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PREFACE

“You can do anything if you set your mind to it, I teach calculus to JEE
aspirants but believe the most important formula is

Courage+ Dreams = Success”

It is a matter of great pride and honour for me to have received such an
overwhelming response to the previous editions of this book from the readers.
In a way, this has inspired me to revise this book thoroughly as per the changed
pattern of JEE Main & Advanced. I have tried to make the contents more
relevant as per the needs of students, many topics have been re-written, a lot of
new problems of new types have been added in etcetc. All possible efforts are
made to remove all the printing errors that had crept in previous editions. The
book is now in such a shape that the students would feel at ease while going
through the problems, which will in turn clear their concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition
s Theory has been completely updated so as to accommodate all the changes
made in JEE Syllabus & Pattern in recent years.

o The most important point about this new edition is, now the whole text matter
of each chapter has been divided into small sessions with exercise in each
session. In this way the reader will be able to go through the whole chapter in a

systematic way.
» Just after completion of theory, Solved Examples of all JEE types have been

given, providing the students a complete understanding of all the formats of
JEE questions & the level of difficulty of questions generally asked in JEE.

»  Along with exercises given with each session, a complete cumulative exercises
have been given at the end of each chapter so as to give the students complete
practice for JEE along with the assessment of knowledge that they have gained

with the study of the chapter.
» Last 10 Years questions asked in JEE Main &Adyv, IIT-JEE & AIEEE have been
covered in all the chapters.

However I have made the best efforts and put my all calculus teaching
experience in revising this book. Still I am looking forward to get the valuable

suggestions and criticism from my own fraternity i.e. the fraternity of JEE
teachers.

I would also like to motivate the students to send their suggestions or the
changes that they want to be incorporated in this book.

All the suggestions given by you all will be kept in prime focus at the time of
next revision of the book.

Amit M. Agarwal
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2 Textbook of Integral Calculus

It was in this aspect that the process of integration was
treated by Leibnitz, the symbol of J being regarded as the

initial letter of the word sum, in the same way as the
symbol of differentiation d is the initial letter in the word
difference.

Definition
If f and g are functions of x such that g’ (x) = f (x), then

the function g is called a anti-derivative (or primitive
function or simply integral) of f w.r.t. x.It is written

symbolically, Jf(x) dx = g (x), where, .;_ g(x)=f(x)
x
Remarks
1. In other words, j'/(x) dx =g (x)iff g’ (x) = f (x)

2. If(x) dx = g (x) + c,wherecisconstant,

[ (g(x)+ O= g’(x) =f(x)]and Cis called constant of integration.

Sessmn 1

| Example 1 Ifdi[x”” +c]=(n+1)x", then find
X

Ix" dx.
Sol. As, —d—[x'I+1 +Cl=(n+1)x"
dx

=  (x"*!'+ C)is anti-derivative or integral of (n +1) x".

n+l

+C

Ix dx—"+1

I Example 2 If di(sin x+¢)=cos x, then find
x
Jcosxdx.

Sol. As, i(sin x+C)=cosx
dx

= sin x +C is anti-derivative or integral of cos x.

Icosxdx =(sinx)+C

Fundamental of Indeflmte Integral

Fundamental of Indefinite Integral
L g =1
. [fx)dx=gx)+C

Therefore, based upon this definition and various standard
differentiation formulas, we obtain the following
integration formulae

Since,

n+1

n+ nige X
()E( )—x,n#b—l:bj'x dx—-n_‘_1

n+1

+Cn#—-1

d 1 1
i =2 —dx=log|x|+C, when x #0
(i) ——(og|x]) x=>jx x =log | x|

(iii) —q—(e")=e” = je" dx=e*+C
dx

x
(l ) == a _a",a>0,a#l
log. a

x

+C

x =
= Ia dx log,

(v) —(-cosx)=sinx = jsinxdx=—cosx+C
dx

Lod o
(vi) — (sin x) =cos x = jcosxdx=sinx+C
dx

. d
(vii) E(tan x)=sec’x = jsecz xdx=tanx +C
oy d 2 2
(viii) o (—cot x) =cosec’x =>Icosec xdx=—cotx+C
. d
(ix) — (sec x) =sec x tan x
dx
= Isecxtanxdx:secx+C
d
(x) —(—cosec x) =cosec x cot x
dx
= Icosec x cot x dx =—cosec x +C

(xi) % (log |sin x|) =cot x

= Icotxdx:log|sinx|+c



(xij)—i(—log|cosx|)=tanx
dx

= jtanxdx:—log|cosxl+c
(xiii) —d—(log |sec x +tanx |) =sec x

dx

= Isecxdx=log|secx+tanx|+c
(xiv) di(loglcosec x —cot x|) =cosec x

x

= Icosec x dx =log | cosec x —cot x |+ C

(xv) 4, (sin'1 i) DRI -
dx a  pE—

a’ +x a
1 1 X -1
(xvm)—(—cot 1—)= 2 2
a a a” +x
-1 1 a(x
= I dx =—cot ’(— +C
a® +x* a a
1 1 X 1
( )—(—sec ’—)= —
dx \a a) xqx"-a

| Example 3 Evaluate

0 jx X i) [0 +5)° dx

N 7 x* +5x -1 x* 5x' 1
Sol. (i) I= den I[F+F_?’7]dx

—
=

=
~
Il

(lll) I= J‘Sln X+COS x

Chap 01 Indefinite Integral 3

= J'(x:w +5x"% - x~ llz)dJr

X"H
usingjx" dx = +1+C
n

3/2+1 sxl/2+l x—l/2+|

=x + - +C
3/2+1 1/2+1 -—-1/2+1

I=Exm +§__5x3/z —2 s
5

j (x? +5)° dx [using (a+b)* = a’+3a’b +3ab* +b°]

I= [(x*+15x" +75x" +125) dx
7 5 3
[= X 1% X L asxs C
7 5 3
X7
I =2 +3x%+25¢> +125x+ C
7

1 Example 4 Evaluate
d
(i) Jtanz x dx (i) I =

sin? x cos? x

sm X+COS X COS X —CO0S 2X £08 X —CODEK

—Cos X

——— W) [S———

sm XCOS X

Sol. (i) I= jtanz xdx = I= I(secz x—=1)dx

I= Isecz x dx — Jl dx [using Isecz xdx = tan x + C]

= I=tanx-x+C

i) I= [————dx

sin? x cos® x
o J-sinz x + cos? x

— —dx  [Using sin® x + cos® x =1]
sin® x cos® x

.2
sin® x cos? x
I= I — : dx + I dx
sin® x cos® x sin? x cos? x

I= Isecz x dx + J‘cosec2 x dx
I=tan x—-cotx+C

dx

Slﬂ XCOS X

J’(sm x)3+(cos x)? dx
sin? x cos® x

[using (a + b)* = a® + b* +3ab (a + b)]

I= I(sm x+ cos x)3~3sm x cos? x(sin’x + cos x)d

sm XCOS X

2 2
I= J-l 3sin” x cos xdx

sin? x cos? x



4 Textbook of Integral Calculus

I= [————dx- [3dr

sSin” X cCos™ X

I= J'(sm x+co: x)dx S5 410

sin® x cos® x
I= Isec xdx+fcoscc2xdx—3x+c

I=tan x -cot x-3x+C

5 COS X — COS 2x
(iv) I= J— dx [using cos2x = 2cos? x —1]
1-cos x

cos x — (2 cos® x —1
I= I# dx

1-cos x

_ J-—2cosz x+cosx +1

dx
1—cos x
=°I=-’-—(2cos x+1)(cosx—l)dx
—(cos x —1)

[as —2cos® x + cos x — 1 = —(2cos x +1)-(cos x —1)]

=5 I=I(2cos x +1)dx

I=2sinx+x+C

Remark

In rational algebraic functions if the degree of numerator is
greater than or equal to degree of denominator, then always
divide the numerator by denominator and use the result of
integration.

I Example 5 Evaluate
3
. X
) I X+2 o

4 x3 x>+8-8
o0 1= [k I

r= [ *+2) 8 |4
B x+2 x+2

= = I(MM_LJ,&

x+2 x+2

I=_[[x2-2x+4— f )dx
x+2

3
I=i;-—x’+4x—slog|x+2|+c

x2+5-5 x*+5 5
> dx=|——dx= - |dx
(i) I= I d I x*+5 ‘[[xz+5 x2+5)

|1 Example 6 Evaluate
(i) [5'8e * dx (i) [2°8+* dx
Sol. (i) I=[5"dx = [xe%dx  [Using qlo8 b = ploge 4]

lng, 5+1
(log, 5+1)
log, 5+1
Is‘“g"dx=x———+C
log, 5+1

(ii) s IZIOE‘ I Izlug,z x == J'lez log; x dx
< 1
[usmg log,, x = . log, x]

- J'zlog:«/; dx = j“/; dx [using alog, b _ b]

x3I2

=—+C
Joeer a2 v

(Wx +1)(x? «/_)
XX + X+ /X

Jx +1)- J’(x”z-l)
Vx(x+x +1)

P I(J_ x + D)[(Vx)’

1 Example 7 Evaluate j

Sol. Here, I = I(

_1]
(x+J_+1) a

I(J_+1)(J;_1)(X+J_+l)dx
(x+/x +1)

[Using, a® — b* = (a — b)(a® + ab + b*)]

2
=I(x—1)dx=x7—x+C

1 Example 8 Evaluate
1+2 9
i e X

i
x2(1+x (x% +1)

2 2 2
Sol. (i)Here,I=j e A
x2(1+ x?) x2(1+ x?)

_ 1+ x? x?
‘[ x*(1+ x? ) J.Jc2(1+x2)
-_-'[?dX'f'J-

6 _ 6 -
(ii)Hene,z:j"2 ‘a:jxx:ilzdx

1 =
dx=-—+tan"'x+C
1+ x? x

3
I(X)+l j- 22 dx

x?+1 x“+1
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I=I(xz +1)(x* - x* +l)dx ZI

_ J-((l +2x)-(4x% —2x +1) _ 4x*(2x + 1)] B

(x2+1) x?+1 (1-2x) (1-2x)
[Using, a® + b* = (a + b)(a® — ab + b*)] =J-(2x+1){4x2—2x+1—4x2}dx
= [(x* = x? + 1) dx -2 —dx 2
> i o | _ (Zx+l)(1—2x)dx
3 ‘.[
(1-2x)

=X X i x-2tan'x+C 5
5 3 =I(2x+1)dx=x +x+C

lExampIe 9 Evaluate 1 Example 10 Evaluate

(i j 2, xP-x |, (i) j;——’ dx
-1/2 32 o2 | Y ) Gin(x —a)cos (x—b)
x2 4x2(2x +1) (ii) J’——1——dx
()J[4+2x Fx 2 4-4x+x? 1-2x o cos (x —a)cos (x —b)
1
- i A - — dx
Sol. (i) Here, I = I ”12——x2m = % & "—Z_L sk @ 1= Ism (x —a) cos (x — b)
x'¢—x" XM gl U2 cos (a—b) dx
=J- (1_x‘2)+(x-2_x)_i _cos(a—b)"[sin(x—a)cos(x—b)
xE 3712 %32 _ 1 .ICOS {(x —b)—(x —a)l e
" cos(a—b) ?sin(x —a)cos (x —b)
_ 1-x 2 _ 1 cos (x — b)- cos (x — a)
-[ x—— x3? I x—1 3/2 dx cos(a—b) I{sm(x—a)cos(x b)
Jx Vx sin (x — b)-sin (x — a)
= I(— Jx —2x7¥%)dx " sin (x — a) cos (x — b)}dx
=[_£_2. x_“z]+c=—gx”z+-j—_+c ——cos(a I[cot(x a) + tan (x — b)} dx
3/2 -1/2 3 x
- 2 z = m {log | sin (x — a)| —log| cos(x —b) |} +C
_ xP-64 x _ 4x’(2x+1) 4 _ 1 | sin (x — a)
. _I 4+2x ' +x? 4—dx4x7? 1-2x ) * " cos(a—b) log. | cos (x — b)l
1-64x° , (i) I=J‘;
_ I 5 ) x? _axiEx+) | cos (x — a) cos (x " b)
xt4+2x+1 ax?—4x+1  (1—-2x) -z (1 b)I (sm(;z—bz .
2 2 sin (a - cos (x —a) cos (x — b)
T , o1 jsml(x-b)_(xx_a),dx
=J'( 1-(4x?) ) x _4x (2x+1))dx sin (a — b) 7 cos (x — a) cos (x — b)
x5.(4x? +2x +1) (4x* —4x+1) (1-2x) _ 1 J-{sin(x—b)cos(x-a)
=J'( (1-4x®)(1+4x* +16x*) 4x2(2x+1)]dx sin (a — b) ? | cos (x —a) cos (x — b)
(4x% +2x +1)(4x% —4x +1) (1-2x) B cos(x‘-b)sin(x—a)}dx
_ I[(1—4x2)'(4x2+2x+1)(4x2—2x+1) _ 4x*(2x+1) e i cos (x — a) cos (x — b)
(4x% +2x +1)(2x - 1)? (1-2x) =sm(,,_b).[{‘a“(""b)"a“("‘“)'d‘
[using, 16x* + 4x% +1=16x* +8x? +1— 4x’ T 1 [ log] cos(x — b)}+log |cos(x —a) [+ C
sin (a—b)

=(4x? +1)? — (2x)? = (4x* +1+2x)]

_ (1-2x)(1+2x)(4x% —2x +1) _ 4x’(2x +1) dx =i ! [log
I[ a2 i-20) sin (a — b)

cos (x — a)
cos (x — b)

]+c
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1 Example 11 Evaluate Iw

sin(x+b)
Sol. Letl:Jde.Putx+b=t = de=adt
sin (x + b)
I= Iw‘“
sin t
it _ —
=J-{sm c?s(a b)+costs§n(a b)} dt
sin ¢ sin t

= cos (a— b)jldt +sin (a - b) Icot (t)dt
=t cos(a—b)+sin(a-b)log|sint|+C
=(x + b) cos (a — b) +sin (a — b) log| sin (x + b+C
I Example 12
2 i x 2 5 :
(i) If f (x)=3+; and f(1) =5 then find f(x).

(ii) The gradient of the curve is given by Z—y =2x— iz
X X
The curve passes through (1, 2) find its equation.
Sol. (i) Given, f'(x)= g E,
2 x
On integrating both sides w.r.t. x,

we get J‘f’(x)dx=_[(§+-§)dx

2
= f(x)=%~x7+210g|x[+c ()

Now, as f(1) = —j— (called as initial value problem
. 5 5
ie. whenx=1y= ” or f(1)= Z)

Putting, x = 1in Eq. (i),

f(1)=%+zlog|1|+c,butf(1)=%
z=1+C = C=1
4 4
x2
= f(x)=T+Zlog|x|+1

iR dy , 3 5.3
(i) leen,E—Zx o or dy—(Zx xz)dx,

On integrating both sides w.r.t. x, we get

[ay= j(zx = ;32-) dx

2
= y=-2—x—+2+c
2 x

Since, curve passes through (1, 1).
= 1=143+C=C=-3

s
f(x)=x +x 3

Important Points Related
to Integration

1 jkf(x) dx =k J-f(x) dx, where k is constant. i.e. the

integral of the product of a constant and a
function = the constant X integral of the function

2 [Lfi ()t fo (x) £t fo () dx
=[fidrt [ fi(xdct. t] £ (x)dx.

i.e. the integral of the sum or difference of a finite
number of functions is equal to the sum or difference
of the integrals of the various functions.

3. Geometrical interpretation of constant of
integration By adding C means the graph of
function would shift in upward or downward
direction along y-axis as C is +ve or — ve respectively.

2

x
e.g. y=jxdx=T+C
x2+Cq
x2+Cp
x2+C,
o &0
Figure. 1.1

y=[f(x)dx=F(x)+C
= F'(x)= f(x); F'(x)) = f(x,)
Hence, y = j f(x)dx denotes a family of curves such

that the slope of the tangent at x = x, on every
member is same i.e. F’(x,) = f(x) [when x, lies in
the domain of f(x)]

Hence, anti-derivative of a function is not unique. If
&1(x) and g,(x) are two anti-derivatives of a function
f(x) on[a, b], then they differ only by a constant.

ie. &1(x) - g.(x)=C
Anti-derivative of a continuous function is
differentiable.

4. If f(x) is continuous, then

[fxydx=F(x)+C

= F'(x)= f(x)
= always exists and is continuous.
= F'(x)
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5. If integral is discontinuous at x = x, then its anti-derivative at x = x; need not be discontinuous.

_ —13. 3 . & 3 . .
e.g. Jx 13 dx. Here, x "3is discontinuous at x =0. But I xVdx = 5 x%3 4 Cis continuous at x =0.

6. Anti-derivative of a periodic function need not be a periodic function. e.g. f(x) =cos x +1is periodic but
j(cosx +1) dx =sin x + x + C is a periodic.

Daily Life Applications
The Derivative The Integral
Function Its derivative function In symbols Function It’s Anti- In symbols
derivative Function
Distance (s) Velocity (v) ) Velocity Distance s= j v(t) dt
dt
Velocity (v)  Acceleration (a) e Acceleration Velocity yi= J’a(;) dt
dt
Mass (1) Liner Density (p) o= an Linear Density Mass L= Ip(x) dx
dx
Population (P) Instantaneous growth ap Instantaneous Growth Population p= I[ dpP ) dt
dt
Cost (C) Marginal cost (MC _dcC Marginal Cost Cost dc
(¢ gin: MC) MC = d_q g C(g)= I 2 )
Revenue (R Marginal Revenue (MR _dR Marginal Revenue Revenue dR
(R) 24 ) MR = d_q R(g)= J’

Here, g is quantity of products.

Exercise for Session 1

= Evaluate the following integration

1 dx J x2+3
- o

(1+ x)? L
- J.x(1+x 4 I1+x2

xt+x%+1 6. [(xZxsin®x)sec’x
F 2(1+x2) J (1+ x?)

8. jZ"-e"-dx
(a +bx)z

Lo 10. [(e9* +e®%)ax
e* +e7*

J—rm

|

11. | C;t*x”s t:: — o 12. | tan x tan2x tan 3x dx
=
J

sin 4x 14.
sin x

13. j cos® x dx

15.

sin® x cos® x dx



Session2

Methods of Integratlon |

Methods of Integration

If the integral is not a derivative of a simple function, then
the corresponding integrals cannot be found directly. In
order to find the integral of complex problems.

e.g. J»sir;x dx,Icoix dx,I lo; - dx

Some Integrals
which Cannot be Found

Any function continuous on an interval (g, b) has an
anti-derivative in that interval. In other words, there exists
a function F (x) such that F ’(x) = f (x).

However, not every anti-derivative F (x), even when it
exists, is expressible in closed form in terms of elementary
functions such as polynomials, trigonometric, logarithmic,
exponential functions etc. Then, we say that such
anti-derivatives or integrals “cannot be found”.

Some typical examples are

W [ Si’;" dx (ii) j°°i" dx
Gii) | lo; —dx (@) [y1-K sin® x dx

(v) J-,/sin x dx

(vii) Icos (x?) dx

(vi) [sin(x?) dx
(viii) Ix tan x dx
ix) e dx ) [e* dx

xZ

(xi)j1 —dx (i) [ Y1+x"dx
+ x

(xiii) j\’1+x3 dx etc.

Integration by Substitution
(or by change of the independent variable)

If g (x) is a continuously differentiable function, then to
evaluate integrals of the form,

I= [f(g(x).g (x)dx,

we substitute g (x) =t and g’ (x) dx =dt
The substitution reduces the integral to J £ (t) dt. After

evaluating this integral we substitute back the value of t.

1 Example 13 Prove that

(ax+b)™

_[(ax+b)"dx= T +C,n#1.
Sol. Putting, ax+b=1t, we get
adx=dtordx=%dt

e 1 t""

I=.|-(“x+b)ndx=1'n':t=;n+1

_ 1(ax+b)"“dx+
- a(n+1)

Remarks

1. lfJ'/(x)dx:g(x)+C.thenj/(ax+b)dx=lg(ax+b)+C
a

2. lfJ'ldx=|og|x|+C.thenJ 1
X

dx=1log|ax+b|+C
ax+b a

Thus, in any fundamental integral formulae given in article
fundamental integration formulae if in place of x we have

(ax + b), then same formula is applicable but we must divide by
coefficient of x or derivative of (ax + b) i.e. a

Here is the list of some of
frequently used formulae

_(ax +b)"*!

(i) I(ax+b)" dx = — +Cnz—1

53 1 1
(ii) jax+bdx=zlog|ax+b|+c

(iii) Ieax+b dx:lemwb +C
a

bx+c

(iv) J'abx+: dx:l-a +
b loga

v) jsin(ax +b)dx=-%cos(ax+b)+c
(vi) J-cos(ax+b)dx=%s'm(ax+b)+C

(vii) Isecz (ax+b)dx=%tan(ax+b)+c



(viii) Icosecz (ax +b) dx =— % cot(ax +b)+C
(i) [ sec (ax +b) tan (ax +b) dx =%sec (ax +b)+C
(x) J.cosec (ax+ b) cot (ax +b) dx =—%cosec (ax +b)+C
(xi) J-tan(ax +b) dx =-§ log | cos (ax +b) |+ C

(xii) [ cot (ax +b) d =% log | sin (ax +b) |+ C

(xiii) Isec (ax+ b)dx =% log | sec (ax + b) + tan (ax+ b)+C

(xiv) j cosec(ax +b)dx = ) log | cosec(ax + b)— cot(ax+ b)|+C
a

1 Example 14 Evaluate

g 1 8x+13
) IJ3x+4—J3x+1 I
2 +3x?
(iii) I(7x 2) 3x +2 dx. IV)I s )

Sol. (i) Here, I =I

1[3x+4 —1/3x+l

J- (Bx+4+PBx+1)
(PBx+4- \/3x+1)(m4+\/3x+1)

I(\/3x+4 +\/3x+ )

(3x+4)—-(3x +1)

,/3x+ 4 dx +— ISx+ 1dx

Ex+a*?| 1fEx+|
3/2%3 | 3| 3/2x3

(ax + by

(n+1)a

1
3
=1
3

Using, I(ax +b) dx =

=i[(3x+4)3’2 +(Bx+1)Y*]+C

i e J-8x+13 _stzl«:—l
%
I2(4x+7)_l
4x+
4x +7
=2 =
‘[J4x+7 Iﬁx+7

=zj(,/4x+ )dx-j(4x+7)'”’dx
___2((4:( +7)3/2) ((4x+7)”2] +C
3/2x4 1/2x 4

(4x+7)%2% = %(4:: +7)V% 4+ C

4
3
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(iii) Here, = [(7x —2){3x +2 dx=7j(x - ;),/3:: +2dx
= ZI(Sx - g)JSx +2dx
3
='-73-I(3x+2—2—§) 3x +2 dx

= gj(?}x +2)\Bx +2dx - 2—30-1,/3x +2dx
= ZI(3x +2)*?% dx - -22‘[,/3,1( +2dx
3 3

3/2
I O I [0
3 2)(3 3 -X3
2
= E(:;x +2)%% ~ 4—0(31( +2)¥2+C
45 27
(2+3x2)dx_J-2+2x2+x2

(iv) Here, I = J

x%(1+ x%) B x*(1+ x?)

_ 21+ x%) x? d
_J( 2(1 + x?) x’(1+x2)] *

—j(iz ]dx zszdx+j

x7! -2
=2~—1+tan_lx+C=——+tan"x+C
- s

1+ x?

| Example 15 Evaluate

 ¢sin(log x) 3sin x + 4 cos x
(i) J'—-dx (i) j( 4sin x —3cos X )dx
(iii) I

sol. (i) I= J’de
X

mtan X

(iv) Ix sin (4x? +7) dx

We know that, i(log x)=—
dx
Thus, let log x =1t
= Lie=ar 0
X
I= [sin(t)dt=~cos(t)+C

=-—cos(logx)+C

@) I= J-3smx+4cosxdx

[using Eq. (i)]
4sin x =3 cos x
We know, di(‘l sin x =3 cos x) =(4 cos x +3sin x)
x

Thus, let 4 sin x =3 cos x =t (1)
= (4 cos x +3sin x)dx =dt
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dt
I= .[T=log|t|+C

=log|4sin x —3 cos x|+ C [using Eq. (i)]

emun x
(iii) I= I—zdeet mtan~!x =t
1+x
1 1
= dx =dt = dx = —dt
1+ x? 1+ x? m
dt
I= e — = I== [e'dt
[~ |
_le +C—— mtan"x+c
m

(iv) I= J'xsin(4x2+7)dx
Let 4x’+7=t = 8xdx=dt = xdx=ldt
e 8
. dt
I= ISm(t)?=—%cos(t)+C

1
=—§cos(4x2+7)+c

Remarks

While solving product of trignometric, it is expedient to use the
following trigonometric identities

2 smmxcosnx-—{sin(m—n)x+sin(m+ n) x}
2. cos mxsinnx:%{sin(m+ n) x —sin(m-n) x}

3. smmxsmnx-—{cos(m—n)x—cos(m+ n) x}

4, cosmxcosnx=%{cos(m—n)x+cos(m+ nx}

I Example 16 Evaluate

(i) fcos 4x cos7x dx (ii) jcos X €0S 2X €OS 5x dx

Sol. When calculating such integrals it is advisable to use the
trigonometric product formulae.

(i) jcos 4x cos 7x dx
1
Here, cos 4x cos7x = E(cos 3x + cos 11x),
1
[using cos mx-cosnx = E{cos(m—n)x+ cos(m+n)x]
1
v I= Icos 4x cos 7x dx = 3 J(cos 3x + cos 11x) dx

=ljcos 3x dx+lJ-cos 11x dx
2 2

sin3x _ sin11x
= —  —
6 22
(ii) .[cos x cos 2x cos 5x dx,

+C

We have (cos x cos 2x)cos Sx——(cosx + cos3x)cos 5x,

[using cos mx.cosnx = -é{cos(m —n)x +cos(m+n)x]

s {2 cos x cos 5x + 2 cos 3x cos 5x}

--.c-

— {(cos 4x + cos 6x) + (cos 2x + cos 8x))

;&

‘. COSXCOS2X COS5X = i—[costd— cos4x + cos6x + cos8x}
I= [(cos x cos 2x cos 5x) dx

=— j(cos 2x + cos 4x + cos 6x + cos 8x) dx

=sm2x +sm 4x +sm6x " sm8x +C
8 16 24 32

1 Example 17 Evaluate

(i) _[sin X COS X+ C0S 2X -COS 4x dx

1—tan? 1+cos? x
(i) [——— (i) f——5~
1+ tan? x 1+c052x
CoS 2x sec 2x
——dx )
W )Icos xsin? x v J.sec2x+1

Sol. (i) Here, I = Isinx cos x- cos 2x cos 4x dx

= -IZSmx cos x - cos2x - cos 4x dx
[using, sin 2x = 2sin x - cos x]

1 5
=—IZsm 2x-cos 2x-cos 4x-dx
2%2 _

2 O 1
= —Jsm 4x-cos 4xdx = —— j25m4x cos4x dx
4 2% 4

1. =
=—jsm8xdx=&8x+c
8 64
tan® x
(ii) Here, I—I‘dx
1+ tan’x
1-tan®x
I=jcos'2x dx Using, cos 2x=———7p—
sin 2x SHEES
=—4c

2
(iii) Here, I = jm dx
1+ cos 2x
_J' 1+ cos? x

1+ cos®x
——dx= | —=—
1+2cos?x —1 J. dx

2cos® x
[Using, cos 2x = 2cos® x — 1]

1 1
=§J-(sec2x+ 1)dx=§(tan x+x)+C

cos 2x
cos? x-sin? x
J-(cos x —sin x) dx
— L X

cos® x-sin? x

(iv) Here, I = j dx

[Using, cos 2x = cos? x — sin® x]
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2
= -1
I( )dx Sol. Here, I = I[c_oth_ — cos 8x - cot 4x] dx
sin?x  cos®x 2cot 2x
= J.(cosec x —sec?x)dx=—cot x — tan x + C J= J-(cot 4x — cos 8x-cot 4x) dx
sec 2x — cos 2x 2
v) Here, I = = : : cot"A—1
) Jsc2x+1 Il+cost using cot 24 = ————
2cot A
2sin’ x
We get, I = I dx = Jcot 4x(1 — cos 8x) dx
2cos® x

[using 1 — cos 2A = 2sin?A]

using, 1 — cos 2x = 2sin’ = 2 .
[using x and 1+ cos 2x = 2cos” x] =Icot ax-2sin?(4x) dx
=Itanzx-dx

_J-cos 4x

.2
As, tan® x =sec’x — 1 -2sin” 4x dx

sin 4x
- (e =
I—I(sec x—1)dx=tanx—-x+C =I25in 4x-cos 4xdx,

| Example 18 Evaluate using-  sin 2A =2sin Acos A

cot 2x -1 _ (P _ —cos 8x
—I —cos 8x -cot4x | dx. = [sin8x dx = i
2C0t 2x
Exercise for Session 2
= Solve the following integration
1. J-L 2. jwv(z+25in2x)dx
1+ sin x cos X + sin x
3. [(3sin xcos®x —sin® x)dx 4. [cos x°dx
5 J———Sin X +C0S X4, here (sin x +cos x)>0 6. J-*cos £X 008 20 e
J1+sin2x COS X —COS o
. 3 3
7 | ﬂzx-c-—cosz_x dx 8. [sec? x-cosec’x dx
sin? x -cos? x
. 6 6
9. [Ji=sin2x ox 10. [ 3C8 X 4
sin? x -cos? x
4x +1
11. (Qn X (7n 5)) - 12. cos i
Ism 8 4 ~s 8 4 Icotx-tanx X
sin 2x + sin 5x —sin 3x
13. j(sma -sin (x — o) + sin (E—a)) dx 14. | T dx
4 4
15, st XIHR dx, here cos 2x >0

1+ cos 4x



Session3
Some Special Integrals

Some Special Integrals

; dx 1 x
(1) =-—t -1z
'[x2+a2 a an (a)+c

" dx 1
(i) =—1Io +C
sz —a? 2a g +a
: dx 1 a+x
(iii) =—1Io +C
Iaz <2 2 a5

(vi) J.‘/;%-=log|x+\}x2 -a* |+C

YR
(Viii)J a® +x? dx

=%"W+%azlog|x+ml+c
(ix) [yx* —a® dx

1
xx?-a® —-Z-az log| x ++/x* —a* |+C

Some Important Substitutions

N | =

Expression Substitution
a*+ x* x=atan® or acot®
a* - x? x=asin® or acos®

x?-d* x =asec@ or acosec@
or x=acos20

a-x a+ x
a+ x a—x

=@ o Jx-0)(x-PB)

p-x

x=0tcos’ 0+ Psin’0

Application of these Formulae

The above standard integrals are very important. Given
below are integrals which are applications of these.

Type |
; dx i
o ‘[ bx +c ( I)I

ax® +

(iii) ‘Haxz +bx +cdx

Ifax? + bx + ¢ can be factorised, then the integration is

easily done by the method of partial fractions (explained
later). If the denominator cannot be factorised, then
express it as the sum or difference of two squares by the
method of completing the square

7 , b ¢ bY (c) b
ax’+bx +c=a| x*+—x+— [=ay|x+—|[+| - |-
a a 2a a) 4a

b
make the substitution x + 2— =t
a

dx

ax® +bx+c

1 Example 19 Evaluate

; 1 1
(i) | =——dx i) |—5——dx
'[xz—x+1 ()j2x2+x—1
(iii) J'%dx (iv)_[ 2x2 =3x +1dx
,fx2—2x+3
: dx
Sol. (i) I= ;5
'[xz—x+l
completing x* — x +1 into perfect square.
:J " dx =J» dx
x"=x+1/4-1/4+1 J(x-1/27%+3/4
Y U] M.
(x=1/2)* +(\3/2)?
_ 1 -1 [x=1/2
=——tan"'| 2|4
3/2 (ﬁ/z) &
. 2 -1f2x-1
~I= tan l(—)+C
3 V3
2 1 1 x
usin dx=—tan™'|=[+C
[ gJ‘x'2+a2 ¥ atan (0) ]
" 1 1
)= [— de=1 1
sz‘+x—l 2‘[x2+x/2—1/2

1 1
2Ixz+x/2+1/l6—1/16—1/2dx



_lJ- dx =1I dx
27 (x+1/4)*-9/16 (x+1/4)* —(3/4)
_l. 1 x+1/4-3/4
2 2(3/4) x+1/4+3/4
; 1 x—a
usin| =—Io +C
[ gsz_ 2a & x+a ]
—llo x~1/2 +C
3
I=log 2x -1
3 2(x+1)

dx dx
i) 1 = _
W j\/;’—zx+3 IJx2—2x+1—1+3
=j_;‘£_
Jx =1 +(2)?
=log|(x — 1) +/(x = 1) +(+2)* |
usingjd—x=log|x+\'xz+az| +C
,/xz+a2
=log|(x—1)+yx? —2x+3[+C
(iv)1=j(,/zx2-3x+1)dx=Jij( x? —3x/2+1/2)dx

=«/§I(1/x2—3x/2+9/16—9/16+1/2)dx
=2 [(J(x -3/4) —1/16) dx

%(x —3/4)y(x - 3/4)* — 1/16

=2/ +C

1 3 log/(x—3/4)+ J(x=3/4)*-1/16
X

Lax—3)fx* —3x/2+1/2
—J218 +C

—ilog|(x—3/4)+1/xz —3x/2+1/2
L 32

I Example 20 Evaluate
(i Iﬁ dx
(i) I% dx i) | p f_xs
Sol. (i) Here, 1=j7;.‘i-"67‘=

Let, 1-¢¥ =¢?

—

Then, —2e%*dx =2tdt

(")J’ 25sin2x —COS X

Chap 01 Indefinite Integral 13

—tdt
= dx=—-——,
14
tdt
= = t
IJ_t—l
dt 1 t—1
I=|——=—Ilog| —|+C
‘[tz—l 21 8T+t

P
| e 11

(ii) Here, I =J‘/1’—;:-——x‘ dx

Let, x? =t 2xdx=dt

NI:—-

dt

dt _
I-jw/;‘“‘z _IFi—%—t—t’

1=I dt =I dt
Bra-(e+1/2¢ (572 —(t+1/2)

. z+1/2) _qf2x?+1
= + C =sin _—|+C
s (JE/Z N3

ﬂx
iii) Here, I = | ————dx. Let,a” =t
(i) e

. a* logadx=dt, a” dx=1

dt
oga
I=J—1—~L=—1—~sin_’(t)+c

1= . sm"(a )+C

112 dx
(iv) Here, I = I ‘ —'Jl‘/(aa/z 2 _(2)

|IZ dx = df xl/Z dx =

Let, x° =t
2

- dt
I 3/2)2 (‘)2

2 a2 2 [2M
——3-"51!1 (-‘137)+C—§sm (Fz— +C

| Example 21 Evaluate

: CoS X sm(x a)
. ‘[,/sin2 X —2sinx -3 o '[ sin (x +01)

——————dx.
6 —cos? x — 4sin x
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cos x dx

\'sinz x—2sinx-3

Putsin x=¢

dt
- I=IJ12-2t

Sol. (i) Let I= j
. cos x dx =dt

=J' dt
3 TP=as1-1-3

dt
p ) | E—
I\/(t—l)z—(Z)2
=1og|(:-1)+,/(z-1)2—(2)2 |+C
=log|(sin x — 1) + /sin® x — 2sin x -3 |+ C

(ii) LetI=J sin (x - o)
sin (x + o)
J-Jsm(x o) 5 Sin (x — o)
sm(x+a) sin (x — o)
J» sin (x — at)

\'Slﬂ x —sm a

I_J-smxcosa—cosxsina

dx
o2 2
Jsm X—sln" o

sin x dx cos x
= cosa_[ smaj 8% dx
\/smx —sina Vsin? x —sina
sin x dx
=cos o I-—
,}l —cos? x —sin’ a
. cos x dx
—sina I———-
\sin? x —sin®
sin x dx y cos x dx
= cosaJ' —sina = =
\ﬂ:os o—cos’x w/sin x—sin“a

In the first part, put cos x = t, so that — sin x dx = dt
and in second part, put sin x = u, so that cos x dx = du

di d
t I\/uz u

.'.I=—cosaj —-sina -
Jeos? ot —sin®
)—sina-log

- \/(u’ —sin* a)|+ C
. -1 cos x y
=—cosa-sin”' | ——|—sina-log
cos O
lsinx—\fsinzx—sinza |+C
2sin 2 x — cos x

(iii) 1= jé—z—.dx

—cos“ x —4sin x

=—coso.-sin” "
cos O

_J~ (4 sin x — 1) cos x

—(1-sin® x) = 4sin x

_[lsnx-Doos¥ 4
sin? x —4sin x +5

Put sin x = t, so that cos x dx = dt

.[ (4t —1)dt -0

(t? — 4t +5)
Now,let (4t—-1)=A(2t—4)+U
Comparing coefficients of like powers of t, we get
2A=4,—4A +p=-1
=5 A=2u=7 (i)

i fm J'_—_z(z’ 1 [using Eqs. (i) and (ii)]
4t +5
s dt
=2J‘Ldf+7j'z——
t2 -4t +5 t5—4t+5
dt
=2log|t’*- 4t +5|4+7 | 77—
gl ! J-t'—4l+4—4+5

dt
(=2 +(1)*
=2log|t? -4t +5|+7tan" ' (t =2)+C

=210g|t2—4t+5|+7j’

=2log|sin* x — 4 sin x +5|+7tan"(sinx —2)+C

Type Il
(px +q) dx (px +q)
()'[ax +bx +c ()I,/ax +bx+cdx

(i) I(px+q) ax® +bx +c dx

The linear factor (px + q) is expressed in terms of the
derivative of the quadratic factor ax* + bx + ¢ together

with a constant as px +q=%(a.xz +bx +c)+p
= px+q=A(2ax +b) +n

Here, we have to find A and j1 and replace (px + q) by
{A (2ax +b) +p} in (i), (ii) and (iii).

2
(ii) Ix L T dx

X dx
a-x

I Example 22 Evaluate

W[ ’% dx

Sol. (i)Let I= I

a+x

I= I a+x

_‘[\/

=IJaz‘ix2 dx—IJa;_xz dx

=a-sin" i + .‘_d‘
a t

Put ﬂz-X2=t2=—2xdx=2tdl=xdx=—ld‘




=a-sin"(£)+t+c
a
=a-sin"(-{)+\}az—x2+c
a
2 2
a®-x
ii) Let I=|x |——dx
(i) e

Put xt=t=2xdx=dt

O L a@-t d-t

r—= . dt
a+t 2 2°\a®+t a® -t

1¢ a* -

=2 [t dt

27 [q4 —p2

1 d

=.2.azj 22‘ z_lj tdt

V@P =) 27 ot ¢

e (L)+l]-d_u
2 a’ 4 Ju

where a* —t?=u = -2t dt =du

1/2
=la2-sin"l(L)+l- i %
2 a* 4 | 1/2

[wheret = x? and u = a* — x*]

2
=§a2-sin'l(x—z)+%~,‘ at-x*+C
a

—a— i)

X“+ bx+cC
where k(x) is a Polynomial of Degree
Greater than 2

To evaluate this type of integrals we divide the numerator
by denominator and express the integral as
R(x
Q( x) + 2_()_.
ax” +bx +c

Integrals of the Form | - k(x)

,where R (x) is a linear function of x.

| Example 23 Evaluate
(i) Ix T+x—x2dx (i) J(x+1)mdx
Sol. (i) Let I=[x1+x-x* dx
Put x=k{d%(1+x—x2)}+p

Then, comparing the coefficients of like powers of x,
we get
1=-2\ and A +p=0=A==-1/2p=1/2

' l=jx\)l+x—xz dx
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=I{—%(l—2x)+%},’l+x—x2dx
__1 2 1 2
-—EI(I—Zx)\/l+x—x dx+§JJl+x—xdx
1 1 2 1 1
== [Jtdt+=[ |- (x*—x+=-=-1)d
a3 [0t - s
[wheret =1+ x — x?]
3/2 2 2
BT e 9T _(x_l) .
2\3/2 2 2 2

1
=_1,pn2,1
3

2
x-1/2) [(¥5 2_( Y l(ﬁ]z. -|(x—1/2)]
[—5—(2) J‘2)+z 2 )" ()t
=—l(1+x—x2):"z
3
+1[(x-21/z) 1+x_xz+§sin_|(2x—l)]+c

2 V5
(ii) Let I=I(x+l) \'l-x—xz dx

Put, (x+l)=k-(i(l—x—x2))+u
dx

Then, (x+1)=A (—1-2x)+ |l comparing the
coefficients of like powers of x, we get —2A =1and
pP-A=1=A=-1/2 and p=1/2

(x+1)=—%(—1—2x)+%
So, I(x+l)mdx=j{—-;-(—l—2x)+%}
- x—x%dx
=_§j(-1-zx)mdx+§j 1-x—x%dx
=—-%I(—l—2x) 1-x-x? dx
N

— LA ) 2 - 2
= s/t_dr+2_[ (+5/2) = (x +1/2)* dx

[wheret =1+ x = x%)
1 (il P 1( 1) 2
=—c|—|+=4{=|x+- \/l—x-.\'
2(3/2 2|2 2
15 . .\'+l/2)
+ =+ =sin +C
2 4 (75/2 }
=-%(1-x-x‘)’“+%(zx+1),/1-x—x’

Cif2x+1
+sin ‘(2" )+c

16 N
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x24+x+3
| Example 24 Evaluate j——dx.
X=2
2
Sol. Lt 1=[X*X¥3 4
xt-x-2
1=[l1 22x+5 d
X' =-x=-2
2x +5
= I=|1dx+ d
Jrges [ 225
2x +5
I=x+ d.
‘[xz—x—z

Put, 2x +5=A {d—(x2 -x- 2)} + W Then, obtaining
x

2x +5= A (2x — 1) + W, comparing the coefficients of like

terms. We get,2=2A and 5=p — A

A=1and p=6

i J‘)\,(Zx—l)+p, dx

X —x=2
_x+j

—x+J dt+GI

dx+6_[—x = de
1

1 1
xP—x+——-—-2
4 4

xt-x-2

[wheret = x* — x = 2]
dx

=x+log|t|+6 dx
w+loglel j‘(x—1/z)z—(3/2)’
1 3
1 22
= Z_x-2|+6-" lo +C
x+log| x*~x—2| 212) g _l+§
2 2

+C

x=2
=x+log|x* —x—2|+2-logl —
x+1

Integrals of the Type

ljax2+bx+c g
’ (px2+qx+r)

I(ax +bx +c)

px? +qx +r

3. I(ax + bx +c),/pxz +qx +rdx

In above cases; substitute

2 d 2
axi+bx +e=A(px‘+gx +r)+p —(px +gx+r)f+.

Find A, pt and . These integrations reduces to integration
of three independent functions.

