P on the curve from the line tends to zero when x or y both
= tends to infinity.

. or
e A straight line A is called an asymptote to a curve, if the distance § from the variable point M of
1,_’,__[_ the curve to this straight line approaches zero as the point M tends to infinity. Shown as:
BE y
s A
)
] M
L E\o\“
M hates vf;\@
BE / 74
]
- A!_ 7 [0 — X
W
- _],*x__ Fig. 3.1
-t-+- Mathematically
,— K 17 Let y = f(x) be a curve and let (x, y) be a point on it.
& Tanget at (x, y) is given by;
E dy

EO Y-y=-"(X-x
1 y dx'( )
W d

Y=£--X+(Y- x%) 0




Now, if asymptote exists, then x— oo

= & and (y - xd—yJ — finite limit say m and ¢
dx dx
dy xdy
Sa - d -2 ¢
y o m  an y I

Eq. (i) reduces to, Y = mX + c is asymptote of equation.
Now we shall discuss the following cases

(i) Asymptote parallel to x-axis.

(ii) Asymptote parallel to y-axis.
(iii) Asymptote of algebraic curves or oblique asymptotes.
(iv) Asymptote by inspection.

(v) Intersection of curve and its Asymptotes.
(vi) Asymptote by Expansion.
(vii) The position of the curve with respect to asymptote.

3.1 (i) Asymptote parallel to x-axis

Let the equation of curve be,
(@px" +a;x" 1y +a,x" 2y 2 + .+ a,y") + (byx™ ! +byx" 2y +... 4+ by™)

+(Cx" 2 4+ Cax™ 2y + Lty )+t =0 (D)
then it can be arranged in descending powers of x as follows:
agx" +(a,y + b )X +(apy? +byy +¢y)x" % +...=0 ... (ii)

Now, if a = 0, i.e., the term consisting x" is absent, then a;y + b, =0, L.e., coefficient of x"1=0
will make two roots of Eq. (i) infinite as coefficients of both x" and x™* are zero.

Hence, a,y+b, =0 is an asymptote parallel to x-axis.

Againif; both x™ and x"~! are absent, thena,y ? + b,y + ¢, = 0, i.e., coefficient of x"~2 being zero
will make three roots of Eq. (i) infinite hence, a,y* + b,y + ¢, = 0 will give two asymptote
parallel to x-axis. .

Method to find asymptote parallel to x-axis

To find the asymptote parallel to x-axis equate the coefficient of highest power of x to zero.
If the coefficient is constant, then there is no asymptote parallel to x-axis (horizontal).

3.1(iij) Asymptote parallel to y-axis

From above article, if we need an asymptote parallel to y-axis, equate the coefficient of highest
power of y to zero.
If this coefficient is constant, then there is no asymptote parallel to y-axis (vertical).

EXAMPLE e Sketch the curve y =

- x-5
‘ SOLUTION Here; y(x-5=1
. Asymptote parallel to x-axis.

= y=0 (equating highest power of x = 0)
Asymptote parallel to y-axis.
= x=5

(equating highest power of y = 0)




Thus, x=5and y-axis are asymptotes shown as in figure.

% i
I -
g x=5
7
< Asymptote
(0] x y=0

_,_S x=5
e Fig. 3.2
___gp
-8 E XAMPLE 9 Show the curve y =tanx has an infinite number of vertical asymptote.
= Qﬁ‘ @ SOLUTION '~ y=tanx
% here y—toe as Jc—)"‘E iﬂ,---
: 2772
; n ,3n - "
or tan x — oo as x—>+x—,x—, ...
7 2" 3
i.e., equating highest power of y = 0.
(as y=tanx = ycotx=], where cotx— 0).
B Shown as:
y
__f_l_
a2 a—) 0 w2 x  on2 e
-] 2 o o
: : g g
< < < <
Fig. 3.3
EXAMPLE e Show the curve y =e* has a vertical and horizontal asymptote.
. 6 SOLUTION Here y= el
= = Coye =0
or e 50 as x50 (Since, lim e™* = 0)
x=0




From adjoining figure . A

y= el/x
1
= —=logy
x
1 : Asymptote y=1 1
= =S
log y
- ) DS — X
which shows x(logy)=1 has an asymptote g
parallel to x-axis as §
logy=0 = y=1 <

Thus, y=e"* has two asymptote Fig. 3.4

x=0 and y=1

3.1 '_(iii)' Asymptote of algebraic curves. or oblique asymptote

_ An asymptote which is not parallel to y-axis is called an oblique asymptote. Let y =mx +¢ be an
asymptote of y = f(x), then

Y

m= lim = and c= lim (y-mx)
X—>oo X X—o0
or X——oo or xX——oo

Method to find oblique asymptote ,

Suppose y = mx + c is an asymptote of the curve. Put y = mx + ¢ in the equation of the curve and r ot
arrange it in descending powers of x. Equate to zero the coefficients of two highest degree terms. 77
Solve these two equations, find m and c. Put them in y = mx + ¢ to get asymptotes. ——

Note 1. Here, we will find non-parallel or non repeated asymptote only.
2. Neglect all imaginary values of m. : R R