+5x+4

| Example 25 Evaluate _|' ‘/,___
x 4+ x+1

2
2x +Sx+4dx

Sol. LetI=
I xX+x+1

2 d z
Put2x?4+5x+4=A(x*+x+1)+} E(x +x+1)p+7
or 2x? +5x+4=A (x> +x+1)+p(2x+1)+7
Comparing the coefficients of like terms, we get

2=A, 5=A+2, 4=A+p+Y

A=2 p=3/2 y=1/2
Hence, the above integral reduces to

P J'Zx +5x+4dx
xP+x+1

J- (x? +x+1) _(2x+1) 1 1 .
r+x+1 2 r*"*l 2 \/x +x+1
=zj,/xz+x+1dx+5j—ﬁ+ij——m

[wheret = x? + x +1]
vz

=2[{(x+1/2) +(3/2) dx+
+_j dx
27 J(x+1/27 + (VB 12)

2 Do 2 g x )J—l.]
+3Jx+—m +—log|(x+ )+ml+€

: ,=(x+§)m+;k,g{(x+3+m}
+3\/Tx+l+%log {(x+%)+m}+c

=1=(x+g)m+;k,g{(x+§)+m}+c

Trigonometric Integrals
(a) Integrals of the Form

1
2 2 'I : ’I - -
acosx+bsin‘x a+bsin’x a+bcos’x

1
_ S dx, | - ;—dx
(asmx+bcosx) a+bsin® x+ccos” x




To evaluate this type of integrals, divide numerator and
denominator both by cos® x, replace sec? x, if any, in

denominator by (1+ tan? x) and put tan x ='t. So that
sec? x dx =dt.

| Example 26 Evaluate
1

p f—t
() Iasinz X +9cos? x
dx

4sin® x +9 cos® x

Sol. (i) 1=j

Here, dividing numerator and denominator by cos” x.
We get
e e

Put tan x =t

sec? x
4 tan? x+9

= sec? xdx=dt

_ dt 1 dt
_:j

sin x

sin x
ii) Let I = dx = dx
@) I 3x ‘[3sinx—4sin3x
dx
I=|———
J3—4sin2x

Dividing numerator and denominator by cos® x, we get

-

I= J-sec x dx

sec? x dx
3(1+tan® x)— 4 tan® x

sec? x dx _J'
3sec? x — 4 tan® x

tan® x
Let tanx=t = sec’ xdx=dt

dt 3+t

1
(t)z mbg'ﬁ-'

+C

+C

J(«/’)

1

J—l

I=

J_tanx

(b) Integrals of the Form
[-o— d, [ —"—dsx,

asin x+ bcos x a+bsin x

1 1
| dx, [ —
a+bcos x asin x+bcos x+c¢

Chap 01 Indefinite Integral 17

To evaluate this type of integrals we put

2tan x /2 1-tan® x /
sin x =——z—andcos x =——Z——2and replace
1+tan” x /2 1+tan® x /2
tan x / 2 = t, by performing these steps the integral reduces
1
to the form I dt which can be evaluated by
at’® +bt+c
methods discussed earlier.
| Example 27 Evaluate
. dx 5 dx
(i) J' - (ii) j————-
2 +5in X +€0S X A3 sin x +cos x
2 2
Sol. For this type we use, sin x = _tanz;/_
1+tan” x/2
1-tan® x/2
Ccos X = 2
1+tan” x/2
dx
i) LetI =
0 Le J2+sinx+cosx
_ I dx
2tan x/2 , 1—tan® x/2
2+
1+tan?x/2 1+tan®x/2
2 idx
_ 2

2+2tanz§+2ta.n§+1—t2n:£

-

tan? X +2tan X +3
2 2

x
sec? = dx

Put tan£=t
2
= lseczidx=dg=j 24t =2I‘ dt
2 2 t2+2t+3 tT+2+1+2
dt
=2 —&
I(:+1)’+(/5)1

=2~Ul:hm"(t\/ )+C
I=~/imn“(“‘“’”“')+c

Ne

. dx
() Lekl-'[\—/Ssinx+cosx

=I dx
V3.2 tan .\'I2+ 1-tan x/2
1+tan? x/2  1+tan /2

scc’%dx

X 1 X
2\/5 tan % +1=tan® —

Yy
-



18  Textbook of Integral Calculus

Put tan X =¢ = lsecz-’-‘-tL\'=dt
2 2 2

2dt dt
I= =2
J—t’+2J§t+1 I—rz+2J§t—3+3+1
dt dt
=2 =92
I4—(:—~/5)’ j(z)’—(r-ﬁ)’
1 2+4t-+3 e

=2-—lo
2(2) B 2-t+43

2-+/3 +tan x/2

2+s_/3—lanx/2

1
Il
2 8

(c) Alternative Method to Evaluate
the Integrals of the Form

J' 1
asin x+ bcos x

To evaluate this type of integrals we substitute
a=rcos0,b=rsin0and so

r=qa® +b*, @=tan™! (E)
a
asin x +bcos x =rsin(x +0)

1 1 1
So, dx =— dx
& J’asinx+bcosx rjsin(x+6)

fan|-<«=
2 2
1 1
dx =
Iasinx+bcosx /a2+bz

x 1. _,b
tan| —+—tan = —
2 2 a

1

I Example 28 Evaluate | J3 sin x+cos x

1
=ljcosec(x +0) dx =—log +C
r r

log +C

dx.

Sol. Let J/3=rsin® and 1=r cos®.
‘I‘l‘len.r=\f(\ﬁ)z+(l)z =2 and tanO:il_:1 = 6:13’.

1=J' } dx
J3sinx+cosx
1

= dx
Jrsin()sinx-wf-rt:os()cos:r

e & 1 -0)d
—-;Icos(x—o) ’IMC(X s

(d) Integrals of the Form

+q si cos x +qsin x
J'pcosx tqsinx+r , I[’ q dx
acos x +bsin x

acos x +bsin x+c

Rule for (i) In this integral express numerator as,
A (denominator) +p (diffn. of denominator) + 7.
Find A, and y by comparing coefficients of sin x,cos x
and constant term and split the integral into sum of three
integrals. 4
x
Z.Idx+|.1 dx+yjasin x+ bcos x+c

J-d.c.of (denominator)
denominator

Rule for (ii) Express numerator as A (denominator) +p
(differentiation of denominator) and find A and p as above.

(2+ 3cos x)

1 Example 29 Evaluate Im

Sol. Write the numerator = A (denominator) + p (d.c. of
denominator) + y
=> 2+3cos x=A(sin x +2cos x +3) +(cos x —2sin x) +y

Comparing the coefficients of sin x, cos x and constant
terms, we get

0=A-2u, 3=21+p, 2=3A +Yy
= A=6/5 p=3/5y=-8/5
Hence,l=gjldx+zjwdx
5 S5?sinx+2cos x+3
_EI__ﬁ___
sin x +2cos x +3

5
6 3 " ;
=-~x+-log|smx+2cosx+3|—§-l‘ )
9 5 5 °
Where.[,:IL
sin x +2cos x +3

=J' dx

2 tan 2 - . Y
:’/ +2(1 tan .r/2)+,3
1+tan® x/2 1+ tan® x/2

x
sec? = dx
2

x 2 X
21un;+2—2mnJ %+3+3mn’

0S| =

sec? #(L\’ =
- —x—‘_. lettan ==t
tan? —+2tnn£+5
2 2



2dt
- =2J' dt
t?+2t+5 (t+1)% +2°

= 1sec2£dx=dt=J'
2 2

: x
tan — +1
I,=2--1-~tan‘l (s =tan"!|—2 (i)
2 2 2 (i

From Egs. (i) and (ii),

6 3 8 tan£+l
I=—x+=log|sinx +2cos x +3|——tan™" 2
] 5 5 2

+C

|1 Example 30 The value of j[1+ tan x-tan (x+ A)} dx
is equal to

SecC X

tA-log| ——— |+ C
(a) cot A-log sec(x+A)+

(b) tan A-log|sec (x + A)|+C
sec (x + A)

(c) cot A-log e

+C

"(d) None of the above
Sol. Let I =J{1 + tan x-tan (x + A)}dx

=j{1+

_ J-cos x-cos (x + A) +sin x-sin (x + A) dx
cos x-cos (x + A)

sin x-sin (x + A) dx
cos x-cos (x + A)

_Icos(x+A—x)dx
cos x-cos (x + A)
dx
=cosA-[—— ————
= '[cos x-cos (x + A)
Multiplying and dividing by sin A, we get
sin A dx

=cotA:| ——m8M8M8M8M8M8M8m—=
J’cos x-cos (x + A)

sin(x +A— %) dx

=cot A-
J'cos x-cos (x + A)

Chap 01 Indefinite Integral 19

— A.I{sm(x+A)-cos x _

cosxcos(x+A) cos x-cos(x+A)

cos (x+ A)-sin x}
= cot A~(Itan (x+ A)dx — Jtan xdx)

= cot A-{log|sec(x + A)|—log|sec x|} +C
Hence, (c) is the correct answer.

1 Example 31 The value of _[ Ve

a) log| cot x +4/cot? x—1|+ﬁlog|cosx

+Jcos? x=1/2|+C
(b) —log| cot x +/cot? x 1] ++2 log| cos x

B ey P

(c) log| cot x +Jcot? x —1| +2log| cos x
+,[cos x—=1/2|+C
(d) —log|cot x +4Jcot? x —1| +2log| cos x

+,/cos x-1/2|+C
Sol. Let I= j““’szxdx === OB il

e

dx is equal to

-I 1—25m x
sin x cost

s

sin chos x —sin® x

sin x

V2 cos® x—l
ij- sin x
V2 Jcoszx—llz
—d
RaN= s

dx -2 [————

cosec® x

= i
chotzx—l g

dx

=_J' dt
N - —(1/2)?

[where t = cot x and s = cos x]

—log|t++yt2 —1|++2log|s+s* —1/2|+C
= —log| cot x ++/cot? x — 1]++/2 log | cos x
+,'cos2x—1/2|+C

Hence, (b) is the correct answer.
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Exercise for Session 3

= Evaluate the following integrals
2

1. J’gf%; 2. jg—ﬁwdx

3. .[16’:;_(1_’(25 4. _[ 2’ —x°

5. otz o B forar
Z. ‘[—_\/’4"2;—25-“ 8. I,/SPT(%
9. J‘Xz:-;X2+2 10. j?_iz;_%x_zdx
1. [ 21 o 12. | é%"_s

13. | 14. | J:;'f( dx

15. | 3#2’:_‘: 16 [— &

s

S e 18. | ax—coex ™
19. jﬁm 20. | [eeex—ees X Xco:°5x)x
21. Evaluate | :—;%:%:—:dx 22. Evalute [ (2x 414 +3x — x2dx.

23

.

J- (2x2% + 5x + 9)dx

(x +)Jx2+x+1

d. .
24. The value ij m , IS equal to

1 tanx/2-1-42
—log| m——————*2{i+C
J2 = tanx/2-1+ 2 }

. 1 tanx/2-1-42
b) 2 {(sin x + cos x) + — | ST e L Ne
(b) {(I ) e tanx/2-1+ 2 }+C

tanx/2-1-2
tan x — 1+ V2 }+C

(a) {(sin X + COS X) +

J2

(c)-; {(sinx —- COS X) + % log

(d) None of these



Session4
Integration by Parts

Integration by Parts

Theorem If u and v are two functions of x, then
du
Juvdx—ujvdx—j{zjvdx} dx

i.e. The integral of product of two functions = (first
function) X (integral of second function) - integral of

(differential of first function X integral of second function).

Proof For any two functions f(x) and g(x), we have
d d
L 1) 80 = Fx) - (800} + 8- { S

d
s (f(x) L {goat0) o 0 =] 1) ) s

= J{ et i+ (0 25 o0 o
=[ f(x)- g(x)dx
= J(s0 - tg o Jax
=jf(x)-g(x)dx~I(g<x)-£;{f(x)})dx
Let f(x)=u and :?{g(x)}=v

So that, g (x) = [ v dx

Juvdx:u-'[vdx—j{%-‘[vdx}-dx
Remarks

While applying the above rule, care has to be taken in the
selection of first function (u) and selection of second function (v).
Normally we use the following methods :
1. If in the product of the two functions, one of the functions is
not directly integrable (e.g.
log| x|.sin"" x,cos™" x, tan"! x, ..., etc.) Then, we take it as the
first function and the remaining function is taken as the
second function. i.e. In the integration of [x tan™' x dx,

tan™" x is taken as the first function and x as the second
function.

2. Ifthere is no other function, then unity is taken as the second
function. e.g. In the integration of Itan“ x dx, tan™" x is taken

as first function and 1 as the second function.

3. If both of the function are directly integrable, then the first
function is chosen in such a way that the derivative of the
function thus obtained under integral sign is easily integrable.

Usually we use the following preference order for
selecting the first function. (Inverse, Logarithmic,
Algebraic, Trigonometric, Exponent).

In above stated order, the function on the left is always
chosen as the first function. This rule is called as ILATE.

I Example 32 Evaluate

(i) jsin“ x dx (ii) _[ loge | x| dx
Sol. (i) I= Isin"x dx = J‘si.n'l x-1dx
1 o

Here, we know by definition of integration by parts that
order of preference is taken according to ILATE. So,
‘sin™' x’ should be taken as first and ‘1’ as the second
function to apply by parts.

Applying integration by parts, we get

I=sin"'x-(x)— I :

1-x?

- x dx

=x-sin”! x+l I—dt
2 2
Let 1-x%=t

-dxde=de = xdi=—id
2

I=xsi.n°‘x+\/1—7+c
Jsi.n"xdx:xsin'lx+m+C

(ii) I=[log | x|dx = [log, | x|-1 dx
1 i

Applying integration by parts, we get
=log|x|-x—j—1—-xdx
x
=xlog|x[—I1dx
I=xlog|x|-x+C
1 Example 33 Evaluate
(i) jx cos x dx (ii) J'x2 cos x dx

Sol. (i) J'xcosxdx. I= Ixcos x dx
I I
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Applying integration by parts,

_ d
I=x([cos x dx) - I{E(x)} {[(cos x) dx} dx
I=xsin x— Il~sinxdx=xsinx+cosx+C

(ii) I= sz cos x dx
I 1
Applying integration by parts,

I=x? (Jcos x dx)— I{% (xz)} . [Icos x}dx
= x?sin x — IZx +(sin x) dx
= x%sin x—ZIx(sin x) dx
We again have to integrate Ix sin x dx using integration
by parts,

=x%.sinx -2 Ix~sin x dx
I

=x? smx—z{x(jsinxdx )—J(j—x)(Jsmxdx)dx}
Ix
=x%sin x —2{- x cos x — Il~(—cos x) dx}

I =x%sin x +2x cos x —2sin x +C

I Example 34 Eval thi"_1‘/;_c°S_1‘/;
xample valuate =
P sin™' Vx +cos”' VX
sin"J;—cos"J;
 Let I= 3 X T dx
Slol. Lo J‘sin‘ls/;+cos"w/;

=Ism—1&—(n/z—sin“&)dx
/2

dx.

[sin™'@+cos ' B=17/2]
= 1=2 [@sin"' Vx -n/2)dx
T
4 . _|J"
=— |sin x dx— |ldx
2| J
[-_-.4_ J'sin"’\/;dx—x+c (i)
T

Let x =sin® 0, then dx = 2sin 6 cos 8 df =sin 20 d6
-[sin'l Jx dx =I9-sin29d9
I

n
Applying integration by parts
cos 20 1
J'sin"s/;dx =-0- _2— + IE cos 20d0
=12.cosze+—:-sin29

_ "l'e.(]—ZSinz 9)+%-sin0-,jl—sin29
2

=—Tlsin'lw/;(1—zx)+%"/;‘ll_x i)

From Egs. (i) and (ii), we get

I=i{-71(sin"~/;)(l—2x)+%w/;‘ﬁ_—_x} -x+C
T

=2 fx—x —(1-2x)sin” Vx} - x + C
n

Integral of Form [ e* {f(x)+f"(x)}dx
Theorem Prove that
[ (£ )+ f (W de=e” f(x)+C
Proof We have, Je" {f(x)+f"(x))dx
= Ie‘-f(x)dx+je"-f’(x)dx
)i 1

= f(x)-e* - _[f'(x) -e*dx +je"-f’(x) dx+C

=f(x)-e*+C
Thus, to evaluate the integrals of the type

Jex (f (x)+ £ (x))dx,

we first express the integral as the sum of two integrals
Ie‘ f(x)dx and je’f’(x) dx and then integrate the
integral involving e f (x) as integral by parts taking e*
as second function.

Remark
The above theorem is also true, if we have e in place of €
ie. JE U G + (k) dx = € f (k) + C

General Concept
5 (£ (x)g’ (x) + £ (x)} dx

Proof I=Ieg(") f(x) g'(x)dx +J.eg(x) f'(x)dx
I I asitis
Using, Ieg(’) g’ (x) dx =8 we get
= f(x) -eg(“)—_[f'(x) 8 gy +Ieg(’)-f'(x) dx

= f(x)-e2® 4

2 2 .
eg. =J'e(xsinx+cosx)[x cos“x —(x sinx +cosx)]dx

x2

= J'e(xsmx+cosx) coszx_xSInx+Cosx dic
xZ



. cos x cos ¥
= J’e(XSmxdrcosx) (XCOSI( )+( x))dx
X X

. e(xsinx+cosx) _Ecﬁ.;.c
x
eg =_[e""x (sin x —sec x) dx
=J‘e“‘"sinxdx—je"”secxdx
tan x tan x 2 tan x
= —e -cosx+Ie sec xcosxdx—!e sec xdx
= —e™% .cosx

| Example 35 Evaluate
1+smxcosx 1+sin2x
d i 2x
) j ( cos? x ) o Ie (1+c052x)dx

Sol. (i) I=j'e’[———l+sm’z‘c°”)dx
Ccos X

1= fer{ e

I= Ie’{ta.nx+sec2x]dx

sin x cos x
— —dx
cos” x

I=Ie’-tznxdx+]e’(secz x) dx
o
I=tanx~e'—J.secz x-e* dx+Ie‘~seczxdx+C

I=e*tanx+C

(ii)I=je“ 1+ sin 2x dx
1+ cos 2x
1+ 2sin x cos x dic
2cos’ x

o
_Iez,{ 2smxcosx}dx
{

2cos® x 2cos? x
2x 1
—je Esec x+tanx}dx

= jelzl"-mlxxdr+§_[e”~seczxdx

eZx 5 22: 1 - 2
=tanx-——jsec x-—-dx+—_[e -sec” x dx
2 2 2

1-x g
= dx.
xz]

Sol. = - ,(1—2x+x)dx
je (l+x] I 1+ x?*)?

I=%¢2'-tanx+C

| Example 36 Evaluate je" [

Chap 01

1+:x 2x
‘[ {l+x) (1+x2)2}dx
[

= g asi(_1_)=__2r_
1+x2 (1+x?) dx\1+x” (1+x?)*

Indefinite Integral 23

1+x

Integrals of the Form
_[e sin bx dXx, _[e cos bx dx

Let I=[e™ (sin bx) dx
Then, I= J.sinbx-eadx
1 i

—smbx( J jbcosbx-—dx

=g -f{cosbx-e——j(-bsinbx)-e—dx}
a a a a

1 ° ax b ax bz . ax
=—sinbx-e®™——cos bx -~ —— jsmbx-e
a a® a’

1 2
I=—sinbx-e"—izcosbx-e“—b—1
a a o2
b2 1-e=
I+—1I= ez -(a sin bx — b cos bx)
a a
2,32
a“+b ox
=5 I( = )=e—,(asinbx—bcosbx)
a a’
ax
or I=———(asinbx —bcosbx) +C
a® +

ax

ax _. = €
Thus, Ie sin bx dx = >

T (asin bx —bcos bx) +C
a® +

ax
Similarly,je”cosbxdx: ’e 7 (acos bx +bsin bx) +C
a’ +b’

Aliter Use Euler’s equation

Let P=Ie“cosbxdxandQ=je“ sin bx dx

Hence, P+"Q=Ie‘“-e““ dx=je(doib)xdx

P = el =i %% (cos bx +isin bx)
a+ib a® +b? - .
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_ (ae®™cos bx+ be®sin bx) — i (ae® sin bx—be"*cos bx)

a? +b?
P_e“" (a cos bx + b sin bx)
a® +b®
e™ (asin bx — b cos bx)
Q= WET
a“+b

I Example 37 Evaluate
(i) Ie" cos? x dx
(ii) Isin(log x) dx

Sol. (i) I=Iex~coszxdx=je’.{m} dx
2

1
I=-.[e’r dx+ljcos 2x-e* dx
2 2
1 1
I==e"+-1
2 2 1 (i)
where, I; = J.cos 2x-e* dx

I, =Icos 2x -e* dx = cos 2x-e” —J'—Zsian'e" dx
1 { I

=e*-cos 2x +stin 2x-e* dx
1 I

= e*.cos 2x + 2 {sin 2x-e* — J-Z cos 2x-e* dx}
=¢*-cos2x +2sin2x-e* —4 I
I =£{e’ cos 2x + 2sin 2x e*} )
From Egs. (i) and (ii) we get
le cos 2x +2sin 2x-e”}

I:— +—
2

=1l +—l-e {cos 2x +2sin 2x} + C
2 10

(i) I= Isin (log x) dx

Let log x =t
= x=¢ or de=¢'dt
I=I(sin t)-e' dt=sint-e —Icosbe' dt
I I 1 I

I=sinl'e'—{cost~e'—I—sint-e' dt}
J=¢'-sint—e'cost—1I

1=-;-e’(sint—cosl)+c

= % {sin (log x) = cos (log x)) + C

2
x“dx
1 Example 38 Evaluate j———’—(x row—

%2
Sol. Let [= | ——
€ J(Jc sin x + cos Jc)z

Multiplying and dividing it by (x cos x), we get
(x cos x) e

I= |(xsecx):
'[( 1 )(xsinx+cosx)z
II

I=xsecx-J Xceo ¥ 2 dx
(x sin x + cos x)
—J i(xsec x) J—'xﬂ_—zdx}dx
dx (x sin x + cos x)
~1
=xseCc X —————
(x sin x + cos x)
-1
dx

= J(xsec x-tan x +sec X) - ————
(x sin x + cos x)

x si + cos x
(x sin x ) i

— Xsecx
+|

(x sin x + cos x) cos? x - (x sin x + cos x)

— x sec x 2
=" —+% Isec xdx
(x sin x + cos x)

— x sec x
=——————————+tanx+C
(x sin x + cos x)

I Example 39 The value of

3—-Xx
J T -sin” 3 x)dx is equal to
(a) '11:{—3 Ccos 1 ) cos‘l (2(-)+2X}+C
3
(b)%{—3 cos™ ) +249-x S|n‘(§)+2x}+c
3
1 <o SN 4
(C)Z -3(sm (E)) +2+/9-x% sin™ (§)+2x}+c

(d) None of the above

Sol. Here, I=J' cow
3

X g
e sin (W“a—x)dx
x =3 cos 20
dx-—ésmzede

3-3cos20
-I\'3+3cosze T\IS 3cos29) (~6 sin 28)d®
=J- sin 0
cos 0

=—6IO-(Zsin2 9)d9=—6I9(1—c0529)d9

Put

-sin™ (sin 6)- (— 6 sin 26) dO



2
=—6{6——I0c0526d9}
2

ofg -2 (52) o)

{9sin29+cosze}
2 4

=-30>+6 +C

2
= 1 {— 3(cos"(i)) +2+49-x2. cos"(£)+2x} +C
4 3 3

Hence, (a) is the correct answer.

sec X (2+ sec x)

1 Example 40 The value of I s v
+25sec x

equal to
sin x COS X
(@ ———+C 1) i 1
2+ COS X 2+ Cos x
—sin x COS X
=+, —+C
2+sinx » 2 +sin x
2+
Sol. Let I=Isecx( seczx) J‘2c05x+12
(1+ 2sec x) (cos x +2)
=IC°5 x (cos x +2) +sin® x &
(2 + cos x)?
_J’ cos x I sin® x
2+ cos x (2 + cos x)*
Icos j' sin? x
(2 + cos x)?

(2 + cos x)
I

Applying integration by parts to first by taking cos x as
sin” x

second function, keeping | ————— dx as it is.
P g!(2+ cos x)?
3 sin x
I=—1——-(sin x)—Jsm x————dx
2+ cos x (2 + cos x)
J- sin? x
; (2 + cos x)*
sin x
2+ cos x

Hence, (a) is the correct answer.

I Example 41 The value of jlog (JT=x+/1+x)dx,is

equal to

(a)xlog(ﬂ+ﬁ_+_x)+%x—%sin"' W+C
(b)xlog(«/l—x+,/1+x)+%x+%s
(c)x|og(,/l—x+,/1+x)—%x+%sin" (x+C

(d) None of the above

in~' (x)+C
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Sol. Here, we have only one function, This can be solved
easily by applying integration by parts taking unity as
second function.

If we take u = log (\/1_——; + 41+ x) as the first function
and v =1 as the second function.

Then,

I=Il-|og(./1—x+,/1+x)dx
={log (1 —x +4/1+ x)}x— jU_T'

X +41+x
- . + ! xdx
2;}1—:: 2:;1+x
=xlog(,/l—x+./1+x)

_lj,h—x—\h-i-x'

;;l—x+,[1+x

=xlog (1= x + 1+ x) v
11(1—x)+(1+x)—z,/1—x’_ 1
2

(1= -(1+x) Ji-<

=xlog(,/l—x+,/1+x)—%j_——“i/:x__’lz_ldx
-x

=xlog(,/l—x+,/1+x)—%fldx+%_[
=xlog(,/l—x+Jl+x)—%x+%sin"

Hence, (c) is the correct answer.

z-xdx
1=-x

-2x dx

1
mdx

x+C

4
|1 Example 42 The value of je" (—

equal to

e*(x+1)
e* (1+x)
(1+x2)¥2

x*+2
Sol. Let I = je" [(1—+,‘-2—)5’7) dx

1-2x?
* (1 3 xZ)SIZ)dx
x " x L, 1-2x
(1+x2)3/2 (l+xz)3'2 (l+x2)m
¥ _e {1+ x% + x}
(l+x2)3/2

)e" (1-x+x?)
(1+x2)3/2

() (d) None of these

((l + x2)‘l/2

fer
j [(1 3 xZ)llZ

e + xe +
(1+ xZ)lIZ (1 4 x2)3l2

Hence, (d) is the correct answer.

+C
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1 Example 43 If j(sin 30+sin6)e*"® cos 6 dO
=(Asin®0+Bcos20+Csin@+DcosO+E)e*"® +F,
then

(a)A=—4,B=12 (b)A=—4,B=—12

(c)A=4,B=12 (dA=4,B=-12

Sol. Let I=J'(sin39+sin6)e““9-cosed9

= I(Ssin 0 — 45sin> 0)-e5"®. cos 0 db;
Putsin®@=t = cos0d0=dt
= [(3t - ar®) e ar )
As, I=(Asin®6+ Bcos?0+ Csin+ Dcos0+ E)e™® + F
=(Asin’0 - Bsin?6+Csin0+ Dcos+ B+ E)e™ %+ F
When, sin® =1
I=(At*~Bt> +Ct + B+ E)e' + F
as by Eq. (i) D =0...(ii)
From Egs. (i) and (ii),
[t —ar’)e'dt=(Ar> - B’ +Ct + B+ E)e' +F,

. - . f®
differentiating both sides
(3t — 4t) e'=(At*~ Bt’+ Ct + B+ E)e' +(3At> — 2Bt + C)e’
= A=—4 and 3A=B = B=-12

Hence, (b) is the correct answer.

I Example 44 The value of

J- —— (x“ cos X — xsin x+€0s X
e .

(a)e(xsinx+cosx)_(x+ 1 )+C
X COS X

() efFsmrene -(xcosx+£)+c

— dx, is equal to
x*cos® x

(c)e(xsinx+cosx).(x_ 1 )-{-C
X COSs X

(d) None of the above

Letl:Ie(xlinx+cosx)'(

=J'(x‘e(xsinr+cosx)'xc°sx)dx_Ie(xﬁnx+coxx)

x sin x — cos x
||
( (x cos x) )
Applying integration by parts
e(x sin x + €os X) _ J’e(x sin x + cos x) dx)

_J'e(xllnx+colx) dx}

x* cos® x — xsin x + cos x
dx

Sol.

Xz COS2 X

={x-

e(xsinx#cotx)_
X COs X

1 +C
X COs X

Hence, (c) is the correct answer.

___e(xsinx+cosx) (x_

L 2x+2
| Example 45 EvaluateIsm - dx.
,’4X +8x+13
[IIT JEE 2001]
Sol. Here, I= Isin" [ ) dx
J4x? +8x +13

2x +2

= [sin-!| —2X*2__|a
Ism L/(?.x+2)2+32J *

Put2:+2=3!an9=>2dx=3$eczBdB

=Jsin'l JHIE 2sec20¢19=§'|'65ec2ede
3secH )2 2

3
=>{0tan 6 — | tan 6 dO
~tano-| }

=Z(6tan8—log|sec0|}+c
2
& I=§{2x+zm_,(2x+z)_log[ I+(2x+2) ] -
2] 3 3 3
32 2 z
=3 S(x+1)tan §(x+1) —log\/«ix +8x +13;+C

a2
=I=(x+1)tan ‘(;(x+l))—%log(4xz+8x+13)+C

x? (x sec? x+ tan x) dx

| Example 46 Evaluate | ( >
x tan x+1)

Sol. Here I=J'xz -m
(x tan x +1)*

| EREE "N T 1 i
* ( (xtanx+l)) sz( (xtanx+1))dx =40

[usingjm L W
(x tan x + 1) t? t (x tan x +1)

dx

=]=- x? J 2x (cos x)
xtan x +1 x sin x + cos x

[put, x sin x + cos x =u
= (x cos x +sin x — cos x) dx = du]

= ]:——'x.z ﬂ‘_
(x tan x +1) u
2
i +21
xtan x +1 0g|u|+C

2

+2log| xsi
R g| xsin x + cos x|+ C



Exercise for Session 4

11,

13.

15.

17.
19.

21.

23.

25.

Ixze‘dx

_[Iogx-dx

j (tan™" x)dx

J' x tan™

J-x-sinx

1-cos

x dx

dx
X

je’(tan x +logsec x) dx

1
j (log (log x) + (k)g—x)z) dx

Jor =X gy

1+

X2)2

je"" -cos (bx + c)dx

Jsin& dx

jcot"(1— x + x2)dx

I Jx% + 1{log (xi+ 1)-2log x}
X

Iesinx [

x cos? x —sin x

Jox

cos? x

2. j x2sin x dx
4. j (log x )2dx
6. j(sec_1x)dx

8. jlo:;zxx

10. Jlog (1+ x2)dx

12. J-ex{1+sin X COS x}dx

cos? x

14. Iez,,'{1+sin2x}dx

1+ cos 2x

16. j——"x 2-x) 4y

(1-xy1-x2

18. J'sec3 x dx

20. [(sin™ x)2dx

22. J‘sin'1 X dx
\Ja+x

2 in 2x
4, [cos’x+sin
o j (2cos x —sin x)?
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Integration Using Partial Fraction

This section deals with the integration of general algebraic

rational functions, of the form fgx; ,where f(x) and g(x)
g(x

are both polynomials. We already have seen some

examples of this form. For example, we know how to

integrate functions of the form L or z) or i)
Qx)  Qx)  Qx)
where L(x) is a linear factor, Q(x) is a quadratic factor and
P(x) is a polynomial of degree n >2. We intend to
generalise that previous discussion in this section.

We are assuming the scanario where g(x) (the
denominator) is decomposible into linear or quadratic
factors. These are the only cases relevant to us right now.
Any linear or quadratic factor in g(x) might also occur
repeatedly.

Thus, g(x) could be of the following general forms.

o g(x)=Ly(x)Ly(x)...L,(x) (nlinear factors)

L Ik L(x) n linear factors; the rth
¢ BE) B Xl (E)e LulE factor is repeated k times

n linear factors, the ith

—1h k; kn
* 8(x)=Li (0L’ (x)-.Ls (x)(factor is repeated k; times

o g(x)=Ly(x)Ly(x)... Ln(x)Q(x)Q2(x)... O (x)
n linear factors and]

m quadratic factors

o g(x)=...0K(x)...

a particular quadratic factor
repeats more than once

o A combination of any of the above

Suppose that the degree of g(x) is n and that of f(x)ism.
If m > n,we can always divide f(x) by g(x) to obtain a
quotient g(x) and a remainder r(x) whose degree would

be less than n.
£ _ oy ) |
o (x) + ) ..(i)

Ifm<n, f (x)) is termed a proper rational function.
x

The partial fraction expansion technique says that a proper
rational function can be expressed as a sum of simpler
rational functions each possessing one of the factors of
g(x). The simpler rational functions are called partial

fractions.

From now on, we consider only proper rational functions.

rix) )by the

fx) . ke i
If not proper, we make it proper
&(x) s noprop 8(x

procedure described in (1) above. Let us consider a few

examples.
Let g(x) be a product of non-repeated, linear factors :

glx)= Ll(x)LZ(x)-"Ln(x)

Then, we can expand iz—x))- in terms of partial fractions as
g(x
fx) __A A, An

= +at
g(x)  Li(x) Ly(x) L. (x)
where the A/s are all constants that need to be determined.
Suppose f(x)=x +1and g(x) =(x —1) (x —2) (x —3). Let

us write down the partial fraction expansion of % :
g(x
flx) x+1 A B 5 C

gx) (x-D(x-2)(x-3) x-1 x-2 x-3

We need to determine A, B and C. Cross multiplying in the
expression above, we obtain :
(x+1)=A(x —2) (x —=3) + B(x —-1)(x-3)

+C(x-1)(x-2)

A, B,C can now be determined by comparing coefficients

on both sides. More simply since this relation that we

have obtained should held true for all x,we substitute

those values of x that would straight way give us the

required values of A, B and C. These values are obviously
the roots of g(x).

x=1 = 2=A(-1)(-2) + B(0) + C(0)
= A=1

x=2 =  3=A(0)+B(1)(-1)+C(0)
= B=-3

x=3 = 4=A(0)+B(0)+C(2)(1)
= C=2

ThuS:A=1,B=—3andC=z_

We can therefore write gg; as a sum of partial fractions.

Mol 3 8§
g(x) x-1 T—2+x—3



Integrating ch((::;

partial fractions. This was our sole motive in writing such
an expansion, so that integration could be carried out
easily. In the example above :

jf(") dx=In(x-1)-3In(x-2)+2In(x-3)+C

is now a simple matter of integrating the

Now, suppose that g(x) contains all linear factors, but a
particular factor, say L,(x), is repeated k times.

Thus, 8(x) =L&(x)Ly(x) ... Ly(x)

fl fx)) can now be expanded into partial fractions as follows
8

fO_ A, A A A Bt gz

Hn .
&) x(x> 0 B e L T e
k partial fractions corresponding to L, (x)

This means that we will have k terms corresponding to L, (x).

Therest of the linear factors will have single corresponding
terms in the expansion. Here are some examples.
1

(x —1)%(x -2)
can be expanded as = + = + L
x-1 (x-1*% x-2
1
(x-1)3(x-2)(x -3)
can be expanded as
A B c D C
+ + + +
x-1 (x-1?% (x-1)* (x-2) (x-3)
1
(x —1)%(x +5)*

=

=

=

=

can be expanded as
A B C D E

x——1+(x—1)2 +(x+5) +(x+s)2 +(x+s)3

I Example 47 into partial fractions

i
(x+1)(x-2)

Sol. Here, e G
(x+1)(x-2)

and non-repeated roots.

has Q(x) =(x +1)(x — 2) i.e linear

2x +1 - A " B
(x+1)(x—-2) x+1 x-2
= (2x +1)=A(x -2)+ B(x +1)

On putting, x = 2 we get
5
5= A(0)+ B(3) = B=§

| Example 48 Resolve

Sol. Let ——0—FMF——————=——7+——+

I Example 49 Resolve

Chap 01 Indefinite Integral 29

Again, let x = -1

= 2A-1)+1= A(-1-2)+ B(0)
-
3

2041 _ 13 5/3

(x+1)(x-2) x+1 x-2

1 into
(x=1)(x+2)(2x+ 3)

partial fractions.
1 ‘ A B c

(x-1)(x+2)(2x+3) x-1 x+2 2x+3
where A, B, C are constants.
1= A(x +2)(2x +3)+ B(x —1) (2x +3) + C(x = 1)(x +2)...()
For finding A, let x —1=0o0r x = 1in Eq. (i), we get
1=A(1+2)(2+3)+ B(0)+ C(0)

Similarly, for getting B, let x + 2 =0or x = — 2in Eq. (i), we
get
1=A(0)+B(-2-1)(—4+3)+C(0)
1

= B=-
3

For getting C, let2x +3 =0o0r x = —3/2in Eq. (i), we get
1=A(0)+B(0)+C(—%—1)(—%+2]

= C=-

Wi |

1
i X o 1 M

Hence, = =
(x=1)(x+2)(2x+3) 15(x—1) 3(x+2) 5(2x+3)

3+ 2%  + x+1

—— into partial
(x+1)(x+2) P

fractions.

Sol. This is not a proper fraction. Hence, by division process it

is to be expressed as the sum of an integral polynomial
and a fraction.

Now, 3x” +2x% + x +1=3x (x +3x +2)
=7(x% +3x +2) + (16x + 15)
So, the given polynomial
3 +2x2 + x +1
(x+1)(x+2)

(16x + 15)
(x+1)(x+2)

Now, the second term is proper fraction hence it can be
expressed as a sum of partial fractions.
16x + 15 A B

—_— ¢
(x+1)(x+2) x+1 x+2

=(3x-7)+ ()
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To find A put x + 1=0, ie, x = — 1in the fraction except in
the factor (x + 1).

16(—1)+15
— - A =- ii
—1+9) = A 1 ...(i1)
To find Bput x +2=0, ie, x = — 2 in the fraction except in
the factor (x +2).
16(—2)+15
-3 _
—(_ 2+1) = B=17 ...(1ii)
=> The given expression = (3x — 7) — . + ..
x+1 x+2

[using Egs. (i), (ii) and (iii)]
Case II When the denominator g (x) is expressible as the
product of the linear factors such that some of them are
repeating. (Linear and Repeated)
Let Q(x)=(x —a)f (x —a;)(x—ay)...(x —a,). Then, we
assume that

P(X) = Al ot A2 4 + Ak
0x) (x-a) (x-a? = (x-a)f
g B Ba o . B
(x—a)) (x—az) (x-a,)
I Example 50 Expression ( x+25)2 has repeated
X -—

(twice) linear factors in denominator, so find partial
fractions.

x+5 A B
Sol. Let _ = Fi—
€ (x-27 (x-2) (x-2)°

A (x+5)=A(x—2)+B
Comparing the like terms, A=1-2A+B=5 or B=7

x+5 1 7
e s +
(x-2f (x-2 (x-2f

3x—-2

lve ——————— into
| Example 51 Resolve TR
partial fractions.
3x—2
(x =1 (x+1)(x +2)
A, B c D
—(x—l)+(x—l)z +(x+1)+(x+2)

(x—1)(x+l)(x+2)+B(x+1)(x+2)
+C(x -1 (x+2)+ D(x—-1)%x+1)

Sol. Let

n3x—-2=A

Putting(x—1)=0. we get B=1/6,
Putting(x+])=0,wegetc=_5/4

Putting (x +2) =0, we get D=8/9
Now, equating the coefficient of x3 on both the sides, we get

13
0=A+C+D =>A=i—§=——
4 9 36
. 3x -2 . - I
o1 (x+D)(x+2) 36(x-1 6(x-1)
5 8

-_—
4(x+1) 9(x+2)

Case III When some of the factors in denominator are
quadratic but non-repeating. Corresponding to each
quadratic factor ax? + bx + ¢, we assume the partial

Ax+B

fraction of the type ——— » W
ax® +bx +c

constants to be determined by comparing coefficients of
similar powers of x in numerator of both the sides.

here A and B are

+7 i .
I Example 52 Resolve ————~into partial
(x+1)(x*+4)
fractions.
call e 2x +7 __A  Bx+C
(x+l)(x2+4) x+1 x*+4

2x+7=A(x?+4)+(Bx+C)(x+1)
x=-1
5=5A or A=1

= B=-1

Put
Comparing the terms, 0=A + B
7=4A+C = C=3
1 +(—x+3)
x?+4

2x+7 -
(x +1)(x? +4)— x+1
Aliter To obtain values of A, Band C from
2x+7=A(x*+4)+(Bx+C)(x+1)
2x+7=(A+B)x* +(B+C)x+4A+C
Equating the coefficients of identical powers of x, we get
A+B=0B+C=2and4A+C=7.
Solving, weget A=1,B=-1,C =3

ie,;

I Example 53 Find the partial fraction
2x+1
(3x+2) (4x? + 5x+6)
2x +1 __A Bx+C
(Bx+2)(4x% +5x+6) (3x+2) (4x* +5x+6)
then 2x +1= A(4x* +5x +6)+(Bx + C) 3x +2)

Sol. Let

where A, B, C are constants.
For A, let 3x+2=0,
ie., x=-2/3

e e

=A(_0 3
9 4

»

= A=-—
0

N—’

W | -



Comparing coefficients of x? and constant term on both the
sides for Band C, we get

4A +3B=0,
B=—24 = B=L and 6a+20=1,
3 10

s,
x+—

4
10(4x% +5x +6)
Case IV When some of the factors of the denominator
are quadratic and repeating. For every quadratic repeating
factor of the type (ax® + bx +¢)*, we assume :

Ax+ A, Ay x+ A, Agk—y X + Ay
ax? +bx +c  (ax? +bx +c)?

1-6A C—gg
40

C=

. 2x+1 _ -3
" (Bx+2)(4x* +5x+6) 40(3x +2)

(ax?® +bx +c)*

2xY +2x% + x+1

| Example 54 Resolve 5 into partial
2
X(x“+1)
fractions.
4 2
Sol. Let 2x +2:: +J;+1 A Bx+C Dx+E
x(x%+1) x x*+1  (x%+1)?
or 2xt +2x? +x+1=A(x2+1)? +(Bx + C) x (x* +1)
+(Dx + E) x

Comparing coefficients of x*, x°, x%, x and constant term
A+B=2C=02A+D+B=2E=1A=1
- we get A=1B=1,C=0D=-1,E=1
Hence, the partial fraction,
2x‘+212+x+1=l+ x 1=
x (x* + 1) x 1+x% (1+x%)

| Example 55 Evaluate the following integrals:

(1-x?)dx
@) I x(1-2x) ® ‘[ 2)2
%2 +x+1 : 8dx
(i) J-——> Beag . I(x+z)(x2+a)
Sol fyiey, L=F Llydy O
(1-2x) 2 x (1-2x)
= (1_x’):%x(l—Zx)+A(1—2x)+B(x)

On putting x =0and x =%. we get

1
i=Aandi-L=B.oA=1B=
4 2

1
'[x(l 2x)dx—'[( x

N W

h.

e=ok
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lx+log|x|+3—_-l°gll—2x|
2 2 -2
%x+log|x]——log|1-2x|+c
3x -1 A B
ii) Let, =
o (x-27 (x-2) (x-2)
= 3x—-1=A(x—-2)+B, .(i)

On putting x = 2in Eq. (i), we get B=5.
On equating coefficients of x on both sides of (i), we
get A=3,

3x-1 3 5

i Bt _— dx

f(x -2)° = J((x 2) (x—2)’)
=3|og|x—2|——x5_2+c

(iii) Let, ———"22+x+1=ﬁ+—37+ L
x*(x+2) x «x x+2
= x?+x+1=Ax(x +2) + B(x +2) + C(x?) ...())
On putting, x = — 2and x = 0in Eq. (i), we get
C=3/4and B=1/2
On equation Coefficient of x? on both sides of (i),
wegetl=A+C=>A=1/4.

2
J'xz+x+ldx=J' l/_4+£+3/4 dx
x¥(x+2) x? x+2
log|x|—i+ log|x +2/+C
(iv) Let, += A ﬂ
(x+2)(x*+4) x+2 x%+4
= 8= A(x® +4)+(Bx + C)(x +2) (i)

On putting x = —2in Eq. (i), we get A = 1.

On equating coefficient of x* on both sides we get,
0=A+B=B=-

On equating constant term on both sides, we get,
8=4A+2C=C=2

. 8 1 (—x+2)

S [——. SE— NP | [ S ¥ Vi) A [P

‘[(x+2)(x2+4) (x+2+ x2+4)
_ 1 Zxdx dx
_IX+2 -[x +4 '[x2+4

1 1 x
=log|x +2 —=log|x® +4|+2.=t -l(—)“c_
glx +2| 5 gl | St (2

| Example 56 Evaluate J— dx.
sin X —sin 2x
Sol. Let I= [————dr=- 1
sin x —sin 2x sin x —2sin x cos x

i <
___J- : dx=J' . sin x
sin x (1 -2 cos x) sin® x (1 -2 cos x)
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=J sin x dx
(1 - cos® x)(1 -2 cos x)

(putcos x =t = —sin x dx =dt)

t ()

) J(1-:)(1+:)(1-zr)

Here, in Eq. (i) we have linear and non-repeated factors thus

=J' —dt
(1-e)a-

we use partial fractions for;
-1 __A + B C
(a-t)a+t)(1-2t) (1-t) (1+t) (1-2t)

or —1=A(1+t)(1-2t)+B(1—t)(1—-2t)+C(1—¢t)(1+1t)

Putting  (t+1)=0 or t=—1,we get ~(8)
~iuB@)asd) = B=—1
6
Putting (1—t)=0ort=1,we get
“1=A@)(-1) o A=%
Putting (1—2t)=00rt$1/2weget
_1=c(1_1)(1+1) < Gt
2 2 3
-1 1 "1 4
(1-t)(1+t)(1-2t) 2(1-t) 6(1+t) 3(1-2t)
So, Eq (i) reduces to
I:— —df—— L —ij.
1—t 1+t 3)1-2t

41
——lo 1-t ——lo 1+t|—-—x—-=log|1-2t|+C
> gl [ = gl | - g | |

1 1 2

—Zlog|1—cos x|—=log |1+ cos x|+ = lo,

Zogl |- logl |5 108
|1-2cos x|+ C

(1= xsin x) dx
| Example 57 Evaluate J’————sekosx)-
(1 - xsin x)dx
Sol. Here, I = | ——————
Exe; Jx(l_(xecosx)J)
Put xe*=t
= (xe**-(—sin x)+ e )dx=dt
dt

I=“.t(1—t’)="‘t(1—t)(1+t+tz)

=I[£+L+_Cf+_f’z]d,
t 1=F I+ttt

Comparing coefficients, we get
1 2 1
=LB=—'C=——'D=—_.
A 3 3 3

s 1_[1_‘+I——-(_;r-§)dt

1+t 412

1
=log|t|-;log|1—l|—-§log|1+r+t2|

[where, t = xe®**]

2
| Example 58 Evaluate jsin 4x-e%" X dx.