EXAMPLE e Find the asymptotes to the curve y =Xx+ 2 and then sketch. J_’= E
' x ”2 i
. F ] ’ B A |
L SOLUTION Here, the given curve y =X+ = e
=]
= xy=x*+1 1wy
or x2-xy+1=0 ; ‘g‘
(i) Asymptote parallel to x-axis ; E- y
Equating highest power coefficient of x to zero in x? -xy+1=0 178 m B
= ' 1=0 (which is not true) -

no asymptote parallel to x-axis.
(ii) Asymptote parallel to y-axis

Equating highest power coefficient of y to zero in

-
-
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xz—x_y+1=0

= -x=0
or x=0 (i.e., y-axis) is asymptote for y = x + 1
X
(iii) Oblique asymptote
Let y=mx+c in xz—x_y+1,=0
iLe., xz—mxz—-xc+1=0
= x*(1-m)-(c)x+1=0
Equating highest and second highest power of x to zero
Le., 1-m=0 and c=0
m=1 and c=0 .
or V=i
is oblique asymptote to y = x + l
%
Now to trace the curve;
(iv) Symmetric about origin (as odd function)
(v) DomaineR - {0}.
(vi) Range € (e, — 2] U[2, =)
dy I . sad b s R
vil) —=1-—=="——{using number line rule, 2 - .
il e %2 % f°" -1 1 &
dy .
—>0, when x<-1 or x>1
e x
d_y<0 when -1<x<1-{0}
dx L]
which shows Ymax at X =-
Ymin at x=1
‘ d%y 2
(viii) Also, F = F
d%y
= F=j >0, when x>0 (concave up)
d%y
x5 <0, when x<0 (concave down)



Using above information we can trace y = x + & as:
x

Asymptote

/ Local minimum at x= 1
Asymptote

-1 o "

Local maximum /

1
=xal,x<0
/'\+xx<
x2+2x-1

EXAMPLE 9 Find the asymptotes of the curve y =————— and hence, sketch.
x

-2

Fig. 3.5

I :
@ SOLUTION Here, thecurve y= ﬂ—l could be written as;
x

x2+2x-yx-1=0 )
(i) No asymptote parallel to x-axis.
(ii) Asymptote parallel to y-axis. = x=0.
(iii) Oblique asymptote
Let y =mx+c be oblique asymptote
x2 4+ 2x-x(mx+c)-1=0
x2-mx*+2x-cx-1=0
o5 x2(1-m)+x(2-¢)-1=0
For oblique asymptote equate highest power and second highest power of x to zero.
ie., Coefficientof x2=0 = m=1 ‘

Coefficientof x=0 = c=2

y=x+2 isoblique asymptote to y = x - 2 +2
x
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5!
+4 (iv) Neither symmetric about axis nor about origin.

l BEY (v) Domain € R - {0}.
{ |1 (vi) RangeeR.
im dy 1
- vii [ O
rgr | oo &2
j_n': = d_y> 0, for all xeR-{0}
2
(viii) dy__2
dx? x3
2 .
= d—y> 0, when x<0 (concave down)
a2 '
2
g—l <0, when x>0 ) (concave up)
dx2
Using above information, we can plot the curve y =x - % +2 as;
1
—Jaeey
—» X
o
Ll
nl
. 813
el ]
e al
[ £
57 g
N5 Fig. 3.6
e
T
H SR 3.7 (iv) Asymptote by inspection
WE If the equation of the curve be of the form F, +F,_, =0, where F, and F,_, are expressions in X
{~{—— andy such that degree of F, = n and degree of F,_, <n - 2, then every linear factor equated to zero

i ,,_..t-- will give an asymptote if no two straight lines re

presented by any other f i | or
coincident with it. HEN e Sacioe oLy iipsalls



EXAMPLE e Find the asymptote of the curve xy + xy* =a>.
]

@ SOLUTION Here, the given curve is.
x®y+xy?=a® or x’y+xy?-a*>=0
This equation is of the form F,+F,,=0
Here, F=x%y +xy? and Fy=-a
By inspection the asymptotes are given by
x>y +xy2=0 or xy(x+y)=0
. The asymptotesare x=0, y=0, x+y=0.

EXAMPLE e Find the asymptote of the curve y =x+ : (by Inspection).
x

|
@ SOLUTION Here, the given curveis x* - xy +1=0

This equation is of the form F,+F, ,=0
Here F,=x*-xy
F,=1

By inspection the asymptotes are given by
, x?-xy=0 or x(x-y)=0
The asymptotesare x=0 and x-y=0.

3.1 (v) Intersection of curve and its asymptote

An asymptote of curve of nth degree cut the curve in (n - 2) points provided the asymptote is not

paralle] to any asymptote.

Hence, if there be N asymptotes of the curve, then they cut the curve in N(n - 2) points.

l Note The number of asymptotes of an algebraic curve of nth degree can not be more thann. |

EXAMPLE o Show the asymptote of the curve xy(x*>-y?)+x*+y%—-1=0cut at 8

| points.
‘ SOLUTION The equation of the curve is,
wx?-yH+x?+y?-1=0

Here n=4

This equation is of the type F,+F,,=0

Hence, Fy=xy(x* -y*)=xy(x-y) (x+)
and F ,=x*+y?-1

Fn'=0

The combined equation of the asymptotes is,
xy(x-y)(x+y)=0

= x=0, y=0, x-y=0 and x+y=0 are the equations of asymptotes.
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+—3 Subtracting Eq. (ii) from (i), we get

...... 2, ,2_1=
x*+y“-1=0
1dn Thus, intersection of curve and asymptotes lie on this curve since, there are 4 asymptotes, ie.,
o | N=4
_;-:,w .. Point of intersection of curve and asymptotes = 4(4 - 2) = 8.