Sol. The given integral could be written as,

tan? x
I=J-4sinx-cosx~c052x-e dx

2 2 tan?
=4Itanx-coszx(cos x —sin® x)-e"™" *dx

2
=4 Itan x-cos® x(1—tan® x)-e®" ¥ dx

J- tan x

2
. .(1- tan® x)-e"" * dx

(sec® x)

Put tan’x=t

= 2tan x-sec’ x dx =dt

]=4J'(l—t)e'

I

1 Exampl

Sol. LetI=

Put (x

(1+1)°

=2{J
=2{ja

=-2

J- t)e
2 1+1)
2" —(1+ t)e'd'
1+t
Ja
1 ¢
-—(1 pwre e +C

2 1
[using [e*(f(x))+ f'(x))dx = e*.f(x) +¢]

a+1)? (+1)
2eun’x

—
(1+ tan® x)?

2
=—2cos? x-e™ *+C

e 59 Solvej 11 xens X X
X(] 2 2snnx)
J 1+ x cos x
x(1 - x%? sin x)
esinx)=t

Differentiating both the sides, we get

(xesin

=

=

*.cos x + e ¥) dx = dt

X (x cos x +1) dx =dt
I=J- dt

t(1-1?%)
T~
t(l—t)(1+t)

= 1
I{, 2(1—t) 2(1+:)}‘"

=1°E|‘|—5log|1—t|—llog|1+t|+c

[using partial fraction]

loglxe“""|__l°g“_ 2p2sinx |\ o



| Example 60 Evaluate;
I%{log e™ .log e®™ .loge®*}dx

Sol. We have,
1 = %
I= J; {loge™ . loge® *.log, e’x} dx

1 1 1 1
= J._ ex © T 3 dx
x |loge™ loge™ loge®™

_ dx
Jx{loge' + loge™} {loge" + loge’z} {loge" + log x?}

Exercise for Session 5

u Evaluate the following Integrals :
1 [ ——= ——adx
I(x —1)(x -2)(x 3)

dx
3 [————
Jx(x"+1)
cos X
L [——————dx
5 I(1+sinx)(2+sinx)
secx 4o

1+ cosec X

dx
9. Ix|s(|ogx)2+7logx+2|

10.
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dx
- ‘[ x{1+ log e*} {2+ loge*} 3+ loge*}

Putloge* =t = Yax=dt
x

I=J dt =J'[1_ 12 e f Jdt
(l+t)(2+t)(3+t) 2°(1+1) (2+t) (3+1)
[using partial fraction]

=§log|l+t|——log|2+t|+log|3+t|+C.

= % log |1 + loge™| — log |2 + loge*™| + log |3 + loge™| + C.

d;
. J‘1+);(3

J' 2x
(x2+1)(x2+3)

dx
-[sinx (3+2cos x)dx

tan x + tan® x
Jr
1+ tan” x

Iﬁ.dx

x2



Session 6

Indirect and Derlved Substltutlons

Indirect and Derived Substitutions TTRTE N B B
T s 5 °|1+y
(i) Indirect Substitution 0 | e 5
If the integral is of the form f(x)- g (x), where g(x)isa =5 OB By
function of the integral of f (x), then put integral of . . )
f(x)=t where, I=alog [ o ] +C (given) ...(ii)
1 Example 61 The value of _[ d (x* H) . From Eqgs. (i) and (ii), we get .,
’ k
sl alog[I: k)+C=-§-log[#)+C
X
' 2 '
2 {x—+2+c Sl WS = a=2/5 and k=5/2
(o) X' +2+C (d) None of these Hence, (a) is the correct answer.
_rd (x%+1) e
SRR _'[ x?+2 | Example 63 Evaluate ‘[(5—1)2 dx.
+ X+
We know, d(xZ +1)=2xdx . "
2x dx Sol.Here,I:I 3% itk x=j x* (5+4x) —dx
='[\/x2+2 (x* +x+1)" 10(1+L+L)
X‘ xS
Put, x?+2=t? . ]
2t dt wi SLERUE g
2xde=2tdt = I= _[—— 2+C (HLJ,L)Z
1 5
= I=2,/x +2+C x] x]
Hence, (a) is the correct answer. Put 1+ = + = -
k 4 s
x> d X = (g___)dx=dt
x =alo +C, 5 6
|1 Example 62 'fj(,/;)uxs ] xdt xl 1
then aand k are = —‘_2=?+C=,+L+_+C
(@)2/5,5/2 (b)1/5,2/5 e
©5/21/2 (d)2/51/2 # ]
e = S
Sol. Here, I(f) " dx I(J;)z o)
_ ‘[_l_ I Example 64 For any natural number m, evaluate
2 {l i _%7} J'(xm + XM 4 x™) (252M 4 3™ +6)'™ dx, x>0
x
[HIT JEE 2002]
Put —z=y = -~ = Sol. Here, 1= [(x™" + x™™ 4+ x™) (2x™™ + 32" + 6" dx
) dy = J'(xlm + x2m i xm) (2x3"‘ & 3x2m + 61"‘)""' -
=75 Il +y x

= [ XLy emy g 3my g tmy gemyim g ()



Put 2x>™ 43x%™ 4 6x™ =
= em(x*™ 4 ¥ X Y dx =dt

-. Eq. (i) becomes,
t(l/ m)+1

m+1

1 Lot
+3x"™ 4+ 6x™) M +C

I=———2x*"
6(m+1)

xdx .
mls equal to
(a)%ln(1+m)+c (b)z,f1+m+c
(c)2(1+m)+c

xdx

Put 1+,f1+x2=¢2 o _2x
2,/1+ x?

1 Example 65 |

(d) None of these

dx =2t dt

x dx

\'1 +x?

=2tdt

_[M—zwc wWi+1+x2+C

Hence, (b) is the correct answer.
(2x+1)

1 Example 66 Jm

% (b) X
) ————+C _
)(x2+4x+1)'/1 (x2 +4x+1'"?
x? 1

I S d) ——
. 2 +4x+1"7? )(xz +ax+1"?

2x+1 _ 2x +1 d

Sol. [——————dx= f———=r*
(x* +4x+1) 5 4 1
X 1+-—-+—7
x x

Hence, (b) is the correct answer.
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1 Example 67 The evaluation of
p xp+2q-| —agx9 -1

T dxis
x2P+2 4 xP*9 41
P q
@-—X__+cC 1) R LR
xP*9 41 xP*9 41
q xP
O #E (d) ——+
xP+9 41 xP*9 41

1
pxP M=t _ gxf™
x2P 2 4 2xP 41

- -1 —q-1
e . AROO s . SUIPY
‘[ (x?*9 +1)? '[ (x? +x79)?

Sol. Here, I = I

Taking x? as x> common from denominator and take it in
numerator.
Put xP+x7=t = (px’"l —gx 9 Ydx =dt

%9
1=[%=-1 [X—M—H] +C
Hence, (c) is the correct answer.

x“(1 _
——(——) dx is equal to
X = X

(a)%ln(ﬁ)—zln(lnzx—x2)+c
(b)—lln %X = J (h‘\_x +C
4 \Inx+x) 2 X
(c)lln XX + X an (%) 4. c
4 \Inx-x) 2 X
1 Inx —x a(In
(d)—|In +tan™ [— ||+ C
4 Inx + x X

1 Example 68 j

Sol. Here, I = J-x(l——lnx‘)
Inx*x—x
“I x?(1-Inx) dx=J 1-Inx
4
x [(E) —1} x? [(ﬂ) -1]
X x
PutE=t = l—lznx=dt
x

I(r —1)_J(zz+1)(r2—1)

I(r +1)— (2 —1)
(2 +1)(t2-1)

I-I(IL—I:H) ( :_:—:_

)
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1 Inx - x 1
=—1In -t
4 [lnx+x] zan

Hence, (b) is the correct answer.

dx is equal to
JZx -2x2+1
[IIT JEE 2006]
JZX 2x° +1 ,’ R, 192
(a)—x+c (b)w+c
X

I Example 69 [———

3

X
%0 — 2 +1 Y =2+
AT R e g AL
X 2x2
Sol. Let I= j x'-1
:;Zx —2x? +1
__J'x —l
2 1
2—7+F
A4
3 s
=lj X X =12 2_i+i.
4 2 1 4 x* X!
2-S+—

PO o s 0 C)
Jm— 2Jf(x) +

Hence, (d) is the correct answer.

| Example 70 Let f(x)= _xn)%_ for n>2 and
+ X

g(x)= fofo... of (x), then Ix" 2 g(x) dx equals to
n;times [T JEE 2007

1
(l+nx")' "+C

()

1 _l 1 "1
n4+C (b)—(1+mx")
n(n-1) n-1

1+l—
"+C

X =L n
(c) (1+nx ) +C (d)n+1(1+nx )

Sol. - f(x) ~

X

xn)lln

JUtn=n ..)./,.
x - X

(l +xn)l/n (]+2xn)l/n

Where, y=
; o B
Similarly, f(f(f(x))) a+3c")"

and (fofo-..oP) ()= 80)= (o

n times

n—l

., J'xn lg(x)dx I(l+nx

<L

)l/n *
x" V(14 nx")V" dx

1
1—-—

n
(1+nx") " +C

A,
n2 1__1.
n

o
=(1_+an_)—n+c
n(n—1)

Hence, (a) is the correct answer.

Derived Substitutions

Some times it is useful to write the integral as a sum of
two related integrals which can be evaluated by making

suitable substitutions.
Examples of such integrals are

Type |

(a) Algebraic Twins

2x? x2 41 4 _
[ —dr= X e+ [ "L
x" +1 x"+1 x*+1
2 x2+1 2
I Z dx=J. : dx—Ix ldx
x*+1 xt+1 x4 +1
2x? 2
I 4 zdx’.[ 1 dx
x* +1+kx (x* +1+kx?)

(b) Trigonometric Twins

[Vanx dx, [ Jeot x dx,
I int : dx,j . 6 -

1
(sin* x +cos* x) sin® x +cos® x
j- +sin x *cos x

dx,

- dx
a+bsin x cos x

Method of evaluating these integral are illustrated by
mean of the following examples :

Integral of the Form

)

1
Putx+;=g = (1___)dx dt
X



2. jf(x —%)(1+;17)dx.

1
Put x——=t = (1+—)dx dt
x x

SI xZ+1
dx.
xt +kx? +1

Divide numerator and denominator by xZ.

2
x° -1
4 | ———dx
J-Jc4+kxz +1

Divide numerator and denominator by x?.

| Example 71 Evaluate [—— dx
1+

Sl
_S5|l+x 1-x?
_zl:j—l+x‘dx+Jl+x‘dx]
_Sfpx"+1 x* -1
_E[Ix +1d _I 4 dx]

Sol. LetI:jl >
+

x +1

Remark

Here, dividing Numerator and Denominator by x?and
converting Denominator into perfect square so as to get

differential in Numerator
[ 2 e 2
J-l+l/x dx—j l2 ”xzdx
E x? +1/x* x“+1/x
B 2 - 2
J 1+1/x dx—J 1 1/::z A
A (x—l/x)z+2 (x+1/x)° =2
. o foe b
Uz -y

1
[wheret:x-—l-andu=x+—]
x x

u=+2

ie. I

N o SRR

0|

~N
&=

afx-1/x 1
tan - —=log
2 242 1.

L x

I Example 72 Evaluate j—T] X
X* +

Sol. Letl_-J_——dx
x' +5x7 +1
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1 1-x*

- - . dx
xt st 1 2Ix‘ b hxt 41
1-1/x*

; - dx
x* +5+1/x*

x5+ 1/ x* 2

J
f 141/ x* dx—lf

[(dividing Numerator and Denominator by x%)]
(1-1/x%

1 (1+1/x% 1
| =3 (x+1/x)* +3

(x=1/x)*+7

"lj dt __l_‘[ du
2V (Y 2wt ()
whcrct=x-—l-und u=x-l~—l-

L

=1 -1

1 -1 ¢t _ 1 . 1 u
g (tnn 7;) 3 7; (lun :7;) +C
Y I I (x— l/x)_ 1 mn"(””")]-»c
1 N I3
1 Example 73 Evaluate _[ JJtan x dx.

Sol. Here I =J tan x dx

Put tan x=t*

= sec’xdx=2tdt = dx= 2 dt
1+t
2t2
I=)t- dt = dt
] 1+t J.:“+1
t? +1, s
_I +J“4 ldt
th+1 th 41
Il+1/t jl—-l/tz
t? +1/rz t241/1?
1+1/t% —1/¢?
J‘ - ‘*I 1-1/t
‘-1/!) +2 (t+1/t) =2

l—landr= !+-1-
t t

- dr —-—
J s2+(~/5>’ t ri-(J2)*’ [‘"

1 -1 S 1 r—\/E
= —= tan + loge
i (75) pn A e
1 7
_1 _l(t—l/t) G
= tan + - log +C
- IR
[(where t = Jmn x)]
|1 Example 74 Evaluate _[———u——— dx.

sin® x+cos" x

Sol. Let I=4 j

sin' x + cos' x
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Dividing numerator and denominator by cos? x, we get

I= 4J sect x
tan* x+1

I_4Isec x (1+ tan® x)
- 1+tan* x

Put tanx=t = sec’ xdx=dt
e 4J'l +l‘
t' 41
1+1/1t° 1+1/1t2
=4 t=4
I: +1/t% '[(1—1/:)2+2

Again, put z=t—%
dz 4 af z
I=4|———=—tan ’(—)+C
‘[zz+2 w/i «/5
I=2ﬁtan_,(tanx-1/tanx)+c
V2

(ax? —b)dx
—(ax®+b)?’

I Example 75 The value of I
e

equal to

(a) sin™ (axé) +k (b) csin™ (ax + 2) +k
X X

(c)sin” [M:I +k (d) None of these
c

b
-—\d
(ax? - b)dx ( x’J *

e (@ b / ch = (m 2)’
x

so’. Here, I =j

b
Putax +—=t
x

( —-’%)dx:dt
X

I =sin l(—) +k
w'c -t
= sin”! (——ax+b/x)+k
c
Hence (c) is the correct answer.
X 2x
+1)(Inx+1
x* (x . )( ) i
XX +1

F (P4 )(nx+1)
x4

Put x* =y = x*(nx+1)dx=dy

I Example 76 [

Sol. 1=

l 1
, 1+ +——
+1
1= [r =[] dy
+1 ( __] -
y
Put,y——=t = (1+——)dy dt
y
I= e =-L(tan— —)+C
tt+2 V2 V2
}’"l 1 X‘——;
o) ! Y |+C=—tan™ X_|+C
—ﬁtan -\/E 2 \/é
1 Example 77 Evaluate
(x2 =1)dx

e
(x* +3x2+1)tan”"’ ( x+;)
_(_xz—_”_(HL)
(x*+x*+1) tan™ x

The given integral can be written as
(1-1/x%)dx

(xz+3+l/x2)tan'l(x+l)
x

Sol. Here I =I

J ]

(dividing numerator and denominator by x?)
f= (1-1/x%)dx

((x+1/x)2+1)tan*‘(x+l)
X

Put,x+—1-=t =3 (1——)dx dt
x x
dt
I ot (i)
I(t’ +1)-tan” ' (t)
Now, make one more substitution

tan”™ t = u. Then, zdt
t

=du
1
*. Eq. (i) becomes, I = jd—u= log|u|+C
u
=log|tan™" t|+ C =log|tan™' (x +1/x)|+C

(x—7/6 _XS/G)dx
(X2 + x+1)72 = xV/2 (x2 4 x+1)P

I Example 78 Jx‘ e

7 -
x7/8 (x 116 — x518) gy

2
(x* + x +1)V2 — xV2. 76 (x? Fx+1)"?

I JIZ (l-x )dX
(x? +x+1)2 _ (2 +x 1)

Sol. I =J'

X6 Q73




1
_(1_—)‘1" Putting x+l=t
X x

1 1/2 1 1/3
(x+—+l) —(x+-—+1) (1‘—)4" dt
x x x
_J' dt
(t+1)"2 =t +1)"
Substitute, (t + 1) = u®

_ 6u’ du__ u?
- J.u —u? - 6‘[lx—ldu'

-

Put u—1=z2
3
——61‘—(24-1) dz
z

__6]‘13+322+3z+1
z

=—6J(z +3z+3+— )dz

3
3
=—6 {z—+—;—+32+log|z|}+c

dz

3

1 /6
where, z=(x+—+1) -1
x

| Example 79 The value of j{{[x]}}dx, where {.} and
[] denotes fractional part of x and greatest integer
function, is equal to
@o (b)1 (c)2
Sol. Let I= j {[x]) dx

where, [x]= Integer and we know {n}
1=[odx=0

(d)-1
=0;n € Integer.

Hence, (a) is the correct answer.

Type Il

Integration of Some Special
Irrational Algebraic Functions

In thxs case we shall discuss four integrals of the form

I P «/— dx, where P and Q are polynomial functions of x

and ¢(x) is polynomial in x.

(a) Integrals of the Form I J— dx, where P and Q
are both linear of x Q

To evaluate this type of integrals we put Q = t?,ie. to

1
(ax +b) \Jex +d

evaluate integrals of the formj dx, put

cx +d =t
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The following examples illustrate the procedure :

1 Example 80 Evaluate j L dx
(x+1)/x—2
1
Sol. LetI= '[(x—-i-l)_x\/fz dx
Here, P and Q both are linear, so we put Q = t?
ie. x-2=t
So that dx = 2t dt

1
=2x%tan"[%)+c
I=—%tan"( ’:/:_;2)+C
(b) Integrals of the Form I q’—(ﬁdx, where Pis a

P\o

quadratic expression and Q is a linear expression
To evaluate this type of integrals we put Q =17 i.e. to
evaluate the integrals of the form

1
d
‘[(ax2 +bx +c)+/px+q =

putpx+q=t2.

~zzdt=2j2d—t
t“+3

X+2

(x%+3x+ 3)*/x+
x+2
(x? +3x +3)/x +1

Put x+1=t> = dx =2t dt

1 Example 81 Evaluate _[

Sol. Let I= j

(t2—1)+2
= (2 d
j Y +3(t2 - 1)+3]w/—2 e
t? +1 1+1/t2
=2 —— dt=
It‘+tz+1 Jt +1+1/¢%
- .[ 1+1/t% _ J.
(t-1/1) +(«/’)2 u +(J')2
[whereu=t—l]
= tan"(l—)+C '
V3

tan” [‘ftl) +C

tan™ x +C
(:[3 (x+ 1))

...
I
vy g &IN &I”



40 Textbook of Integral Calculus

dx 1 2z dz _ dz
(c) Integral of the Form Is=- —"—_"_I
g I(ax+b) Jpxitax+r Zj(zz+1+1)\/z—z (= +2)
where mj J—-PIS linear and Q is a quadratic put, ook tan"(i)+c
1 2 V2
a.r+b—;~
.J -1
dx I=-—l—tan"( - ]+C
1 Example 82 Evaluate [ —————. 2 N
(X=1) X2+ x+1 i 1
== —tan~! +C
B T e N A
(x=1)x?+x+1 J——;
1 1 1 1=.X
Pu —-—1=- P == —= i +C
tx1,=>dx 'Zdt Jian(\/_x]
=J' —1/t%dt Aliter Put x = cos 6,dx =—sin 0.d
2 i do
1 1 . e sin 6 d0 __
‘lt‘j(;+l) +(;+1)+1 o J.(l-f-cr:;s“'e)sine Jl+cosze
dt

- J-sec 29do _J-seczede

—_j__‘i‘_=_ L]
\j3t2+3t+1 ﬁ (l+1)z 1 - sec°0+1 tan® 0+ 2
=] 4=
2 12 Puttan@=t. = sec’0dO=dt
=-——1og|(:+1/z)+,/(r+1/z)’+1/12|+c . - -1t
3 o) =- tan +C
, Joe &
1 —1(tan 6
=——=t +C
——% o] 2 - ( :/-2 )
where, cos 0 = x
— Sifd1-x° ; 2
-—ﬁtan % +iC sin@=41-x
(d) Integrals of the FormI where P and Q both 2x =
P\o’ & tmo=Y"X
are pure quadratic expressloxzxmx, ieP=ax’+b x
and Q=cx? +d, n.e.j 1 Example 84 Evaluate
2 [a
lax"+B)ves = ’_I(X—1)\IX"+2x3—x2+2x+1

To evaluate this type of integrals of the form we put x =% 2ot

dx

Sol. Here, I = I(xz -1 \/"‘ +2x? —x?+2x +1
x (x+1)

dx
| Example 83 Evaluate | ————
P J‘(1+x2),/1—x2

¢ Xz+2x—]+£+__

soLle I=[—= (1-_‘_) J,, ( 1
1+ xz);Jl—xz =I x? x  x? 5
2 x

Put x=l.sothat dx=——lz-dt
t t x2
-1/t dt tdt ( 1)J( 1
I= = Lve—= x2+———)+2 +l -
I(l+1/:’)ﬁ—1/t2 I(r’+1)Jr’-1 - x* x? i ld
X
Again, t* =u = 2tdt=du. (x+l+z)
X

1 du ; dx
=—- which reduces to the form 1 _
ZJ’(u+l):;u—l IP Z_Q Pulx+—-r1c( )dx dt
where both P and Q are linear so that we put u - 1= 2% so D
W-2+2-1 | t? 42t -

that du = 2z dz
(t+2) (t +2)




J' t2+2t -3
(t+2),/t +2t -
=J- t(t+2) dt—sj dt
(t+2)t2+ 2t -3 (t+2){t*+2t -3
I=1-3I, ()
Where, I, = tdt and I, = #
I;;r2+2t—3 : ‘[(:+2)\/tz+2r—3

1 = J' t dt
,/(t +1)? -

Put,t+1=2z —IL_])‘"
,’ -2

zdz

_I\/ Py IJ: 22
=\}z —22—log|z+\/z -4
=\,t2+2t—3—log|(t+1)+\’tz+2t+3| ..(ii)
Also, Iz='[ dy
yz.zJ(z- ) +2(-2)-s
y Y\ y
1_ dy -1 dy
Putt+2— J.Jl— _3y? ﬁIJzz 12
() -6~3)

1
. e y*+3 o
B 2 3 2+t

3

I=,/:’+2t—3—log(t+1+ t2 +2t —3)

B - P
t+2

dx

’
'\/axz +bx+c

..(iii)

1
where, t = x + —
X

(e) Integrals of the Form|
(x—k)
wherer >2andrel

Here, we substitute, x —k=-

dx )
-3)* Jx2—6x+10

| Example 85 Evaluate I(
X

Sol. Substirule(x—:;):-:-:;dx:_‘_lz.d,
dx
(x =3)® Jx? -6x+10
—I -1/t dt
103 /e +3)2 =61/t +3)+10

We get, I
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="I t* dt =J dt
=log|t+\’l+t1|—£\ll+l‘z-—llog|t+m|+c
=-;—log|t+\,l+t |-—J1+t +C
[14+/x* —6x+10| Jx*-6x+10
:.-— o 2 +C
2 | |x -3 | x -3
2
ax® +bx+c
(f) Integrals of the Form J dx
. (dx+e)\/}x2+gx+h
Here, we write

ax? +bx +c=A4, (dx +e) (2fc +g) + B, (dx +e) +C,

Where A,, B, and C, are constants which can be obtained
by comparing the coefficients of like terms on both the
sides.

-J L+ 12 dt

2x2 4+ 5x+9

x+l)\/x +x+1

Sol. Let2x® +5x+9=A(x+1)2x+1)+B(x+1)+C
or 2x® +5x+9=x*(2A)+x(3A+B)+(A+B+C)
= A=1B=2C=6

2x* +5x+9

Thus, I - = dx
(x+l);;x' +x+1

1 Example 86 Evaluate I

(x+1)(2x +1) dx+2j x+1 dx
(x+1xP+ x+1 (x+1)Yx?+x+1
+6f g
(x+l);}xz+x+l

2x+1 dx

dx
= dx
IJ\'+\'+1 +zjr+x+l+6j(x+l)~/x’+x+1
_ - dt
I T j\fx+1/z)’+(3/4) 6IJ:=

-t+1
[whereu = x* + x +1 and——\‘+l]

=2Vx?+x+142: 1log|(.\-+l/2)+J\ +\+l|
_6J' -
;}(t—llz)wau
(.\‘+%)+J.\"+.\"+l|
(:—%)hh’—rﬂ
(.\'+%]+Jx’+.\'+l|—6log
\ I—x+yx? +x+1

2(x+1)

=2yx?+x+1+2log

s Iog +C

=2\/.\"+.\'+l+210g

+C
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Type lli

Integration of Type [ (sin" x -cos” x) dx

(i) Where m, n belongs to natural number.
(ii) If one of them is odd, then substitute for term of even
power.

(iii) If both are odd, substitute either of them.
(iv) If both are even, use trigonometric identities only.

(v) If m and n are rational numbers and (%n_z-) isa

negative integer, then substitute cot x = p or tan x = p
which so ever is found suitable.

I Example 87 Evaluate jsin’ x-cos® x dx.
Sol. I= Jsin’x~coss x dx

Let cosx=t = —sinxdx=dt
I=-—I(l-—t2)~r5dt
S
I=|t"dt—[tdt=—-"—+C
8 6
I=COS X~COS x+c
8 6
Aliter 1=J’R’(1-R2)Z¢R,

if sin x = R, cos x dx =dR

I=[RdR- [2R° dR+ [R'dR
.4 -6 8
I=Sm x_Zsm x+sm x+C
4 6 8

Remark

This problem can also be handled by successive reduction or by
trigonometrical identities. Answers will be in different form but
identical with modified constant of integration.

| Example 88 Evaluate _[sin’"/3 X-€0S™~

Sol. Here, Isin’"" Jc~cos'"3 xdx ie. —32—3—_

1= s

I'= f(cot' Y3 %) (1 + cot? x) cosec? x dx
=— [P ety de = [V 40 ar

[Put cot x = ¢, = — cosec® x dx = dt]

=- 3tz”+§t"”}+c
2 8

= { (cot?’? x)+2 3 (cot®’? )}+C

— dx = I(cot' 3 x)(cosec’x)?dx
x-sin® x

dx
luate J' ‘ x
1 Example 89 Eva YT,
dx cos xdx _1 2 cos x dx
o Levl= JZsmx+secx Isin2x+1 ZJ'l+sin2x
- lj(cos x +sin x) + (cos x —sin x) T
(sin? + cos® x + 2sin x cos x)
=_1_J- cos x +sin x J'(cosx-smx) e
27 (sin x + cos x) (sin x + cos x)?

=_J._L lj——:,where,v=sinx+cosx
sin x + cos x
J' dx -—+C
2‘/—- ! sin x + ! cos x v
N V2
dx 1

Iy e
i + cos x
2 sin (x+—}) o e )

g 1
=_.1 3 cot| x+— |-———+C
22 oglcosec(x 4) ( 4)' 2(sin x + cos x)

Type IV
Integrals of the Form[ x™ (a+ bx")"dx

Casel If Pe N.We expand using binomial and integrate.
Casell IfPel” (ie,negative integer), write x =t*,
where k is the LCM of m and n.

Case II1 Ifm-’-1

is an integer and P & fraction, put
k 5

(a+bx")=t", where k is denominator of the fraction P.
m+1

CaselV If(—n— + P) is an integer and P € fraction.

We put(a+b x")
fraction P.

oA ; ;
=t"x", where k is denominator of the

1 Example 90 Evaluate _[x‘/3 2+ x"/2)? dx.
Sol. I= J‘xus 2+ J‘:1/2)2 dx
Since, P is natural number,
I= jxm (4+ x + 4x"2) gx

=J'(4x1/3 + x4 +4x%%) dx

4x¥3 /6

A PR i
4/3 7/3 11/6
=3x%3 +3x7/3 +ﬁxn/6

+C
7 11



| Example 91 Evaluate ‘[x'”3 1+ x23) dx.

Sol. If we substitute x = t* (as we know P e negative integer)
. Let x =t where k is the LCM of m and n.
x=t>=dx=3t2dt
2
or I =I 73 -
t2(1 + %)

= I=3tan"'(x"*)+C

dt _
dt=3_[t2+l=3tan (y+c

I Example 92 Evaluate [ x~%* (1+x"/*)/2 dx.

1

T dx =2t dt

Sol. If we substitute 1+ x"/3 = ¢t2, then
_(t-étdt ¢, 3
I—j 3 —6It dt =2t +C
or I=21+x"?Y?24C

1 Example 93 Evaluate [Vx (1+x"%)" dx.

Sol. Here, m:landn=l
2 3
Put x=t°=dx=6t°dt
= I=jt’(1+tz)‘6t5dt
= I=6jr’(1+4t’+6t‘+4t°+t’)d:
=6I(t' + 480 466" + 4t + 1) dt
9 11 13 15 17
ot
=6 t_+ﬁf_+§‘_+i_+_ +C
9 11 13 15 17

=6 x2/3+}_xn/6+ix1315+ix5/2+lx1716 +C
11 13 15 17

| Example 94 Evaluate st 1+ x3)¥3 dx.

2
Sol. Here, Ixs (1+ x*)?* dx have m=5,n=3and p =
mil 9 2 [an integer]
n 3

~

So, we substitute 1 + x> =¢° and 3xdx =2t dt

jx5(1+ x3)3dx = Ix’ (14 x°)? x%dx
=J(t2 —1)(¢2)*? gzdt

2 (.2 73 2 (,03/3_ 73
=Z1@3=-0)Bar =2 1(PP=-1""7)dt
3 I( ) 3 I( )
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2]3 3
213 pers _ 2 posl L o
3|16 10
1
8

1 Example 95 Evaluate Jx"i (14 x*)"2 dx.

Sol. Here, (m+l+p)=[ﬁl—l]=-3
n 4 2

If we substitute (1 + x*) = 2 x4,

-4
then1+L=t2and—dx=2tdt
4 5

x x

_ dx = dx
_I 4)1/2'un.x2(1+1/x4)1/2

S+ x
_.[ dx __ljz‘d‘
JEE (1+1/x‘)”2 47 5%t

I P T O B
_—Ej(e 12 dt = zj(: 2t% +1)dt
5 3
=—l I__ZL.}.[ +C
2|5 3
1
Wheret = }1+—4
X

1 Example 96 Evaluate ji/J—y_dx.
x +4/x

1
Sol. Let 1= jm dx

mz _ t,

Put x = x=t"and dx=12t""dt

1 8
I= a2tttdt =12 [ ——dt
I:‘H‘ J’t+1
Againput(t+1)=y
)8
dt=dy=12‘[udy
b4

8 7. 6 3, -
_ 12I(y -8y +28y°-56y° +70y"- 56y°+28y°- 8y + 1)dy
y

[using binomial]
=12 [(y"- 8y®+ 28y°— 56y*+ 70y~ 56y°+ 28y — i
y'—8y y y y 6y°-+ 28y =8+ 1/y)dy

8 7 6 s 4
v 8y’ 28y° 56y’ 70yt
_— 556 w5 5 4 g,
y” 28y
-4 —=—=8y+lo
3 7 Sy+loglyl
Where y = x""% +1
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Exercise for Session 6

= Evaluate the following integrals

4 _ 2)dx
1. [ x*-1 2. (x+
J.x""x“+x2+1)"2dx I(X2+3X+3)Jﬁ1
3. dx 2 __,d_x———
'[(x+1)"3+(x+1)"2 ‘[(X +a) (x-b)*’
5. sec x .dx

-[ Jsin(x +2A)+sin A

6. The value of [ [{x}]dx; ( where [.]and {.} denotes greatest integer and fractional part of x) is equal to
(a)0 (b) 1
©)2 d-1

7. 1f [ f(x)cos x dx =%f2 (x) + C, then f(x) can be

(a)x (b)1

(c) cosx (d) sinx

sin x + cos x

8. The value of, J’ e TG iy

1 5+ 4 (sin x — cos X) 5+4 (sin x — cos x)
Ay Lijog | 2 iea HEAL %0 (b) log| 2> 2SI X — CoS x)
()40 9 5— 4 (sin x — cos x) g 5-4(sinx — cos x) e
1 5+4 (sin x + cos X)
A pog 2220 T PG d) N
© 10 o 5— 4 (sin x + cos Xx) itinongithn
cos 7x —cos 8x .
A f| ———dx, is
9. The value of | .
@ sin22x+ 0023X+C (b) sin x — cos x + C
(© sm22x -ﬁs’si+c (d) None of these
10. The valueoffc—oﬁlms—“dx. is
1-2cos 3x
(a)sinx + sin2x +C (b)sinx-smhz"+c
in 2x
(c)—sinx—s'"2 +C (d) None of these



Sessmn 7

Euler's Substltutlon Reductlon Formula
and Integration Using Diffrentiation

Euler's Substitution, Reduction and
Integration Using Diffrentiation

Integration Using
Euler's Substitutions

Integrals of the form If (x), w/axz + bx + ¢ dx are

calculated with the aid of one of the three Euler’s
substitutions

(i)\[ax2+bx+c=tix\/;, ifa>0.
(ii),/ax2+bx+c=tx+s/;, ifc>0.
(iii) yax? +bx +c =(x —a) t, if

ax? +bx +c=a(x —a) (x —B),i.e. If o is real root of

(ax? +bx +c).

Remark

The Euler's substitutions often lead to rather cumbersomg )
calculations, therefore they should be applied only whgn itis
difficult to find another method for calculating a given integral.

x dx

] Example 97 Evaluate | = | ———=—"
P J(,/?x—w-xz)’

Sol. In this case a <0 and c < 0. Therefore, neither (I) nor (II)

Euler’s Substitution is applicable. But the quadratic
7x —10 — x? has real roots 0 =2, =5.

. We use the substitution (III)
ie.  J1x-10-x*=(x-2)(5-x)=(x-2)t
Where 5-x)=(x-2)t*
or 5+2t2=x(1+17)
_5+2t’
1+122
5+ 2t2 3t
x=2)t= -2|t=——7
=g (Ht’ ) 1412
-6t
(1+¢%)?

2 -
s+2t%) 6:“‘“
vl _J. 1+12 ) (1+1¢%)

Hence, I = = 3
I(,/u -10-x?) 3t
1+1t?

'[_—L =ZE(——5+2t)+C,
(7x—-10-%x%P° 9
,/7x -10-x?

where, t =
x—-2

dx
1 Example 98 Evaluate | ———-
J X+4x2 =x+1

Sol. Since, here ¢ = 1, we can apply the second Euler’s Substi-

tution.
\[xz—x+l=tx-1

Therefore, (2t —1) x =(t? —1) x* = "=2:_1
t° -1
2(t2 -t +1)dt [z _ .
dx=_(z_2) and x + xz—x+1=;
(t? =1) t—-1
—2t> 42t -2

Ix+Jx x+1

Using partial fractions, we have
-2*+2t-2 A B ¢ D
————— =t + =
t(t=1)(t+1) t t—=1 (t+1) (t+1)
or (=2t%+2t—-2)=A(t—-1)(t+1)% + Bt (t + 1)

+C(t=1)(t+1)t+ Dt

t(t=1)(t+1)°

wegetA=2 B=-1/2 C=-3/2 D=-3
1pdt 3, dt dt
Hence, I =2 | — = - | — == 3
I t—1 '[(t+l) I(:+1)2

+C

3
=2log,|t|-=log.|t—1|==log, |t +1|+
gllzgcl Izg.l ](r+1)

sz—x+l+1

X

where t =
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Introduction of Reduction
Formulae (a recursive relation)
Over Indefinite Integrals

Reduction formulae makes it possible to reduce an integral
depending on the index n >0, called the order of the
integral, to an integral of the same type with smaller
index. (ie. To reduce the integrals into similar integrals of
order less than or greater than given integral).
Application of reduction formula is given with the help of
some examples.

Reduction Formula for jsin” X dx

Let I, = [sin” x dx = [sin® ™" x sin x dx
I I

=—sin""! xcos x +‘|.(n—1)sin“"2

2
xcos” xdx

=—sin""! xcos x +(n—1) jsi.n"zr(l—sinz x)dx

=—sin""! xcos x +(n—1) j(sin"—z x —sin” x)dx

=—sin" ' xcosx+(n—1)I,_» —(n—1) I,

~nl,=—sin""' xcosx+(n—1)1,_,
- n—1
sin xcosx n-—1
= I,l =— + In—?
n

- m—1
- X m=1p oo
sin x cos ” J 22 L g

Thus, Isin" xdx= - =

Reduction Formula for J'cos” x dx

Let I, =Icos” xd:.'=_"cos"'1 x cos x dx
1 I

=cos"! xs’nx+J(n—l)cos"_z xsin” x dx
& 2
=cos""xsinx+(n—l)jcos' 2 x(1—cos® x) dx

=cos" ' xsinx+(n—-1)I,_,—(n-1)1I,

- nl,=cos" ' xsinx+(n—-1) 1,

n-1 -
cos xsin x n—ljv =2
n = +—— | cos xdx
or Icos x dx =

n

Reduction Formula forJ'lan” X dx
Let I, =jtan" x dx
= I =Itan"'z x tan® x dx =J't:m"2 x (sec® x —1)dx

_—.J'tzu:""’xsec2 x—I,_2 =It"" dt—1I,_,

where, tanx =t = sec’ xdx=dt
a-1

t
n—1

_In—t

n

-1
tan® " x

n-—1

tan” ! x
n—1

= Itan"xd.r: —J.tana_:-\‘d-\‘

Reduction Formula for _[ cosec” x dx
Let I, =-|.cc.\sec= :rd.\'=fcosec"': x cosec” x dx
I 1
=cosec™ x (—cot x) —I(n —2) cosec® 2 x (cosec”x —1)dx
=—cosec”? x cot x —(n—2) I(cosec” x —cosec™ % x) dx
=—cosec®  xcotx—(n—2)I, +(n—2)I,_,
(n—1)I, =—cosec® ? xcotx+(n—2) I, _»

cosec™ ™ x cot x +n—2

I, =— —=1 .
or " n—1 n-1" 2
n-2
i cosec ~xcotx n-2 s
:.Jcosec‘:uir:-—‘x+ Jcosec" ’x dx
n—1 n—1

Reduction Formula for jsec” X dx
Let I, =Isec’ :rd.xr:jsec"‘2 xsec® xdx
I I

=sec™? Itan.'l‘—'[(n—-z)sec’_3
x sec x tan x - tan x dx

—sec™"2 xmnx-(n—z)jsec"‘= x(sec? x —1) dx
=sec™? xtanx—-(n-2)I, +(n-2)I,_,
= (n-1)I,=sec®* ? xtan x +(n-2)1,_,

sec”? : -2
X tan x +(n )I

or I,= %
(n-1) (n—-1) "7

- ISCC. de:sec.—z Itanx+(n"2) sec,._z Td.\'
(n-1) (n-1) :

Reduction Formula for jcot" X dx
Let, = [cot™ x dx =[cot™ 2 x cot® xdx
= [cot*~? x (cosec? x — 1) dx
=f'-‘°t'" x (cosec? x —1) dx =j'mt"‘2 x dx
=jt"’ de—p

-2, where t =cot X



cot" ™! x
Iﬂ == n-1 -In—z
cot" !
J'cot" xdx=-——x—_|'cot"‘z x dx
n-1

Reduction Formula forjsin"’ x cos” xdx

Let A=sin™"! xcos"*! x

dA  m-2
d—x=(m"1)5m"' xcos"*? x —(n+1)sin™ x cos" x

=(m—1)sin™ "% x cos" x (1—sin® x)
—(n+1)sin™ xcos" x
=(m—-1)sin""2 xcos" x —(m—1+n+1)
sin™ x cos" x

dA r
= —=(m—-1)sin™ % xcos" x —(m+n)sin™ x cos" x

dx
Integrating with respect to x on both the sides, we get
A=(m-1) J’sin""2 x cos” x dx —(m+n)
J.sin"' x cos” x dx
= (m+n) jsin"’ xcos" xdx=(m—1)
Isin"' “% xcos" xdx—P
= Jsin"‘ x cos" x dx =(%’:—:_r% Isin"’ ~% xcos” x dx

. m- +
sin™ ! xcos"*! x

m+n
(m-1) sin™ ! x cos"*! x
or = = o B
m,n (m +n) m-=2,n (m+n)
Remarks

Similarly, we can show
in™' xcos"* ! x
SI A%

-1 . o]
1. J'sin’"xcos"x ox="3 Gl Ism”’xcos” 2x dx

m+n m+n
s om+ n+1
. in X COS X, m+n+2
2, Ism’"xcos”xdx:i——’—— —_—
m+1 m+1
J’sin"”zxcos”xdx
s om+1 n+1
: in X COS X, m+n+2
3. J'sm”’ xcos” x dx =2 +
n+1 n+1
Isin”’xcos"”xdx
A -1 n+1
y in?"~'xcos"*'x  m-1
4.ISIn”'xcos"xd a2 4
n+1 n+1

jsin’”'"’ xcos"* 2 x dx

som+ ! n-=1
x inm*'xcos" 'x _ n-1
& IS'”mxcos"xdx=-sL—’—
m+1 m+1

Isln”” 2 y cos" "2 x dx

Chap 01 Indefinite Integral 47

Reduction Formula for_[ cos™ x sin nx dx

LetI, » =J.cos"' x sin nx dx
I I

cos™ xcosnx m

= S ST PR —Jcos""1 x sin x cos nx dx
n n

cos™ xcosnx m ey
=——————————|cos x
n n
{sin nx cos x —sin (n —1) x} dx
[using sin (n — 1) x =sin nx cos x —cos nx sin x
—> sin x cos nx =sin nx cos x —sin (n —1) x]

cos™xcosnx m _—
o A —|cos™ xsinnx dx

n n
m o .
+—jcos"‘ ! xsin(n—1) x dx
n
I cos™ xcosnx m I +™p
Sz ——dpn T 4im-1,n-1
mn n n n
m+n cos™ xcosnx m
= m,n =" +—Im—l.n-1
n n n
1 cos™ x cos nx + m_
or = m-1,n-1
g m+n m+n
Remark

Similarly, we can show
cos” x sin nx L_m

1. jcos’"xcos nx dx =
m+n m+n

J'cos""1 x cos (n—1) x dx

. m sam =1
2. J'sin’" x sinnx dx.= nsin” xcos nx _ msin X COS X COSs nNx

m?-n? = .
WL (L) ] (zm —21) jsin”’"" x sin nx dx
m?—n
3. JSin"’ X cos nx dx = nsin™ x sinnx _ msin™ "' x cos x cos nx
m2 = n2 m2 = n2
+ w J'sin’""" X €os nx dx
m? - n?
dx
1 Example 99 Evaluate I, = jﬁ—
(x*+a%)"

_ dx _ 1
Sol. Here, I, _'[(xz e _I(xz g 1dx

Applying Integration by parts, we get

= 1 _—— (2x) o
(x* +ay * j(x2+a2)n+| (= n)-(x)dx
x 2
—(X2+az)" "J(x2+az)n+|
. Ix2+a2-a2
(X2+a2)" (xz +az)n+1
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dx
(x*+a

x 1 2
- +2n dx—-2a'n
(x2 +ad°) I(x2+a2)" I 2y

X

— 2
-m+2n1,—2na I

L ona Iyyi= +(@2n-1)1I,

x
(x% +a%)y

or In+‘l='_

Remark

Above obtained formula reduces the calculations of the integral
1, + 1 to the calculations of the integral /, and consequently, allows
us to calculate completely an integral with natural index, as

dx 1 i x
Jy = =-tan‘(—)+C
! J.x2 +a a a
. From above formula
Let n=1

1 X 1
=1._x 4
222 x*+a° 2a
Let n=2
dax 1 X 3
/ =+ —,
8 J(x2+a2)3 42 (x2+a)? 4d° 2
1 X 3 X 3 _|(X)
=1 . X 4 2.2 ¢+ —tan'[=]+C
22 (2+a)¢ 88 x'+a 82 a

...and so on.