~--“.- 3.1 (vi) Asymptote by expansiqn

\

If the equation of the curve is of the form

A B C
y=mx+c+—+—+—+..
x x* x

Then y=mx+c will be an asymptote of the given curve.

’“i"" N~ EXAMPLE @h’ndtheasymptoteofthecurveya=x2(x—a).

-
EE ] &SOLUTION The curveis, y3®=x?*(x- a)=x3(1— 2)
—ciak x
g - a)“ o yoxf1-la_1d
__J__x X 3x 9x?
e a 1d®
BEE | or y=x—-——-=—.. which is of the form
| 3 9x
I £ L A B
B y=mx+c+—+—+...
B i = y=mx+c is asymptote
— _7_1 Hence, y=x- gis asymptote of the given curve.

T EXAMPLE @) Find theaymprotefor y=x-+-.

1
WE | A TION Here; y=x+— isof the form,
SOLU Yy =

]
i1 A B
Tl y=smedet—t—t,,.
--—I-—.r— x x
W = y = xis asymptote of the curve
T 1= 1
- —— y=x+-—

1 3

| 19 Note Above method is useful to find oblique asymptote. Thus, students are adviced to find
41 vertical and horizontal asymptote (i.e., asymptote parallel to x-axis and y-axis).

s gl -1 (vii) The-position of the curve with respect to an asymptote

E Let the equation of the curve is of the form;

BE A B
~—l--‘;-—~ y=mx+c+— +—+£+ , then
—— b x  x? x3




(a) The curve lies above the asymptote if
(i) A#0and, A and x have same signs
‘or (ii)) A=0, B>0
or (iii) A=0, B=0, C#0 and C and x have same signs and
(b) The curve lies below the asymptote if
(i) A#0 and, A and x have opposite signs.
or (ii)) A=0, B<O
or (iii) A=0, B=0, C#0 and Cand x have opposite signs.

EXAMPLE @ For the curve y® = x® + 2x*; show;
(i) The curve lies above the asymptote y=x+—§, if x<Q

(ii) The curve lies below the asymptote 'y = x + —g, if x>Q

@ SOLUTION The given curve is, y5=x%+2x*

or ys=x5(1+g)
: : X
1/5
y=x(1+g)
X
21 8 1 2 8
e el mis| SXich i
g (5X25x‘) 5 25x
' 2
. The asymptote is y=x+§;

(i) Now if A =-% and x have same sign = x<0. Then the curve lie above the

asymptote.
(i) Now if A=~ oE and x have opposite sign = x> 0. Then the curve lie below the

asymptote.

EXAMPLE @Forthecurve y=x+% show,

(i) The curve lies above the asymptote y =x, if x>0
(ii) The curve lies below the asymptote y =x, if x<0

@SOLUTION The given curveis, y=x+ %, is of the form

y=mx+c+£+£+-c—,...
x x% x?
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1
Thus, y=x isthe asymptoteto y=x+ 5

]

|

() Now if A=1and x have same sign = x>0, then the curve lies above the

BE
-
-0 asymptote. .
:! (i) Now if A=1 and x have opposite sign =>x<0, then the curve lies below the
’d“ asymptote.
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_m SINGULAR POINTS

Here, we shall discuss the following
(i) Multiple points
(ii) Double points

e
t. -8t Types of double points :
I 4 | 5
- |Q; (a) Node (b) Cusp (c) Isolated point
;f«l '“{- (iii) Tangent at the origin.

-

(iv) Necessary conditions for existence of double points.
g Ak (v) Types of cusps.

BEIR L 3.2,(i) Multiple points

A point on a curve is said to be a multiple point of order r, if r branches of the curve pass through
this point.
L If P is the multiple point of order r, then there will be r tangents at P, one of each of the r
|- branches. These r tangents may be real, imaginary, distinct, coincident.

,;W'_.li— 3.2 (ii) Double points

o] Ty A point on a curve is said to be a double point of the curve, if two branches of the curve pass

, through this point.
S At Double points have two tangents, they may be real, imaginary, distinct or coincident.
71T Types of Double points '
—_—f =t —
i 115 (@ Node
|
et If the two branches of a curve pass through the double point and the tangents to them at the point
———— are real and distinct, then the double point is called a node as shown in Fig.3.7.
T‘_i‘ b g Tangent Y\
RN
P 141
; ';L—t"r' g = E Tangent
. £ 4
| Wil
B 1% 1 Node
B g - x .
ML - | Fig. 3.7 Fig. 3.8
i G cus
t
L

If the two branches of the curve pass through &e double point and the
point is real and coincident, then the double p 4 R

oint is called cusp as shown in Fig. 3.8.



Cusps :
The graph of a continuous function y = f(x) has a cusp at a point x =c if the concavity is
same on the both side of c and either.

1. lim f'(x)=e and lim f'(x)=-w
x=c x—c*
OR

2. lim f'(x)=—e and lim f'(x)=« shown as:
x—=c x—ct

1. lim f'(x)=e and lim f'(x)=-w| 2. lim f'(x)=—coand lim fl(x)=c0
x—c” x—ct x—c b g
y-axis y-axis
A
1 1 Cusp y=1(¥

lim_f(x) =<

. ~ lim £(x) =0
e : M= lim_ F(X)=— xct

' X->

E. i “Cusp

' - H > x-axis

/ [+ \ axs (o] c x
y=1(x)
“Fig. 3.9 Fig. 3.10

Note A cusp can either be a local maximum (1) or a local minima as in (2).