1 Example 100 Derive reduction formula for

sin” x
’(n,m) = Icos . dx.

Sol. Using Integration by parts for Iz, m), We get

s g sin x
I(,,_,,,)=J’sm" 'x ——dx

cos™ x
I I
——
=sin"_'x-(c°sx)"I —-J’(n—l)sin"‘z
(m—1) —m+1
(cos x)™"
X -cos x
(m-1)
1 sin" ' x _(n-l).J-sin"'
" m-1 cos" 'x (m-1)
1 sin" " 'x (n-1) I
Inm= —— Ty fa-2,m-2)

(m-1) cos" 'x (m-1)

is required reduction formula.

Integration Using
Differentiation

J- dx J dx J- dx ,
" (a+bcosx)z' (a+bsin x)* (sin x +a sec x)*

J' _atbsinx . e follow the following method.
(b +asin x)?
sin x Ccos X :
- = according to the
1.Let4 a+bcosx a+bsinx

integral to evaluated is of the form

J» dx ; J' dJ.f

(a+bcos x)? (a+bsin x)?

dA . 1
2. Find — and express it in terms of ————or
dx a+bcosx
1
———— as the case may be.
a+bsin x

3. Integrate both the sides of the expression obtained in
step 2 to obtain the value of the required integral.

dx

1 Example 101 Evaluate J'(?q—)l
+4c0s X

sin x

Sol. Here, A= ———,
5+ 4 cos x

then

dA =(5+4cos x) (cos x) —sin x (— 4 sin x)

dx (5 + 4 cos x)*
5 25
—(4cosx+5) +4——
- dA _ Scosx+4 _4 4
dx  (5+4 cos x)? (5+ 4 cos x)?
a s 1 9 1
dx 4 (5+4 cos x)

4 (5+ 4 cos x)°

Integrating both the sides w.r.t. ‘x’, we get

anlf = 3p s
5+4cosx 47 (5+ 4 cos x)?

5 dx

J‘(5+4cos:c)2_ZJ‘5+4cosx_A
=_J' dx -
4(l—taancIZ)
(1+tan? x/2)

sin x
(5+ 4 cos x)

= | dx _Sfl+tan® x/2 4 sinx

5 z__j 2 e ==s

(5+ 4 cos x) 979 +tan” x/2 9 5+4cosx

=°I dx _EI 2dt 4  sinx
(5+4cosx)® 979442 9 5+4cosx

(where tan x/2=1)



o oI lm—x(i)_isin_x
(5+4cosx)? 9 3 9 5+4cosx

j— dx _10 tan_,(tan x/2)_4( sinx +C
(5+4cosx)2 27 3 9 \5+4 cosx

] Example 102 Evaluate jd—
(16 + 9 sin x)?
Sol. Let A=.ﬂx_ o)
16 +9 sin x
-, 4A_(16+9sin x)(=sin x) — cos x (9 cos x)
dx (16 + 9 sin x)?
dA _ —16sin x —9
= —_
dx (16 +9 sin x)?
dA ——(9smx+16)+ﬁ_9
- —= 9
d (16 + 9 sin x)*
dA 16
L da__ 16 1 175 @)
dx 9 (16 +9sin x) 9(16+9sinx)2
Integrating both the sides of Eq. (i) w.r.t.“x’, we get
16 dx 175 dx
A=—— +—
9 716 +9sin x (16 + 9 sin x)?
2
=>175 dx 2—‘4"'2_[ (1+tz;n x/2)dx
(16+9sin x) 9 * 16+16 tan” x/2+18 tan x/2
175 dx - Acall 2dt
(16 + 9 sin x)* 16t2 + 18t + 16
[where tan x /2 =1]
E ___—dx =A g ——dt
(16+9sinx)z 9 12+.9_t+1
8
_ 2"' dt
= 3 2
9 9\ (V175
t+—| +|——
16 16
2 16 _,(16t+9)
=A+—-X——==tan
9 175 175
9 cos X
= A, ...
175 (16 +9 sin x)

(16 + 9 sin x)°

2 -1 létanx/2+9)
+ tan +C
(175)*2 ( V175

dx

| Example 103 valuate "5

when|a|>1/2.

Sol. Here, I= J- cos? x dx

orlj

j- cos? x dx

(sin x + asec x)° (sin x cos x + a)?

a? + 2asin x cos x +sin? x cos® x
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cos? x dx

) S
a* +asin2x+-4:smz 2x

_J- 4 cos® x dx _zj-(l+c052x)dx
(44 + 4asin2x +sin”2x) (2a + sin 2x)?

=ZI d.x

(2a + sin 2x)*

cos 2x dx
2
J (2a + sin 2x)?

= I=2I +Jd—: [where (2a + sin 2x)=t, (2 cos 2x) dx=dt]
t

1

= =2,  ——
(2a + sin 2x)
dx :
where L= I——z- -.(i)
(2a + sin 2x)
cos 2x
Put =2
2a + sin 2x
- (2a + sin 2x) (= 2 sin 2x) — cos 2x (2cos2x)
dx (2a + sin 2x)?
dA —4asin2x -2
= T r———
dx  (2a+sin 2x)
" g_—-m(sinz::+2a)—2+8a2
dx (2a +sin 2x)?
i dA _ 4a (82> —2)
dx (2a +sin 2x)  (2a + sin 2x)?
Integrating both the sides w.r.t. ‘x’, we get
dx
= A=—4aj—_ +(8a2 —2) I,
(2a + sin 2x)
2
=>(802—2)Il=A+4aJ sec” x dx
2a+2tan x +2atan® x
=A +ﬁ d—:
B 2 by
=A+2] di

: 2
(HL) +(1_L)

2a 4a®
=A+2 (2a) tan_‘[(zal+1)]

Jaa® -1 Jaa® -1

cos 2x 4a
2a + sin 2x ‘/402 =

tan-! [(Za tan x + 1)] (i)

=(8a*-2) ;=

2 -
From Egs. (i) and (ii) RO
1 .__cos 2x 4a

" (4a*-1) (2a+sin2x) (40 —1)*?

-1|2atan x +1 1
tan - - +C
\/402 = (2a + sin 2x)




50 Textbook of Integral Calculus

JEE Type Solved Examples :
Single Option Correct Type Questions

dx

———— ,isequal to
cos x +sin” x

® Ex. 1 The value ofI
(a) tan™ ' (2 cot 2x)+ C (b) tan™ ' (cot 2x) + C

(c) tan™! (% cot 2x] +C (d)tan™'(-2cot 2x)+C

dx I sec® x dx

Sol. Let I =
J 1+ tan® x

cos® x + sin® x
_ I(l + tan’ x)%-sec? x

dx
1+ tan® x

Puttan x =t = sec’ xdx=dt =

2\2
IM"'
1+t

_.[ (1+%)? &
A +t5) (=1 +1Y) "

— |dt
= 14 ¢ dr—j'(Hl“z)d' =j( +zz)
BRSO /=148 J@e-1/12+1"

Putt—l=z
t
1 L.

2 25—
=tzm"[r —l]+c=tan"(ta‘"—x—l)+c
t tan x

=tan"' (-2 cot2x)+ C

Hence, (d) is the correct answer.

2
[(sec J1+x?)? +cos '( xz )]dx,
+x

® Ex. 2]
(x>0)is equal to
(@)e™ *-tan'x+C
tan”'x g -1 )2
me—_ = (2"‘“ L
©e™ ' * (sec”'(J1+ x2)? +C
(d) et *..(cosec™ (y1+ 2N +C
— 2
Sol. Note that sec™ /1 + x* =tan™ x; cos™ (: = ;) =2tan"'x,

Forx>0
= I= I

{(tan" x)? + 2 tan™" x} dx,

Puttan™' x =t
-1
=[e@® +a)di=e' -t =™ *(tan™ x)* + C

Hence, (c) is the correct answer.

—x

= dx, ————dx.
®Ex.3 LetI_I 4x +e2x +1 I I —4x -2x +1
i tant c, the value of J —I equals to
Then, for an arblrrary cons Pyl
2x x
AR g 2X e +e* +1
wiliog| o=t heic OF Llog (T—,——)w
2 e +e? +1 e —e" +1

1 e —e* +1 d—l et +E *+1 +C
‘“’5'°g(m] MRl Ve

Jx

Sof. 7= Il+e +e'x
(elx_e)

-1
=i J‘l+e

dx=|——"du

1+ u +ut

u u
- —u+1
=llog:+c=llog uz L +C
2 Ct+1 2 wru+l
1 2x _ x+
ko e2 e 1+C
2 e +e* +1

Hence, (c) is the correct answer.

® Ex. 4 Integral of \[1+ 2 cot x (cot x +cosec x) w.r.t. x, is
(a)2|ncos§+C (b)2|nsin—:-+C

1 X
(c);ln cos 5 +C  (d)Insinx —In (cosec x — cotx) + C

Sol. I=IJI+2cosec x cot x + 2 cot’ x dx

_ 2
—IJcosec x + 2cosec xcot x + cot? x dx

= j(cosec x + cot x) dx

dX=Ic0t (g) dx=2log

Hence, (b) is the correct answer.

_Il+cosx X
SNy sm; +C

® Ex. 5 Ifl, =jcot" x dx, then ly+ 1+ 2

(I I3t Ig) + 1o+ 1, equals to (where u = cot x)

2 9
u d 2 9
(a)u+7+....+? (b)-(u+ﬂ-+...+ i‘—]
2 9

2 9 9
(c"("+7+ = )(d)—+—+....+9L
3 10
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Eaw 24 2 in® cos 8 d®
s°"'ﬂ—jc°t x‘ix‘j“"" x+(cosec’x — 1) dx =2(b—a)I fbsin' e SI‘nzec)o(sb zg 29)
-1 -1 sin’ @ —asin cos’ 0 — a cos
u u
I,,=—n_l—1,,_, or l,,+l,,_1=—n_ [putn=23,4,..,10] —Z(b—a)J sin 0 cos 0 d® =2]ld8
- (b—a)sinB cosO

1
L+l,=-2 —
l, =20+ C=2sin"" - +C
__u Jb-a

Hence, (a) is the correct answer.
(x=1)

® Ex. 8 The value ofI

(x+1) yx* +x7 +x
....... 2

I+ 1 =_i (a) 2tan™' Y ve (b) tan™' X_LH+C

10 9 9 x x

dx, is

Adding, Io+ Iy + 2(I, + Iy 4 .4 Iy) + 1 !’
g lot 1 +2(I; + 1, u:' 8+ :,: o (©) 2tan™" || +x+1 . ¢ (d) None of these
=—(u+—2-+ ..... +? o
(x—1)
= dx
Hence, (b) is the correct answer. Sol. Let 1 I(x+l) L+ x’+x
2
. -1
® Ex. 6 Let f(x) = x + sin x. Suppose g denotes the inverse =I s — dx
1 (x+1)2 Y+ x*+x
function of f. The value ofg( +ﬁ]has the value equal (1 -1/x%) 4
- Ix
to I(xz+2x+1)Jx’+x’+x
J-' \/—+1
(@ v2 -1 (5)7— f x*(1-1/x%
(c)z—ﬁ (d)ﬁ+l x(x+2+1/x)-xJx+1+1/x
1
Sol. f(x)=y=x+sinx PiE ake mh
2 =
= %—l+cosx )=o) de=dt dt e
=[—————, which SO s
g’(y)=£= i I(l+2),/m whic reduccstoIPJa
dy 1+ cosx Let t+1=2%
T 1 y n 2z dz
=— 4+ —=x+sinx = x=— dt =2zdz =
where y RN 4 % I(zz+1) ]zz
% . 1% 1 dz =
g’(4+ 2) PPRTR) =ZIZZ+1=2'°" '(2)+C
J2 z
- = —1)=2-2 = o X+ x+1
Ty V2 (2-1)=2-2 =2tan”' (Jt+ 1)+ C=2tan™" -—;X—+C
Hence, (c) is the correct answer.
Hence, (c) is the correct answer.
1+ x?
°Ex. 9 Thevalueofj U+x )k L is

(l—xz)\/l+x2 +x*

dx
® Ex. 7 The vall —_—,is
evaueofj e -
(a) 2sin™" ’x'“+c (b)Zsin"‘l—"_b+C Vx'+xl+ —J—XI
b-a b-a 2‘/_ Ixt+x +l+\/—x‘

() sin™ ’:::-;-C (d) None of these (b)—l '+ x2 + 14 V2x B
Vx'+x +I—Jir

Sol. Let x =a cos’ © + b sin? 0 in the given integral.

So that, dx = a (2 cos 8) (- sin 8) + b (2 5in 8) (cos 8) d® © | V' - x? +1-3x +C
. c 0| |
dx =2(b-a)sin O cos0 dO 7 xexta1+3x

! 2(b~a)sin0 cosO d0
J cos? 0 + bsin?0 —a) (b-acos’0 - bsin® 0)

(d) None of the above
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‘ cos 0 do
Sol. Let _ @+ xfde =~/;J. 2. 12.n20)- (-]
I z)\'1+x +x* (a +b sin® 0) - cos
z(l+lz)dx J—Ia +bzsm6
x
—I ( ) r 2 dividing numerator and denominator by cos’ 6, we get
- +1+x )
x =,/;J'——s£—e;‘z-e—-—z‘,puttan6=t
__I (1+1/x%) dx azsecze+b tan® 0
) dt
A-1/x)yJ(x=1/x)*+3
1 1 J dt _J_I 2(1+tz)+1;z t? 1/;;J'(a’+b’)t’+a2
Put x__=‘=(1+—)dx=dt =
* % Jt,/:%s _ zﬁzj drz
Again, put t* +3 =57 @+t o E .
a*+

ds ds
= 2dt=2sds =— [ ———=— [Trp?
recrrat b IR PSR P (AL
I = e ’ ’
23 s+43 _ 1 e xx/a +b° ¢ | t=tanB=—=Z |
=__1_log ——-—“tz'*a—ﬁ +C ‘}a(“z*'bz) avb-ar’ b_asz
23 43+ V3 Hence (a) is the correct answer.
-— 2 —
. T Jix 1/x)2+3 B, e
2V3 ,[(x—l/x) +34+43 2x r_I—x\/(Z—x)+ H=x

1
Jx’+—+l—~/5 1 3 1 1
_ 4 log x* +C == log(z+5+\,zz+3z+3) +; logs—;+\}sz-s+1
s ’x2+i2+1 +3 K
* and s — z =—, then value of k, is
x

,/x +xz+l—~/-x

+C

- ® Ex. 11 The value of | =I

+C

=_F1° Jxt+x +1+J_x @1 (b) 2 ()3 (d)4
Hence (a) is the correct answer. Sol. Here, I '-'sz T J(Z—x)+ —
dx . t(1-x)=t*—dx=
e Ex. 10 The value ofl=j - =, Is petil=a) 2tdt
(a+bx?)Jb—ax =_I__2'd'__
[Z,p2 2(1-12)-t,/1+t’+r
()———1—-—-tan xva +b J+C J»
a(a® +b?) aVb—ax a- t)m
()—————tan" xa+b | ¢ = lj( ]_'if_
-J( +bz) adb—axz (t‘l)(f+l)Jt +t+1 2 t—1 l+l "2+’+1
1
[ +b?
(© L - tan™ X—ij—b—]+c (=1t +1) 2(:—1 ¢+1)
2+b a
e ; —-j dr-—J' dt
(d) None of the above I)Jr " 2 (t+l)\/ﬂt+l
i 2 _psin®0
Sol. Substituting ax sin i L1 Il r Iz B
= dx=J§cosed9 2 2
@ where,

dt

I'=J- f
(t=1)Jt°+t+1

dt
L v rovey
(t+1)Jt°+t+1

For I,, put (t—1)=l % pre 2 4y
z 2

J’Ecosede
_ _"_____———
I( +—sm O)Jb—bsin’e
a

and



_J -1/z%dz dz

1 1)’ 1 =] 3\ ()
e 0 )+ (2)
(s42)+Fmees

For I, put(t+1) =-—

=-log

= dt =——ds

R
-3 K
== fog (s + 2+ )

—log

1
+ = lo
2 4

1

where z—; and s =
’ Ji-x-1 Ji-x+1

1 1 2
—_m_—— - =" k=2
z Ji-x+1 J1-x-1 x
Hence (b) is the correct answer.
° Ex. 12 /fj——ﬁ
1 X 1 X : 3
=— | — =  +—tan"" =} +C. Then the value of k, is
ka® |x* +a* a a
(a1 (b)2 ()3 (d)4
Sol. Here, we know
J' dx = Lian=t X g
x*+a® a a
1 1 - 2x
L x -
G ,[x2+az — T¥+d '[(x +a?)
+2 J-x +a —a
xz+a (x + a?)
I
d: x dx dx
I—x—= 2 2 ZI F] Z—ZaZI % 20y
xX*+a® x*+a x"+a (x* +a%)

From Egs. (i) and (ii), we get

1 % dx
lta g P S+2 tanl—-ZazI =
a a +a a a (x* + a®)
dx x 1 <4
2 = = =
= I e T I W f
(x*+a")" x"+a" a

e 1Y

ka* |x“+a" a a
k=2

Hence, (b) is the correct answer.

(s-2)+ m=sa+
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X m
B Y T W)

{

x + L tan ‘(i)} +C. Then|m—n| is equal to
a

2a%(x*+a?) 24°

(a)4 (b) 3 (c)2 (d)1
Sol.Let I= J‘—?T (i)
1 -
and I = oy dx G
1 —-2(2x)
N J’(x’ +a%)? s (x* + a’) J.(x + az)3
I
_ x I xz + a =a>
= (x* + a’)? (x*+ a%)’
1 dx
= (x* ;‘az)2 ¥4 J.(xz +a%)? &~ J.(xz +a%)?
= I,= (x—zf—a-z? +4f, —4a®-1  [using Eqs. (i) and (ii)]
= 40l = (—ﬁ"ﬁ +3I,
x 3

=+ — -..(iii)
4a% (x* + a®)*  4d® :

[using previous example,
I‘=I zdx22= 2 er z+L:ta"-l(£)+C]
(x*+a°)* 2a°(x*+a°) 2a a J

WA S X g tan"(x) +C
4a’(x*+ a*)?  4ad® |2a%(x*+d%) 2a° a

(iv)
m=3andn=4
Im=n|=|3-4|=|-1]=1
Hence, (d) is the correct answer.
o Ex. 14 Ify (x —y)? = x, then
dx
AL S o
I(x - ) . n[(x—y)?* =1).Then(m + 2n) is equal to
(a1 (b)3 (c) 5 (d)y7
Sol. Let P=j(x_3y) FInlx-y7-1]
dy
1 EN {1 - E}
s = > (i)
dx x-3y {(x-y)’-1}

Given, y (x —y)? = x, on differentiating both the sides, we get
dy _1-2y(x-y)

dx  (x-y)(x-3y) -4
» _1-2y(x-y)
- ’){' (x—y)(x—sy)}

{(x-y) -1}
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(x-y)-1
(x-3y) {(x-y)*-1}

...(iid)

_x=(x=3y)-1+2y(x=y)_
(x=3y) {(x-y)* -1}
L _ 1
Tdx T (x-3y)
which is true as given

_dx 1 N
I(x_3y)—210g{(x ) -1}

m=1,n=2
= m+2n=>5
Hence, (c) is the correct answer.

® Ex. 15 Ifj(x+\'1+x2)" dx.
= {’H"/“'Xz}"”+ﬁ{x+41+x2}"ﬂ+c

a(n +1)
Then (a + b) is equal to
(a)2 (b)3 (c)4 (d)s
Sol.Leu=j(x+,/1+x‘)"dx
Put x+ 1+ x2 =t )
=y l+—1—~2x dx =dt
21+ x*
\'l+x2+x o
= N TE "% |ax=adt (i)
[ J1+x° ]
2 x—\fl+x2
Weknow,t=x+\/1+xz=x+"l+x xx——\/—l__-f_?
e = t=x+l+x°
x—;}l-o-xz
—l=x—\'1+x2
t
Subtracting, we get
..i)

e I | 12
241+ x —H-t Mﬁj —-lz+1
From Egs. (i), (ii) and (iii), we get

o ]

I=I‘n"2+l

1 -2
dt=—| (" +1t""%)dt
(2t%) . z-[( )
+1
=1[r" :

+C
2| n+1

—’T)[x+ Ja+Ar

2(n+

I"_l

n—1

I=
1
2(n-1)
Then comparing the values ofaand bby Eq.(iv)a=2,b=2
A (a+b)=@2+2)=4
Hence, (c) is the correct answer.

(x+ 1+ X))+ C(iv)

+

e Ex. 16 If J. j;(x) dx, where f(x) isa polynomial of
(2)=-3and

x” =1
degree 2 in x such thatf(0) = f(1) =3f
J—mdx=—log|x—1|+loglx2 +x+1

x* =1
+= tan™ (Zx +1)+ C. Then(2m+n) is
Jn V3
(a)3 (b) 5 ()7 d)9
Sol. Let flx)=ax’+bx+c
Given,  f(0)=f(1)=3f()=-3

fo)=c=-3
f(l)=a+b+c=—3
3f(2)=3(4a+2b+c)=—3
Onsolving,wegeta:l,b=-1,c=—3
f(x)=x2—x—3

. ='[ x{(f)l

Using partial fractions, we get

x*—x-3
= - —dx
o I(x—l)(x2+x+l)

=

(*-x-3 __A | Bx+C
(x—1)(x*+ x+1) (x-1) (F+x+1)
weget, A=—1, B=2, CcC=2
2x + 2
sI= _ﬁdx+‘[(x—(2+_xT)l—)
2x + 1) dx 1dx
=—]°glx_”+j(x2+x)+l+jx2+x+1
dx

=—log|x—1|+loglx2+x+ll+j—__——(x+1/2)z+(ﬁ/2)z

2 2x+1
=—log| x—1|+log| x*+ x+1 +—tan"( )+C

.. On comparingm=2,n=3 = 2m+n=7.
Hence, (c) is the correct answer.

+
® Ex. 17 The value of I—& dx, is equal to
x (1+ xe*)?
1

(a) log —_—

1+ xe* | (1+ xe¥)
x

(b)log| 5|+ +C
1+ xe* | 1+ xe*

@log] =4 -1 _4E
1+e* 1+ xe*

(d) None of the above

Sol. Let [=I.M =J‘ 1+ x)e*
x (1 + xe*)? (xe*) (1 + xe*)?

putl+ xe* =t

. _ t )
L+ x)etde=di=| e applying partial fraction,
o B C

we get L T
(t-1)t* t—1 ‘+'z




= 1=A@)+Bt(t-1)+C(t-1)
For t=1 = A=1
For t=0 = C=-landB=-1

1 1 1
L= ===
I{t—l t ¢

}dt:log|t—l|—log|tl+%+c

=log | xe* | —log |1+ xe* | + +C
+ xe*
g xe* &
= +
1+ xe® 1+ xe*

Hence, (b) is the correct answer.

dx

, is equal to
x+y/a? = x?
L 1
@ (2] Jrgl e+ = 10

1 J 1 5 1

(b);sm ‘(;)—;loguhiaz-x‘nc‘
1.

(c);sm ‘(i—)—log|x+,fa2—xz|+c‘
1 -

(d);cos ‘(§]+%Iog|x+,'¢z2—x1|+c,

dx
Sol. Let] =| ————,Put x=asinf
J-x+,/a’-~x’

dx=acosed9=j ig08 60
asin® + /a’ —a’sin? @

_I cos®dd 1 cosB+sinB+cosB—sinb

® Ex. 18 The value of‘[

== do
sinB® + cos® 2 sin® + cos B

1 1 rcosO —sinB
==|1d0+ = | —————
2-[ ZIsin9+cose

=%-9+%log(sin9+cose)+c

JEE Type Solved Examples :

More than One Correct Option Type Questions

Chap 01

2
=lsin"(i)+llog i+1/1—x—2
2 a 2 a a
sin™! (i)+%llog|x+\)az—x2 I} —%loga+C

a
=%sin"(£)+%log|x+ \'az—xz|+cl
a

Lwhere CG=C- % log a]
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+C

Hence, (a) is the correct answer.

X~ =1
® Ex. 19 The value of | ————————dXx, is equal to
e f'[(xz +1) \/x" +1 *

2 2
(a) % sec”' [XT;x_]J +C  (b)V2sec™ (XT/’—;‘—I] +C
2

2
(c)71; cosec” [xﬁ-:l) +C (d) V2 cosec™ (XJ.;;(1) +C

x*(1—-1/x%)dx

1 1
x’(x+—)\F2+—7
X X

(x*-1) de=]

Sol. LetI=I(x2+l)‘/x‘+l

=I (1-1/x%)dx

2
(x+l) (x+l) -2
x \J x
1 1
Putx+—=t = (l——)dx:dt
x

2
dt 1 _,( )
= =—sec |—=|+C
I: -2 2 V2

1 L x*+1
=—=sec |——|+C
" (ﬁx)

Hence, (a) is the correct answer.

b

[ 2 4+ x2)¥? (Bx? -6
® Ex. 20 f——st de= DY) (BY =8
X

5

x
then
o - (b)B=1
120
(c)A:—L (d)B=—1
120
T ’1+iz 1+—4;
- x x
Sol.Here.I:j = dx=f = dx = 0 dx

Put t= 1+iz=5:2=1+i
X Xz
2tdt=—i3dx
X
1 3 5
= I=—I(tz—t‘)dx=i L Y
16 16 |3 5
2\3/2
=—1—~%(x2—6)+c
120 x
A By
120

Hence, (a) and (b) are the correct answers.
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° Ex2 21 The value of the integral
Ie"" ¥ (cos x +cos® x) sin x dx is

(a) % "% (3 — sin? x)+C
(b) s X (1 + % cos? x) +C

;2
(c) e™™ * (3 cos? x + 2sin? x)+C
: 2
(d) e * (2cos? x + 3sin® x) + C

Sol. Put t =sin’x

r
The integral reduces to | =% je‘(z —t)dt <2 &= e
2 2

1 502
e ™™ *(3 —sin’x) + C [option (a)]

=t " (1 + % cos’ x) +C [option (b)]

Hence, (a) and (b) are the correct answers.

JEE Type Solved Examples :
Passage Based Questions

f(x) +c, then

o Ex. 22 Ifl= I(Jtan x ++Jcot x) dx =
f(x) is equal to
(a)¥/2 sin"'(sinx — cos x) (b) = J— — 2 cos™'(sinx — cosx)

(d) None of these

(c)\/Etan (J_Jt’n;J
sinx + cosx
SOI.I:I( tanx+dcotx)dx=Iﬁ'mdx

Ifsinx — cosx = p, then (cos x + sinx) dx = dp

I=J_‘[,/1—-__ =2sin™ p + c=+/2sin”! (sinx — cosx) + ¢

= sinx — cosx
T _ 2 cos™ (sinx — cosx) =2 tan

1
V2 /1 = (sinx — cos x)?

- tanx —1
sinx — cosx -J_tan ( )

-1
=42t
4R i J2sinx cosx J2tanx

Hence, (a), (b) and (c) are the correct answers.

Passage
(Q. Nos. 23 to 25)

a a a
Fe / —_— + — é tx——=t
or mtegral If xX= ) (1 2 )dX putx

) ( —-:—z)dx,putx+%=

i a 2 7.4
Formtegraljf x —7) (x+x3)dx,putx % t

x |8

For integral j f (x +

a a ,  a
— || x=—|dx, putx” +— =t
For integral J.f( xz) ( x’) .

many integrands can be brought into above forms by
suitable reductions or transformations.

=2

Jx +x2+2

(a)"x +1+—+C (b) ’x +1+——+C

x? +——+C

dx

° Ex. 23 [—

(©),4[x +—+C (d)

2
X3 dx

Sol. Here, I =I 2
C+1+—
x

2
Putx2+-—2+1=g =°2(x-———)dx dt
x x

tlIZ
—+C=+t+C

2 1/2

’ 2
= x’+—2+1+c
X

Hence, (b) is the correct answer.

(x-1)

P e

(a) tan™ (X+l+1 +C
X

o Ex. 24 j

(b) tan“w,x+l+1+c
X

(d) None of these
(-3)
X dx
1 1
x+—+2)Jx+—+1
x
(l——) dx =2t dt
x

=J 2tht =ZI z1

"+ 1)t (2 +1) o

=2-tan"(t)+C=2tan"({x+_l.+1)+c
x

Hence, (c) is the correct answer.

(c)2tan™" "+l+1+C
x

2
Sol. =1 =
]

PutJH-—l--o-1=‘2
x




5x* +4x°
o Ex. 25 [ ———
(x> +x+1)?
5
(@) x*+x+1+C (b)———+cC
x’+x+1
5
©x*+x+C d—>—+cC
x"+x+1

4 S
Sol. Here, I = 5:;4"
(x*+x+1)?

JEE Type Solved Examples :
Matchmg Type Questlons

® Ex. 26 If x €(0,1) then match the entries of Column |

with Column Il considering ¢’ as an arbitrary constant of
integration.

Column | Column 11
(A)j:an[zm" ——W]dx ® 2244 c
1++/x +1 3
o [1edx - Y 4
(B) Icot[Ztan 1 — dx @ ;x”‘+C
l-tan[%sin"(:zﬁ)] 5
C dx x¥+c
()Il+tan_l.'-"‘[; (')3"+
27" \T+x

D) [VZen o ‘/,/1+J;+1—,Nl+&—l e 2594
ol [2'“‘ [ el 2 8

Sol. Let Jx =tan’0
x=tan'® = tan@=x"

dx = 4 tan® 0 sec’0 do

,[1+J;=sec9
_ L i+ Vx -1 5
(A)I—Itan[Z tan m]

, -1 =
= tan |2 tan™ 1+3x =tan|2tan™" sy
1+/x +1 sec B +1
0
=tan|2tan™ | tan = 5 = tanf

I =Itan9-4 tan’0 sec’ 0 dO

[ xe(0,1)
|0cmn/e)

+

Chap 01 Indefinite Integral 57

Divide numerator and denominator by x'°, we get
J' 5x7% + 4x73
@+ x4+ x7%)?

Putl+ x* + x5 =t =(—4x7° —5x~°) dx = dt

dt 1 1
1=_J_z=- = +C
t t 1+x +x

]
X e
x+x+1

Hence, (d) is the correct answer.

=§tan56+C=§(x5“)+C

. rTf]
Jiedx +¥x

1+ Vx - Yx _1 [sec 8 — tan®
. cot|2tan™ | *—=——=|=cot|2tan  [————
J1+Jx +¥Yx sec O + tan@

=cot (2 tan™" \/(sec 6 — tan 0))

= cot [z tan™! ﬂ]

(B) I= Icot (2 tan”

cos 0
1f0 € (0, ©/4), thensec® —tan > 0

= cot (2 tan™" tan (E - 2)) =cot (E —9) = tan®
4 2 2

I=J.tan9-4tan’95ec29d0
=¥;-tan’9+c=§(x’“)+c
- 2
©) lsin"(1 Jx w i 1=tan B
2 1+4Jx) 2 1+ tan?0

1
=—sm‘(cos20)=—sin"sin E—26 =£—6
2 2 2 4

1., (1-Jx
. I l—tan(gsm (1+&)]

1+ tan (% sin™ (: :ﬁ)]

1 —tan E-9
=I—4—4tan39sec29d9

1+tan(£—6)
4
=J‘tan(%—(%—8))4tan3esec28d9

=I4tan‘esec29d9

X
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=danerc=2xy+c
5 5
(D) Let v/x =tan’0 = x = tan*@

dx = 4 tan® 0 sec’ 0 dO

m =sec®
I=JJ;tan 2 tan™ JJ] +ox 41 —‘/\/:& — dx
N AW e -y

o Jx tan [2 tan™" [Mi]]

v+ xe(0,1)
. 0e(0,m/4)

JEE Type Solved Examples :

Single Integer Answer Type Questions

W-Wl))

2
= tan®0" tan[zmn [ MecO T 1 + Joech -1

0 0
cos — —sin —

=tan?0-tan|2tan” [ —5— ¢
COS -+ sin ;

=tan®0-tan (Ztan tan - - —))

= tan’0- tan (—2-—9)=tan 9-cot®=tan

4tan’0 4
I=I!an9-4lan’95eczed9=—a?—-+C=-5-(X5“)+C

(A)~ (@) (B) = (@) (©) = (9 (D)~ (@

® Ex. 27 If the primitive of the function
2009 2
fx)=

1
w.r.t. x is equal to—
1+ x?)1%%

1+ x?

- +e

n.
then — is equal to ......
m

0= ——w
Put 1+x’=t = 2xdx=dt

1004 1004
J’(t—l) d'—lj'(x—l) -lzdz
2 t) ot

Sol. dx
(l ¥ x2)1006

1
Put 1==—ny =7—2dt= y

ymos
21 potorg,, 2. +C
I= -[y o= 2 1005

1 o 1 xz 1005
= —) +C=— sl +c
2010 \ ¢ 2010 {1+ x

= m=1005n=2010 =

f/x) fx
£ f(x)
continuous differentiable function with f (x) #0 and satis-

fies f(0) =1 and f’(0) =2, then f(x)=e A 4k, then A +k is

equal to ......coeune

Sol. f'(x): f'(x) = f(x)- f"(x)=0 or

[ f(x) ]
dx f(x)

=0 where f(x) is

© Ex. 28 Suppose

U = fOF )
TN

Integrating, j{, ((’;)) +C )
Put x=0,%=c = c=%.

Hencs: jf:((i)) = % (i)
From Eq. (). 2f(x) = f(x) f;(“; =2

Again, integrating, In[f(x)]=2x+k
Putx=0toget, k=0

f(x)=e* = A+k=2+0=2

® Ex. 29 [ {sin(101x) - sin®® x) dx = Sin(100X) Gsin )™
n

A
then— is equal to ......
Sol. (1) I= I {sin (100 x + x)-(sinx)**} dx
= I {sin (100 x) cosx + cos 100 xsin x} (sin x)** dx

= Isin (100x) cosx-(sinx)* dx + Jcos(lOOx)-(sinx)mdx
I I
_ $in (100x) (sin x)'*”
100

100
~ %5 Jcos (100x) (sin x)'® dx + Icos (100x) (sin %) dx

_ sin (100x) (sin x)'®

100 i

=A=100,u =100 = &=m=1

K 100



Subjective Type Questions

o Ex. 30 Ifl, denotesj 2" e"* dz, then show that
(), =l +e"* (1122 +212° +.. 4n1z"*Y),

Sol. I, =I 2" ¢'* dz, applying integration by parts taking e'* as
first function and z" as second function. We get,

el/x 'Z"*l vk 1 z,,.,,l
=Syl (o) e

z n+1
cI/z 5 zn+l 1
_— 4 1z  _n-1
(n+1) (n+1)je z d
" =¢”*.z’”" Iu»l
"+ (n+1)
=el/z'zu4~|+ 1 rellz_zn+l 1
(+1) @+ n n ""J
. el/z (z)n+l ellz .(z)n 1
(n+1) (n+1)n  (n+1)n "°°
_ el/x. (z)"” ellz. (z)n ellz_ (z)u—l 1 I
(n+1)  (+Dn (a+Dn-(n-1) (a+Dn(n-1) ">
_ ell: 3 (z)n +1 el/x < (z)n ellz N (z)l
n+1 (n+1)n (n+1)n...3:2

N 1
(n+1)n(n-1)...3-2

Multiplying both the sides by (n + 1) !. We get,
(n+ 1), =("*-2"""nl+ ez (n=1)1+...
+o+ e 2@+ 2R+
= L+)!=l+e (122212 . +nlz"Y)
Hence Proved.

° Ex. 31 Ifl, =jx" Ja® —x* dx, prove that
Xn—l (az _x2)3/2 . (n—1) aZ
(n+2) (n+2)

Sol. I, =I <! ,’az - xz dx:f x"I" . (x,}a:l- le dx

Applying integration by parts, we get
312
="t {_(“2_"‘2)_3/2.}4_]' (n—1) x"2. {_ L“z_'i }dx
3 3

__ X @ =-x)" +('l;1)j{-z.(az_xz) ot

I, =- 03

3
=142 2,312 = 2 s
- [t @ —x) GO Dy
3 3 3
o+ ,n=_f"(a’—x’)”’+(n-1)a’ I

3 3 3
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n—

(n+2)In=_x""(a23—x2)m+(n—1)a2I
3

3
—1(,2 _ . 2\302 e
I, _x" (a® — x*) +(n 1)a s
(n+2) (n+2)

Hence Proved.

® Ex. 32 Ifl, = _[ (sin x +cos x)™ dx, then show that
ml, =(sin x +cos x)™ " (sin x—cos x) +2(m—=1) 1, _,
Sol. - I, =I (sin x + cos x)™ dx
= j (sin x + cos x)™ ™! - (sin x + cos x) dx,
Applying integration by parts
=(sinx + cosx)™ ~(cosx + sinx)—I(m—l) (sinx+ cos x)" "2
-(cos x —sin x) - (sin x — cos x) dx
=(sinx+ cosx)™ ~(sinx — cos x) + (m—1) I(sinx+ cos x)™ 2
(sin x — cos x)? dx
As we know, (sin x + cos x)* + (sin x — cos x)? =2,
I, =(sin x + cos x)™ ™" (sin x — cos x) + (m — 1)
I (sin x + cos x)™ " %- {2 — (sin x + cos x)’} dx
=(sin x + cos x)™ ! (sin x — cos x) + (m —1)
I 2(sin x + cos x)" "2 dx—(m—1) I (sin x + cos x)™ dx
I, =(sin x + cos x)™ ! (sin x — cos x) + 2(m —1)
Im—z _(m_l) L
or(m = 1)I+ I, =(sinx + cos x)™(sinx — cos x) +2(m —1)I, _ ,
or mI, =(sin x + cos x)™ " (sin x — cos x) + 2(m —1) } (S
Hence Proved.

® Ex. 33 Ifl, , =jcos'" x - cos nx dx, show that
(m+n) Iy 5 =cos™ x-sinnx+ml,_, ,_y
Sol. We have,
) =J cos™ x - cos n x dx
I Il

sin nx i X sin nx
=(cos™ x) [—] - I mcos™ ! x (—sin x)- dx
n n

1 . m 22 i
== cos™ x-sin nx + —I cos™ ! x {sin x - sin ny dx
n n
As we have, cos (n — 1) x = cos nx cos x + sin nx sin x

1 . m "
% I,,,_,.=—cos"'x~smx+—jcos’" ' x(cos(n—1) x
n n
— cos nx - cos x} dx
1 . m = m
=—cos’"x-smx+—Jcos"‘ 'x.cos(n—1) xdx ——
n n n
Jcos"'rcosnxdx

1 . m m
==cos" x sinnx+ — In_ynoy —— Ipn
n n n
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m 1 .
Imn+ = Imn=—[cos™ x-sinnx+mIp_yn1]
n

m+n 1
( = )1,...,. =;[cos’" x-sinnx+mlpy_ya-1]

(m+n)Ip,=cos™ x-sinnx+mlp_yn-s

tan(ﬁ—x)
4
dx.

2
cos x\/tanJ x +tan? x +tan x

tan(f-x)dx
4

o Ex. 34 Evaluate _[

Sol. 1=
cossztan’x+tan2x+mx
—I (1 - tan® x) dx
(1+Mnx)2cos2thm’x+Mn2x+mnx
1
-(l—mz )scczxdx
1= X
(tanx+2+—l- tan x + 1+ 1
tan x tan x
let y=_[tanx+1+
x

= 2ydy=[scczx— 12 -secszdx
tan® x

=f —2ydy _
Gi+1)-y

=—2tan_'( tan x+ 1+

-2 =—2tan"'y+C
Il+y y

1 ]+C
tan x

x2+n(n-1) dx.

o Ex. 35 Evaluate I

(x sin x +ncos x)?

2
-1
Sol. Here, I=I -LMIL\’
(xsmx+ncosx)
Multiplying and dividing by o wc get
I___j {x* +n(n—1)}x o
(x"sin x + n x" " cos x)*
We know %" sin x + n X" ' cos x =t

“2cos x

= ((n:('"sinx)+(fcosx)+n(n—l)x"
—(n x"~'sin x) dx = dt}
= X""2cosx-{x*+n(n-1)}dx=dt
Keeping this in mind, we put
=I{x +n(m-1)}-x"" cosxvx"~sccxdx
(i'smx-bnx" cos x)
I I

Applying integration by parts, we get

1
e _(i'sinx+na"" cosx))

J(x"secxtanx+nx"
(sinx+nx"""

-1 sec x)

cos x)

_ (x sec x) £ J sec? x dx
(xsin x + n €os X)
(x sec x) +tanx+C  Hence Proved.

(x sin x + n cos X)

© Ex. 36 Ifcos6>sin6>0, then evaluate

cos?8

i 20

[{ 108 145sin20 +|og( cos )09
1-sin26 14+sin206

+sin20 & cosZG

1+ sl

— + lo do
Sol. Here, I = J' Iog( —a 29) g 1+si 29

- 2 cos 0 +sin @ _1 cosO+sm6 o
—I{Zcos elog(cose—sinBJ 8| CosB —sin®

cos O +sin @ )de
cos @ —sin 6

=I(2cos’9—1)log(

= I cos 26 - log M 46, applying integration by parts
cos 6 —sin®
I

-1 (c050+sm9]'sm29_ smzede

T
cos O —sin 6 2 cos26 2

sin26 cos 0 +sin 6 1
= 1 +=1
“ (cose—sine) 2 b | coa R+

=1
X

® Ex. 37 Evaluate J‘E‘— dx.
x

4

Y 1
x-—dx
xl
I I
- 1 1 1
=(tanlx)(——)— —_— s s
3x> I1+x2 (-3x%)
tan”' x
-— +_.
3x° BJx’(l +x%)’
Put1+ x?=¢,
-1
2xdx=dt=_tan x+lj- dt
3 67 (t-1)?
t -1
I=-m x 1 0

Where, I, =I

1 A B C
drafd Lupa s
N I{t—xxt(r_l)”r }dl

Comparing coefficients, we get

A=_).B=I.C=1

L= R S S |
' I{ (t-1) )’+:}d'

=-log|t-1|-—!
G

Y + log | ¢t| (i)




. From Egs. (i) and (ii), we get
1

tan” x 1 1
I=- +-4-log|x*|- =+ 2
S 6{ g | x| 7 log|1+ x*|}+C
__tan"'x 1 xt+1 1
=- 3 3 == ) ___2+C
X x 6x

o Ex. 38 Evaluatej x? log (1 - x?) dx, and hence prove

11 2 8
that—+—+—+...=— -
15 2:7 39 5 =g

3 4

Put x? instead of x in the above identity,

2 3 4
SOI.Weknow.log(l—x)=—{x+x?+x_*x_+_“,,}

4 6 8
= log(l—x2)=— xz+x_+x_+x_+"_°°
2 3 4
6 8 10
= Flogl-x)=-{xt+Z+Z4+X 1 o
2 3 4
Integrating both the sides, we get
5 7 9
[ x*log (1 - x*) dx = - WL
1-5 2:7 3.9

Now, to find constant of integration, put x = 0

= 0=0+C
Cc=0
S 7 9
Ileog(l—xz)d:r:— X e T X o e
1-5 27 39
I I

Applying integration by parts, and taking limits 0 to 1 for LHS

x’ 2 l_ '_xi_l(_zx)
= (—S—log(l—x))o [ & i
Jl
0

3 2 3

x_ —-x? g _x__ +ll
= [alog(l x))o+3[ = X zog
Taking log (1 — x%) = log (1 + x) + log (1 = x)

log (:_t’i) =log (1+ x) —log (1 - x)
-x

1+x

) M o

and
1

1 1 2 2, . (X
- oy i o, oo 1 Z = |log(1—-x
= 3]052+3|og2 =3 x-’fll[s 3) g (1-x)

[ P_rgl (x*-1)log(1-x)= 0]

2 8
= - 2-==
3log 5
1 1 1 2
— t—+—+...=-log @) -~
1.5 27 39 3
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a+bsinx

® Ex. 39 Evaluatej——— dx

(b+asin x)?