(c) Isolated point

If there are no real point on the curve in the neighbourhood of a point P is called an isolated or a
conjugate point.

N
Pe
isolated point
o > X
Fig. 3.11

3.2 (iiij) Tangent at the origin

If an algebraic curve passes through the origin, the equation of tangent or tangents at the origin is
obtained by equating to zero the lowest degree terms in the equation of the curve.

EXAMPLE o Show that the curve y? =4x? + 9x* has a node at origin and hence, sketch.
SOLUTION The equation of-the curve is,

y%=4x? +9x* ()




It passes through the origin,
Now, equating to zero the lowest degree terms of the given curve, i.¢.,
yi-qx?=0
y=2v and y==2x
There are two real and distinct tangents  y =2x and y == 2x. Thus, two branches of curve
passes through origin (0, 0).
origin is node,
Now to sketch;

(iii) Symmetric about x-axis, y-axis and ovigin.
(ivV As x>0 = y—-0

(v) Domaine R.

(vi) RangeeR.

Here, we shall discuss the behaviour of y=.\‘\/4+ 9x%, x20 and use symmetry to
construct y* = x*(4+ 9x*).

(vii) 2y % =8x + 36x” = 4x(2+ 9x?)
X

=

(i)

= %>0 forall x,y>0

(

dy)2
- +
(dx ‘y
2
d—l>0 for all x
dx?

Thus, the graph for y? = x?(4+ 9x?)

(viii) Also,

dzy

d_2=4+ 54X2
X

=

Fig. 3.12

EXAMPLE @ Show origin is a conjugate point for

- X4+_}'3+2X2+3y2=0
éSOLUTION The given curve is, x*+y?+2x2 +3y2=0
It passes through origin.

To find equation of tangent at origin equating the lowest degree term to zero.
2x? +3y%=0

5 12
=ti. [=x
r-sif3
which are imaginary tangents.
Hence, origin is a conjugate point of the curve,

iLe.,

=

3.2 (iv) Necessary conditions for the existence of double points
Let (x, y) be a point on the given'curve f(x, y)=0.
The necessary and sufficient conditions for (x, y) to be a double points are:

f=0, af = af

e 1t $=0 at (x,y)



aZ 2 2
Bx;y' g_szi and g—y-z- are not all zero, then,

(i) Double point will be a node if

2 ' _(24)(2)0
dx dy ax? J\oy?
or fxzy 'fxxfyy>0
(i) The double point will be an isolated point, if
. fxi = fxx fyy <0
(iii) The double point will be a cusp if
.fxi - fxx fyy =0.
Here, if f,, = f,, = f,,=0at(x, y), then it will be a multiple point of order greater than 2.

Now, if

EXAMPLE @ Forthecurve x®+x?+y? - x- 4y +3=0, find the double point and hence,
whether the point is node or isolated point.
@ SOLUTION Let  f(x,y)=x>+x*+y?-x-4y+3=0
. fe=3x%+2x-1
fy=2y-4 for a double point  f, =0, f, =0
f=0 = 3x?+2x-1=0
1

x==, -1
or 3

fy =0 = 2y-4=0 = y=2
-. Possible double points are (%, 2) , (=1, 2

f(%, 2):0 and f(-1, 2)=0.

. f(- 1,2) is adouble point.
foe =6x+2 = fo at (-1,2)=-4
fy =0 = foy at (=1,2)=0
fy=2 = fy at (=1,2)=2
& Sy = oSy =0-(-D(2=8>0
“ (- 1,2) may be node.
For shifting origin to (- 1, 2), substitute x=X -1, y= Y + 2 in the given equation,

we get, x3-2x2+y2=0
or Y=tXJ2-X

For numerically small values of X, Y is real.
‘. (-1, 2)is a node on the given curve.
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EXAMPLE eFOrthecun'e x? +2x2 + 2xy — y 2 + 5x — 2y = Q find the double point and

hence, check whether node, cusp or isolated point.

. @SOWTION Let  f(x,y)=x’+2x* +2y-y? +5x-2y =0 i)
4—— fe =$=3x2+4x+2y+5

'15

*

e
=)

]_J

!

fy=%=2x—2y—2

aZ

32
axdy
9% f
S == 2
For double points fe=f,=f=0
fi=0 = 3x?+4x+2y+5=0 RN 11
f,=0 = 2x-2y-2=0
or 2y =2x-2 ... (iii)
Solving Eqs. (ii) and (iii), we get 3x2 +4x+2x-2+5=0
= x=-1
also x=-1 y=-2 satisfies the given equation.
. (- 1, - 2)is a double point. '
At (-1,-2, fa=6(-1D+4=-2
fxy=21 fyy=_2
f3-fufy, at-(-L,-2)=0

fxy=

2 .

~. (-1, - 2) may be a cusp.

For shifting the origin to (-1, - 2) substitute x=X-1,y =Y - 2in the given equation.
K-’ +2X-1D)? +2AX - 1)(Y - 2)- (Y - 2)2 + 5(X = 1)~ 2(Y - 2) = 0

- X -X2+2XY-Y2=0 (V)

Y=X+XJX

Y is real for all positive value of X.

-. Two branches of (iv) pass through origin.

- Two branches of (i) pass through (-1, - 2).

= (-1,-2) isacusp.