2
£z——b+(b+asinx)

a+ bsin x b p
Sol. Here, [ = dx=—
ere "(b+asin x)? a'[ (b + asin x)?
a* - b’ dx b dx
I= | 42 .
a (b + asin x) a”? (b+asinx)
cos X dA -bsinx-—a
JetA=z—2 o =————
Rewe b+asinx dx (b+asinx)’
aZ
dA b asinx+b+—-b
= —=—— ==
dx a (b + asin x)
L da__b 1 a’ - b’
dx a|b+asinx b(lH-asinJr)z

Integrating both the sides w.r.t. ‘', we get

A-—Ej dx _(a’—b’)J. dx
a’b+asinx a (b+asinx)2
az—sz dx

=—EI &
a (b + asin x)* a’b+asinx

From Egs. (i) and (i), we get

,=_EI_"§_-A+EJ_“_
a? (b+ asin x) a? (b+ asin x)

= I=—A+C = I=-| 2% |4c
b+ asin x

° Ex. 40 Evaluatej-—-——dx .
(x=1)** (x +2)*
dx dx
SoI.LetI:j =j'
- 3/4 5/4 3/4
(x=1)" (x+2) (b2 (x—-1)
(x+2)
Let x-l=t
x+2
3
So that, ——— dx =dt
(x+2)?
_podt 1oy
,[3‘3/4 ‘5,‘.‘ dt
174 V4
S I e |
3 1/4 3\x+2

61

(i)

(i)



62

2
1. Let f(x)= [ x dx and £(0)=0. Then
(1+x2)(1+J1+x2)

f(1)is equal to

(a) log. (1 ++2) (b) log, (1 + v2) _%

(c) log, (1 +2) + % (d) None of these
2. Ifff(x) dx = f(x), then j {f(x)}* dx is equal to

(@) 3 (e ®) ()P

3

CRELE @ (G

3. IfIf(x) dx = F(x), then J x? f(x?) dx is equal to

Textbook of Integral Calculus

Indefinite Integral Exercise 1:
Single Option Correct Type Questions

(a) 5 LRGN - [P dx]
&) 2 (R - [ P d ()

1 1
(© 5 °F@) = [ (FGY dx)

(d) None of the above
. If nis an odd positive integer, then j] x" | dxis
equal to
+1 n+1
(9] it P bwE—+c
n+1 n+1
L (d) None of these
n+1
3x+2
Let F(x) be the primitive of S wrt x If F(10) = 60,
. —
then the value of F(13) is
(a) 66 (b) 132
(c) 248 (d) 264
j(x" )* (2x log, x + x) dx is equal to
(@) x* +C b)(x*)*+C
(c) x*-log. x + C (d) None of these

. The value ofJ' x log x (log x — 1) dx is equal to

(a)2(xlogx-x)*+C
(I:.)%(:clogx—x)2 +C
(o) (xlogx)* +C

(@ (xlog)* + C

2
8. J' x =1 dx is equal to

X T
x* yf2xt —2x? +1
0 5 2xt —2x? +1
,/ —2x°+1
2x" —2x +C -
xZ
1 +C
X

N - (b) J +C
[ 2 ,[Zx‘ —2xt+1
2x” +2x" + d il
N (d) x?

(a)
(c)

9. Let f(x)be a polynomial satisfying f(0)=2 f’(0)=3and
f”(x)= f(x). Then f(4)is equal to

5(e® +1) 5(*-1)
(3)—27— (b) 2
2¢* 2¢*
o S d
(C)S(e‘—l) ()S(e’+l)
(x2 +4lnx) _ 3 x?
10. J' < X € dxisequalto
X1

Qi _ghx) (x-l)xe’z
(a)(T]e +C (b)—2 +C
2
(c)gx_—l)_e,z+c (d) None of these
2x
11. J'tan‘xdx=Atan3 x + Btan x + f(x), then
@A=3B=-1f(x)=x+C
(b)A=§,B=—l,f(x)=x+c
©A=3.B=1f(x)=x+C
(d)A=§,B=1.f(x)=-x+C

sin? x

12. If the anti-derivative of I dx is f(x), then

X

: 4

Iw dx in terms of f(x)is

(@ fi(p + 9)x} [OPA AL
ptq

© filp+q)x}(p+q) (d) None of these

13. sin© " sin 30 + sin 90 )
I(c_osw o890 g df is equal to

sec 270
ec

¥sec 270
s

ec

@) % log

+C () log

sec O +C
sec 270

© % log

+C  (d) None of these




14. Let r: #nn —1,n € N.Then, the value of

e

(a)

2 =1 2 +

sin{x " +1) a2 (e l)dxisequalto
VZsm(x +1)+sin2(x? +1)
sec | ——
2

log |- sec(x +1)[+C (b)log +C

(c);loglsec(x‘n)nc (d) None of these
dx :
I———lsequalto
cos (2x) cos (4x)
(a)-——log 1+ /2 sin2x l(]0 |sec 2x — tan 2
2E T |i—Eanax| 2 B oer—mnx+C
l+~fsm2x 1
—lo —_— |- -
(b)sz— g e 2(loglsecZ)r tan2x|)+ C
l+«f—sm2x 1
(C)J_ e -Eﬂoglsech—lan2x|)+C
(d) None of the above

-7 cos? x D f(x)

16[

sm X COS x

(a)sinx

+ C, then f(x)is equal to
(sin x)?

(b) cosx

sin® x

(c) tanx (d) cot x

.|

(cos*x +3cos?x+1) tan " (sec x + cos x)

dx is equal to

(a) tan™" (sec x + cosx) + C (b) log, |tan™" (sec x + cosx) [+C

1

(—)2 +C (d) None of these
Sec X + cosX

18.

19.

20.

o Indefinite Integral Exercise 2:
More than One Optlon Correct Type Questlons

21. I—g__=A]og(x+1)+Blog(x—2)+C,where
(x+1)(x-2)
(@A+B=0 (b) AB=0
(c)A/B=-1 (d) None of these
ZZ[fJ'—dx——=ktan"x+ltan"—{+C.then
(x? +l)(x2 +4) 2
(a) k=~ (b)l=; () k= 3 (@1 :

23. U'Ix log(1 + x?) dx = ¢(x) log(1+ x%)+ x(y)+C, then

(a) &x) = =%

(c) w(x) =~

1+ x°

b) v (x)=

+x*
2

'_“2_"_' (d) &(x) = -}

24,

25,
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The primitive of the function f(x)= x|cos x|, when
n 3 A

E< x < mis given by

(a) cosx + xsinx + C

(b) — cosx — xsinx + C

(c) xsinx —cosx + C
(d) None of the above

The primitive of the function f(x)=(2x +1)|sin x|,
when t< x<2mis
(a) —(2x + 1) cosx + 2sinx + C
() (2x + 1) cosx —2sinx + C
(c)(x* + x) cosx+ C
(d) None of the above
0 x% —sinx cosx—2
Given, f(x)= sinx — x? 0 1-2x

2—cosx 2x—1 0

J'f(x) dx is equal to
x3

(a)? — x%sinx +sin2x+ C
x)

(b)? — x?sinx — cos2x + C

3
(c) -J;— — x% cosx — cos2x + C

(d) None of the above

4e* +6e7
T —4qe™™

llss

3
(a)A—E

dx = Ax + Blog, (9¢>* — 4) + C, then

®)B=2
36

19

(c) C is indefinite dA+B=——
36

IfJ‘tam5 xdx=Atan* x + Btan? x + g(x) + C, then

1
(a)A= e

(b) g(x) =In| sec x|
(c) g(x) =In|cosx|

11
d)A=-—B=-
(d) . 3

B=-

B | -

63

, then
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@ Indefinite Integral Exercise 3 :

~ Statement | and Il Type Questioq_s._‘_

= Directions (Q. Nos. 26 to 30) For the following
questions, choose the correct answers from the codes (a),
(b), (c) and (d) defined as follows :
(a) Statement I is true, Statement II is also true; Statement II
is the correct explanation of Statement 1.

(b) Statement I is true, Statement II is also true; Statement IT
is not the correct explanation of Statement I.

(c) Statement I is true, Statement I is false.
(d) Statement I is false, Statement II is true.

26. Statement I If yis a function of x such that

dx
y(x-y)?=x, t.henj =l[log(x—y)2 -1]
x—=3y 2
Statement 11 | L =log(x—3y)+C
x =3y

27. Statement I Integral of an even function is not always
an odd function.

Statement II Integral of an odd function is an even
function.

28. Statement 1 Ifa>0and b? — 4ac <0, then the value of

dx will be of the type
ax®+bx+c

the integral I

i tan™' d ;A + C, where A, B, C, |1 are constants.

Statement II Ifa>0, b? — 4ac <0, then ax®+bx+C
can be written as sum of two squares.

1 dx=tan"! (x?)+C
1+x*

1
1+ x?

29. Statement I I[

dc=tan'x+ C

Statement IT J

tan~? x

In2

+C

= 5 2
30. Statement I JZ"" "*d(cot™ x) =

Statement I1 %(«1’r +C)=a" Ina

@ Indefinite Integral Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 31 to 33)

Let us consider the integral of the following forms
fG,\fme? +nx+ p)”

Case I If m> Q then put \Jmx* + nx+C =utxJm

Casell If p>(Q thenput,/m.x2 +nx+C = uxiﬁ

Case III If quadratic equation mx? + nx+ p = Ohas real roots

oand B there put \Jmx* + nx+ p = (x—o)uor (x—P)u

dx
x—\j9x2 +4x+6

proper substitution could be

(a),/9x2+4x+6=utax
(b)\/9xz+4x+6=3u:t x
1

(c)x=—

to evaluate I, one of the most

31.1f1=j

1
(d)9xz+4x+6=;

32 (x+y1+x%)"
Cl v
@ (x+ \'l + x?)e I

10

dx is equal to

(®)

1
+C
15(,'1 + x* + x)

©——+c
(\)l+x2—x)
2,15
(d)(x+,h+x) e

15

33. To evaluate

dx
one of the most

(x=1)-x% +3x-2
suitable substitution could be
(a),}—xz +3x-2=u
b) = x> +3x—2 =(ux 2)
(c) \/— x*+3x-2 =u(l-x)
V- +3x—2 =u(x+2)



Passage 11
(Q. Nos. 34 to 36)

Letl, m= Isin " xcos™ x dx. Then, we can relate I,, ,, with

each of the following :
(l) lu—l.m (") In+2.m
("i) lu.n—l (lV) 1n,m+2
(V) Ti<2 ma2 (V‘) 1n+2.m—2
Suppose we want to establish a relation between I a.m and
a2, then we get
P(x)=sin"*' xcos™" ! x ()
Inl, mandl, ,_ the exponent of cosxis mand m—2
respectivelv, the minimum of the two is m— 2 adding 1 to the
minimum we get m— 2+ 1= m— 1. Now, choose the exponent
m—1ofcosxin P(x) Similarly, choose the exponent of sin x for
P(x)=(nH)sin" xcos™ x— (m—1)sin"*2 xcos™ % x.
Now, differentiating both the sides of Eq. (i), we get
=(n+1)sin" xcos™ x— (m—1)sin" x (1-cos? x)cos™ "2 x
=(n+1)sin" xcos™ x— (m—1)sin" xcos™ 2 x
+ (m—1)sin” xcos” x

Ly m~

=(n+m)sin" xcos™ x — (m—1)sin" xcos™ % x

Now, integrating both the sides, we get
sin®* ! xcos™ ' x=(n+m) I,y —(m=1)1, n_>
Similarly, we can establish the other relations.

34. The relation between Iy ; and I, , is

@)l .= % (—sin® xcos® x +3 I, ;)
b) I .= %(sin’x cos’x+31,)
(©) I;2= % (sin®x cos®x —31,,)
I .= i (—sin® x cos’x + 205 5)

35. The relation between I , and I¢ ; is
(@)l,= % (sin® x cos’x+8 1 2)
M) I .= % (-sin®x cos’x +8 I )
©1,= % (sin® x cos® x — 81 2)
d)Iy,,= % (sin® x cos® x + 81 )

36. The relation between Iy , and I 4 is

(a) 1, =§(sin5x cos’x+8144)

Chap 01 Indefinite Integral ~ 65

) Iy.2 =%(—sinsxcos’x+8 Isq)

© 1.2 =%(sin5x cos® x — 814 4)

(d) Iy 2 =~ (sin® x cos® x +6]4,4)

3
Passage III
(Q. Nos. 37 to 38)
If £: R — (0, ) be a differentiable function f(x)satisfying
S+ y)— fx= )= - U= S- 1V x yeR,
(f(y)# f(- y)forall ye R) and f(0)=2010
Now, answer the following questions.
37. Which of the following is true for f(x)

(a) f(x) is one-one and into )
(b) {f(x)} is non-periodic, where {} denotes fractional part

of x.
(c) f(x) = 4 has only two solutions.
(d) f(x) = f'(x) has only one solution.

38. let g(x) =log, (sin x), andjf(g(x)) cos x dx = h(x)+c,
(where ¢ is constant of integration), then h % is equal

to

1
(@0 (b) S
1
(01 (d) T
Passage IV

(Q. Nos. 39 to 41)

Let f:R — R be a function as
S@)=(x=1)x+2)(x—-3)(x—-6)—100 Ifg(x)isa
gkx)
S(x)
any logarithm function and g(— 2)=1Q Then
39. The equation f(x)=0has
(a) all four distinct roots
(b) three distinct real roots
(c) two real and two imaginary
(d) all four imaginary roots
40. The minimum value of f(x)is
(a) - 136 (b) — 100
(c) -84 (d)-68

41. J‘_gf((_‘:; dx, equals

polynomial of degree < 3 such that J dx does not contain

(a) tan™ (_xz_Z) +c

(©)tan™' (x) + ¢

(b) tan™ (xT_l) +c

(d) None of these
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a Indefinite Integral Exercise 5 :
" Matching Type Questlons

42. Match the following :

Colurnr 1 Column Il =
e sinx
A 1fr =IM dx, wherc E <x< 3—“, then / is equal to ®
| sinx = cosx | 4 8 e
2 3 (q) x+C
B f— X gl Xt \
'[(x3+l)(x’+2)dx 3f 5 T + C,then f(x)is cqual to
©) (rn Injx]
lf_[sm x-cos™xde= fM(x)| = x X (x) - 2,/] - + 2x + C, then f(x)is equal to
dx sin”
D) IfJ' 76 = f(f(x))+ C,then f(x)is equal to ® e
43. Match the following :
Column | Column 1l
A=1
(A) lfj(ﬂ] cosec’x dx = Acot™' x + B w, then ®
1+ x sec x

®) lf_“x+ x+2 dx——(x+,]x +2)"% - =% , then (@ B=-1
x+;}x +

x

oy P ] 4 - 4[__2 () B=2
©) [fJ"lz ’; d dx:AJZ ); = +FB2'IOS[ ekl ot b —sin™! (2x3+ l).thcn
X

(D) IfJ‘"sﬁl— dx= Bcot™ (tan’x), then (s) A=-1
sin*x + cos'x

Indefinite Integral Exercise 6 :
Single Integer Answer Type Ques_t_igns

(2x +3)dx 1 . 2
=C-——wh f the f f
jx(x+l)(x+2)(x+3)+l f(x) where f(x)1is of the form of ax® + bx + ¢, then (a + b + c) equals to

45. Let F(x)be the primitive of

+2
w.r.t. x. If F(10) = 60, then the sum of digits of the value of F(13), is

Jx_9

46. Let u(x)and v(x)are differentiable function such that # =7.1f M =pand M e g, then ptgq has the value
v(x) v'(x) v(x) p-q

equal to ......... .

2
m(x_l)dx=6-4 ln(x_—l) + C, then find 24 A.
x _1) x+1 x+1
e* (2- x)

(l—x),h—

47. xfj

A
48. Iff —————dx=pe” (1 e i) +C,then2A +p)is equal to.......... :



49. HJM dx =In {f(x)} + g(x) + C, where

e* +sinx+x

C is the constant of integrating and f(x)is positive, then
M isequalto.........
e* +sinx

50. SupposeA=j - andB:jL

x% +6x+25 Xt —6x-27
IF12(A + B)=A-tan™! ("—”)+p-1n X8 oithen
4 x+3
the value of (A +)is ... .
cos 6x + 9 i
51. If‘[ X conSX =—sm4x—sinx+C,thenthe
1—2cos5x k
value of kis ..........

Indefinite Integral Exercise 7 :
Subjective Type Questions

2

56. Evaluate e (* sin x *cos x)dx[ -
x? cos® x

57. Evaluate J‘ Jx+ yxZ +2dx.

dx .
(J(x—a)? =B?)(ax +b)
’ 3
59. Evaluate I —l%i dx.
X

x* cos® x — xsin x + cos x]

58. Evaluate J

sin® (0/2) d8
cos 0/2+/cos® B+ cos? @+ cosO
(2sin 6 +sin 20) d6 )
(cos9—1)1[c056+cosz 0+cos’ 0
62. Connect j x™ 1 (a+bx")? dx with

60. Eva.luatej

61. Evaluate

x® dx )
(1-x*)"

63. Evaluatej' cosec? x In (cos x + fcos 2x) dx.

Jxm-n-l (a+ bx")? dx and evaluatej
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tan x 1 -1
A alue of | ———————— dx=x——tan
52 Thev ueoJl-&-tanx+tanzx \/Z

(2tanx+l

A

. 1 1
53. _.‘sinf"2 x cos? x dx=2sin"'? x[E—Esmz x]+C,

) + C, then the value of Aiis...........

then the value of (A + B)— Cis equal to ......... ’
54, 1f[ (x ™ + x® + x 1 )(2x"5% 4+ 5402 4 10)V402 iy
i (2x 210 +5x%% + 10x%2)?/492 Then (a — 400) is

55. Ifje‘3+"2_'(3x" +2x3 +2x) dx = h(x) + ¢ Then the
value of h (1)-h (= 1), is .........

dx

(sin x + a sec x)?
dx )

& .

1+yx% +2x +2

x'+1

64. Evaluate ,ae N.
65. Evaluate_'.

66. Evaluatej

67. Evaluate I dx.

X +1
dx

(1-x3)V3

69. Evaluate j —(x L Lo} ’;2 )* dx.
,'l +x

70. Ify* = ax? +2bx +c,andu, = I = dx, prove that
y

68. Evaluate J‘

(n+1)au, 4y +(2n+1)bu, + "cy,_, = x"yand deduce
that au, =y —bug; 2a’u, =y(ax—3b)—(ac—3b2)u0.
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a Indefinite Integrals Exercise 8 :

Questlons Asked in Previous 10 Years' Exams

(i) JEE Advanced & IIT-JEE

2
71. j see X 2 dx equals to (for some arbitrary

(sec x + tan x)

constant K) [Only One Correct Option 2012]
1 1
() ———————{———(sec x+ tan x)*} + K
(sec x + tan x)'"2 11 7 %
1 1
——", — — —(sec x + tan x)*
(sec x + tan x) 1 7
(c) {L . (sec x + tan x)z} +K
(sec x + tan x)"’ 1 7
'—n/z‘{ ! + l(ser: x+ tanx)z}-o- K
(sec x + tan x) 1 7

(i) JEE Main & AIEEE

2x"? +5x°

73. The integral [ ——————— dx is equal to
‘[(xs +x>+1)° [2016 JEE Main]
2, xs P C (b) xlo
@ x*+x*+1)? 2 + x>+ 1)°
x* -x"°
e 4O
© D or

2x® + x> +1)?
where, C is an arbitrary constant.
5 equals

x(x* +1)4

1
(a)(x +1] s

1
(©O~x* +1)* +C

74. The integra.l.[
[2015 JEE Main]

B +1)8+C

1

) [" ”] +C

1
+1
75. The integral I(1+ x—l) e xdris equal to
x [2014 JEE Main]
1 w1
(a)(x—l)elr *+C (b)xe *+C
1 +l
©@+1)e *+C @-xe *+C

dx. Then,
+ e'“ +1

7211 = _[ dx, 3= J T

2"+1

for an arbitrary constant ¢, the value of 7—1I equals
[Only One Correct Option 2008]

Zx
1 e“ ]0 +e+1 iC
(a)gloge szrl+C(b) Bl oo 41
4x 2x
—-e*+1 e +e"+1
C d Io +C
(@) 5 log|* e,+,+ St e

76. If [ f(x) dx = w(x), then [ x® f(x) dx is equal to
1 [2013 JEE Main]
@ 3 L) - [ *w)dxl +
® 3 xv(x) =3 [ Py de+
© %xaw(xl) - [Py dx+ C

@ S V0 - [ xy) del + €

77. If the integral'[t:nt;a:xz dx=x+alog

|sin x =2 cos x|+ k, then a s equal to [2012 AIEEE]
() -1 () -2
() 1 d) 2
78. The value of JEI _Shpdy is
sin (x = E)
4 [2012 AIEEE]

(a) x + log +C (b) x+log +C

(-
)

(%)
sin| x ——
4
(%)
cos | x——
4

(c) x — log +C

+C (d) x-log




Answers
Exercise for Session 1 1 3 3 J.—s—l
12 EJm—mlog‘.w Z 2+ 3 +C

2
1. %(x+l)’”+§f”+c 2.-—-Z+-2?-i5—21an"x+c
x]x 3 S5x 13. ,/a—x(x—l:)—(a—b)tan_I a=x ie
3. logx+ 2tan”' x+ ¢ 4.5 —x+tan'x+ ¢ =
il 3 14. sin”'x+ Jl—).; +C
— — = -1
> 2[3+tan x]+c T el ls._——(z‘+s)\[xz+x+l+%log (x+%)+\’xz+x+l+c
4
1 a* 1
7. —4{bx—2alog |bx + a| - +c * 17. Liog| tan [ £+ Z |+ C
b’{ a+ bx 15:.log tan2+l+C -t i T
x Ax .
.L+c 9.5 +¢ 18. lloglsinx—cosx|+ Yos2x+ lanxsc
1+ log,2 4 4 8 8
1 2 5=
10. # + i +c ll.—lcos4x+C 12 Sin-|(e‘—+z]+ ¢ 20, 5 sin”! (cos")+ €
a+1 loga 8 . ’
. 5 ;
12. éln lsec3x|—%ln [sec2 x|—In |secx |+ e 21. %(3 smx—2cosx)—ﬁlog(3¢osx+ 2sinx)+C
P . af2x-3
13. Esin 3x+ 2sinx+ C 14.1 sin x + Lsin 3x+C 22. __2_(4+3x_x2)3/2_lr(x-3) 4+3x—x2+§sm I(x_)]+c
3 4 12 3 2\"72 4 5
3 1
15. —acos?.H- Ecosﬁx+C 23. 2 + x+ 1+ 2 log (x+%) +yP+x+1
. l—x+ @ +x+1 c
Exercise for Session 2 = 2+ 1) .
1. tan x—secx+ C 2.sin 2x+ C 24.ie)
3. -_...°°533"+C 4. 8% s Exercise for Session 4
n
& A R E 1. X’ - 2(x& - )+ C 2. - x*cos x + 2(xsin x+ cosx)+ C
7. secx— cosecx + C 8.tan x—cotx+ C 3. x(logx) -x+ C 4. x(log x)* — 2(xlog x— x) + C
: ; e a1
9. (sin x + cosx)sin (cosx — sin x) + C . 5. xtan'x——log |l + ¥*|+ C 6. x(sec”' x) — log |x + \'xz—ll-é- C
10. tan x— cot x— 3x+ C 11.—~/§cos(i)+c 2 21
7. 5 tan = Lx—tan'x)+C 8.1+ log+C
12, ZCoséx - lJ.%(x-sin )+ C 2 2 x
x
8 . 9. —xcotE+C 10.x log (¢ + 1)—2x + 2tan"' x+ C
14. = 2cosx+ C 15.—=+C
42 11. & log (secx) + C 12. € tan x+ C
" " = X 1 2
Exercise for Session 3 13. xlog (log 2) logx+c gs EnxEC
4 3 &
t Lan|2E Jec 5Lt 2 e 15. —+C 16.& 1Y * 4 ¢
48 4 36 3 2 +1 1-x
1 4x* -5 2. 22 17 L {acos (b bsi
3. —logl= —2l+C 4. 5sin7 2 |+ C "R b (bx + ¢) + bsin (bx + )} + C
160 ~[ax*+ 5 % i i
18. —sec xtan x + —log |sec x + tan
5. log|P + J&@ + £+ C 6-l|082+3ex+c 2 2 B3 S
3 12 [2-3¢ 19. = 2(= VxcosV/x + sin Vx) + C

7. L log [2* + /4 = 25|+ C 20, x(sin~'x)? = 2(=sin~' x 1% + x)+ C

log, 2 1
_ 21. xtan"'x— Zlog (1+ x*)— (1-x)tan"' (1 - l 5
§ il 5+2x_xz_3sin_,({/__61)+c 5 g ( )-(1—-x)tan™'( x)+zlog('l+(]+.\' )N+C

i . 22.a{£tan"Jz—JE+lan"Jz +C
9. -z-logl,\2+2x+2|+tan x+D+C a a Va a

) 12 1 5 |2
o x—=1 23. -—(1+—) -log(l+_)+_(l+_] +C
10, —3-2x— 2 —4sin (-Tg-]+c 3cosxxz 3 ) 9 x
3 af2x-1 24,20k X 2 e
11. E{log|4,\3-4,vz+ 17+ %tan '(_XT]+C} 2cosx—sinx 5 5 og |2¢cosx = sin x|+ C

25. " *(x—secx) + C




70 Textbook of Integral Calculus

Exercise for Session 5 M@ @ BE M@ 3@ 360

1 o 37. ) 38.(d) 39.(c) 40.() 41.(3)
1. —log|x—1|—4log |x- 2|+ = log |x— 3|+ C 42. A->qBoCopDor
f 1 + 43. A-p,qg;Bop,rCor;D=4q 44.(5)  45.(6)
2. Zlogll+ x|-L log Jl - x+ ¥ +-L tan™ (2"“)+c. 6 (1) 4.(1) 48.(3)  9.() 50.4) 51.(4)
3 N V3 V3 52. 3) 53.(3) 54.3) _ss.(D)
1 i 1 2 +1 ' 1
3. —log +C 4. — lo| +C (xsin x+ cosx) - +C
n +1 2 ¢ 2+3 56 € T cosx
1+ sin x 1 2 3/2 ! 58.tan —=1¢
5. log| ——— |+ 57 —(x+ P +2)"?-2——ou0o+C "
2+ sinx 3( ,x+ [2+2 2
o 172
6. % log |1 — cosx[—l log |1 + cosx|+3 log |3 + 2 cosx|+ C 59. 21+ x"%)"2+C 60. tan~' (cos 0 + sec® + 1)"'? + C
i 2 ° 2 Jcos8 + sec@+ 1 -3
1 1+ sin x 1 6l. - Zlog| X —r——~—|+C
7. = log : o ¥C 3 ,[cose+sec8+l+~/§
4 1-sinx| 2(l+ sin x) 1 3 9
3,23 33 _ 9 q_ 33
8.—%log]l+tanx|+élog|tanzx-tanx+l| 62'_5*‘(1_") _Ex(l ) 40(1 o +c

+ L tan! (2Wl x- l)+ c 63. — cot x log (cos x + [cos 2x) — cot x — x + yJcos’x— 1 + C
3 3 | 2asin 2x + 1 2a sin 2x + 1
64. in"( )+ 1- ]

2as
+C @a* -1 2a + sin 2x 2a + sin 2x

9. log 2logx+1
3 log x + 2|

1

10.—m-lx+log|x1—%logll+11|+c T
* 65. 21In |\[@ + 2x+ 4 — x| - 3
Exercise for Session 6 2+ 2+ 4 — (x+ 1))
3
e+l 2 . x —ZInyx*+ 2x+4—x-1+C
1. ’L+c, 2.~ tan [___]+c. 3
Jx+1
3 xzz B - xl;: 66. 1°s(x+1+\{x2+2x+ 2)+ 2 +C
320 -3+ 6:-14,57|og |1+ t]+ C, where, £ = (x + 1)"/%. (x+2)+ (& + 2x + 2)
4 7 x-b +C 67. tan"(x—l)_Zm“ (x3)+C
’ (@a+b)\x+a ' x) 3
5. V2 sec A (Jtan xsin 4 + cosA) + C 6. (a) 7. (d) 68. llog -3 4 x —llog (1-2)3—x (=234 2
8. (c) 9.(d) 10. (c) 3 6 2
Chapter Exercises - {2(1 % 3)}113 »
1. () 2.(a 3. (b) 4.(c) 5 () 6.(b) o V3 N
7.(0) 8. 90 10.(d) 1L(a) 12(a) g9, GV D T e
13. ) 14.(b) 15.(a) 16.(c) 17.(b) 18.(b) 15 : = - (b)
19. (b) 20.(d) 21. (a,c) 22.(a,d) 23.(a,c) 24.(bc,d) 74. (d) 75.(b) 76. (c) 77.(d) 78. (b)

25. (a,b) 26.(c)  27.(c) 28.(a) 29.(d) 30.(d)




3x+2

=5

[ J
olutions - .
(3 +9+2.
F(x)= _[( - 2:] dt

=2 j(29 +3t2) dt =2 [29t + 1°]

5. F(x)=_[ dx.Let x -9 =1t*

1. LetI= "—zdx F(x)=2[29 x-9+(x-9"*1+C
. - ; Y
WEEETLES) Given, F(10)=60=2[29+1]+C = C=0
Fofe=tang = dmges 5 F(x)=2[29 JT=9 + (x 9]
g = =132
Putting,x:tan(),l:j tan® o F(13)=2[29 X2 + 4 X 2]
R 6. We have, J(x")’r (2x log, x + x) dx

=I(sec6—l)d9 =J'x’z(2 sty

= log (sec 0 + tan8) =6 + C
f(x)=1°ge(x+\jx2+1)—tan'1x+C
f0)=0 = C=0 7. We have, leogx(log x—1)dx

S [rde) =2 +C=(Y +C

= Q1) =log.(1 + ¥2) —tan™* 1 = j log x (xlog x — x) dx
= log. (1+2) - %

= J.(x log x — x) d (x log x — x)
2. We have, j flx) dx = f(x)

_(xlogx—x)°
= i{f(X)}:f(x) = —I—‘d{f(x)}=dx ————2——+C
d ) 1
=~ gl =x+logC > f9=CF (5-3)=

= {f(x)} =C%* 8 | —:\/—ﬁ
Czeh =% {/‘(x)}l x2 X‘

= J'{f(x)}z dx=jCzez’dx= =

3. We have, Jf(x) dx = F(x)

2
x2
1 1 2 1
1 = =4 f i
J'x’f(xz)dx=—2-j§ff(x2)d(x2) = 2J2+C = 5 2 x2+x‘+c
I I

1

2x* —2x*+1 c
=% [XZF(XZ) _ JF(xz)d(xz)] or —sz +
4. We have the following cases : 9. We haye, f'(x) = f(x)
Casel When x 20 = 2f"(x) f"(x)=2f (x) f'(x)
In this case, we have d ,_d 5
1" de= [l de = 2" dx Flei=a 2 FUEN=g U
+ n 2 - 2
X e X e pexzos|x|=A = {F G = {fx) +C
n+1 n+1 Now, f(0) =2and f"(0) = 3. Therefore, from Eq. (i), we get
Casell Whenx<0 {FOY ={fO} +C
In this case, we have |x|=—x = 9=4+C = C=5
[12" ldx = f1x[" dx - U = (S +5
=fexrde=-[x"dc  [ninodd] = FE =5+ f@F
_ A xx N R "
ai s e Rk kR =’J\/(Ts—)z'\«{f(x))’‘”ﬂxn_]dx

|x[" x

Hence, J’|x" |dx = T +C = log ‘ flx)+ Js + {(f()P

=x+C,
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flo)=2 = log|2+3|=G
= G, =log5

o log| flx)+ \/5 + {f(x)}*| = x + log5

e {f(x) + ,/55 + U } L

= f(x)+ ,/5 + {f(x)}? =5€*

= 5+ {f(x) + fx)=5¢* and 5+ UF - f(x)=5¢

= 2f(x)=5("—-¢)
= fx) =2 (€ =)
= f(4)=;(e‘ —et) = f(4)=5(e—j12
x*+4lnx 3 x x
10. Wehave.I - —I xt - e dx

=Ix’ e’zdx= - Itz'd!, [where t = x%]
1
=E(t—l)e‘ +C=§(xz —1)e"z +C

11. Jtan‘ xdx:j(tanz x sec?x —sec’x + 1) dx

3
=—ta—n—x—tanx+x+c
= A=§,3=—1andf(x)=x+c
sin*x , _ sin(p+q)x . _ fllp+q) x}
12 [SFa=f0 = [ TG g 5T e

. 4
IM&:[{@-;—:]):(}
l[tanSO—tanel
0s360 2
sin39
cos99 2

sin96
cos 276 2

= I sin® +
cos30

13. On solving, —Sl—xi =
c
[tan 90 — tan36]

[tan 270 — tan90]

sin 30
cos 90

sin 30 Jde=1j(mzve—tane)de
cos 270 2

=1
2 (27
1 Zsec 270
=~ lo X +C
2 & sec®

{—1- log (sec 1270) — log (sec 9)} +C

Zsm(x +l)—sm2(x +1)
2sin (x* +1)+sm2(x +l)

_ Zsin(x2+l)—25in(x +1) cos (x* +1) dx
—Ix Zsin(xz+1)+2sin(x2+1)cos(x’+l)

14. We have, I x

= :ﬁ‘iﬂdx jxtan(x2+1)dx
- 1+ cos(x*+1) 2

2 241
=J'tan(x +1Jd(-x—t—l-)=log sec(x +C
2 2
sin (4x — 2x) dx .‘- sin (4x) dx —ISCCZxdx
I sin (2x) cos (2x) cos (4x) 7 sin(2x) cos (4x)
= Icostdx = (log | sec 2x —tan 2x|)
cos 4x
=2_[ cos 2% dx—l(loglseCZx—taann
(1 - 2ssin”® 2x) 2
2 [ 1 fiesEsinzxll Ly e o —tanax +
29z |2x1 °|1-+2sin2x|| 2
=—1—-rlog —_’__1+Jism2x ——l—log|sec2x—tan2x|+c
zJil 1-+2sin2x|[ 2
16. J-l—7cosxdx J sec x _ 77 dx
sin’ x COS™ X sm x sin’ x
S e [ Tode=tv Ly
s’ x Sm
2
Now, I,—J‘s.e‘;xdx:‘a‘:x*_ J‘tanxscosx -
sin’ x sin’ x sin® x
= tj";" 4.4
sin’ x

L+I= +C = f(x)=tanx

3
17. We have,j sin"x

(cos* x + 3 cos®x + 1) tan™" (sec x + cosx)
sin® x
= J‘ ; cos’x
(cos® x + 3 + sec’x) tan™" (sec x + tanx)

= :

sinx (1 — cos’ x)

1+ (sec x+ cosx)? cos? x
X—— 1
tan™’ (sec x + tanx)
- 1 1
= J’ — «

tan” (sec x + cosx) 1+ (sec x + cosx)?

(tan x sec x —sinx) dx

= 1 &
—I = d |tan”'(sec x + cos x)|

tan 1(sec X + cos X)

=log, | tan™ (sec x + cos x)| + C

18. Wehave, f(x)=x|cosx|, % <X<m

= f(x) == x cosx [ cosx < 0for x €(m /2 7)]
Hence, required primitive is given by

If(x)dx=—fxcosxdx+C=—xsinx—cosx+c



19.

20.

21

22,

23.

24,

We have, f(x)=(@2x+1)|sinx|,t <x<2m
= f(x)=-(@2x+1)sinx
Hence, required primitive is given by

-I(Zx-!- 1)sin x dx=—[-(2x + 1) cosx + 2sinx] + C
1 1

=(@2x+1)cosx —2sinx+ C

0 x* —sinx cosx—2
We have, f(x)=|sinx — x? 0 1-2x
2 —cosx 2x -1 0
0 sinx —x* 2—cosx
= f(x) =|x* —sinx 0 2x—1
cosx —2 1-2x 0
[Interchanging rows and columns]
0 x% —sinx cosx -2
= f(x) =(=1)*|sinx — x* 0 1-2x
2 —cosx 2x—1 0
[Taking (— 1) common from each column]
= flx)=-f(x)
= flx)=
= j f(x)dx=0

dx 1 1
f o fl- " )dx
(x+1)(x—2) ( Ix+1) 3Hx-2)

=—%log(x+l)+ log(x—2)+ C
A=t el
3B g
A —3
A+B=0 = 2=—3=-1
B 1
3
: L o 21 dx
39\ x%+1 x*+4
= —ta.n"x-—llcan"£=ktan":r+ltan"i
6 2 i 2
k=) and 1=-2
3 6 2
2 _ X
I—leog(1+x2)dx log(l+x)—' -[1+x i 2
I x* 3 %
== 1+ x%)— dx
-
2 2
x"+ 2 x4l
= 1+ x°)— +C
I ( 5 }log( x“) 3 ]
2 2
+1 1+ x
o0 == .\v(x)=—( - ]
2 -
1=J'Lfi_
9e* —4e™
2x _ 2x
I= Ig;" dx, put9e®* —4=z = 18¢”dx =dz
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1 z+ 4 1 dz
Then, I=J;{4~———9 +6}ﬁz

¥4
9
—_-I ! {zz+8+3}dz
z(z+4) 9
_lIZz+35d =1Jz(z+4)+27
z(z+4) 9 z(z+4)
2 rdz
;I —J( z+4)

(E )logz——log(z+4)+C

3 2x
=——Io 9¢%* —4)==log (e”)+ C
“ g ( 2 8
3 35 ” 3
=—Z x+ = log (9¢** —4)—=log3 + C
g og ( )= log
25. Itan’x(seczx—l)dx=Jtan’ x sec’ xdx—Itan’xdx

tan* x

=_[tan3 x sec’x dx = +G

I, =Itanx(sec2x —1)dx

2
=tar; x—ln|secx|+Cz

26. The Statement II is false since while writing
J- dx
x =3y

we are assuming that y is a constant. We will know prove the

=log (x —=3y)+C,

Statement I. From the given relation (x — y)® = X and

2log (x—y) =

Also, d_y = (— X)
dx 2,

log x — log y.

x+
E AN prove the integral relation it is

x =3y
sufficient to show thatiRHS= 1,
dx x =3y
1, [x 1 [ x|
Now, RHS =-log|=-1 v(x—-y)l==
O P ]
1
= og(x—y)~logy]
1| log x = lo| 1
5[ E 24 1ogy]=-llosx—310gy]
4
o~ &g - U__z-*ﬂ
dx 4 y dx

_1 [1 3 yyx+y|_ 1
‘Z[?“;(";)}TQ]%_-Q
Thus, Statement I is true. Hence, choice (c) is correct.
Let g(x) = f(x) + f(- x)
Assuming, [ f(x)dx=F(x)+C

27.



74 Textbook of Integral Calculus

Jg () de=[{f(x)+ fl= x)}dx
=[fx)ax+ Jfex)ax
=F(x)+C+{-F(-x)+C}
=F(x)-F(-x)+C+C

which may be an odd function, ifC + C' = 0.

Similarly, integral of an odd function is not always an even
function.

Hence, Statement I is true and Statement 11 is false.
28. Ifa>0andb?® - 4ac < 0, then

2 2

uz+bx+c=a(x+£) +4ac—b
4a

Jel—

2 = 2
ax“+ bx+c
a(x+£) +k°
2a

where k? = Jac—b*

x+—
1 1 -1 2a

a kiva k/a

Thus, choice (a) is correct.

+C or utan"x—';£+c

2

2 1-[-& o 1=%J’

x*+1
(+3)
2
S—de-
1
(-9
x
x-

1

11 4 % 11
] =—-—tan g ==
2 2 2 22

2
x°+

N |-

.. Statement I is false.

_ n =
cot™ x=;—ta.n 'x,

d(cot™ x) =—d (tan™ x)

30. Since,

Thus, _[2""-' ¥ d(cot™ x) =~ Iz""ﬂ * d(tan™" x)
zllll—‘ x
In2
. Statement I is false. Statement Il is true.

31. Asm=9 > 0, hence, we can substitute

\/9xz+4x+6=ui3x

32. Here, as per notations given, we can substitute

1+ =(u-x

As m=1>0andp=1>0

+C

> 0. which will have an answer of the type

u'® 14 1 s
=[=—du= du=—u’+C
I_I ” du Iu u P

=
=Lx+ 1+ +C
15
33. Here, m=-1<0
P=_2<0

Also, - x* +3x-2=—(x-1)(x—2)

We can use case Il

= Putting, m_—z =u(x-2)
or (x-1)u or u(l-x)
34, Let P =sin’x cos’x
ﬂ =3sin’x cos? x—3sin® x cos’x
—3sin?x (1 —sin’ x) cos® x - 3sin" x cos’x
=3sinx cos?x —6sin* xcos’x
P=3I,,—6l,
Tis =%(—P +31,5)
35. Let P =sin’ xcos’ x
% =5sin* x cos* x —3sin®x cos®x
=5sin* x (1 —sin® x) cos® x — 3sin® x cos® x
=5sin* x cos® x —8sin® x cos® x
P=5I, -8,
I =%(P +8I¢,2)
36. Let P =sin® xcos®x
% =5sin* xcos* x — 3sin® xcos? x
=5sin* xcos' x —3sin® x (1 — cos® x) cos®x
=8sin* x cos* x —3sin* x cos?x
P =8I, , -3I,,
lua=3(-P+sl,,)

37. Here,2f" (x) = lim (f (x+ h;. —fx) | flxx-h- f(x))
-0 _h

= lim (f(x +h)— f(x - h))
h-o h
270 Jim (f(h) —f) , S f(O))
= lim SRR

h—o h

)
Now by given relation, we have

f(h) = f(=h) =ML’M and f(0)=1

(i)



Chap 01 Indefinite Integral 75

From Egs. (i) and (ii), we have =——= fl( ) =2010 42. (A) IfE <x< 3—72, thensinx > cosx
8
= f(x)=ez°m'.f(0)=l j sinx —cosx —Ildx—x+C
| sinx — cos x|

*. {f(x)}is non-periodic.