EXAMP LE 6 Find for the curve y* = xsinx  origin is node, cusp or isolated point.

I
@ SOLUTION  Let fx,y)=y%-xsinx

f@=-sinx- xcosx
fy=2y
fie == €OSX + xsin x — cos x



at x=0: f,=-2 f =0, f =2
fo-fafy at (0,0
= 0+2(2)=4>0

3.2 (v) Types of cusps

When two branches of a curve pass through a cusp and the tangents at cusp are comc1dent
Therefore, normal to the branches at a cusp would also be coincident.

Cusp can be of five kinds
(a) Single cusp

If the branches of the curve lie on the same side of the common normal then the cusp is called a
single cusp.

y y
A o33 3
3
) &
«b“g 53
Normal /\é\
Normal
- - —>X > X
O| single cusp of first species o Single cusp of second species
Fig. 3.13

(b) Double cusp

If the branches of the curve lie on the both sides of the common normal, then the cusp is called
double cusp.

Here, both the branches of the curve lie on the both sides of common tangent, then the cusp is of
first kind.

Also if, the branches of the curve lie on the same side of the common tangent, then the cusp is
called cusp of second species or Ramphoid cusp.

Normal

- X
O| Double cusp of first specles o

Fig. 3.14 Fig. 3.15

A fofyy >0 - origin is node. '
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= (c) Point of oscu-inflexion

Wl A double cusp of both the species is called a point of oscu- -inflexion.
. -1 | y
.._.ﬂ_ Normal
3
L 3B &
S A é\q"‘

' |

i y
J-—§-4 Fig. 3.16

EXAMPLE o Sketch the curve y%(a+ x) = x*(a - x)
‘ SOLUTION Here, the curve is
o)

;

w

_{,_d__',_ y2(a+x)=x*(a-x)
_;,__L_.]_ . The curve is symmetrical about x-axis.
—;—;—‘— 2. Curve passes through origin and cuts the x-axis at a point (a, 0).

—1 3. Equatmg to zero the lowest degree terms of Eq. (i), we get the tangents at origin.
o ; y =x? or y=%x
B origin is node.
B | 4. Equatmg to zero the highest degree term, we get the asymptote
Bl x+a=0, ie, xX=-a

-

I i ) o]

5 5. From Eq. (i) y o

__L . yexistswhen -a<x<a = Domaine (-q,a

R 6. As x inc~z.es from Otoa =y increases upto a point then decreases to zero.

= y increases when x€ [0, d]
y decreases when  x€ (-q, 0]
Thus, y?2(a+x)=x*(a- x)could be plotted as;

:

i
) y
1
i 1
L gl : y= X
|
I
: I
J—.——!——- :Q
- , 2 .
T a0 E @0 g
1 @
o2 el 1
!
=T !
e o :
! y=-x
1
.
[ 7 x=-a
Fig. 3.17




MEMEMBER FOR TRACING CARTESIAN EQUATION

1. Check symmetry. ‘ : gt

—
s . . . . : - -—l —aer
(a) A curve is symmetrical about x-axis, i.e., y is replaced by - y and curve remains same. .

(b) A curve is symmetrical about y-axis, i.e., f(-x) = f(x). Z_:p i:
(c) A curve is symmetrical about y = x, i.e., on interchanging x and y curve remains same. io_,
(d) A curve is symmetrical about y = - x. ie., on interchanging x by -y and y by —x curve ST
remains same. , _ T ’“‘Q“;:
(e) The curve is symmetrical in opposite quadrants, i.e., f(-x)=- f(x). '.m_J_L.
R
2. Check for origin | _}—
Find whether origin lies on the curve or not. : -'1—415!.#
If yes, check for multiple points (See Art. 3.2). l———-’m—*f‘*
3. Point of intersection with x-axis and y-axis ‘ t:i t—
(— .
Put x=0 andfindy, put y=0and find x. Also obtain the tangents at such points. ' .__“-
|
Find the point at which asymptote meets the curve and equation of asymptote (see Art. 3.1) ‘i_* I~
5. Domain and range —4;“_35'__
To check in which part the curve lies. T—jﬁ"j—
L
] } K_L
Find %yx— and check the interval in which y increases or decreases and the point at which it .f_ig_._
1 i |

attains maximum or minimum. -;——g I
. , e T
7. Concavity and convexity _ O+
The interval in which, TIE 1
d’y [l N

dZ . Dt O

d g 50 e

Using all the above results we can sketch the curve ' 10|
y = f(x). T

Some more Solved Examples
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\
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Play W/t/z Graphs

& s0mz mopE S01YED EYANPLES

EXAMPLE o Sketch the curve  y?(a? + x?) = x*(a® - x?)

| Fpq 52
@ SOLUTION Here, the curve is 8 LR X )
(@® +x?)

1. The curve is symmetric about x-axis and y-axis {as on replacing y by - y curve remains same
and on replacing x by —x curve remains same thus, symmetric about x and y-axis
respectively).

2. Itpassesthroughoriginandy =+ x are two tangents at origin. Thus, the origin is node.

3. It meets x-axis at (a, 0), (0, 0) and (- a, 0) and meets y-axis at (0, 0) only.

The tangents at (a, 0) and (- a, 0) are x = a and x = — a respectively.
. 4. The curve has no asymptote.
2 2
5. Here, y=tx L =X
a® 3t
Domain € [~ g, a]
i dy _ a*=2a%x?— x*
. E—(a2+x2)3/2(a2 _ x2)l2
% — o as x—ta
Al dy _ A_ 082 .4
s0 dx-o when a*-2a°x*-x*=0
. dy _ a*-2a%x?—x*
Le, qe @+ x2) 2 (@*— x2)2
_—{x*+2a*x*+a*- 2a*}
- @+ x2)Y2(a?- x2)V2
_—{*+a*)?- (V2a%)%)
(@%+ x2)V%(a?- x?)2
_—{x-JC 1+V2)at {x+ (-1 +v2)a} {x? + (1 + ¥2)a?}
(02+ x2)3/2(02_ x2)1/2
0 x=t1+2)a
= I _lrve xe VT DaE1r D
-ve  xe(-a-y1+V2)a)or (J-1+v2) a,a)
ie., y increasing when xe (- (- 1+2) q, JE1+42) @)
and y decreases when xe(-a,- ,/(- 1+ J_Z_) a) or (,/(— 1+v2)a,a)



OR
%> 0, when xe(-(0.6)a,(0.6)a)

v

dwAsy

% <0, when xe(-aq,-(0.6)a) or ((0.6) a, a)

where A= 1+42 =(0.6) ppcox 58 8
Thus, the curve for y2(a?+x*) = x*(a*- x*) - -
y FoRa S
. T R . -,.p..,
g @ fel
‘9"0/9’ e(\\b'@ 74 :‘D :
%, RS : k "5'. A
' O S 1 a
(-a,0) \(-0.62,0)_ |O~_ (0-62,0) /i (a.0) AR =
: : i
- A_‘q,

Fig. 3.18

10

EXAMPLE eSketch the curve  y2(x-a)=x*(a+x)

‘ SOLUTION Here, the curve is given by y? =

6.

1. Symmetrical about x-axis only.
2.

3.

. y=*(x-a) and x=a are three asymptote.

5% 3 |
sju

t

|
|

L x2(a+x)
(x-a)

i
pue

It passes through origin and y > + x* = 0, i.e,, y =+ixare two imaginary tangents at origin.
Thus, origin is isolated point. B

It meets x-axis at (- a, 0), (0, 0) and y-axis at (0, 0).

The tangent at (- @, 0)is x=-a.

{
|

|
!

T
{

2 HI
yzzx_gia_) =3 y:ix xta [ ~4
(x-a) » x-a =
x+a i
Thus, for domain; >0 and x#a -0
xX—-a ! + = + .;-_O
$ X + 1]
ie., x<-a and x>a ) a 3]
or Domain € (= e, — a] U (a, =) L {0} -Q
1 1 T
dy _, x%-ax-a? {x 5(1+«/§)a} {x-§(1_J§)a}
& T (x-a)*(x+a)”? (x - @)¥?(x +a)? ,,
= %>0. when xE(—oo,—a]U[%(H«/g)a,w) B



z<0, when xe(a, (1+«/_)0]

Thus, the curve;

’ 2 X2(3+X)'
W x=a)
A ! Jv X+a=0
Nz -
1 ,’
k o*
N ,,f(a.Za)
/” !
(0,a)+” "‘Ii:
. x::g
e —>X
20) [0 @OE
~ lm
o-af. |
oS \\ :
e \:\a,—Za)
™R
1 N
E[\
o xX3(x+a) y=—(x+a)
Y="x=a
Fig. 3.19

EXAMPLE @ Sketch the curve y% =(x-1)(x-2)(x-3)

b SOLUTION Here,

4. No asymptote.

y2=(x—1)(x—2)(x—3)

1. Symmetrical about x-axis

2. It does not pass through origin. -
3. It meets x-axis at (1, 0) (2, 0) and (3, 0) ‘but it does not meet y-axis.

5. For domain:
=
6.
L
dx
=

(x-1)(x-2)(x-3)>0

SR e R
Domain € [1, 2] U [3, =) 1 2 3
y=%J(x-1)(x-2)(x-23)
3[x—6_\/§)[x—6+‘/§)
(3x% -12x+11) _ 3 3
2J(x-D(x-2)(x-3) 2J(x-D(x-2) (x-3)
3(x - 1.42)(x - 2.5) 6-+3 6++3 _
2(x-1)(x-2)(x-3) {as 3 3 f2.5/approx}
dy

dy

<0, when xe (1.42,2)

>0, when xe€(1,1.42) U (3, =)



Thus, the curve

y2=(x-1D(x-2)(x-3)

y

1 [ 1

1 1 1

1 1 )

1 1 [

1 1 '

1 1 1

1 1 [

N ",
(@) 1:u2 3

Lo

] 1 1

1 1 1

1 1 1

L S

x=1 x=2 x=3
Fig. 3.20

EXAMPLE

& SOLUTION Here,

2. It does not pass through origin.

The tangent at (a, 0) is x=a
4. y =11 are the two asymptotes.

@ Sketch the curve y2x?=x%-a%

2 2
2_X'—a
ye=

x2

1. Symmetrical about both the axis.

3. x-intercepts are (a, 0) and (- a, 0)

and the tangentat(-a, 0)is x=-a.