38. Here, | f(g(x)) dx= | f(log (si :
ere, [ f(g(x)) cos x dx= [ f(log (sin x))..cos x dx ® [ xdx3 =lj3x2(31 ! de
(x> +1)(x" +2) x>+1 x*+2

- I ezowlog (sin x)' cos e
1 2 +1
= i 2010 g
I (sin x)*"% . cos x dx ; ==
= (Sin 1)2010 Jcosadie
j © jsin'l xcos™ xdx = J' [= sin™! x — (sin™" x)Z] Ji
(sinx)®! |_2
- =T (xsin™ x + /1 - x*) = {x (sin”" x)’
hx) = &0 2
o +sin” x /1 - x* = x} + C (by parts)
n 1
N h(3)=2ou = sin” xl—x xsin™! x - 2\/1_-——‘[# JT—T+2x+C

Sol. (Q.Nos. 39 to 41) f7!(x) =sin” 'x, f(x) =sinx

Here, f(x) = (x —1) (x + 2) (x - 3) (x = 6) — 100 (D)I_dx—=[n|ln|x||+c
=(x? — 4x + 3) (x® — 4x — 12) — 100 xIn|x]

=(x* - 4x) =9 (x* — 4x) — 136 £ =nd
=(x*—4x+8) (x* —4x-17) 43. (A)I =I(f%zzj]~cosecz x dx
9. - f(x)=0=>(x* —4x+8)(x* —4x+17=0
D>0 D<T —J[x +11+—:m x] cosec’x dx

». Equation has two distinct and two imaginary roots.
40. f(x)=(x*—4x—17)(x* - 4x +38)

1
=I cosec’x — 7 [dx=—cotx + cotx+k
1+ x

T o2
={((x 2)( 21)}({()x 2)% + 4} & Aeipen
(f (X)) min =(~21) (4) =—84
which occurs at x =2 - (B)I=_HX+\[x2+2dx
41. - J’g(x) g(x) Put 'Xz+2+x=t 3 x2+2-x=g
flx) (x 2 _4x—17)(x* —4x+8) :

2
Ax+ B Cx+D 2x=t—-- = 2dx=(1+£2)d,
+ " t t

=x2—4x—17 x*—4x+8 .
Clearly, A, B and C must be zero. = I ( H"—) dt

£(x) __ D
(x* - 4x —17) (x* — 4x +8) x*—4x+8 = I=
g(x)=D(x2—4x—l7)
g(-2)=D(4+8—17)=~10

g(x) 2Ax? - 4x —17) _ 2 B
() (F—4x—-17)(x*—4x+8) x'—4x+8 = A=1 and B=2
2-x—-x°

il ) dx ©1I= j
If(_;dx'Ixz—qu * 2I(x-z)u(z)’ “2 S

dx dx
- - =- +2 -
! "(52_2)4.(;::8""("_2_2)4.(: I P '[XZ\IZ-X—XZ JxJZ—x—xz

=2-—tan
2

1
fiivend Lt Tt 2)" - etk
3 x+qx*+2
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= —sin- (2x+l) I(4t—1)dt +1J- dt

27 -1 ot —t -

=_Sin_,(2x+1)_l,/2r2—:—1
3 2

1

2

dt

2 2
o f(2x+1 2—x—x?
=-sin” | — - X—"—
1 1
+—=log|[t-=|+ 2t —t-1|+
22 g( 4)
_ 2—x—Jt2+ 1 lo (4—x)+,)2—x—xz
X 242 g 4x
+
—sin”! (sz 1)+K
sin2x

(D) I dx, dividing N” and D’ by cos* x

sin* x + cos* x

tan
I= _[2 s Jrdx,putta.nzx=t

dt .
=2 tanx-seczxdx=dt=J'T——=— cot™(t) + C
th+1 :

= —cot™(tan’x)+C .. B=-1
J' 2x+3
(x*+3x)(x* +3x+2)+ 1

Put x> +3x=t = (2x+3)dx=dt
1 1

Ir(:+2)+1_j(:+1)2 TI+1 0 Feax+l
= a=1,b=3c=1 =a+b+c=5
3x+2
45. F(x)= dx.
=]
Let x—-9=t"=dx=2tdt

F(x)= I(ZL%ZH—Z . Zt] dt
=2 j(29 +3t%) dt =2[29t + 1]

F(x) =2[29\[x -9 + (x —9)**]+C
Given, F(10)=60=2[29+ 1]+ C
= C=0
F(x) =2[29/x =9 + (x —=9)**]
F(13) =2[29 X2 + 4 X 2]
=4x33=132
Hence, sum of digits=1+3 +2=6

+LI—
22 ot 1.1

46. u(x)=7vx)= U (x) =7V (x)

= p=7
; ux) (—"(ﬁ)'—o
Al wx) nx)
= qg=0
ptq _7+0_,
Now, o-q 7-0
x-1 dt_ 2
47. Lett=ln[x+] = 0 g N
1 1.,
=|- ==t‘+C
I Iztdt -
-N\T
1=1im|Z ) +C
4 x+1J
= 6A=% = 24A =1

As i( 1+x]___ 1
de\V1-x) (1-x)1-%°

(given)

12
fmet [EFX L5 I=g’(””) +C
1—x 1-x
1
= =1L, A==
B 2
1 3
=5 2(p.+7«.)=2(1+5)=2x5=3

I(e + cos x + 1) —(e* +smx+x)
e* +sin x + x

49. 1

=In(e*+sinx+ x)—x+C
f(x)=¢" +sin x+ x and g(x) =—x
= flx)+glx)=€" +sin x

f(x)+g(x)
E + sin x
12[— "”3 + L]0
2.6
x=3,’,1=1
= A+p=4

X = 9
x+3

x+3

il (T)““

15
Zcos?xcos%x (4 cos 2__3C°55_x) cos-:25

51.

x-9

x+3

5x

2
5x -
l—2(2cosz——1) 3—4cost2X
¢ 2
3x

5x
==2 cos — cos —
2 2

=—(cos 4x + cos x)

,=_sm4x

—-sinx+C




sin x
tan x Ccos X
52. I= dx = - dx
I1+tanx+tan2x I 1 sin x

cos’ x cosx

sin 2
- =jd,,_sz
2+su12x 2 +sin 2x
—— 2,[ sec’x
2sec’x + 2 tan x
Let t = tan x,dt =sec? x dx
=x_3j' dx o j dt
2 S 2
t"+t+1 2
(Hl) +&
2 2

I=x—-——t

1 an_l(ztanx+l)+c
V3 3

. 52 3 < .
53. Ism x cos® xdx = Ismzx sin'% x cos® x cos x dx
o, | . .
= Ism x sin'’? x (1 — sin? x) cos xdx

= I 221 — ) dt = J[tsn — %)t

712 11/2
= [ 7% - [ de = o
72 1172

2 2
=Etm - =My c =zsin7/2 x——sin'"?x+ C
7 11 7 11
1 1
=2sin” xr———smzx]+c

= A=7,B=7C=11
= (A+B)-C=(7+7)-11=3
54, Letl] =J'(x20w + le + xlOZ) (2x|soa + 5x402 + lo)mozdx
=J'x(xzoo9 + x50 4 x491). 2x"%%% 4+ 5402 4 10)4%%dx

= I(XZOO‘) 4 xaoa g xlOl).(ZXZOIO 7 sx!(li + 10102)1/402dx

402
Put 2x%" +5x% + 107 =t

= 4020(x® + x* + x*") dx = dt
1 11/420 +1

1=[ =

4020 4020 1/402+1

1 t«n/ 402

~ 4020 403/402

_ 1 @ 2010 4 5,804 4 wqoz)wmoz
4030

" a—400=3
55. Lete” ** ~13x* +2x° +2x) dx
=jxl.e"”’-l.(3x2+zx) dx+_[ e X -1 2x) dx

I I
Applying by parts in first internal, we get
[=xeX 51 -I 256 ¥ x4+ Ie" - =12x) dx
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=x?.eX ¥y C=hx)+C
h(x)=x2.ex’912—l
= h(1)-h(-1)=€'-e' =1

4 3 .
i = +
56. I ___J’ e(XSInxﬁtosx) { X cOos” X—XSsIln X+ Cos X }dx

Xz COSz x

=J e(xsinx&cosx)_(xz cos X) dx

_]’e(xs‘mx-bcosx)._d_ 1 dx
dx \ xcosx
=c(x’i"’+c°”)~(x— 1 )+C
X COs X

57. I=I,/x+ Jxr+2dx

Let x+[x?+2=p or x*+2=p°+x’—2px

2 _ 2
= x=P 2 or dx=(p—+22)—d—P
2p 2p
1/2
2 =
I= J‘P (p+)dp Ip”zdp+jpmdp

1
=-(x+ x42)2 -2 ——xxu1+C
g N e
dx
5. I=| ——F¥——
j (ax + b) ,/(x —a)? -p?
Put(x — o) =P sec 6 = dx =P sec 8 tan 6 dO
-f L
a(o cos® + B)+ b cos®

=I#
(act + b) cos 0 + aff

_ 1 I do
(%) cose+(L)
ao + b
] i I i
ao. + b . sall
1 . cot i +1
Then, [ = ——- !
D) cosec o log = +C
cot ——1
2
where ap =cosa, tan9 =
+b 2
Again, it [—B |51
o+ b
1 1 o
I= cot o' tan™' | t tan—
act + b 2
where sec o' = o = tan o =t
o+ b 2

59, | =J’ __Vl%;x_j/; dx=I X1+ xPY2 g,

m=-- n—l i
=3P
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m+1

. =1 ie, integer
. Let us make the substitution,
1+x = o %x"” dx =2t dt
Hence, I =6I Pdt=2+C=2(1+ xl/:)s/z +C

sin® (0/2)
cos0/2y/cos B + cos? 0 + cos O

de

60.1=j’

=l,[ 2sin0/2-cos0/2-2sin"0/2 o
2 2c0526/2Jc0530+c0520+cose

='1'I sin0 (1 — cos B) 0
(1 + cos 8) Jcos’O + cos’ 0 + cos O
Put cos®=t=-sin0dd =dt
pedie 0=
_EJ'

(r+1),h + 1t +t
_II -1 dt
2 t+1)2;;23+t2+t

<l (1-1/¢) &

1
. (t+1+2) t+1+7
t

1
Put t+1+%=uz = (1-3)de=2udu

J‘ 2 2"" =tan™' (u)+C
(W+1)-u u +1

11/2
=tan"(t+1+-t-) +C

=tan"! (cos 6 + sec 6 + n+c
I—J' (2 sin @ + sin 20) d6
- (cose—l)‘/¢;6+cosze+cos:'9

Put cos 8 = x*

61.

= —sin 0 d0 =2x dx
J-(1+x 2x dx
(1-x% ,/x +xt+x°
—4f (1+1/x%)dx

A/ x-x)J1/x- x)2+3

J dt
t ;;z’ +3
Again, put > +3=u’

= 2tdt =2udu

udu _ _
b= 4Ju(u ) 4'[

u’ -3

62. Let

2
== u+~/—
2, Jr+3-43
it W erere
L, [T,
=—$— 0g Jf’_

m—f

i =J X" (a + bx")P dx

Ipni=[ & o+ ) e

+C

+C

and
Let ;:a::c"“(a+bx")'Hl
where A and |1 are the smaller indices of xand (a + bx").

Here, A=m-n—-1LU=p
p=x'""'(a+bx")’”
Differentiating w.r.t. x, we have
d”— n=n (p+ 1) (a + be") (n bx" )
+(a+ b (m—n)x" "
=nb(p+1)x""" (a+ bx")?
+(m—-n)x""""" @+ bx")? [a + bx")
=nb(p+1)x"""(a+ bx")P
+a(m-n)x"""""(@a+bx")? + b(m—n) x" " (a+ bx")f
=b(np+m)x" "' (a+bx")? +a(m—n)x™ "' (a+ bx")’Int
egrating both the sides w.r.t. x, we get
p=bmp+m) I, +a(m-n)I,_,_,
X" @+ b =b(np+m) Iy +a(m—n)I,_py
""@+bx")P*!  a(m-n)
b(np + m) b(np+ m)

or Ipo = Am-n-1

Hence Proved.

Again,J s =I M- x3) " dx

(l 3)1/3
Here, m=9, b=-1, n=3, p=-1/3, a=1
6 (1 — 323
I =_(Jr (1-x7) )+215 (D)
-8 8
3(1 — 323
J((l%x)+212 (here m=6)
-5 5
(1 - x*)?

2

= Iy=

= 12=

1 3 9
Hence, Iy=—-x%1 - x*)* = 2 31 = )2 =2 (1 = x*)?*+ C
- PResaf=® o)

63. Let [ = Jcosec' x In(cos x + fcos 2x) dx

= [cosec? x - In {sin x (cot x + Yeot? x —1)} dx
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= _[ cosec? x In (sin x) dx & = I dx
2
+Icoseczx-ln(cotx+,'cotzx—-1)dx x—x*+2x+4
In second integral put cot x =1 Put ,[xz +2x+4=t+x

cosec? x dx = dt = x*+2x+4=t"+x"+2x
I'=[cosec’ x-In (sin x) dx — [ In(e + /i ~1) dt = ax—2ax=t"—4
. . - t?—4
In first integral (integrating by parts taking cosec? x as second = x= 5—2‘: = % ((—1—‘))
integral) and in second integral (integration by parts taking d
unity as second function). e 1 |:t2 —2t+4]
=5 Som———r
We have, (In sin x) (- cot x)—j'cotx(—cot x) dx 2| @a-1? J
2
~In(e+F -1y [ L2 o Lpf-ara,
;}:’—1 29 —t(1-1)
o i o e [
=—cot x(Insin x) —cot x —x —t In(t + t-l)+,}t2—l+c =1J-[i+ 3 " 3 z]d'
== cot x (In sin x) - cot x — x —cot x {In (cot x++cot?x—1)} 2t (- -9
+Jeot?x—1+C

14 tog | #]=316g |1 —#] ¥ 1
==|4lo - -
) - a-n]

== cot x- In (cos x + \[cos 2x) — cot x — x + Jcot? x =1 + C 4
=2log|/x* +2x+ 4 —x|-log
; I=J- dx o J- cos® x dx 2

(sin x + a sec x)2 (a + sin x cos x)* 3
[1—"xz+2x+4+x|+
21 —x* +2x+ 4 +x)

=2|og|\'x2+2x+4—x|—§log

_J cos® x dx
(a® + sin® x - cos® x + 2a sin x - cos x)

2
1+ 2
2_[ . ?czos xdx. =2,[ c?s xzdx ,
4a” + sin® 2x + 4a sin 2x (2a + sin 2x) | ’x’+2x+4—l—xl—
1 cos 2x 2(Jx2+2x+4—x—1)
= J. 3 J’ 5 zdx dx
(2a + sin 2x) (2a + sin 2x) 66. I=I
i 1+;;x2+2x+2
N e ()
' (2a + sin 2x) \/x2+2x+2=t—x, squaring both the sides, we get
II=J' dx = X +2x+2=1+x* —2tx
in 2.
ear+istn2e) 2x+ 2 =12 -2
we know 2
du s t° =2
L= 2(1+1¢
1 .[(4 . 4a% = ‘[l—u 2( )
# N o N R
& - geotirate
yogg Sin2x+1 _ J'(Zﬂ-u)du 2y
=~ : 372 5. 2
2a +sin2x (4a® —l) o1+ ’x2+2x+2=1+t— t° =2 _r+ar+d
2 2(1+1t)  2(1+1)
aﬂ_(u —1) cos 2x 5 5
dx-. (2a+sin2x)2 = I=J' 2(1+1)(¢° +2t+2) d‘=I (t°+2t+2)
F— (P +4t+4)-2-(01+ 1) (1 +1)(t+2)°
l)m (2asin™ u+ 1 -u']=1, andsin2x = 2a—u Using partial fractions, we get
dt
in2x + 1 k=
I=—l—— 2a sin™" mz.x__ J.t+1 I(t+2)2
(4a® -1)*? 2a + sin 2x 5
=In|t+1]|+ +C
y (2asin2x+l]]_ 1 40 (t+2)
2a + sin 2x 2a + sin 2x)
4 ( I=In(x+1+x*+2x+2)+ :

ey o
(x+2)+,/x’+2x+2
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2 2 2
67. I= x* +1 (x*+1)" —2x
Jx +1 I(x’+1)(x‘—x’+1)
(1+1/x*)dx ‘ZI x* dx
(x*+1/x*=1) ()2 +1
= +1/x"dx f x* dx
(x-1/x)*+1 (x*)? +1

In first integral put x — 1/ x = t and in second integral put

X =u
_ 2 ¢ du
It+1 —Juz+l

=tan"(t)—§(an“(u)+c
=tan“(x—1/x)—§can"(x’)+c

dx
68. I = J(1 o

Put x=1/t,dx=-1/t*dt

_j- dt =_J' dt
2a-1/0)" (e -1)"

Again, put 1> —1 =1’ = 3t% dt =3u’ du
__J- u® du _‘I udu
a+u’)-u (1+u)(1-u+uz)
1 du 1 u+1
e NS NN
Sjl+u 3Ju2—u+l “
(using partial fractions)
__J- B II/Z(Zu—1)+3/2
B u+1 W —u+1)
J j 2u—1 lj du
T3l uvr u-u+1 (u-1/2*+3/4

1 1 2 1
=—log|u+1|—=log|u"—u+1|-=
2 log | u+1| - log| -3

1 1) 2u-1
S = t+cC
Bz " { V3 }
=%1og|(t3—l)m+ll—%logl(tz—l)m-(tS—l)m+1|
1, )2 -1)"-1
——_ tan —_ ¥+ C
e {103
JERT: N3 g _ 33, 2
=§log 1-x"+x _llog’(l . i . sl
x

__l_tan“ 2(1—x’)”3-x -
V3 33::

(x+,’1 + x’ )IS
69. I=ITT_

Put (x+\/1+x )=t

70.

71.

tdx
x -
5 dx =dt or =dt
-(1+ z] 1+ x°

1+x
G+ 1+ 22 .

dt 5
= L[ Mdt=—+C=
.I—I‘ ' J’t 15 15

+1

n+1 <
- = = dx
= [ o= o
LX) By
" 2a ax® +2bx+¢
1 (2ax + 2b) dx —EI x" e
"2 Jax® +2bx+c @ Jax? +2bx+ ¢
_ (2ax+2b) _b
1’ax +2bx+c
,,"+1=_[x"-2,’ax2+2bx+c
2a b
_J‘uz'-'.z,/(ax2+bx+c)dx]——u,.
a
=lx"y—£j‘x""-,}ax2+2bx+cdx—ku,,
a a
n ~!(ax® +2bx + ¢ b
AUy 41 =X y_"I : )
\’ax +2bx+c
au oy =x"y —n[au, 4, + 2bu, + cu, _,]- by,
= (n+1)au, +@n+1)by, +nc-u,_,=x"y ()
Now, putting, n = 0 in both the sides, we get
au + buy = x%
qul=y—bu° ()]

Putting n =1 in Eq. (i), we get
2au, + 3buy + cuy = xy

— b
2au, +3b(y o ) S =
2 . cuy = xy

[from Eq. (ii)]
= 2a°u, + 3by —3b%y, + acuy = axy
= 2a%u, =y (ax— 3b) + (3b% — ac) u,

Plan Integration by Substitution
ie. I=( f{g(x))-g (x)dx
Put

g(x)=t = g'(x)dx=dt
I=[ f(t)ar

Description of Situation Generally,
after substitution, i.e. sec x+ tanx=t.

Now, for sec x, we should use

students gets confused

seczx—tanzx =1
= (secx—tanx)(secx+ tanx) =1

= secx—tanx = &
t



Here I —J' _ secldx
’ (sec x+tanx)”?

Put secx+tanx =t

= (sec xtan x + sec? x)dx = dt
= sec x-tdx=dt
dt
= secxdx =—
t

1 1( 1)
secx—tanx=- = secx=-|t+—-
t 2 t

__[ sec x-sec xdx

(sec x+ tan x)”'?

1 dt
= I= I ( ) lj(%+L)dt

9/2 2 9/2 tl!/Z

1] 2 2
2 7t7/z+1“n/z +K

1 1
= ' R 7z | K
7(sec x+ tan x) 11(sec x + tan x)

_ -1 {1
(sec x + tan x)'"? |11
3x

72. Since, I =I dx and J = j—-dx
*4e 41 1+ e + ¢
(e!h'_e
I=
3- J‘1+e

Put e“=u = e’dx=du

1
Putu+l=! = (1——2-)du=dt
u u

=J’_i_=ll t-lle
tP-1 2 |t+1
2 _ 1 2x _ 41
=11 i—uLl+C=—logT—ex—-+C
2 w+u+l 2 e +e" +1
2x'? + 5x° 2x'? 4 5x°
73. Letl = —-———d = | ———dx
I +x*+1)° Ix's(l+x'z+x's)3

-3 -6
,[ 2x" 7 4+ 5x” _2x " 45x

(1+x Fx%?

Now, put 1+ x~ 24 x"t =t

+ ;(scc x + tan x)z}+ K
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(—2x”* =5x" ) dx =dt

=
= @x  +5x ")dx=~dt
I——I—-——Il"dl
-3+ ]
B e I OIS
-341 2t* 2x' 4 x4 1)?
d dx
74. =] ;
Yxt + 1)t x5(1+—|7)‘
1 4 3
Putl + —=t' = ——dx=4tdl
X‘
= ;‘;=—ljdt
X

1

—3dt 1 )% >
=[——=- dl--H—C-—( —~J ¥ C
1=]=5 | =

1 "
75. I(l + x-%)eﬂidx=‘[e”:dx+ Jx(l —:12—-):‘ *dx

Let

Put

"lld x&i J.d( )q”lld
= + - | —x x
IC x + xe Te

xed xel Pk
=Ie *dx + xe ‘—Je * dx

el xel
=_f¢z’r xd:H-xe -Iex *dx
1
= x¢”;+C
76. Given, [ f(x)dx = y(x)
= I 2 f(x*) dx
x* t
xdx =% i)
=% j tf(t) dt
1 4 1
-3 [:j f(tydr _ j {dn(:) dl}dt J
[Integration by parts]
= % ty (-] v d)
= % [x*w(x*)-3 j' x*y(x*) dx] + C [from Eq. (i)]
=3 W) - [ () de+ €
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77. Given Integral isJ. Yitinix
tan x -2
To find The value of g, if
5t
I&dx=x+aloglsinx—Zcosx|+k...(i)
tan x —2
Now, let us assume that I =Iﬂ dx
tan x — 2

Multiplying by cos x in numerator and denominator, we get
P I ; 5sin x dx
sin x —2 cos x

This special integration requires special substitution of type
N =AD")+B [EJ
dx

— Let5sin x = A (sin x — 2 cos x) + B (cos x + 2 sin x)

= 0 cos x + 5sin x =(A + 2B) sin x+ (B —2A) cos x

Comparing the coefficients of sin x and cos x, we get
A+2B=5 and B-2A=0

Solving the above two equations in A and B, we get

A=1 and B=2
= 5sin x =(sin x — 2 cos x) + 2 (cos x + 2 sin x)
=°I=,[__. AR dx
sin x —2 cos x

_j(sinx—2cos x) + 2(cos x + 2sin x)dx
= (sin x — 2 cos x)

(cos x + 2 sin x)
(sin x — 2 cos x)

smx—2cosxdx+zj
sin x —2 cos x

d(sin x — 2 cos x)
(sin x — 2 cos x)

=>I=J

:I=I1dx+zj'

= I=x+2log|(sin x—2cos x)|+ k

where, k is the constant of integration.

Now, by comparing the value of I'in Egs. (i) and (ii), we get
a=2

78. LetI:JEJ'Side
sin(x—-’z)
4

]
Putx—::t = dx=dt

sin(£+t)dt
I=JEI4.—
sin t
=2 [Lcott-&—l- d
Iﬁ 7z t
=1+log|sint|+C

(-3

+C

=x+ log
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Sessmn 1

Integration Basics, Geometrlcal Interpretatlon
of Definite Integral, Evaluation of Definite

Integrals by Substitution

Integration Basics

What is Definite Integral ?

Let f be a function of x defined in the closed interval [a, b]
and ¢ be another function, such that ¢’ (x) = f(x) for all x
in the domain of f,then

[[ 60 dx =[0(x) + <l = ob) - 0(a)

is called the definite integral of the function f(x) over the
interval[a, b], a and b are called the limits of integration, a
being the lower limit and b be the upper limit.

Remark
In definite integrals constant of integration is never present.

Working Rules
To evaluate definite integral J: f(x)dx.
1. First evaluate the indefinite integral J' f(x)dx and

suppose the result is g(x).

2. Next find g(b) and g(a).

3. Finally, the value of the definite integral is obtained
by subtracting g(a) from g(b).

Thus, [ f0) dx =[ ()L} = 56) - 8@

1 Example 1 Evaluate

L Mm/2 . g
(ii) sin” x dx
0 °3+lt = J::
InG+4x) '
Sol. (i) Here, I = L e =|: 7 ]0
1 T
=-;[]n7—lnB]—4l.n(3)

n2
(ii) Let I = -[o sin® x dx

1 vz, .2 v 1~ 2
=2 x) dx =~ (1= cos 2x)° dx
2 e ok

= lJmlz (1-2cos2x + cos? 2x) dx

eSS

=l H2 (1—2c052x+

PR

_1 (w2 (3—4c052x+cos4x)dx
0 2

1+ cos 4x)dx
2

S

1 4 sin 4x M2
=- 3x——sin2x+—]
8 2 4 0

| [ 2B gt = i 0t | =0
8 2 4

| Example 2 The value ofJ. [ (tan 1—)]dx is
X

(Qm/2 (bym/4 (c)-m/2 (d) None of these
d a1
Sol. LetI= 1=
0 et I_ [dx (tan x)]dx
d( 41\_d, _ -1
Here, E(tan ;) = Ex—(mt 'x)= e

I=| - dx = —I
=L 1 +x? ‘1 +x?
= —(tan” x)_‘ = —[tan"'(1) - tan"}(-1)]

Hence, (c) is the correct answer.

n! 1){1 (tan“ 1) =tan™'(1) - tan™'(-1)
X X)a
=£_(_£)=£
4 4 2

is Incorrect, because tan"(l) is not a anti-derivative (primitive)
X

Remark

Note that Ill(gd-ta
-1\ dx

of:(tan"l)on the interval [-1, 1].



| Example 31f I, = f(log x)"dx, then I+ nl,,_, is equal to

(a) -;— (b)e ()e-1 (d) None of these

Sol. We have, I, = r(log x)'dx = r(logx)" - 1dx
1 1 T Lff
I, = [x-(og V' - ["n-(logx)"™"- 2. xdx
x
=(e—0)— nf(log, x)'dx=e-n-I,_,
sItnI_=e
Hence, (b) is the correct answer.

1 Example 4 All the values of ‘'d for which
2. 2 3 .
J; {a®+(4 —4a)x+4x>}dx <12 are given by

(@Q)a=3
(c)0<a<3

(bya<ua
(d) None of these

Sol. We have, f{a’ +(4—4a)x +4x)dx <12

= [azx+(2-2a)x'2 +x‘]125 12
=ad’2-1)+(2-2a)(4-1)+(2" -1*) <12
= a® +3(2—-2a)+15< 12
= a® —6a+9<0
= (a-3)* <0

a=3

Hence, (a) is the correct answer.

Geometrical Interpretation
of Definite Integral

If f(x) >0 for all x €[a, b],thenJ: f(x) dx is numerically
equal to the area bounded by the curve y = f(x), the

X-axis and the straight lines x =aand x =bie. [/ f(x) dx

In general, r f(x) dx represents the algebraic sum of the

areas of the figures bounded by the curve y = f(x), the
X-axis and the straight lines x =a and x =b. The areas
above X-axis are taken with plus sign and the areas below
X-axis are taken with minus sign,

x=a f(x) x=b
! s
L C
P+ + !
OE A - M - B iD
| Q R :

Figure 2.1
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ie. [ f(x)dx = Area(OLA) — Area (AQM) ~ Area (MRB)
‘ + Area (BSCD)

Remark
Ib f(x) dx, represents algebraic sum of areas means that area of
a

function y = f(x) is asked between ato b.
=> Area bounded =J'b | f(x) ] dx and not been represented
‘a

byr f(x) dx. e.g. If someone asks for the area of y = x?

between —1to 1, then y = x> could be plotted as

Figure 2.2

1

Area=.[_0l -x3 dx+-|.o1 x3 dx=2

or using above definition, area =J.11 | x?|dx =2J‘l x? dx
- )
1
4
4 o 2
But, if we integrate x> between —1to 1.

1
= .[-1 x? dx =0 which does not represent the area.

Thus, students are adviced to make difference between
area and definite integral.

| Example 5 Evaluate j; [ (x =1)(x —2)| dx.

Sol. Let =[x = 1)(x-2)| d
We know,
_ o) (x=1)(x-2), x<lorx>2
I(x=1(x 2)|_{—(x—1)(x—2). 1<x<2
+ L+
R

Using number line rule,

1= [ ltx =D (x-2)] dx
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_j (x=1)(x - z)dx-j (x=1)(x -2)dx
+j (x=1)(x-2)dx
=‘Ll(-\r2-3:c+2)ab~r—j'l2 (x* =3x+2)dx
+_‘-3(x2—3x+2)dx

3 2 1 3 3
i x———+2x ———————+2x
3 2 3
0 2
+2)_(§_E a1y 3
3 2 3

(27 z_+6__+2_4)=11
3 2 32

Evaluation of Definite
Integrals by Substitution

Sometimes, the indefinite integral may need substitution,
say x = ¢ (t). Then, in that case don’t forget to change the
limits of integration a and b corresponding to the new
variable t. The substitution x = ¢ (t) is not valid, if it is not
continuous in the interval [aq, b].

1 Example 6 Show that
/2 dx T

; a,b>0.
0 a’cos?x+b?sin?x 2ab’
T ) i A
x=0 g2 cos? x + b%sin® x
x=mw2z  sec? xdx

=0 g2 4 p?tan? x

(divide numerator and denominator by cos? x)

tan x =t = sec? x dx = dt

t=  dt

t=0 g2 4 p*t?

We find the new limits of integrationt = tan x =t =0
when x =0andt =eowhenx =7 /2

el 30 [ i
b* Y0 a |,

(3)2“2 b® alb
b

Put

= I

I Example 7 Evaluate _[ 7 directly as well as by

+x?
the substitution x =1/t. Examme as to why the answer
don't valid?

sol Let I=[' —&
R 5= T2 g4 x?
2
=[ltan_‘(£):| =l|:tan"(1)—tan"(—1)]
2 2)]., 2
A= _z) <2
T2l 4 4
= I=E
4

On the other hand ifx=1/t, then

__J-IIZ
_IZ 4+ x? "zt(4+l/t)

; 12
=] —[— tan™'(2¢) :l
2 -2

=_ltan“(1)—[—%tan"(- 1))

J-uz dt
“Vz 447 41

2
R L )
8 8 4
1
I=-E,whenx=;

In above two results, I = — 1/ 4 is wrong. Since, the

integrand . 5 > 0and therefore the definite integral of
4+ x
this function cannot be negative.

Since, x =1/t is discontinuous at ¢t = 0, then substitution is
not valid. (wI=m/4)

Remark

Itis important that the substitution must be continuous in the
interval of integration.

s =1
I Example 8 Evaluate _[;/ Zx_sm—tdx
1=x

s -1
Sol. Let I= qu L N
Vi-x?

Put sin™' x =6, then x = sin® = dx = cos0dO

Also when x =0, then 8 = 0and when x -l
2

6

I=["in0.— 0 . o500 = [** 6.sin0a0
? Vi-sin0 I°

=(-0-cos0)* +I:l°cos 0 a9,
using integeration by parts.
+(sin@)y'®

n_ -\ 1

momn
S=—C0s—+0+sin—-0=
6 6 6

then 6 = sin"(l) =l
2

=(-0cosO)V*

12 2



1 Example 9 For any n>1, evaluate the integral

0o 1
———dx.
'[° (x+Vx2+1)"
1
Sol. Let [ = [ —————dx
J:(xh/sz),,
Put x+vi+x®=t

=1+x% =(t—x)?

= Vi+x? =t-x

t2-1 1 1
= x= orx=—|t——
2t 20t

] )
1-n —(n+1)l 2 1-n n+1

| Exampl;’: 10 The value of

x© +2x -1

Ie—] e 2
0 (x+1)

(a) Vo)) (b)) (c)0

x2+2x-1

x3-2
dx+‘[;e xlog x-e 2 dxis equal to

(d) (We) '~

xt-2
e~ = e 2
Sol. LetI—J: e dx+‘|'l xlogx-e dx

Put x + 1 =t in first integral

2
-2
T 12—2

2
1=[ dt+J"xlogx-e 2 dx
t 1

t?-2 i -2\
= lee 2 {—+t-logr}d!= logt-e 2
t
1

=(Jey~?
Hence, (d) is the correct answer.
x dt
I Example 11 Let f(x)= [, ~—and g be the
1+t
inverse of f. Then, the value of g’(0) is
(@)1 (b)17 V17 (d) None of these
dy

1
Sol. Here, f'(x)=—F——==—"
14xt dx

!

Chap 02 Definite Integral 87

Now,g'(x)=£=w/l+x‘
dy

dt

1+t

Therefore, g’(0) = V1+16 = V17

Hence, (c) is the correct answer.

When y =0 ie. I; =0,then x=2

R o
| Example 12 Let a,,—J: (1-sint)" sin 2t,
4}
then lim ) —is equal to
e N

(a)1/2 (b)1
(c)4/3 (d) 3/2
/2 X )
Sol. We have, a, = L (1-sint)"sin2t dt

Let1-sint = u = —cost dt =du
=ZJ.l u"(1-u)du = r u"du-JI u"*'du
=2y o o

=2 1 1
n+l n+2

Therefore, L ) (
n

[26-9-2-5)]
3 2 )
o[ (]33

3 .
Hence, (a) is the correct answer.

1 Example 13 The value of x> 1 satisfying the equation

1.
[“tintdt=—is
1 4
(a) Ve (b) e (©e? d)e-1
X tz i
Sol. Letl:j tlntdt =|Int-—
1 2
1
% 2 3
_lJ' 1 eg=n e
29 2 22|
2
=K e el
2 4 4
2
X lz.nx_%x2=0 = [2lnx-1]=0 (asx>1)
= lnx=% = x=\/:

Hence, (a) is the correct answer.
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x2+ax+1 . (1), .. 1Example 15 If the value of definite integral
L Examplé 13- 1f ah_r’rl _-[ 1+ x" i (;) axle f x-a1%8sX) dx where a>1and [x] denotes the

1
equal to T' where ke N, then k equals to greatest integer, is 9;, then the value of ‘d equals to

@4 (b)8 ()16 (d) 32 (@) Ve (b)e (©) Je+1 de-1
e xPtax+l (1 g
Sol. Letl= [ == tan (;)dx Sol. LetI= [ x-a® ") dx
Put x =1/t and adding, we get Putlog,x=t = a'=x

[using tan™}(1/x)+ cot ™' x = /2] I= lna~J'l (a-aM.a')dt = lna‘_[)1 (@1 .a")dt
o

r (x? +1)+axdx

1
o bt = lna~J: (a"-a')dt =].na-fn a* dt
- (x? +1), xdx lna a*] 1
x + - w| 2808 ] St =t if t€(0,1
[0 e af” = =5 J@ -0 [as {t} = t, if t €(0,1)]
nf ®  an n? 7 1 e-1
=—| —t—|=| ==+ — 3 2(a®-1)= — =Je
4[2\/5 4] [&E 16] A 2(:1 1) 2 = a e
1 w2 na n? n? 2 Aliter x€(1,a)
v E+Y]=ul‘->“l[(sﬁ)a+ﬁ]=1_e = log x £(0.3) = (loga21=8
e
s et T O R X M N

Hence, (c) is the correct answer. Hence, (a) is the correct answer.

Exercise for Session 1

nld 2 n2  dx
1. Io cos?xdx Jo —
3. r’zJ1+cosxdx 4. J':élean-cosxdx
1
5 I \/_ J_ 6- Iﬂ |OngX
n/4(sinX +COS X) b 1
————d; 8. dx,
IO 9+ 16sin2x L (x-a)b -x) x.b >a
9. Ib"g_—idx 10. I:“a/tanxdx
a -
x /4
11. [ cos2x.log (sinx)dx 12. J’" S'M[M) -
’ cos®x

13. 1ff(x)is a function satisfying f(-l) + x*(x) =0 for all non-zero x, then Imsf(x )x is equal to
X sind

|
14. The value of I ( [Tt +r)) [‘§1m]dx equals to

r=1

(a)n (b)n! ) (n+ 1)1 @d)n-n!
15. The true set of values of ‘a’ for which the inequality I:(a‘z‘ -2.3%)dx >0is true. is
(@) [0, 1 (b) [~e= - 1] (€) [0, =]

(d) oo = MUl ]



Session 2

Properties of Definite Integral

Properties of Definite Integrals
Property L [ f(x)dx=[" f(t)at

i.e. The integration is independent of the change of
variable.

Proof Let ¢(x) be a primitive of f(x),then
d _ d
;;[Cb(x)]—f(x) =>E[¢(t)]—f(')
Therefore, [ f(x) dx =[4(x)]} = 6(5) - o(a) )
[ ) de =[06e)): = ob) - o() i)

From Egs. (i) and (i), we have
[} fode=[] sy ar
Property IL Lb ) de==[* f(x) dx

i.e. if the limits of definite integral are interchanged, then
its value changes by minus sign only.

Proof Let ¢(x) be a primitive of f(x), then
[} fx) dx = ob) - @)

= [ f(x) dx =~ [&(a) - (b)) = $(b) — ¥(a)
[* flodx==[" fx) dx

Property IIL. I:f(x) dx = Ioaf(a — x) dx (King’s property)

Proof On RHS put(a — x) =t,so thatdx =—dt
Also, when x =0, thent =a and when x =a,thent =0

I,, fla-x) dx:—Lo f® d:=J’0" £t d:=J‘0“ f(x) dx
o [T fla-x)dx =[] f(x)dx

and

and

Remark

This property is useful to evaluate a definite integral without first
finding the corresponding indefinite integrals which may be
difficult or sometimes impossible 1o find.

Geometrically I:f(x) dx =J:f(a - x)dx

This property says that when integrating from 0 to a, we
will get the same result whether we use the function f(x)
or f(a - x). The justification for this property will become
clear from the figures below :

y
fx)
|
4+ x a-x|
— < ! i
0 a

As x progresses from 0 to g, the variable a — x progresses
from a to 0. Thus, whether we use x or a — x, the entire
interval [0, a] is still covered.

yj )

fla-x)

0 > X

The function f(a — x) can be obtained from the function
f(x) by first flipping f(x) along the y-axis and then
shifting it right by a units. Notice that in the interval [0, a}
f(x) and f(a - x) describe precisely the same area.

There are two ways to look at the justification of this

property, as described in the figures on the left and right
respectively.

'
|
]
Il
'
i
'
1l
Il
il
'
'
'
'
H

1 Example 16 Show that
) 7% fisinxydx=[""* ficos x)dx

(ii) I:/z )‘(tanx)dx=‘[:/2 fcot x)dx
(iii) I:lzf(sinZX)sinxdx =j:lzﬁf(c052x)-cos xdx
=I:/2f(sin 2x)-cos xdx

g n " =£ n "
() .[0 X flsinx)dx 2 -[0 Flstriaiehs [IIT JEE 1982]
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Sol. (1) We know,

Inwf(sln X)dx = L:u' [vln (-:E - x)] dx

[using [*fxyde=[" fla=x dx]

- Jlum S(cos x)dx
J.omf(siu X)dx = I om f(cos x) dx

(i) J-“m fQtan x)dx = Inm f (mn (% - x)) dx

[using I: f(x)dx = I;‘ fla=x)dx ]

= Iom f(cot x)dx
Iomf(mn x)dx = Iom f(cot x) dx

(iii) We know, I = JI:“ f(sin 2x) sin x dx (1)

i f[sin 2 (g - x)]-sin (g - x) dx

[using I: f(x)dx = I: fla=x) dx]

= [ fisin (r - 2x)) cos x dx

I= L:uz f(sin 2x) cos x dx ..(i)
Adding Egs. (i) and (i), we get
2] = I e f(sin 2x) (sin x + cos x) dx

—J_I f(stx)sm(x+ )dx

Putx+£=(—-0) (i.e.x=£—-0)
4 2 4

= I=—a/-j-"“ f(cos 20) cos 0 dO
_J"r

=22 Io f (cos 20)cos0 dO (since it is even)

f(cos 20) cos 0 dO

I= JEI:“ f(cos 20) cos 6 dO
() Let  I=["x f(sinx)dx i)
Replacing x by (1t — x), we get
I= f: (= x) f(sin (= x)) dx
= I= jo" (m - x) f(sin x) dx ...(ii)
Adding Egs. (i) and (ii), we get
2l = jo" 7 f(sin x)dx =1 = % [ flsin x)dx

I: x f(sin x)dx = %J‘: f(sin x) dx

1 Example 17 I f and g are continuous functions
satisfying f(x)—f(a x) and g (x)+ g (@—x) =2, then
show thatI flx) g (x)dx = J' f(x)dx.
Sol. Let I= J'o f(x) g(x)dx = j'o fla- x) gla—x)dx
=[" f(x)-[2- g(x)dx
[using J'on f(x)dx = Ioa f(a- x)dx]

+ f(x)= f(a—x) and gla—x)+g(x)=2 (given)
[ f) gxydx =2 [)" fx)dx = [ ) g(x)dx

or 2" f(x): g(x) de=2[" f(x)dx
= [* S g(x)de= [ f(x)dx

1 Example 18 Evaluate

(i) I"/z de (ii) j‘nﬂ log (tan x) dx
tan x
(iif) I i log(1+tanx)dx (iv) J'"/Z de
1+sinxcos x
: w2 dx 2 ,/cos x
Sol. Let I = = dx .
(i) Let .[o 1+ tan x '[0 Jcos x ++/sin x

,/cos (/2= x)

Jcos(n/Z x)+Jsm(n/2—x)

Then, I= L’“

sm x

InIZ
= Ll
0 :;sm x + cos x (@

Adding Eqgs. (i) and (ii), we get

af= J-n/z \/sm x oy, J-x/z Jcos x &
,,/sm x +Jcos x o Jsin x + Jcos x
J- n/2 \’sm x + \lcos x _[ n/2 dx
sin x + \/cos x & -
=Pl g = gt o 1-F
2 2 4
e n/2
(ii) Let I =I log (tan x) dx (i)
Then, = J‘ log {tan (E = x)} dx
= I= Jo log (cot x) dx (i)

Adding Egs. (i) and (ii), we get
w2
2= Io log (tan x) dx + J‘oﬂzlog (cot x) dx
n2
=Io (logtanx+logcotx)dx

w2
=.‘:, log (tan x - cot x)dx:Jom2
= 2I=0 = I=9

log (1) dx



log (1 + tan x) dx (1)

n/4
0

(iil) Let I= |
- I n/4
=J'onl4

(]

In“
)

log [1 + tan (/4 = x)] dx

tan /4 — tan x
log 14—
1+ tan(m/4) tan x

1+ tan x + 1 - tan x
log| ———————— |dx
1+ tan x

= I 5 log 2 dx
0 1+ tan x

4
= Iﬂ log (2) dx - J'o"“ log (1 + tan x) dx
= I=(log2)(x)%" -1

[using Eq. (i)]
T n

22l==log2 = I==|
e g 82

n/ i —
W) Let =] 28Ix ~c0s X

dx ()

1+sin x cos x

. T 1
mzsm(;- X )— cos (;—X]
Then, I=I° dx
1+ sin (E—x) cos (E— x)
2 2

n/2 cos x —sin x i
I=I —_—dx (i)
0 1+ cos xsin x

=

Adding Egs. (i) and (i), we get

n/2
+|
0

™2 sin X — COSs X cos x —sin x

dx =

=" SIS X L CO8X = FTA
0 1+ sin x cos x 1+ sin x cos x

2[=0 = [=0
1 Example 19 The value of J': log (cot a+ tan x)dx,

where ae (0,7t /2) is equal to
(a) alog (sina) (b) —alog(sina)
(c)-alog(cosa) (d) None of these

Sol. LetI= J'o" log (cot a + tan x) dx

a cosa , sinx
= I log| — + dx
0 cos x

sina

. '[oa IOg( _____COS (a - X) J dx

sin a cos x

=J: log [cos (a - x)] dx - Io“ log (sin a) dx
= J.on log (cos x) dx

= I: log cos(x)dx — Ioalog(sin a)dx —Ioalog (cos x) dx
[using J.onf(x) dx = Ioaf(a = x)dx to first intcgml]

= - log (sin a) Ioa dx = - a log (sin a)

Hence, (b) is the correct answer.
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b b
Property IV. L f(x)dx = _L fla+b-x)dx
‘ (King's property)
Proof Putx=a+b—-t =dx=—dt
Also, when x =a, thent =b, and when x =)

af foyde=[" flasb-n)(=d)==[" fla+b-1)d
=" fla+b-nyde=[" fla+b-x)ds
' feyde=[ fla+b-x)de

‘b
Geometrically J:f(x)dx =J' fla+b-x)dx

a-+b-x

b

o -1;--?