T
& y=t¥" "° =  Domain € (- e, — a] U [a, =)
X
dy a? dy
g L. = —>0, when xe&(-e,-a)u (g =)
dX xz ,XZ—GZ @
: %=’ -
Thus, the curve for y? = 15
x
y
\
]
!
s asymptote
———————————— I"“'""' e
}
1
U

1 ]
I ]
____________ | S N . S
! (0,-1)| asymptote! J ¥=
] 1
v ¥
x=-a x=a
Fig. 3.21




2 EXAMPLE @ sketchthecuve  y?(x*-D=2x-1
2x-1

x2-1

1. Symmetrical about x-axis.

2. It does not pass through origin.

> It meets x-axis in (% o) and y-axis in (0, 1) and (0, — 1) respectively.

‘sownon Here, y*=

hs

The tangent at (—1-, 0) is x= l .
2 2

4. x=1,x=-1 and y =0 are three asymptotes.

5. y2=2’:-1 = Domaine —l,l]u(l,w)
x“=1 2

2x-1 dy -x?+x+1
6. y=¢% = —=t%
x2_ 1 dx ((zx__ 1)1/2(x2_ 1)3/2)

OF &S

1

 Play with Grap

dy vy 1
=5 —< 0 when -1, =|u(l,ee
<0 i xe(13fue

R .~y is decreasing in its domain.

Thus, the graph for y? = ZJ; -
x -

B | ' (-1,0) (1,0 y=0 =

(asymptote)

N|=
o
=

asymptote y
TN, ) AL o) ] NN -

=
asymptote

| = — e e -
G
L=

1 x=1/2 x=1
Fig. 3.22

EXAMPLE (@) sketch the curve :
x4+ yHx-a(x?-y?) =0; (a> 0)

@ SOLUTION Here, y?= xz(“‘_")
l a+x

. 160



1. Symmetric about x-axis.
2. Origin lies on the curve and y = + x are two tangents at origin. So, origin is node.
3. x-intercept are (0, 0) and (a, 0). The tangent at (a, 0) is x=a.
4. x=-ais the only asymptote. i
5. y=tx/2X
a+x
Domain € (- q, a] .
y
& dy . a*-ax-x? : y :
A  (g+x)a?- x? ! :
d 8! :
- o!
= —y>0, when xe|-q, 1+‘/ga ‘ 2, |
dx 2 gl :
- % : ‘ - x
_ [=X0) i :
= d—y<0, when xe 1+\/ga,a ' : i
dx 2 : <
I ]
[} 1
Thus, the graph for i 1
. | 1
I 1
y*= xz(a-— x) as shown in Fig. 3.23. x=-a X%
LEa Fig. 3.23

EXAMPLE»G Sketch the curve

bSOLUTION Here, x®+y3=23ax?
1. No line of symmetry.

3. x-intercept, (0, 0) (3a, 0)
The tangent at (3a, 0) is x = 3a.

5. Here;
=
6.
=

x3 +_y_3 =3ax? (a> 0).

2. Origin is cusp and x = 0 is tangent.

x4 32w 3ac?
3ax?>0
X +y3>0

Zdy ;
~—=x(2a-x

dy
—>0, wh 0, 2a
dx> when xe( )

4. y = a- xis asymptote and the curve meets asymptote at (%, %)

%<O, when  xé€ (= o, 0) U (2a, )

(as,a>0)

i.e., x and y both cannot be negétive (thus, curve would not lie in third quadrant).
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Thus, the curve y* +x* =3ax? is,

Fig. 3.24

EXAMPLE 0 Sketch the curve with parametric equation 6.

. x=a(®+sin@), y=a(l+cosB); xe(-m,m).
@ SOLUTION Here, x=a@®+sin®) and y=a(l+cos®) gives the following table for x and y
with 6. ‘ C '
Y -n 0 -

x —-an 0 Loan

Y ; 0 2a
So, that we have,

-n<0<0
= (x, y) starting from (- am, 0) moves to the right and upwards to (0, 2a).
0<0<n
= the point (x, y) starting from (0, 2a) moves to the right and downward to (ar, 0).
Also L a(l + cosB) '
de
and % =-asin6
Now, Ex—=0 if 6=m, -1
de
dy  tan®




except for the values ¥ n of 0 for which g—; =0.
Also, tangentat 0=xn and O0=-m are X=T and x=-T.
Thus, the curve for x=a (0+sin®) and y =a(l+cos6). ;
y
S I
Fig. 3.25

EXAMPLE osketch thecurve:  x°+y®=5a’xy?

|
@ SOLUTION Here;

RS

The curve is symmetrical in opposite quadrants.
The curve passes through origin and x = 0, y = 0 are tangents. Thus, origin is node.

It meets coordinate axis at origin.

. x +y = 0is an asymptote.
. On transfering to polar coordinates, we get.

2 5a% cossin®
cos®0+5sin° @

when, 6=0, r=0 when, 9=%, r=0
s n. 3n . : - .
As 0 increases from 5 to = r is negative and hence, r is imaginary.

no portion of the curve lies in this region.
3n . 3n
At 0=>=, r=c as @ increasesfrom oy to 1 = rdecreases from oo to 0.

Curve x5 +y° =5axy?

b 4
y
x5+ y5=5a%xy?
X4
s,
h’?o,
%
x+y=0
Fig. 3.26
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J7 EXAMPLE @ Sketch the curve  y*-x* +xy=0.
}] 650LUT|0N Here, yt-x*+xy=0

: 1. No line of symmetry. )
N 2. It passes through origin two tangents at (0, 0) as x=0 and y=0,
: origin is node.
n! 8. It cuts the coordinate axes at the origin only.
} E .| 4. y=x, y=- xare its asymptotes.
0 -, | 5. Converting into polar coordinates,
|
u r2 =1 tan 20
8 2
| § '| 6. When, 0<8<” or 0<20<X = r?increases from O to c=.
o P 4 2
\\ T T T 2 .
Q- When, —<6<= or —<20<n = r?isnegative,
1l 4 2 2
1.8 b n
no curve when —<6<—.
g 4 2
E Hence, the curve
i y 5
Q\O\B Y=
= bs‘\‘o
- > X
33,
i &
2 o < - y:—x
AN Fig. 3.27°
164.