As the variable x varies from a to b, the variablea + b — x
varies from b to a. Thus, whether we use x ora +b — x,
the entire interval[q, b]is covered in both the cases and
the areas will be the same.
y

X
—

The graph of f(a + b - x) can be obtained from the graph
of f(x) by first flipping the graph of f(x) along the y-axis
and then shifting it (a + b) units towards the right; the

areas described by f(x)and f(a +b - x) in the interval
[a, b]are precisely the same.

| Example 20 Evaluate L’;f +
+ftan

n3 cos x - dx

dx

Sol. Let1=["" - i

“"‘“‘ 1+ :;mn x Jwe ;;cos X+ ;;sin x ®
thiesi, I=Inl:l Jcos (m/2-x)

ne Jcos(n/Z— x) + Jsin (m/2-x) o
(a+tb=m/2)
L(id)

n3 sin x
= I= dx
we o Jsin x + \Jcos x
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Adding Egs. (i) and (ii), we get
2l = I e ldx =
n/6

1 Example 21 Prove that

flx) b-a
d —3
J f+ flasb-x " 2
Sol. L =[x ;
ol. Let I L Py e Q)
then, I=Ib flatb-x) dx
@ fla+b-x)+ f(a+b-(a+b-x))
= I= b fla+b-x)

b Farb-n o "
Adding Eqgs. (i) and (ii), we get

_[* fla+b-x)+ f(x)
o e

- 2=["1dx=(b-a) = fim Do

| Example 22 Solve

_ —sin t Jf(l)dl )
st [flcos2t-2)+f(2)
—sintt f(z) dz

Sol. We have, I =I

cost ¢

Jf(cos2t —z2) +f(2) .

=" sint ¢ f(cos 2t — z) dz i)
Tt [flcos2t-2) +f(2)

[usingj;b flxyde=|" f(a+b—x)dx]
Adding Eqs. (i) and (ii) we get
2= j' W e =5 pr (z)“““

I=———(sin‘t+cos t)=—£(l--23in2tcosz t)
2
)
._._l 1_lsinzzy =—l+—sm221
2 2 2 4

Directions (Ex 23-25) Let the function f satisfies
f(x)-f'(=x)=f(=x)-f'(x) for all x and f(0)= 3.

| Example 23 The value of f(x)- f(-x) for all xis

(a) 4 (b)9
(012 (d)16
Sol. Given, f(x)-f'(-x)= f=x)-f'(x)
fix) _f1ex)
. fx)  fCx)

Integrating both sides, we get
In f(x)=-f(-x)+C
In[f(x) f(-x)]=C

f(x) f(=x)=C
But f(0)=3
= fXo)=C . C=9
f(x)-f(=x)=9
Aliter f(x) f'(x)-f(=x)-f'(x)=0
= L f(-x)-fG1=0
dx

Integrating both sides, we get f(x)- f(-x) = Constant
Hence, (b) is the correct answer.

1 Example 24 _[ ——— has the value equal to

f( X)
(b) 34
(d)o

ISI dx

5‘3+f(X) 13+ f(-x)

{us'mg J’:f(x)dx =L°f(a+ b- x)dx]

(@)17
(c) 102

Sol. Let I= j

I"‘ B+ f(OIB+ f(-x)]

J‘ 6+ f(x)+ f(=x)
519 +3[f(x) + f(=x)]+ f(x)- f(-x)
6+ f(x)+ f(=x)
J'5‘18*-3[1'(3f)+f( x)]dx

151 :
=1 e 2 251
37-51

3

51

= I=—=17
3

Hence, (a) is the correct answer.

1 Example 25 Number of roots of f(x)=0 in[-2,21is

@o (b)1
(02 (d)a
Sol. Let x = be the root of f(x)=0.
: fle)=0
f(x)-f(-x)=9
Put x =, then 0=9 (impossible)

Therefore, f(x)has no root but f(0)=3.
~ f(x)>0,Y x € Ras f is continuous possible function

f(x)=3e7*.

Hence, (a) is the correct answer.



Chap 02 Definite Integral 93

Exercise for Session 2

1. The value of IO"” log (1+ tan 0) d0is equal to
(@ % 02 (b) - 2 log 2 (c)% log 2 (d) None of these
4
2. For any integer n, the value of J': 0% ¥ . cos? (2n + 1) x - dx is equal to
(@0 ()1 (©) -1 (d) None of these

3. The value of IaL dx is equal to
2 [65-x +x

(a) 1/2 (b) 1/3 (c) 1/4 (d) None of these

4. The value of [ dx is equal to
0 (17 +8x —4x2)(e®1-%) 4+ 1) a
1 2-J21 1 2+ 421
(@) - —=| B log| ST
BVZ1 0| 2+ V21 © 8J2_1°9421-21
1 2-V21 2+ /21
(€) - —= I - d) None of these
8\/2—1{09 2+ 421 J2_1-2H ©
5. Iff is an odd function, then the value ofJ' - —% dx is equal to
-a f(cos x)+ f(sin“ x)
()0 (b) f(cos x) + f(sin x) (c)1 (d) None of these
. . 10 [x2)dx
6. If[x]stands for the greatest integar function, then J' 5 5=
4 [x©-28x +196]+[x“]

(a)1 (b) 2 (c)3 (d)4

7. The value of ['——% __(0<a<n)is
01+ cosa-sin o
(@)= b) ——— (€)== (d) SN
sina sin o sina o

8. Iff, g, h be continuous functions on [0,a] such thatf(a - x) =f(x), g(a - x) = —g(x) and 3h(x) = 5 + 4h(a - x),
then the value of I:f(x)~ g(x)-h(x)dx is
(a)0 (b)1 (c)a (d)2a
9. If2f(x)+Ff(-x)= %sin (x —%). then the value of J'Jaf(x Yx is
(a)o (b)e (c)1e (d)e+1/e
10. Prove that I;)I(f(sinx)dx = %!:f(sinx)dx.

x2sin 2x -sin (%cos x) dx

11. Evaluate I: r—

12. Number of positive continuous function f(x ) defined on [0, 1]for which J:f(x Yix =1, J: xf(x)dx =2and I; X(x)dx = 4.

13. Let! —f—ex—dx and/ =_|'1—-de Then 1Lis equal to
' BELIES . 06x%(2-x3) I
3 3 1
= b) = c) 3e i
(a)a ( )9 (c) (d) =

__e* ., _x) _ _(fta _ Iy .
14. Iff(x)-n—GT.h—I’(_‘)x g{x(1-x)}dx andlz-J"(_’)g(xU x)}dx, then the value ofils

(a1 (b)-3 (c)-1 (d) 2



Session 3

Applications of Plecemse Functlon Property

Applications of Piecewise
Function Property
Property V (a). J.: f(x)dx = I: f(x)dx + Lb f(x)dx,

where c &> R
Proof Let ¢(x) be primitive of f(x), then

[} £x) dx = 0(8) - 6(a) )

and  [* f)dx+ [ flx)dx =[oe) - a)] +[6(B) - O(c)]

={(b) —¥a) (i)
From Egs. (i) and (ii), we get

Lb flx)de=[° fx) dx + f: f(x) dx

Generalisation Property V(a) can be generalised into the
following form

.f: feydx =" floydx+ [ flx)de+..+ f F(x)dx

where, a<c; <€y <...<Cp_y <€, <b
Property V (b).
a al2
[7 fix) dx = [ fxyde+ " fla=x)dx

Proof As we know,
[¢ foydx= [ fooydx+ [ flx)dx

Put x =a —t = dx =—dt in the second integral also,
when x =a/2,thent =a/2and when x =a,thent=0.

[¢ oy de=[;" fexydx+ [, fla=n(-dn
= J‘o"” f(x) dx + jo“’z fla—t)dt
[¢ foodx= [ fxydx + [ fla-x)dx

Property V (c).
0, if fla+x)==f(b-x)

b - a+
o F B2 15 ey d, i fla+x) = 6= %)

Proof Let us consider the function f(x) on[a, b]when
f(a+x) = f(b— x),then f is even symmetric about the

on the interval [a, b] when

o a
mid-point x =

f(a+x)=- f(b-x),then f is odd symmetric about the

L of the interval[a, b]

; ; a+
mid-point x =

. [ 0, iff isan odd function
=~ U =
sing I—a Ji)v { 2f(x)dx, if f is an even function
flb-x)

b o, if fla+x)=—
dx = a+b
= [ fl=)ix 277 fx)de,if fla+x)=f(b~x)

x%, foro<x<1
1 Example 26 Given function, f(x)=

> l Jx, fori<x<2
Evaluate Io f(x)dx.

s s [ fer6e = ! e+ [ s

[ fde=[x?ac+ [* Vx ax

I Example 27 Evaluate the integral | = f: [1- x| dx.

Sol. By definition, |a—b|={b‘;: 1:: a<lI:
a-b, if a>

Il_x|={(1—x),05x51

Then,
(x=1),1Sx<2



p: I: [1=x]dy = I“‘ (L= x)dy + J.ln (x = 1) dy

i o! T ol !
mv—-—] ] —-y
2 Y
S0 - \

At

g

| Example 28 Evaluate

() [ lcos x]dx (i) [ *|x? +2x-3]dx

Sol. (l)j |w\v|d\='|- lw\\'|(1\+f | cos x| dx

= I“ (cos x)dx - -[m (cos x)dx

=[sin x] ¥ = [sin x] %,
=(1-0)=(0=-1)=2

i) [[*1x* +2x = 3] dx

1 o 2 r
=j0 |x‘+2x-3|dx+jl | X +2x =3|dx .

We have, x* +2x =3 =(x+3)(x-1)
x*+2x=3>0 for x<=3 or x>1
andx® +2x-3<0 for -3<x<1
So, | x* +2x -3|
={ (x* +2x-3), for
—(x*+2x=3), for —3<x<1

*. Eq. (i) becomes

2
1=J'o' —(x’+2x-3)dx+£ (x* +2x = 3)dx

) ! 3 :
=—| Xy x?-3x | + X b xtoax
3 0 3 1

=4

| Example 29 Evaluate _[_'l (x —[x1)dx, where []
denotes the greatest integral part of x. !

Sol. Let 1=J’_'l (x - [x]) dx =J‘_‘l x-dx —J'_'l [x]dx

- ("?z)l‘ = U_"l (xlde+ [ [x]dx)

x<=3orx>1
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1 Example 30 Evaluate 'ful |x} dx, where (x) denotes
the fractional part of x.
sol. [* (x}d = [* (x=xDde= [ xav-[* (x]dx

r b
=[‘TJ] -U“' [elde + [ [x]dx)
=%“'°)'le o(1x+j'l2 ldx)

=2-(x)=2-(1)=1
Remark
In above example, for greatest integer less than or equal to x, it is

compulsory to break It at integral limits.

1 Example 31 Evaluate jog {/x} dx, where [x} denotes
the fractional part of x.

sol. [" (Vxhdx =’ (,/;_[,/;]) dx
=J'09 (x"?)dx —J‘og [w/;] dx
i =2} - [ Wrldx
=2pn- ) tx1dx

As [’ Wxldx =0<x<9 and 0<Vx <3
Thus, it should be divided into three parts

0sVx<1<Vx<22<Vx <3
ie. I=20)- [ [Vx)dx

lB-[Ll Wxlde+ [ * Wrlds+ [ [J?]dx]
18—(]’0'odx+L' 1dx+L’ 2dx)

=1s-(o +(x)‘,+(2x)3)=1s—(3+1o)=5

| Example 32 If for a real number y,[y] is the
greatest integer less than or equal to y, then find the
value of the integral L [2sin x1dx.

Sol. We know, -1<sinx<lasxe[rn/23n/2]
= —-2<2sinx<2
*. 2sin x must be divided (or broken) at x =5n /6, 7, 71 /6.
As2sin x = + 1,0, — 1 at these points.

w2 T
.'.jm [2sin x]dx = J‘m [2sin x]dx + J‘s:“ [2sin x]dx

m/e
+[™" [2sin x)dx+ L;":’ [2sin x] dx
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=j's"”' vax+ [ odx+Lm6 © 1)dx+J'7L“:2 (-2)dx

_(5_"_2)”_(7_"_,:)_2(3_"_22):_5
6 2 6 2 6 2
| Example 33 The value of L:oo [tan™" x]dx is equal

to (where [] denotes the greatest integer function)
(a) tan1-100 (b)m/2-tan1
(c) 100 —tan1 (d) None of these

Sol. LetI= Lm [tan™! x]dx

where [tan~’ x] is shown as
2
>3 PR e —
L M i
1'.'1
—tan 1 |tan1
--------- i i -1
s W .
-2
1 ~——
—tan 1 O tant
~—r—e -1
—_—r— +-2

Iom [tan™! x] dx is shown as

Y

o tan 1 100

=1x(100 — tan 1)
Hence, (c) is the correct answer.

| Example 34 The value of
I min{x —[x],— x —[— x]} dx is equal to (where [.]

denotes the greatest integer function)
@12 (b)1
() 3/2 (d)2
Sol. Let f(x)=min(x = [x], - x = [~ x]) = min ({x}, {~x})
Graphically, {x} and {-x} could be plotted as;

X' — o

20 -1

2
From the above graph, we need f-z min ({x}, {~ x})shown as

1/2
o | ol

2 1 1 1
[, f(x)dx_4jo flx)yde=axox1x_=1
Hence, (b) is the correct answer.

1 Example 35 The value of j'lz (™ +[x21% ) dxiis
equal to where [] denotes the greatest integer function

+~/_+(2f 2*")+ e -3%3)
(b)3+~/§+‘/— (2‘/_ "-)+ 50" -3%3)
(c)= +£+ 1 (2‘/‘ 2~/-)+ (9 3./_)

(d) None of the above
Sol. Let I=[* (<"1 4 () ax

=Lﬁ (x+l)dx+Lf

2 73
2 3 x & 2
=[x_+x] +|:x—+ 4 + "_‘+ =
2 i 3 log 2 W7y 4  log3 o

=i+\/§+£+
4 3

(x? +2')dX+IJ2; (x® +3%)dx

1 3 _2 1 .2
— @ -2ty 1 (32—
82( ! log3( ™

Hence, (b) is the correct answer.

I Example 36 The value of fom [|sin x|+|cos x|1dx is
equal to
T
(@) = (b)

(c) 3?“ (d) 2n



Sol. Let f(x)=[|sin x|+]cos x|]
As, |sin x|2sin? x and|cos x| 2 cos® x
|sin x|+|cos x |21

|sinx|+|cosx|$,'12+l2

= lslsinx|+|cosx|S\E

and

Thus, [|sin x|+|cos x|]=1
2
Jo " [[sin x| +| cos x |] dx =Lu ldx=2n

Hence, (d) is the correct answer.

| Exgmple 37 The value of the definite integral
E sin|2x-o| dx, where o € [0, ], is

1+ cosa 1-cosa
C d
(c) 5 (d) 5

Sol. Let = I(:_ a)sinllldt, where2x-o =t = dx= &
= 2

(a)1 (b) cosa

10 s =
=-I -smtdt+lr sintdt
27-a 270

1 0 1 -0
=|—cost —| —cost
2 et 2 o

= l[l~cosa]—%[—cosa -1]

~n

1
(1-cosa)+5(1 +cosa)=1

NI N -

(1-cosa)+ %(1 +cosa) =1
Hence, (a) is the correct answer.

I Example 38 Let f be a continuous functions
satisfying
; 1 for 0<x<1
f (Inx)—{e,_1 for  x>1

and f(0)=0,then f(x) can be defined as

1, if x<0 | 1. if x<0
(a)ﬂx)-{l_ex‘ if x>0 (b)ﬂx)_{ex-I, if x>0
_[x, if x<0 | x . if x<0
(c)ﬂx)-{ex, ¢ ws0 (d)f""-{ex_1, if x>0
7 _J1, for 0<x<1
Sol. f(lnx)—{x_ fy ot

Put Inx=t = x=e¢'

Forx>1; f’(t)y=¢' for t>0
Integrating f(t)=¢'+C; f(0)=e"+C = C=-1

(given, £(0)=0]
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f(t)y=¢'-1, fort>0 (corresponding to x > 1)

Therefore, f(x)=e*-1,for x>0 .(i)
Again, for0< x <1,
f'(lnx)=1 (rx=e")
f'(t)=1, for t<0
f(t)y=t+C

f0)=0+C = C=0 = f(t)=t, for t<0
=  f(x)=xforx<0
Hence, (d) is the correct answer.

1 Example 39 The integral
5n /4 ; .
j P (|cost |sint+ |sint |cost)dt has the value
T

equal to
(@) o (b)1/2
©1/2 (d)1
Sol. Let

n/ 2 . T . .
I= LM 2sint cost dt +Ll2 [(-sintcost)+(sint cost)]dt‘

zero
sm/4
+ L (-2sin t cos t) dt

n/ 2 n/4
= j' sin 2t dt —J' sin 2t dt
n/4

5
n
These two integrals cancels
= Zero.

Hence, (a) is the correct answer.

1 Example 40 The value of J'oz f (x) dx, where

0 whenx—L n=1273

fx)=1" n+1" " 7777 3is equal to
1,elsewhere

(@)1 (b) 2

(€3 (d) None of these

2 2
Sol. Here, J-o f(x)dx =L e IJI; il +J-z:/;;4 i+

n
1 2
+ L_"lldx+...+‘[‘ 1dx

1 2 1 3 2 n n=1
== |+ === |+|==-=|+...+ - +o+
O o I Prrit s R

n
= +..+1, asn > oo
n+1

We take, limitn — oo
We have, Ioz f(x)dx=1+1=2

Hence, (b) is the correct answer.
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Exercise for Session 3

10.

11.

The value of I_: {l x =2 + [x]} dx, where [.] denotes the greatest integer function, is equal to

(@)5 (b)6 ©7 (d) None of these
The value ofI_a1 (Ix|+]x —1])dx is equal to

()9 (b)6 ©3 (d) None of these

1 -
Letf(x) = x - [x], for every real number x (where, [x]is integral part of x). Then, the value ofj'_1 f(x)dx is equal

to
(@0 (b) 1 (c)2 (d) None of these
2 . . .
The value of Io [x + [x + [x]]]dx (where, [.] denotes the greatest integer function) is equal to
(@)2 (b)3 (c)-3 (d) None of these
x
The value of Iolx] 22[” dx is equal to (where, [.] denotes the greatest integer function)
(@) L (b) -1 (c) X1 (d) None of these
log 2 2log 2 4log 2

The value of _[; {x} dx (where, {.} denotes fractional part of x) is equal to
@) % (b) g (c)-;- (d) None of these
The value of J;4 {x)1*) dx (where, [.] and {.} denote the greatest integer and fractional part of x) is equal to

11 13
@ ®) =

7 19
(c) o (d) T
The value of J’o' [t + 1° dt (where, [.] denotes the greatest integer function of x) is equal to

2 3
@ KLY @+ 9 O KLV g4 92 9
3

© (IXJ ([;] + 1)) + (X1 + 9 (0 (d) None of these

0
The value of J: “[tan"xkix (where, []denotes the greatest integer function of x)is equal to

(a) tan1 (b) 10n
(c) 10n - tan1 (d) None of these

IF£(x) =min{|x - 1L,}x].|x + 1], then the value of f1 f(x)dx is equal to
1
a)1 b) -
(a) (b) 3
1 1
(© 2 (d) o
The value of I:[ZG" ldx (where, []denotes the greatest integer function of x)is equal to

(@1 (b) log, 2
()0 ) ;‘



12.

13.

14.

15.

16.
17.

18.

19.

20.
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10

The value of L "([sec‘1 x]+ [cot™" x])dx (where, []denotes the greatest integer function) is equal to
(a) (sec 1)-10n (b) 10n—sec 1

(c)n—sec1 (d) None of these

w2 . L
The value of I-ulz [cot™ x1dx (where, [] denotes greatest integer function) is equal to

(a) m+ cot1 (b) 7 + cot2
(c) ™+ cot1+ cot2 (d) cot1+ cot2

/4 . st
The value of jo (tan"(x —[x1)+ tan""?(x —[x]))dx (where, [1denotes greatest integer function) is equal to

1 1 1 1
(@- b) — d
n P (c)n(n—1) ()n(n+1)
The value of J':[xz - x + 1jdx (where, []denotes the greatest integer function) is equal to
@5+5 by 15 =5 @ 5=Y5
2 2 2 2

Evaluate _f:[x"]dx. (where, []denotes the greatest integer function).

Prove that J': [xkx = x[x]—%[x]([x]+ 1), where [] denotes the greatest integer function.

X
Iff(n)= JJ:O”_— (where, [1and {} denotes greatest integer and fractional part of x and n € N). Then, the value
{x}dx
0

of f(4)is ...

Iff(n)= I:[cost]dt, where x € (th 2nm + 2) n € N and [] denotes the greatest integer function. Then, the value
)
m
If I:[xhx = .[:)x ]xdx, x e integer (where, []and {} denotes the greatest integer and fractional parts respectively,

then the value of 4{x} is equal to ...

of isi..




Session 4

Applications of Even-0dd Property and
Half the Integral Limit Property

Applications of Even-0dd
Property and Half the Integral

4 :
| Example 42 Evaluate 'f_://“ x*sin® x dx.

Sol. Let f(x)= x7 sin* x, then
lelt Property f(=x)=(=x)*sin* (- x) = = x° [sin (- x)]*
Propezty VL. =- x* (-sin x)* = - x* sin* x = - f(x)
J'_"a f(x)dx = 2 I: f(x) dx, if f(x)is an even function So, f(x)isan o’s:i functio;. i
0, if f(x)is an odd function Hence, _[_ e J(X)dx =0

Proof We know,
I f(x)dx = J.f(x)dx+j f(x)dx,ifa<c<b

w4 .
ie. I x*sin® xdx =0
-n/4

1 Example 43 Evaluate _[_1;//22 sin? x dx.

= d d G
I‘“ b I‘“ Finke +'[° TR B Sol. Let f(x)=sin? x, then
Now,j'° f(x)dx =j° f(~t)(~dt), wheret=—x f(= x)=sin? (- x) = [sin (- x)]* = (- sin x)?
- ¢ =sin® x = f(x)
=— J. : f(=t)dt =_[: f(=t)at So, f(x)is an even function, hence

e J.K/z (sin® x) dx =ZI"“ (sin® x) dx
=I f(~= x) dx (using properties I and II) 2 o
0

= J'NIZ 1- cos 2x dx
a . . o 2
dx, if f(x)is even
= Io f(x)dx, if f ...(id) =(x_sin2x]n/z_£
_I: f(x)dx, if f(x)isodd 5 ), "3
nlz
From Egs. (i) and (ii), we get _[_ s sin? xdx =L~
a _ ZJ"l f(x)dx, f(x)iseven
| eee=) e o, if f(x)isodd 1 E’“M“PIe 44 The value ofj Iog( )dx is equal to
; b)1 o
I Example 41 Evaluate J.-11 (x® + 5x +sinx)dx. (a) 2 (b) (01 (do
Sol. Let, f(x)= x> +5x + sinx Sol. Let flx)= log( = )
. f(=x)=-x*-5x —sinx = = f(x) .
So, f(x)is an odd function). Now, f(-x)= log( L ) _ 10g{ ;; x )
X
Hence,‘l’_ll (x3 +5x +sinx)dx =0 =—log[ Geae )
B
5 0, f(x) is odd f o f- x)=_k,g(§;§ )=_f(x)



i.e. f(x)is an odd function.

So, f f(x)dx__[ (

]dx 0
x

[ , if f(x)isodd
[' J:,. flx)dx = {J‘ f(x)dx, 1ff(x)|seven:|

Hence, (d) is the correct answer.
1 Example 45 The value of
X sin (2x)-sin ( Ecos X )

n 2

A 2x—m) dx is equal to
8 i 8 n?
(@) = (b) S (© = () W
x sin (2x) - sin ( T ocosx )
Sol. Let I= j'o" : 1: dx ()
x —
(m— x)-sin 2(m - x)-sin (g cos (T — x))
I= -[0 2(M-x)-m o
(m = x)-sin (2x) -sin( % cos x)
I= Jo T de (i)

Adding Egs. (i) and (i), we get

n
(2x — ) sin 2x +sin ( r cos x)

2= L dx

T
= I=1J'xZsinxcosx-sin(—cosx)dx
2% 2

(2x - m)

(put cos x =t, then — sin x dx = dt)

e
=Zfolt-sin(-;£ )dt

(using by parts)

_ 8
__z

(=(50)]

Hence, (c) is the correct answer.
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cosx e 2xcos’x/2
I Example 46 If f(x)=| x> secx sinx+x® |,
1 2 X+ tan x

(X2 Lf(x)+ f”(x)1dx is equal to
(c)2 (d) None of these

2x cos? x/2

then value off
(@1 (b) -1
cos X e"z
sin x + x>
x + tan x

x?  secx
| 1 2

= f(=x)=- f(x)
= f(x)isodd. = f’(x)is even.
= f"(x)is odd.
Thus, f(x)+ f”(x)is odd function, let

d(x) = (x*+1)-{f(x)+ f"(x)}
= 0(-x) = - 6(x)
i.e. ¢ (x)is odd.

n2
[ys 00 dx =0

Hence, (d) is the correct answer.

Sol. As, f(x)=

1 Example 47 The value of

j] X .sin”' (2x J1-x?)dx is equal to
=%

(a) 42 (b)a(W2-1) (c)4(2+1) (d)None of these

Sol. Let I=_[l1 %-sin_‘@x\ll—xz)dx
=%
=2J'! s -sin
0 :}l—xz

[using [5, flxyax =2 [ f(x)du,if f(- x)= f(x)]

Put x =sin® = dx = cos 0 dO
I=2J’M sin O

-sin” ! (25sin O cos 8)- cos B d§
0 \/ —sin? 0

w4
=2.[o sme-zede+zj'm (m—20)sin 8 dO

[using sin™" (sin 20) = {n 2_928 n(;j 2 9< : ;4/ 2]

“1@2x y1-x?)dx

LN e L2
—4I° 9-sm9d6+27tjm sdeB—-tI““ 0 -sin® d9
= 4{8(-cos B)}F'*~4 | "1+ (~ cos 0)d0 + 21 (-cose)zf
-4{0(- cosG)}'“-hlI (= cos 0)dd
m- 2+ En- T —a+22=42-4
2 I
=4(J2-1)

Hence, (b) is the correct answer.
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1 Example 48 Suppose the function
gn(x)=x""+a,x+b,(ne N) satisfies the equation

fl (px+q)g,(x)dx =0 for all linear functions (px+q),
then

3
(@)a, =b, =0 (b) b, =030, =-————

3 3 3
ca,=0;b, =-—— d)a,=———:b =-—01—
19 " o+ @ =3 =203

Sol. We have, J’_l, (px+q)(x*"*'+a,x+b,)dx =0

Equating the odd component to be zero and integrating, we
get

2—p+2aLp+2b,,q =0forall p, q

2n+3 3
3
Therefore, b, =0 and a, =-
" T omes
Hence, (b) is the correct answer.

Property VII (a).

J-Za f(x)dx={2‘[o‘ f(x) dx, if f(Za_x)=f(x) }
0 0, if f(Za—x)=_f(x)

Proof We know,
[ feyde=[" e+ [ faydxe .0
Consider the integral J;za f(x) dx; putting x =2a —t, so

that dx = —dt

Also, when x =a,then t =a and when x =2ag, thent =0.

o [* fxyde=[" flea-n)(-dn==[" fea-r)dt
=I°“ f(u-:)d::jo" f(2a—x) dx

[ fex)dx, if fl2a-x)=f(x)
-[° flx)dx, if f2a-x)=-f(x)

(i)

From Eqgs. (i) and (ii), we have

[ fox)dx= 2[ f(x)dx, if fza-x)=f(x) ]

’ 0 ,lf f(20-x)=-f(x)
n X

| Example 49 Evaluate | ey i

x

n
I= —_—dx
J:’ 1+ cos® x

Sol. Let

_In (m - x)dx =In T dx _Jn x dx
"D 14cosP(m-x) T 1+cos’x 0 14cos’x
n dx
I=n _—1

L 1+ cos? x

n dx n/2 dx
= =271
= = '[0 1+ cos? x J

s 0, f(2a—x)=- f(x)
[usmgj:J f(x)dx = 2]‘0“ f(x)dx, f(2a—x)= f(x)

2
n/2 sec” X

= I=1tI —2——dx
0 sec” x+1

0 1+ cos’x

(dividing numerator and denominator by cos? x)

2
n2  sec” x
I=TEI —e—z—dx
0 2+tan®x
Put tan x =t =>sec’ x dx =dt
Also, when x = 0,then t = 0and when x = 1 /2then t = o
« dt n gt )"
Hence, I=n — i | EARTY
f 2412 JE( V2 ),
_m (E—o)— n?
V2 \2 22

I Example 50 Prove that
n/2 i n/2 s
_[o log (sin x) dx = Io log (cos x)dx = — 5 log 2
Sol. Let I=["™" log(sin x) dx ()
Then, I =Lm2 log sin (n/2 - x) dx
n2
= L log (cos x) dx ...(ii)
Adding eqs. (i) and (ii), we get
2l = Ioﬂ“ log sin x dx + Lmz log cos x dx
n/2
= Io (log sin x + log cos x) dx

= Iomz log (sin x cos x) dx = Lmlog (—_2 2ia :;cos x)d_‘
= [, 1o (%) dx
= .[omz log (sin 2x) dx - Lm (log 2) dx
= Lﬂ/ L log sin 2x dx - (log 2) (x),¥?
= 2= J'onlz log (sin 2x) dx — % log 2 (i)

/2
Let I, = Io" log (sin 2x) dx



n2
Hence, Io

n . o,dt _1en ] y
= J; log sin t i L log sint dt (putting 2x = t)

_l. n/2
= 2 2.[0
2a 0, f(2a - x) = - f(x)
i dx = a
[usmgjo f(x) X {2‘[0 f(x)dx, f(za—x)=f(x)'
=J;M2 log (sin x) dx

log (sin t) dt

-~ Eq. (iii) becomes 2] = - % log 2

logsinxdx:—glog?_

Remark
Students are advised to learn

i
| Example 51 If f(x)= —_[ox log (cos t)dt, then the
value of f(x)-2f (%+

()

X
Zlog2
(C)3 og

Sol.

-xlog2

log (sinx) dx =I:/2 log (cosx) dx =— glogz

X T X
=l+2f[=-=]i
2) ( 2) IS equal to

b) Zlog 2
()20g
(d) None of these
T X n/4+ x/2
Here, f(:+;)=—jo log (cos t) dt
T X /4 - x/2
f(;‘;]—‘fo
=- Ion“ log (cos t) dt — LZ‘ E
. X E_x
..2f(4 ) zf( 2)

n4-x/2 n4+x/2
=2 P log (cos t) dt —2 J-m log (cos t) dt

J'n/4 x/2

log (cos t) dt — log (cos t) dt ...(i)

log (cos t) dt

i log (cos t) dt ...(ii)

. "
Putt = i first integral and t = % + z in second

integral, we get

——2_[ logcos(—-z)dz-z.f logcos(z+ )dz
=—ZI"21 2 .2 d
X og E(cos z—sin® z) |dz

=2["" (log2) dx -2 (g

=x log2—2‘[0x,2

log (cos 2z) dz

log (cos 2z) dz

] Example 52 If [ [
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. LUINE 2 (L 3
.2f(4+2) Zf(4 2) x (log 2)
—2_[0 log (cos 2z) dz

= 2f(%+§)—2f(% %) x (log 2) + f (x)
or f(x)—zf(%+§J+2f(%——)=—xlog2

Hence, (a) is the correct answer.

2
} dx = A, then the value

nx
n 2x2-cos? x
B s /e dx is equal to
0 e
(1+sin x)
(@) A+2n-m? (b) A-2n+m?
(c)2n-A-n? (d) None of these
n 2x* cos? x/Z
Sol. Let B= " (1+sn x)z
B—A=I“ x? (2 cos? x/Z—l)d
(l+sm.7c)z
_ _x"-cos x_
0 (1+smx)z
Using by parts,
xz " n x
B-A={-—— +2" T ax
1+sin x 5 % (1+sin x)
B-A=-n*+2K 0
where, K= I de IRM
1+smx 0 1+sin x
K=mn =
‘[ 1+smx

0, f(2a~ x) = - f(x)

. 2“ -
[usmgj.o f(X)dx—{zj‘: f(x)dx, f(2a-x)= f(x),

= 2K=2n

dx n2 dx
. =2nI —
0 1+sin x o 1+ cos x

2
—21!J‘ —sec —dx 27:{ E} =2n

0
K=n
Thus, B-A=-n%+2K
= B=A-n%+2n

Hence, (a) is the correct answer.
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1 Example 53 The value of
a -1 =1 2
_[_a (cos™' x —sin ,/l—x )dx (a> 0) (where,
IOO cos™' xdx=A) is

(Q) ma-A (b) ma+2A
(c)ma-2A (dna+A

Sol. Let I=j‘_¢n (cos™' x —sin™" {1 - x?)dx
0

=J'_¢(cos"x-sin",/l—x’)dx

+L¢ (cos™' x —sin™! \/l— x?)dx

0
=I cos"xdx+A—2]w sin”' {1 - x? dx
[ i

(asa>0)

0
=—L (m—cos™' x)dx + A -2A

a %
=ﬂ:a—L cos ' xdx - A

=na-A-A=mna-2A
Hence, (c) is the correct answer.

Property VII (b)
L" fx)dx=(b=a) [ filb-a)x +aldx

Sometimes, it is convenient to change the limits of
integration into some other limits. For example, suppose
we have to add two definite integrals I, and I,; the limits
of integration of these integrals are different. if we could
somehow change the limits of I, into those of I, or
vice-versa, or infact change the limits of both I} and I,
into a third (common) set of limits, the addition could be
accomplished easily.

Suppose that I = J: f(x) dx. We need to change the limits

(a to b) to (a’ to b’). As x varies from a to b, we need a new
variable t (in terms of x) which varies from a’ to b’.

b pemmmmmmmmmm—————

> X

Of-=-mmmmmmmm——————

As x varies from a to b, t varies from a to b, t varies from a’
to b’

t-a’ _b'-a’
Thus, =

x—-a b-a

As described in the figure above, the new variable t is

given by,
, [b'=a’
t= + X —=a).
4 [b—a)( )

bl—a’
b-a

o 1= f(x) dx

=f:f(a +(b{’::,)(t-a')J(b’:::,J dt

The modified integral has the limits (a” to b). A particular
case of this property is modifying the arbitrary integration
limits (a to b) to (0 to 1) i.e. a” =0 and b” = 1. For this case,

1=[ fx)dx=(b-a) [ fla+(®-a)) dt

Thus, dt= dx

| Example 54 Evaluate

2 2
_]._us elx+s dx+3J']/23/3e9(x_3) dx.

2
Sol. Here, we know Ie" dx cannot be evaluated by indefinite
integral.

LetI|=J__‘5 elx+s) dx=(_5+4)J’o' eles+x—ass)? g
L=l eV g )
Again, let I, = Lz” e"(x—zn)’dx
\/3
1 1 2]
2_ 1\ "[[;‘;]“;“]
=l S 3
(3 B)L ¢ o
1 2 1
== SN
3.[0 e e S g)
where,I=1,+312=1l+3(__l_l_)=Il_[l=o
3
I_-s e(n-s)l dx+3j2n e”"zn)zdx:O
3

4

Property VII (c) If f(t)is an odd function, then
W(x) =L f(t) dt is an even function.

Proof We have, ¢(- x) = L_ ) f(t)dt
= O=x)=["" fyde+ [~ fe)ar
=

A=x)=0+["" f(t)dr

[ f(t) is an odd function, then I_“ f(t) dt =0]



= ¢(‘x)=‘Lx f(=y)dy, wheret=-y

= W-0=["fody

[ f is an odd function, then f(-y) =— f(y)]

- o=x)=[" f(t)de
= 6=x)=0(x)

Hence, ¢(x) = Lx f(t) dt is an even function, if f(t) is odd.

Example 55 If =["1 Ll i
| p f(x) Io og o dt, then discuss
whether even or odd?

Sol. Let  o(t)= log( ;%: )

1+t ) _ 1_—_?_ S
NP 294 W 13 T
= &(—t) = — ¢(t), i.e. ¢(t) is odd function

x 1=¢ . X
o(x) = J; log (l—:-t-) dt is an even function.

Property VII (d) If f(t) is an even function, then
o(x) = J.ox £(t) dt is an odd function.

Proof We have, ¢(— x) = Io_x f(t)dt= —J;x f=y)dy,

wheret=-y
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= o-x)==[" fy)dy

[+ f is even function = f(- y) = f(y)]
= o-x)==[" fleydt
= 0(-x) == ¢(x)

Hence, ¢(x) is an odd function.

Remark

If f(t) is an even function, then for non-zero 'a',J'; f(t) dt is not
necessarily an odd function. It will be an odd function, if

jo“ f(t) dt =0, because, if ®x) = L‘ f(t) dt, it is an odd function.

= O(=x)==0(x)

= [ rwdt=- | R(GED

= [Prodes [ roda=-[" rod- [ fod

= [Prod-[ 1-pdy=-[ rat-[ foa
[where, y =—tin second integral of LHS = f(— y) =f(y)]

= 2 1ot =[ fyay-|) feyot

-5 2f” ey dt=0

= - [, ftrat=0 = [ roydt=0

or o (x) =L‘ f(t) dt is an odd function, [when f(t) is even.]

Only, if jo’ f(t)dt =0
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Exercise for Session 4

12
1. Letf:R —Rand g:R — R be continous functions, then the value of I_""lz [f(x)+ f(-= x))g(x) - g(-x)ldx is

equal to

(a)-1 (b)0 (c) 1 (d) None of these
2. The value of J'_: (x|x]) dx is equal to

@1 (b) i) (c)0 (d) None of these

2
2 5

3. The value of J'_: (—x : I i'gx) dx is equal to

(@2-n (b)m -2 (c)2- g (d) None of these
4. if f(x)is an odd function, then the value of I ) —f(Siﬂlex is equal to

-a f(cosx)+ f(sin®x)
(@0 (b) f(cosx) + f(sinx) ()1 (d) None of these
- cos"(1 2x ZJ + tan“(1 2x 2)dx
+ X -x .
5. The value of I-uﬁ e is equal to
T T T T
a)— b) —= C d
(a) > (b) B ( )2—‘/3- ( )Wi
2
6. The value ofj'" cos f dx, wherea >0,is
-x 1+a [IITJEE 2001j
@n (b)am (c)2n @7

1 "
7. The integral f_‘:lzz {[x] +log, (ﬁ-) }dx is equal to (where, [] denotes greatest integer function)

1 1
— b) 0 1 s
-5 (b) © @2 log(z)
8. The value of _[ _“:2 = sm: " 1dx is equal to
1 x _m
()0 (b) (c) = () 2

9. If []denotes greatest integer function, then the value of I-“:z ([g] + ) dx is
@n (O ©0 .
2 @ 2

’ n/4 . b sinx
10. The equation I_m {a| sinx |+ Trootx c} dx =0, where a, b, ¢ are constants gives a relation between

(a)a, bandc (b)aandc (c)aand b (d)band ¢
;2
11. The value of J'_zz im X 1 dx, where [-] denotes greatest integer function, is
-+ -
I n | 2
(a1 (b)0 (c) 4 - sin4 (d) None of these
: : n+1
12. Letf(x)be a continuous function such that Im f(x)dx =n?n € Z Then, the value of ‘[_33 f(x)dx is
(a)9 (b)-27 (c)-9 )27
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41

X
g =t @ *ix = Then, [ £ f(t)dtis equal to
e* -1 -1

e* -1
(a)0 (b) o (c) 2a (d) None of these

13. Letf(x)=

and J’; x3.
2
14. Letf:R - R be a continuous function given by f(x + y)=f(x)+ f(y)forall x, y eR. if Io f(x)dx = o, then
2
I-z f(x)dx Is equal to
(8) 20 (b) o (c)0 (d) None of these
15. The value of J'_zz [[x1] dx is equal to

(a)1 (b)2 (©)3 (d)4
= Directions (Q. Nos. 16 to 17)
1-|x]|xIs1
Letf(x):{o,lal:| |> 1 and g(x)=f(x + 1)+ f(x —=1)forallx e R.
16. The graph for g(x)is given by
Y. AY
a) — /\/ \/\ X
()—3—10 13x (b)-3-2-1o 1 2 38
Y Y
M
. 3 2 -1 |lo1 2 3
(c)—3-2-10123‘(d) X
L1
17. The value ol‘ﬂ[_a3 g(x)dx is
(a)2 (b)3 (c)4 )5
= Direction (Q. Nos. 18 to 20)
n sinx
= —————dx;n=0,1,2,..
Eet. 2 I-n (1+ n*)sinx =
18. Thevalue of/,, , —1,is equal to
(@)nn (b)n (c)-n (d)01
10
19. Thevalue of ¥’ I5n, 1is equal to
m=1
(@0 (b) 5n
(c)10m (d) None of these
10
20. Thevalue of Y I, is equal to
m=1
(@)0 (b) 5n

(c) 10 (d) None of these



Session 5

Applications of Periodic Functions and
Newton- Leibnitz's Formula

Applications of Periodic Functions
and Newton-Leibnitz's Formula

If f(x) is a periodic function with period T, then the area
under f(x) for n periods would be n times the area under
f(x) for one period, i.e.

[;" feyde=n ] fx) dx

Now, consider the periodic function f(x) =sin x as an
example. The period of sin x is 27.

il
e——2n—

\ 0 | A} /\ >
a 1\:\/21; a+2n

e on——

Figure 2.6

on .
Suppose we intend to calculate J: sin x dx as depicted

above. Notice that the darkly shaded area in the interval
[2m, a +27] can precisely cover the area marked as

Iu+msmxdx=f:'sinxdx

a

Thus,
This will hold true for every periodic function, i.e.
a T
[T fx) dx = [ fx) dx

(where T is the period of f(x))
This also implies that

(27 feeyde = [} feydx =nf] f(x) dx

and [0 flx)dx= [ fex) dx

wd [T S = [ fdx #nf] S

4m
| Example 56 Evaluate _[0 | cos x| dx.
Sol. Note that | cos x| is a periodic with period 7.

Let I=4I°"|cosx|dx
[using property, I:T f(x)dx = nj: f(x) dx:|

=4{J-oﬂ/2 cosxdx—j":2 cosxdx}

n/2 n
=4 (sinx) -[sinx) }=4{1+1}=8
{ 0 2

I Example 57 Prove that _|.07'5 e* X gx=25(e—1).

Sol. Since, x —[x] is a periodic function with period one.
Therefore, e*~!*] has period one

1= extlar =25 [" x4y
0 0
. T T
[using property, [77 f(x) s =nf] f(x) ]

=25 "0 dx =25(e")} =25(c — )
=25(e—1)

| Example 58 The value of Iom [sin x + cos x]dx is
equal to

(@)-nm (b) nmc (c)-2m (d) None of these

(where [] denotes the greatest integer function)

Sol. Let I = Lzm [sin x + cos x]dx

We know, sin x + cos x = ‘\/5 sin( x+ % ) ()

1, 0sSx<m/2

0, m/2<x<3mn/4
-1 3n/4<x<m
-2 m<x<3m/2
-1, 3n/2<5x<7n/4

0, 7n/4<x<2m

sin x + cos x =

L" [sin x+cos x]dx:!om2 (1) dx + Lj:“ (0)ax



n 3n/2 n/4 2n
[ (= Ddx+ jn (-2)dx + J’M (- 1) dx + jm (0) dx

(53 )

=-T

Since, sin x + cos x has the period 27.

So, I= Lzm [sin x + cos x]dx =n J;zn [sin x + cos x]dx
=-nmn

Hence, (a) is the correct answer.

1 Example 59 The value of [ ° f(x) dx; where

f(x)=minimum ({x+1},{x —=1}),V x€R and {.} denotes
fractional part of x, is equal to

(@3 (b) 4 (©5
Sol. We know, {x +1}={x -1} ={x}
Thus, f(x)=minimum ({x + 1}, {x — 1}) = {x}

= [ fx)de= [0, hdx=5-(=5) [ tx}ax

(d) 6

[as {x} is periodic with period 1’]
=10 jo‘ (x - [x])dx =10 jo' x dx

1
2
- 10( il ) =5
2 0
Hence, (c) is the correct answer.

| Example 60 Show Iom - [sin x| dx = (2n+1)—cos V,

where n is a positive integer and 0<V <.
[T JEE 1994, 2004]

+V v 3 m+V
Sol. Iom |sinx|dx=_[u |smx|dx+_[v | sin x | dx

=IV sinxdx+nj" | sin x | dx
o o
T T .
[using property, J:“" f(x)dx = njo f(x)dx ie.
v n
I"’m |sin x|dx = "Jv |sin x|dx]

4 .
=|—cos x +nL sin x dx
)

n

=(- cos V+1)+n(— cosx]
)

=—(cosV)+l+n(l+l)=(2n+l)—cosV
Im+vl sin x| dx = (2n + 1) — cos V, where n is a positive
o

integerand0S V<.
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1 Example 61 The value of J'_z cot™! (tan x)dx is

equal to
n n?
(a) Bl (b) "2—
in 2
padid d
() 2 (dm

Sol. Let [ = J-_s:" cot™ ! (tan x) dx

= I=7J-o" cot"(cot(%—x))dx ..(i)

[« [T feode=(m=m [ fx)dx ]

x ,0<x<m/2

As we know, cot™! (cot x) =
M+x, T/2<x<T

ol e 32
|3 -5 L)

Hence, (b) is the correct answer.