Exercise
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"EXERCISE

Plot the Curves :

1. y=1+x2—%x‘.

2. y=(x+1)(x-2)?

o y=ox-ox+ —xb,
4. y=(1-x¥"

5. y=——

<
]
n
x
I
-
+

10. y=

| M Y=+ <2

2_ ofatx
12, y*=x (F-_x)
_ s8a’

T X2+ 48?

cos x

cos 2x

1- x?
15. y =arccos 7 | =cos
1+ x

13. y

14. y=

1= X2
1+ x2
16. y =arc sin (sin x) = sin~'(sin x)

17. y =sin(arcsin x)
18. y =arctan (tan x)

19. y=arctan(-1-)

X

|20, y=(x+2)e"*
|2, y=%(Jx’+x+1-Jx’-x+1)

22, y=\x*+1-x? -1

23, y=(x+2)=(x-2)"

Hints and Solutions

24,
25.
26.

27. y

28.

29,
30.

31.

32

33.

34.

35. x

36. x

37. x

38.
39.
40.
1.
42,
43.
44,
45,
46.
47.
48.
49,
50.

. y2 =8x2_ x‘

y=(x+ 1)+ (x-1)?

y?=(x=1)(x-2)(x-3)

2_Xx-1
x+1
2_X*(1-x)

(1+ x)?
y2=x*(x+1) |

x3(y - 2)% +2xy - y*=0 A ‘

y

|

uis ‘sej02

1 2 1 2
== , y=—(t-1
X 4(t+1) y 4( )

x=.i y=——1— |1
1-2 1+t

x=—’2 y=—_r
t-1' t?—1

4=

x==50+215, y==-32+2¢°
_ P41 _t
41-1)" 7 t+1
_(t+2  (t-2)
(t+0 "7 t-1

_t=f y_12—13
1+ %' 14 12

_LfaA.ino pué é;u!od ienb

x*+y®=3axy, where a>0.
(x—a)’(x? + y?)=bx2, where a,b>0.
x4 y?#3= 323 where a>0

xt+2x%y =y®

4y? = 4x%y + x5
x* +2y° =4x?y
x3-2x%y - y%=0
x?y2+ y =1
x% + y® = 3x?

5 2

Buioea

Y+ xt=xy
4 A
X=y'+xy=0
X5+ 5= xy? !
x = asin20(1+ cos 26), .
y = acos 20 (1- cos 26) 11
|
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is shown as;

x2+x+1

y:

3. We know,

neglecting

NIED

=12

0

Graph for 17'(x)

Graph for f(x)

1
2

x2-=

From above figures it is clear that the graph would exists only when;

1
>

x? + x + 1 would exists only when x -

i.e., inverse for f(x)

4.

y:

1=
%5
2 3
g 8
v oW
ﬂ_ﬁ, % %
il -
r 2Eh
™ — U W
= 1 = ¥
= — .m -m
W Al
X+
Ranos
— — |
L e e S
[Tl 1
{ wm ]
=
Nt
o
o
1=
L%
oo
1%
N T .
e
e L
N -
‘|_|0|H|
-
SO SO ..q-..H:.-
S— Mﬁ...wm....
s
1n

From figure;

Slope of OP < Slope of 0Q.

6.




10.

Clearly, the above curves intersect at 5 points;
7 number of solutions =5

y

1

0123\43rn
2
— O OO OO0~ O el y——
2 |

From above figure, number of solutions is infinite.

42
Clearly; <1
x-1
or x2<|x -1
. xef-l—Jg -14++5]
2z 72 |

Here, x> =3+[x]
- to sketch f(x)=x?
and g(x)=3+[x]

Clearly; from figure the two curves f(x)and g(x)intersects
when g(x)=4.

flx)=4
= x*=4
or x =23,




CURVATURE AND TRANSFORMATIONS

> <

1. (i) (ii)
2 .'/W1 Il
S 1 3
(iii) Y ' (iv)
\ 2 /
/-1 [0} 3\ > X
R e
) % ™)
2/ \
1 \/ .
= /@Nﬁfw%
2 :
xX=1
(vii) }1 (viii)
1
—log2 o log 2 =X
-1
lyl=|e™!-2]

4
\ YT =
x=1
f
> X
-1 O 12 3
sy i)
y‘|2 Ix—1l-l
x=1
y\
1
-log2 O log2 =
y=|elxl_2|
y
> X

y= X—[Xl

1
)

Injos i?ue‘ s}

> S G-

|
|

|
{
4

i

1
|
|
|
|
\

1
\

R |
—t—

- suol



(ix)

Graphs

g

with
PR

lay

13
P

i (xiii)

(xv)

y="x=1

(x)

(xii)

-1

lyl=vx—[x]

A
y==2X "\ 2 /y=2x

—> X

o 1
y=Ix=1l+Ix+1l

»<

(xiv)

(xvi)

N O H

Q
=
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