1 Example 62 Let g (x) be a continuous and
differentiable function such that

2 [ 572
IO { jﬁ [2x% - 31dx } - g(x)dx =0, then g(x)=0
when x € (0,2) has (where, [.1 denotes the greatest inte-
ger function)
(a) exactly one real root (b) atleast one real root

(c) no real root (d) None of these
Sol. As,1<2x?-3<2 V xe(¥2,v5/2)

= J'J‘?’_z [2x* —3]dx >0,V x € (0,2)

= g(x)=0should have atleast one root in (0, 2).
[ g'(x)=0]
Hence, (b) is the correct answer.

1 Example 63 The value of x satisfying
J‘:[“]l‘l { % }dx = Iom [x+14]dx is equal to

(where, [.] and {.} denotes the greatest integer and

fractional part of x)
(a)[—14,-13)
(c)(—15,—14]

(b) (0, 1)
(d) None of these
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- J-za +2[x) { } dx = J‘:x' (14 + [x]) dx

Sol. Given, Iz[“m { -’25 } dx = J'o(x) [x + 14] dx
x
o 2

L 15 s 2
R eI M

using Ionr f(x)dx=n LT f(x)dx and

- [ {i}d”jz’““” { x }dx=(14+[x]){x}

-[xa T f(x) dx = .L"Tf(x) dx; where T is period of f(x)

14 + [x] = (14 + [x]) {x}
(14 +[xDA-{xh=0
[x]=-14
x €[~ 14,-13)

Hence, (a) is the correct answer.
Property IX. Leibnitz’s Rule for the Differentiation
under the Integral Sign

(i) If the functions ¢(x) and y(x) are defined on [a,b]
and are differentiable at a point x € (a, b) and f(x,t)
is continuous, then

i[ f Y et dt]

=
=
=
=

dx (x)

w(x) 0 dv™ (x, w(
_ : d x, y(x))
[ =—f(x1) ”{Tx }f

0(x) ox 44 f(’ )
dx

(ii) If the functions ¢(x) and y(x) are defined on[a, b]
and differentiable at a point x € (a, b) and f(t)is
continuous on [¢(a), ¢ ()], then

d v(x) _d
o ( foa S0V ) = {W)L FOu(x)
—- {00} 0D

1 Example 64 Find the derivative of the following with
respect to x.

(i) J'ox costdt
Sol. (i) Let f(x)= j’o’ cos t dt

"'%(ﬂx»=m5(ﬂ{ ;;(x)}—coso-{ ;;(0)}=cosx

2
(ii) jox cost2dt

using Leibnitiz’s rule, L3
dx.

v (x) _4d _d
20 flerde = - OIS W) dx{¢(x)}+f(¢(x))]

—d—{J‘x costdt}=cosx
dx |70

xz
(ii) Let f(x)= J; cos t* dt
L = cos () {Zd; (x’)} - cos (0)‘{%(0) |
=2x-cos x*

o L J'x2 (costz)dtJ=2xcosx‘
dx \;°°

d (% .
| Example 65 Evaluatea;u/x cos t dt).

Sol. Let f(x)='[l/f cos t? dt
. 4 rx)= 2 {4 o) —cos (L) 1(&)
= dx(f(x))—cos(‘/;) {dx(sl;)} cos(x) {dx B
1 1 1
—mcosx+’;;‘cos ?
d Jx 1 1 1
= E(Im costzdt)=mcosx+;-z-cos(?)
| Example 66 < Pet dt+J”‘2 sin? tdt|=0,
dx \ Jo 0 -

_ dy
find —-
ni e

Sol. We know, % on e ¢ dt + on’ sin? t dr) =0
= e {% (y)} - 2'0{% (0)} +sin?(x?) {% (xz)}

—sin%0 {-‘—:: (0)} =0

_,2 d \
= e Ey+2xsin2x2=0 = Z—i-=—2xc",sin:.\"

I Example 67 Find the points of maxima/minima of

Ixz t2 - 5t+4 dt

0 2+e¢f '
2 2

Sol. Let f(x)=[* L=t g
0 2+e
‘g2

- j’l(x)=x 5x I+4'2X—0

2+e"

=(x—l)(x+l)(x—2)(x+2)-2x

2
2+e”




From the wavy curve, it is clear that f‘(x) changes its
sign at x =12 1 0 and hence the points of maxima are
—1,1 (as sign changes from + ve to — ve) and of the
minima are -2, 0, 2 (as sign changes from - ve to + ve).

d 1

Example 68 Find — —dt|.

! P dx L’ log t
d 2 1 1 d

, — dt |= —(x?
B dx ( J."z log t J log x* dx (x3=
- 3x? 2x
3 log x
d 2 1 1
St —dt|= e
dx ( ‘Lz log ¢ t) log x (=" =)

1 Example 69 If y = jo" f(t)sin {K(x — t)} dt, then
2
prove that 3—)2/+ K2y = Kf(x).
X

)

log x* dx

Sol. We have, y = Jlox f(t)sin {K(x — t)} dt

Differentiating w.r.t. x, we get
dy =
el

Af (x)sin K (x - x)}- %(o) {£(0)sin K(x - 0)}

i {f(t)sin K(x — t)} dt + i(x)
dx i

= KJ’O’ £(t) cos K(x —t)dt +0-0
dy _ x _
- KID £(t) cos K(x — t)dt
Agai.n. differentiating both the sides w.r.t. x, we get

Sex{] &

{f(X) cos K(x—x)- —(X)} {f(0)cosK(x—0)-i(0)}}

2 — {f(t) cos K(x — t)} dt

=1<[-1<J‘0‘ F(t)sin K(x—-t)dt+f(x)—0]

=-K? j’o f(t)sin K(x — t) dt + K f(x)

d’y

=>i=_[(2y+Kf(x) = o +Ky Kf(x)

dx*

I Example 70 f [’ J3-sintdt+ [ costdt=0

then evaluate iy— :
dx

Sol. Differentiating w.r.t. x, we have

d x 2 d ry =
-d—x-(_[m V3-sin® t dt)+;j’o (cos t)dt =0
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d , . am d(m dy
P 2 ® o - - — c— — . —
= y3-sin® x T (x) =43 —sin = dx(3)+cosy I

— cos (0) d—‘i—(o) =0

d
= \/B—Sinzx+cosyﬁ=0
dy  43-sin’x

dx cos y

sin x

,x>0. If

d e
it ¥ F =
I Example 71 Let dx( (x))
4 ZQsian
=
K is
(a)10

dx = F(K) — F(1), then the possible value of

(b) 14 (c)16 (d)18

—(F(X))-

smx

Sol. We have,

= J‘ O e F(x) (i)

4 zesmx 4 esm(x) 3 sml
de= [ = [T 2

Now, J-

(x®=1)
= [F(1)}}* = F(16) - F(1)
= K=16
Hence, (c) is the correct answer.

1 Example 72 The function
flx)= on 108 g (sin t+ %) dt, where x € (0,2r), then

f(x) strictly increases in the interval

(a)[: 56“] (b)(— 21r)
n In 5t In
o(3%) o( %)

Sol. Here, f ‘(x)= log, 4in %l (sin x+ %) >0

= sinx+%<1 and (sinx+l)>0
2

= 0<sinx+%<1
= —-1/2<sinx<1/2
= XE(S?T: 7?ﬂ]asxe(ozrt)

Hence, (d) is the correct answer.
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1 Example 73 Let f:(0,%) R and F(x)= [ " t f(t)dt.
12
If F(x2)=x" + x5, then Zlf(rz) is equal to
r=
(a) 216 (b) 219 (c) 221 (d) 223

2
Sol. Here, F(x?*)=x*+x®= jo’ t f(t)dt

Differentiating w.r.t. x, we get
x? f(x?)-2x = 4x° +5x*

= f(xz)=2+§x =f(r2)=2+§r
S pretysan . Dy OE 1)
r=1 2 4
< 2y _ 12(60+13) _
= 3 ffp——ran

r=1

Hence, (b) is the correct answer.

| Example 74 A function f(x) satisfies
flx)=sin x+I: f/(t)(2sint-sin?t)dt, then f(x)is

(@) X sinx & 1-cosx tanx
1-sinx 1-sinx Cosx 1-sinx
Sol. Differentiating both the sides w.r.t. x, we get
f’(x)=cosx + f*(x)(2sin x -sin® x)

= (1+sin? x-2sinx) f’(x) = cos x

= fl(x)_ cos X cos X
1+sin?x-2sinx (1-sinx)?
cos x
Integrating, we get  f(x)= |[———
BPRing. e Ess; ] J‘(l—sin:«)’
dt 1 1
Put1-sinx =t¢, x)=-|—=-= +C
&) Ir’ t 1-sinx
Also, f(0)=0,hence C=-1
1 1-1+sinx sinx
flx)=——-1= LI L
1-sinx 1-sinx 1-sinx

Hence, (b) is the correct answer.

I Example 75 1f F(x)=[" f(t)dt, where

2 ' 4
fit)y= J"' —ILUU—du, then the value of F”(2) equals to
7 15 1517
iy b) — 257 d) ——
(a)uﬁ ()Jﬁ (€ (d) =8

1+¢% .20 2J1+1°

Sol. Here, f’(t)=——‘2—- .

Now, F(x)=[" f(t)dt = F'(x)=f(x)

)

F(x)=f'(x) = F"2)=f'(2)
From Eq. (i), f'(2) =V256+1= V257

Hence, (c) is the correct answer.

Property X. Let a function f(x, ) be continuous for

a<x <bandc<a<d, then for any a€cd],

if 1) = [ fx,0) dx, then =

di(c) ___j-b of (%) 4
a a

Jda
o= X axb 0
| Example 76 Evaluate I( )—J'o e
1 xt-1
Sol. We have, I(b) = J'o dx
d 19 xP-1
e =" Z] 2= |ax+0-0
= U=, ab( In x J o
gt xPlnx 1oy _x"+ll
_Io g d)r—'fo (x)dx—[b"_l L
1 1
T vy
d .
2 TO=57

Integrating both the sides w.r.t. b, we get
I(b)=log(b+1)+C
x* -1

Given, 1e)= ——dx
x
3 I(0)=0
Also, from Eq. (i), 1(0)=log (1) + C
. 10)=C

From Egs. (ii) and (iii),C = 0
= I(b) = log (b + 1)

1 Example 77 Prove that

)

(when b =0) ...(ii)

..(ii)

J'n/Z dx _m(a®+b?)
©  (a’sin?x+b?cos?x)?  4a’b?
Sol. Let 1=J”"2 _ ldx
®  a®sin® x + b? cos® x
/2 2 -
Then, I=-'.o s secz X dx=f dt
a® tan® x + b® 0 g% 42 4 p?
(where, t = tan x)
= 1=i[mn-l(ﬁ) "=L(£_o _n
ab b)), ab\2 2ab
w2
Thus, NN R . | .
I a®sin? x + b? cos? x 2ab f(ab)



Differentiating both the sides w.r.t. ‘@', we get

J- n2 —2asin? x e = T
°  (a®sin® x + b cos? x)? 2a%b
2 sin? x T
= =— L]
I" (a® sin? x + b cos? x)? 4a’b 1
Similarly, by differentiating Eq. (i) w.r.t. ‘", we get
2 cos® x b4
I = = g dx=— ...(ii)
0 (a®sin® x + b* cos® x) 4ab®
Adding Eqgs. (ii) and (iii), we get
lez (sin® x + cos® x) dx _m n
0 (a®sin? x + b? cos® x)*  4d’b  4ab’
w2 dx
= a® + b?
““’ (a® sin? x + b? cos? x)? 3b3 (@ )

1 Example 78 The value of

f"/z Mde'x>0 is equal to

b)m(/1+x-2)

(d) None of these

0 sin? @
(a)11:(,/1+x -1
(c)«/i(,/1+x -1

Sol. Given, f(x):J‘ﬂz Mdﬂ x20

sin® 0

As above integral is function of x. Thus, differentiating both
the sides w.r.t. ‘x’, we get

Fo=[" i

1+ xsin’0 smze

do+0-0

(using Newton-Leibnitz’s formula)
_ J- w2 cosec’ O dO
1+xsin?@® 70 cot? @ +(1+x)

/2
cot© J n

. .
,/l+x ,/1+x°

o fitx
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I )_ 1+x
= f(x):n,h+x+c

where, f(0)=0 = C=-T7
= f(x)=1t,h+x—n=1t(,/1+x—1)
Hence, (a) is the correct answer.
1 Example 79 Let f(x)be a continuous functions for

2
t
all x, such that (f(x))* =" f() ~=— dt and

tant
r)_3
(b)f(z)—u

(d) None of these

£(0)=0, then

() f(%) =log %

© f(f) =2

2

2sec’ t

Sol. Here, (f(x))*=[" f(t)-——at,

4 +tant

On differentiating both the sides w.r.t. x, we get

2£(x). f*(x) = flx)- 25X
4 + tan x
= f'(x): SCC2 X
4 + tan x

Integrating both the sides, we get

flx)= J.:fct x dx =log (4 + tan x) + C
Since, f(0)=0
= 0=log(4)+C
= =-log4

f(x)=1log (4 + tan x) — log (4)

- f(%) =log(4 +1) - log (4) = log %

Hence, (a) is the correct answer.
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Exercise for Session 5

1. The value of J' 1:) sgn(x —[x])dx is equal to (where, [[] denotes the greatest integer function)

(@9 (b) 10 (c) 11 (d) 12
2. The value of j:, & l(x —[x])dx (where, []denotes the greatest integer function)

(@ [x] (b) L;J © xIx] (d) None of these
3. The value of J'_":I;mlsin X +cos x|dx is equal to

a) 24/2n b) v2n . d) None of these

(a) (b) V2 (c) z ,/5" (

1 .
4. Let f(x) = x —[x]for every real number x (where, [-] denotes greatest integer function), then _f_1f(x )dx is equal to

@1 (b)2 (©0 d) %
5. 1f [ f(t)dt = x + [ tf(t) ot, then the value of £(1)is
1 1
(@ 3 (b)0 (c)1 (d) 2
6. The least value of the function ¢(x) = J';M(:isint +4cos t)dt on the interval [5—:—535] is
3 3,1
(a)J§+§ (b)—2J§+§+7__2.
(c) g + % (d) None of these
7. The points of extremum of ¢(x) = J': e~"/2(1-t2)dt are
(@x=1,-1 (b)x=-1,2 c)x=21 (d)x=-2,1
8. Iff(x)is periodic function, with period T, then
(@) [ fodx = [T (x)ax ®) 2 foox = [T £l
(@) [fxxx = [ Flxx (@ [2 oae = [ (e

d esimr zesinxz
9. Let—(F(x))=—, x>0.1If dx =F(k)-F(1), then one of the possible value of k is
ax X 1T X

(a)4 (b)8 (c) 16 (d) 32
10. Let f:(0,0) > R and F(x) = j: f(t)dt. If F(x?) = x*(1+ x), then f(4) is equal to
@2 )7 (©)4 @2
71. Let T >0be a fixed real number. Suppose f is continuous function such that f(x + T) = f(x)for all x €R. If
1= [ f(x)dx, then the value of [ f(2x)dx is
0 3
@) g/ (b)2 © ¥ @6
12. Letf(x)= L’ V2 -t2dt, then the real roots of the equation x2 ~f*(x) =0 are

(@) 1 (b)tjg <c)15‘ (d) £42
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13. Letf(x)be an odd continuous function which is periodic with period 2. If g(x) = jo' f(t)dt, then

(a) g(x)is an odd function (b) g(n)=0forallneN
(c) g(2n) = Oforalln eN (d) g(x) is non-periodic
14. Letf(x)be a function defined by f(x) = J': t(t? -3t + 2)dt, 1< x <3.Then, the range of f(x) is
@02 (b) [-‘_1, 4] © [_2, 2] (d) None of these
COS X
2[" cos™t
15. The value of lim Mdt is
x—=0 2x -sin2x
a)0 ) ] d) 2
(a) (b) > (c) 5 (d) 3
x bt 4t -asi i
16. I jo e 2 asinat g2 sn:4x for all x #0, then a and b are given by
(a)a=z1,b=1 (b)a=2b=2
(c)a=-1b =4 (dya=2b=4
17. 16/(x)= [} ()} "dt and j; Ft)™ =2, then
(@) f(x)=v2x (b) f(x) = y/2log, x
(e)f(x)=~/3x-1 (d) None of these

18. Letf be a real valued function defined on the interval (—1 1) such that e ™f(x) =2+ j: VE* +1dt, for all x € (-1,1)
and letf~! be the inverse of f. Then, (f~'Y(2) is equal to

[IIT JEE 2010}
(@)1 (b) 1/3
(c) 172 (d)1/e
s Directions (Q. Nos. 19 to 20) Consider the function defined on [0, 1] » R
flx)= si_nx_—_;cﬂs_x' ifx #0and f(0)=0.
x [IT JEE 2012]

19. j: f(x)dx is equal to
(a) 1—sin (1) (b) sin(1) -1 (c) sin(1)

(d) - sin (1)
20. lim ?12' J: f(x) dx is equal to

(a)1/3 (b) 1/6 (c) 112 (d) 1/24



Session 6

Integration as Limit of a Sum, Applications of Inequality
Gamma Function, Beta Function, Walli's Formula

Integration as Limit of a Sum

Applications of Inequality
and Gamma Integrals

An alternative way of describing Ib f(x) dx is that the
a

Fos b
definite mtegralL f(x) dx is a limiting case of
summation of an infinite series, provided f(x) is
n-1
continuous on[aq, b}, i.e. Ib f(x)dx= lim h >
a n— oo r=1

b-a

f(a+rh),where h = - The converse is also true, ie, if

n
we have an infinite series of the above form, it can be
expressed as definite integral.

Method to Express the Infinite

Series as Definite Integral
(i) Express the given series in the form Y, % f ( % ) .
(ii) Then, the limit is its sum when n — s,

fe lim 3 —j;f(ﬁ)

n—yeo

(i) Replace ~ by x and ~ by (dx) and lim by the sign of [.
n n A=—se

(iv) The lower and the upper limit of integration are
limiting values of T for the first and the last term of r

respectively.
Some particular cases of the above are

; - 1 .(r
wim 3 21(7)
. n-1 1 1

s e
®) lim ¥, 1f(£)= [0 £ dx
n—bﬂ"r:l n n

where, o = lim L=0(asr=l)

n—e n

Pn

and B=,,li_,m,, i:p(aSr:pn)

Some Important Results
to Remember

_n(n+1)

0 - :

(U)Z":r— P

w3 nt(n+1)?
@) 3 r=r )

! BT
(r-1)
(iv) In GP, sum of n terms, S,, = an, r=1
M,Irkl
(1-r)

(v) sinot +sin(ot +p) +sin(c +2) +...+sinfct +(n—1)B]
=sinnﬁtlz

sinf/2

(vi) coso +cos(o +B) +cos(t +2B) +...+cos [a +(;)ﬁ]
_sinnB/2

sinB/2

1 1 1 1

—t———t—— " 4 =

22 32 42 52 62

sinf[a+(n—1)B /2]

-cos[o +(n—1)B/2]

nZ
1

1 2

—t—t—t—t =l
2 2 6

D _ -0

21

0, -9 0_ -0
e +e . e —e
andsin h@ =

2

e® e

(xi) cos B = ,and sin@ = £

(xii) cos h® =

Remark

Thg methoq of evaluate the integral, as limit of the sum of an
infinite series is known as integration by first principles.



1 Example 80 Evaluate the following :

- 1 2 3 n-=1
(i) nll.m., (n—2+n—z+n—z+...+n—2)
) dim [ e+ L

n—=e | n+1 n+2 2n
o n n n
(iii) lim ML R

nse | n2 412 p? 422 2n?
. 1° +2° +..
(iv) lim ( - : +n ),P>0

s nPH

Sol. Let
n-1

(ii) Let S, = —— +
n+1

Hence, S= lim §, =
n=3 oo

(iii) Let S,

1

J‘ol

(iv) LetS, =

n+2

dx

lim —
n—e n

r=1 1+£
n

—[log(l +x)])

= log 2
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n-i
1 Example 81 Evaluate S = Z ————asn— oo

1
r=0 1’4!‘)2—/'
n-1 1 n-1
Sol. Let S, =
" E:o 4nz—rz r=0 nJ4—(r/n)

n—e n

1 Example 82 Evaluate

1 1
lim | ——+ +oot+t—|
n—e \2n+1 2n+2 6n
[ & e LJ
2n+1 2n+2 6n
4n 1 4n 1 1
—,gl 2n+r_,2=:, ;.2+(r/n)

4 dx
——=[n|2+ 2
o (n|2+x|],

Sol. Let S,

= S=lim S,,=I

n—eo 0

=log6—log2=1log3
S=In3

I Example 83 Evaluate j;a (ax*+bx + c) dx from the
first principle.

Sol. Let x =1+ rh, where h = 4

-1_3
n n
Asx—1,r—>0 and x >4, r—n

j (ax® + bx + ¢) dx = Jlim_ 2hf(1+rh)

lim 2 hla(1+rh)? +b(1+rh)+ c]

n—)oo

lim Y 3[«1(14»3—’) +b(1+3—')+c]
ﬂ—l“r-o’l " n
: « 1 9r? 3r
=3 li —laj1+—+=|+b|1+=
n—lvnon ’go n[a[ nz J ( n)+c:|

T | [a("+9n (n+ 1)2(2n +1), 6n(n+1)
n—oewn 6n 2n
+b (n ) S l))+cn]
2n

=3[a(1+3+3)+b(l+3/2)+c]=2m+$b+3c
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|1 Example 84 The value of

. n 2n 3n (n-1nm\""".
lim |sin—-sin=—-sin—...sin is equal to
n— o 2n 2n 2n
1 1
(@)= b) — c)— d) None of these
)2 ( )3 ( )a (d)
1/n
sol. LetA={ lim sin£~sin2—n~sm3—n...sinm}
n—ee 2n 2n 2n 2n
slog A= lim L log (sin I sin L ...sin M—)
n—e n 2n 2n 2n
1 2(n-1) m
= lim — 1 in —
o 2 og sin =

r=1

_j logsm( )dx
[usingnli_?“fl%f( )=I:f(x)dX]

L
n
L : 2 . TX
~ I log (sin t) - — dt [puttmgT = til
_2-2

log (sin t) dt
[using jo * f(x)dx=2 jo“ f(x)dx, if f(2a - x) = f(x)]

4 T n/2 n
=—{ ——log2 i 1 inx)dx = —— log 2
= { - og Hiusmg‘[o og (sin x) 2 B :l
=-2log2
: log A=log(1/4) = A=1/4
Hence, (c) is the correct answer.
1 Example 85 The interval [0, 4] is divided into n

equal sub-intervals by the points xg, Xy, X5, ..., Xp1, Xp
where 0= X, < X; <X, <X3<..<X,=4.

n
If 8x = x; - X;, fori=1,2,3,...,n, then sljﬂogxiﬁx is

equal to %
()4 (b) 8 (0 -1 (d)16
Sol. lim 3x(x, + x, + x3+..+X,)
8x—0
= lim [4+8+12+ ...... +4-1] ('.'8x=i)
n—=«nln n n n n
O x, x %3 Xn-1 Xo=4
1%
= m—(1+2+3+ A+ n)= lim — 16 "—(""'—l)
n—eep? n—epn 2

Hence, (b) is the correct answer.

2n

1 ,
1 Example 86 The value of lim —-E; is
noeN ;34n?+r?
equal to
@145 B -1+V5  (©-1+v2 () 1+42

1 2n
Sol. We have, hm = E
oen o n2+r2

x Jv-( x2+l)2=~/§—l
el

r

= lim - f
Hence, (b) is the correct answer.

Applications of Inequality

Sometimes you are asked to prove inequalities involving
definite integrals or to estimate the upper and lower
boundary values of definite integral, where the exact value
of the definite integral is difficult to find. Under these
circumstances, we use the following types

Type L If f(x) is defined on[aq, b], then
[ frax|<f 1 £e01ax

Equality sign holds, where f(x) is entirely of the same
sign on|[a, b].

1 Example 87 Estimate the absolute value of the

19 sin x
integral .[ 5 dx.
Sol. To find, I=| [” sa3 LI jl" Sina i)
“’ 1+ x® 1+ x®
) (using type )
Since, |'sin x| < 1for x 210
The inequality | 32X | < L ..(ii)
1+x* | |1+ %%
Also, 10x<19 = 1+x*>10°
1 1 N
= < — 1078 (i)
1+x*  10° |1+ x%)

sm X

From Egs. (ii) and (i), <107 ¥ is fulfilled.

dx

J’W sin x
0 14x?

19
<I 1078 dx
10

19 sin
‘L == dx | <(19-10).107* <1077

0 1+ x

(- the true value of integral = 10™°)



| Example 88 The minimum odd value of ‘a’ (a>1) for

19 sinx
which
10 1+ x¢

(b) 3

19 sin x dx j-w dx
0 14+x*

dx < %, is equal to

()1 (©5 (d)9

Sol. LetI=

0 14+ x°

(-.-sinx<l=sm—x< L
1+x* 1+x°

J-w dx 19 dx

__<I —_—

0 1+xT 0 1410°

(0 10<x<19 = 10°+1<1+x*<19° +1)
9

1+10°

I<

9
T1+10°

.. Minimum odd value of ‘a’ is 3.
Hence, (b) is the correct answer.

Type IL.
sJ( N f’(x)dx)( [ &) ax )

| [ ) gty
where f ?(x) and g?(x) are integrable on[a, b].

1
<;=l+10“>81 or10” > 80ie. a=2,34,5,...

| Example 89 Prove that _[OI (14 x) 1+ x*) dx cannot

exceed ./15/8.
Sol. jo’ Ja+x)(1+ x*)dx < J( jo'(x + x)dx) Uo'(x +x°) de

21 4 1

p (x+£.) (_]

2 0 4 0
35 15
sJ--—sJ—
2 4 8

Type IIL. If f(x) |g(x) on[a, b], then
Lb f(x)dx ZLb g(x) dx. In particular, if f(x) 20,

then Lb f(x)dx |0.

1 Example 90 If f(x)is a continuous function such
that f(x)|0,v xe[2,101and [’ f(x)dx =0, then find
().

Sol. f(x)is above the X-axis or on the X-axis for all x € [2,10].

If f(x) ias greater than zero at any sub-interval of [4, 8],
then L f(x)dx must be greater than zero. But
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L! f(x)dx =0, which shows f(x) can’t have any value

greater than zero in the sub-interval [4, 8].
= f(x) is constant in the sub-interval [4, 8] and has to be
zero at all points, x € [4,8].

= f(x)=0, V xe[4,8]
= f(6)=0

TypeIV.Foragiven function f(x)continuous on[a, b],if
youareable to find two continuous functions f (x)and f,(x)
on[a, b]suchthat f;(x) < f(x) £ f,(x),V x €[a, b],then

[ i ax<[’ f(x) dx <[’ f(x) dx.

n_ ! dx T
91 prove that = <| ——=<—+"
l Example 6 IO '4 —X2 _ X3 l‘\/i
Sol. Since, 4 - x2|4-x* - x*|4-2x*>1,V x€[0,1]

Ja-xtfa-x* -2 |a-2x* >1V xe[01]
1 1 PR N T
=>\/47—x2<\f4—x2—x3 J4—2x2 el

J-l dx <I1 dx
0 J4—x2_° J4—x2—x3
<’ 1

0 Ja-2x?
1 1
"li 1 dx 1 ._1i)
= (sm Z)OSI" 7=-4-x2_x333(sm & !

L dx n

Type V. Ifm and M be global minimum and global
maximum of f(x) respectively in[a, b], then

mb-a)<[" f(x)dx < M(b-a).

Proof We have,m < f(x) <M forall xe&[a,b]
b

= J; mdxsj;b f(x)deLb M dx

dx,Y x€[0,1]

=

- m-a)s [ f(x)de<M(b-a)

1 Example 92 Prove that 4 sf J3+ X dx <2V30.

Sol. Since, the function f(x)=/3+ x* increases

monotonically on the interval (1, 3].

M = Maximum value of \IS +x' = J'j +3' =30

and  m = Minimum value of\/:l +x=\3+1" =2
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m=2,M=+30,b-a=2

Hence, Z'ZSLS 1'3+x3 deZx/%
= 45[13 3+ x® dx <2430

1 2
I Example 93 Prove that 1 sjo e¥dx<e
Sol. For0< x <1, we have e’ < e*’ <
e (1 —o)sjo‘ e* dx<e'(1-0)

1 xl
= lsfoe dx<e

Gamma Function

If nis a positive number, then the improper integral
Lw e”* x""! dx is defined as Gamma function and is

denoted by I'n.

©
ie. I"n='|’o e™* x" 7! dx,where xe Q*.

1 Example 94 Evaluate

(i) 1 (ii) T2
as b
’ = - 1~—1 s . -x
Sol. (i) 1"1_1'o e *.x'dr= lim ["e ¥ dx
b
= lim [— e"] = lim (—e ’+e°)
b—r e 0 b—eo
=0+1=1
> b,
(ii) F2=fo e~ x? " 'dx =b1£mm ) € - x dx

b
= lim [—xe-’—e_x}
b— o0 o
= lim [(-bet-e?)-(0-1)]

= lim ___b_l+1 = lim i.’._l).g.]
b oo I boe b

(2

1

e e
Properties of Gamma Function
Gamma function has following properties :
() T1=1,T0=c and [(n+1)=nTn
eg I'5=4T4=4x33=4x3x2I2
=4x3x2x1IN=4x3x2x1

pL N (using L'Hospital’s rule)
— o0 eb

(ii) Ifne N,thenI'(n+1) =(n)!

(iii) [(1/2) =1

12
(iv) J;n sin™ x-cos" x dx =

(v) TnT(1-n)=

,0<n<1

sin nm

(vi)I"mI‘(m+%)

(vii)FlF(—z—)...
n n

Ji

22m—l

I'2m

1

l“( n—l)=(2n) z

n nl/2

I Example 95 Evaluate fom e™ x* dx.

Sol. By definition of Gamma function,

-
J. e * x°
o

-
'[ e % x3
o

dx=f~e_’x4_’dx=l‘4
o

dx=6

n-1
1 Example 96 Evaluate J'(: ( log % J dx.

n-1
Sol. LetT=|' (log—l-) dx
x

Putlogl=t =dc=-¢"dt
x

=0 e = [T e

1 1 n-1
| (log—) dx=Tn
0 x

Beta Function

The beta function is

B(mm)=[' x™"' (1-x)""" dx,

wherem,n>0

Properties of

(i) B(m,n)=B(n,

(ii) B(m,n) = rr (’"

(iii) B(m,n)=["

Beta Function

m), where m,n >0

'n
,wherem,n>0

m+n

xm—l

1+x)m*n
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1 w2 w2
6 2 : _ n
I Example 97 Evaluate Io x8 (1= x?) dx. [72 sint x = [ cos” x ox
n-1n-3 n-5 31 n .
- ) : s IS even,
Sol. Let, I=_‘.1X6«’(1—x2)dx n n-2 n-4 422
< n-1n-3 n-5 4 2 4 =
2 =— w.—+=-1nisodd.
Putletx® =t n n-2 n-4 53 -
= 2xdx=dt

2
| Example 98 Evaluate J.OR/ sin® x-cos® xdx.

1mn
[=—‘[o 52 Ja-t)dt
4 Sol. Using Gamma function, we have

il F(S/Z)r(7/2)=l‘(5/2) [(7/2)

I=lB 1,2 JM J'"“ sin! x-cos® xdv =
22 2 3.7 0 4+6+2 2T6
Cl=+= 2l=————=
2 2 2

531 1 3.1 )(5 3.1 )

by S “x-xI'(1/2 Zx=x-xI(1/2)
=1Q_M_5_" =(2 2P (3727 _3n

2 4-3-2-1 256 2x5! 512

1 Example 99 The value of _[: e~ dx is equal to

Walli's Formula -

r (@)= b=
- N L
An easy way to evaluate J‘o sin™ x - cos” x dx, where 2a 2a
T
mnel,. . () = (d) None of these

. n/2 |
We have,J; sin™ x - cos” xdx=j0 sin” x -cos™x dx
2

Sol. LetI=[" e o
(m-1)(m=3)..(lor2).(n=1)(n=3)...(lor2) = ol. Letl=[" e dx
- (m+n)(m+n=-2)...(10r2) 2’ o i [t L e [ e
when both m and n € even integer. ¢ 2aVt 2a '[‘
=(m—-1)(m—3)...(10r2)~(n—1)(n—3)...(lor2)

(put == v de=dh)

+n-2)...(1or2 1 po oy - -
(m+n)(m+n-=2)...( ) = Io UL BTN (\1sil\q‘[ =% Yy =Tn)
when either of m or n € odd integer. N
lawl 1 T |
Remark e I‘E e N (using [ % =Vn)

If nbe a positive integer, then Hence, (a) is the correct answer.
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Exercise for Session 6

/2 in?
1. The value of f(x) = Io I&g(1+—);:|n_e) de; x 20is equal to
sin

(a)%(q1+x—1) (b) v (JT+ x = 1) ©n1+x-1)

n
2. Thevalueof lim (;) is equal to
‘ \n+r

n—en -
(a)1-log 2 (b)log 4 - 1 (c)log2

3. The value of lim_ %{(n+1)(n +2)(n +3)...(n +n)}'"is equal to
(a) 4o e ©2
4 e

4. 1fm,n €N, then the value of j'ab (x —a)™ (b — x)" dx is equal to

(a)(b-a)”'*"~m!n! (b)(b—a)””""‘-m!n!
(m+n)! m+n+ 1!
- m.
(c)____(b E”J' m! (d) None of these
2t +1
. n! 5:5+1-
5. Thevalueof lim (—n) is equal to
n— oo n
2
(@e (b2 m@f
e e
1 1
G li + + ...+ t i
6. The value of "l_r’nmn{:;"bran+4 = T n erms] is equal to
1 9 1 9
. b= b) — | -
(a)2log(5J ()309(5)
(c)‘—llog(g) (d) None of these

s .32 . .
7. The value of lim —{sin® = +2sin® == + ...+ nsin® 0% 1is equal to
n— e n2 4n 4n 4n

J2 2
(o) % (52~ 150) (6) =7 (62~ 150)
© .9_7:? (151 - 15) (d) None of these

8. The value of f(k) = IO"IZ log (sin? 0 + k? cos? 6) dBis equal to
(@)nlog(1+K)-nlog2 (B)nlog2-log(1+K)  (c)log (1+K)-nlog2

9. Ifm,neN,thenl, ,= IL x™(1-x)" dx is equal to

mlin! 2min| mlin|
(a)(m+n+2)| (b)(m+n+1)l (c)(m+n+1)|
= sin? nd
10. The value of I(n)= [ — 75 ®is(VneN)

nmn nn
(a)m ®) @

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these



JEE Type Solved Examples :
giggjg Optiqp Correct Type Questions

o Ex. 3 The true set of values of ‘a’ for which the inequal-
ity“'o (37 -2-37) dx 2 Ois true, is

thenf, 7 (X—%)dx e T@0.1] Oec] @be) @ Cm-1Ule)
Sol. We have, [ 3767 -2)dx20

o Ex. 1 Ifj: f(x)dx =§ and f(x) is an even function,

n T
(3): (b)— ©n (d) None of these
? Put3 * =t=3""In3dx=-dt
Sol. Here, f(::)d;r:E P 2 i
I: 2 = ln3f (t-2)dt=0 = [’;—2:] >0
Putx=t—% - i
. = (3—-2'3'")-(1-2]20
= dx=(1+—2)d¢ 2 2
t
2 J"'( - 1 1 T 'I
- ofx)dX—J;. 1 b dt 3
1 ~ B i - 3%_4x3943>0 = (37°-3)37-1)>0
=JT/‘(:—; d“'.[, f(";)’?d' = 3°>3'=a<1 or3°<3"=a>0

1 o (1 1 Thus, a €(-c0,—1]U[0,%0)
=I|-f(t _;)dt ot J’./{; —y] -(~dy) (put t= ;) Hence, (d) is the correct answer.

® Ex. 4 The value of the definite integral

=J:-](t-% dt—J;of(y —l}iy as f(x)is even i
Y Io max(sin x, sin ' (sin x))dx equals to (where,n€ I)

=J’|'](:-%)duJ:i(t-%)dﬁf:/(t—%)dt @ n(n?-4) ®) n(n:_ 4)

(i x—l)dx=rf(x)dx=— 4 :
o x o 2 © n(n*-8) (d) n(n?-2)
4 4
® Ex. 2 The value of Sol. Let I =Iommax (sinx,sin™(sin x))dx
1 [ 2 o 1
x+r — | dx equals to y
£ (few) (852
r=1 k=1 2
(@n (b) n! © (n+1)!  (d)n-n!
Sol. The given integrand is perfect coefficient of H (x+r) x %
r=1 0 n-X
1
n -n/2 X
I =[H (x+r)] =(n+1)!-n!=n-n! RE AN o
=1 o =1
Aliter (x+1)(x+2)(x+3)...(x+n)=¢
So that, when x = 0,then t =Inn! when x =1, thent =In (n + 1)! -2
[In(x+1)+In(x+2) +....... +In(x+n)]=t n/2
( 1 ; 1 . 1 )dx—dt =n[L x dx+I,:z(n-x)dx+I:“(sinx)dx]
+1) (x+2) 7 (x+m)) 2 w1, n?
In(aen)! £l (n+1)t =8 T+7_5 T Y 8
Therefore, I =Iln : eldt=[e' ] L
> n? n® 3n? 2_
=P = (4 1)l —nl=n-n! ="[T+7‘%‘2 =ML4‘Q

Hence, (d) is the correct answer. Hence, (c) is the correct answer.
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_1(“1) &
® Ex.5 limn 2\ "/ .(1'.2%2.3%...n")"" isequal to
1 1
@+e O @OF (d) e

_1(“1] L
Sol. Let L=limn 2 ".1'.2%.3% p")’

n—peo

n—ee 2

mL=um—l("”]1nn+i2 Elnk

1
-—("+1 In +lenxdx+l(n+1)ln
2\ n 2
-
=I x Inxdx=-= = L=e !
A

Hence, (c) is the correct answer.

tCzX
f(t)dt
P i Gl
!—DE xZ -
16 [IIT JEE 2007]

is equal to

8 2 2 (1
@—f(2) (b);f(l) (C);f(;) (d)4f(2)

[ fyae . .
Sol. lin:’x‘ 2 —=1 ‘f(sec x) ZS:C xtanx—0
= xZ o n_ x—— X
1 (applying L’Hospital rule)
_f@)-4_8f@)
n/2 T

Hence, (a) is the correct answer.

® Ex. 7 Let f be a non-negative function defined on the
interval [0,1]. /fJ‘o J-(F@)dx = jo f(£)dt,0 < x <1and

f(0) =0, then [IIT JEE 2009]
1 1 1 1 1 1 1 1
(a)f(—z—)<;andf(;)>; (b)f(;)>;andf[§)>§
1 1 1 1 1 1 1 1
(C)f(E) < Eand f(;) <; (d)f(-i)>3and f(;)< =

Sol. Given, jo’,h —(f(t)dt = I:f(t)dt,o <x<1

Applying Leibnitz theorem, we get
V1-(f (X)) = f(x)
= 1-(f'(x))* = f(x)
- (P =1 F1x) = fx)=£1- 1)

dy
dx
= &Y = +dx
,}1 = yz
Integrating both the sides, we getsin™'(y) =+ x+C
£(0)=0 =C=0

=+,/1-y?% wherey = f(x)

% y=xsinx
= y=sinx=f(x), given f(x)20 forx€[0,1]
Its known that, sinx<x,V xeR*

1 1 1 1 . (1 1
in] -|<= —|<= and —|<=
s]n(2)<2 = f(z) 2 an sm(s) 5

!(1)1
= ==
3) 3

Hence, (c) is the correct answer.

® Ex. 8 The value of lim A r Mdt

20430 %14 mTJIEE 2010
1 1 1
(a0 b) — c) — d) —
( )12 () = ( )64
Sol. lim L [* 180+ 5
x>0 30 4444
Using L'Hospital’s rule,
xlog(1+ x)
hm_dtx o logx) 11
=0 3y? x>0  3x 4+ 12
using ﬁmM=l
x=0 x

Hence, (b) is the correct answer.

40 va
® Ex. 9 The value(s) ofj: xlu*:)dx is (are)
+

[IIT JEE 2010]
2 2
(@=-n (b)— n_3m
T O @o @ ==
4 4
Sol. Let 1=(X{-%)"
0 1+x? %
=r(x‘ “D-x'+a-x*t
o 1+ x%)

o (M52 ap 1(1 + x* - 2x)?
[ =10 - x)%ax + I"W

= b ax?
-Io{(xz S1D-x)* +(1+ x%)-4x+ a :xz)}dx

4
dx
l—xz)

=J:((x2—1)(l- x)' +(1+x%)-4x + 4-



\, 4
-I (x“--t.\" +5x4 + 4—;)(1_\'
o Lk a?
1 4 5§ by
o, O T 5-0)-“’—24
7 6 5 3 4 7

Hence, (n) is the correct answer,

cos )
e Ex. 10 If .[:mo S (xtan0)dx (0 :e%t-.ne I] is equal to

tan )
(a) =cos0 L S(xsin0)dx

sin0)
(b) - tan0 Lm ) S(x)dx

JEE Type Solved Examples :

9 Ex. 11 Let f(x) be an even function which is mapped
from (=7, ). Then, the value of J'_‘“ ( [ f@de+t f(x)]) dx

can be (where,[+] denotes greatest integer function)
(a)0 (b
(c) 2n (d) an

Sol. As, f(x)is an even function, then I: f(x)dx is an odd function.
Also, [f(x)]=12
g(x)= J‘_"“ ( I:f(t)dt)dx+ j_"" [f(x))dx

[ since [f(x)]=1or2]

[as1< f(x)<3]

=0+ [ [f(x)dx
=[" 1ax
or J:de =21 or 47
Hence, options (c) and (d) are correct.
° Ex. 12 Let A, =J:”(min{|x—n|.|x—(n+l)|}) dx,
A, =J::lz(|x—n|—|x—(n+1)|)dx,
Ay=[" (x=(a+4]-Ix=(+3))dx

and glx)=A, +A, +A;, then

9
@A+A+A=9  DA+A+A =

100 100
©3 gx= ¥ @ 3 &(x)=300
n=1 ne=l
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(c) sin0 flnof(xcos())dx

1 Islnl)lm()
tan0 ’sin0

(d) f(x)dx

Sol. Let, I = J'c‘«:f(x tan 0)dx. Put xtan@=zsin6

1 N
1=] , flzsinB)cosOdz

=  dx=cosfdz
tan 0 tan 0
=- cosOL flzsinB)dz =~ cose‘l‘l f(xsinB)dx

Hence, (a) is correct option.

Sol. Here, min {| x—n|,| x —(n + 1)|} can be shown as

y

Ve

(o] <X x+1

A=[" @minflx =l | x~(a+ 1)) de

==X1X=-==
2 4

- Now, 4y=[""*(x=ni-|x~(n+ 1)]) dx

=[an-1e-1pae [put x=n+t = dx=di]
= [~ 1)de=["1de =7 =1
\ \ 1=
n+3
and Ay=["" (x=(n+4)|~|x=(n+3)))dx,

=I:(|‘-4|—|f—3|)df [put x=n+t=>dx=dl]

=I:((4-t)—(3—t))d:=j:1d:=1

Also, g(X)=A,+A,+A,=%+1+1=%
100
5 Y g =g(1)+ g(2) + gB) + ...+ g(100)

n=1

9
RS
4 4 4 4
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JEE Type Solved Examples :
Statement | and Il Type Ouestions

= Directions (Q. Nos. 13 to 15) For the following questions,
choose the correct answers from the codes (a), (b), (c) and
(d) defined as follows.
(a) Statement I is true, Statement II is also true; Statement IT
is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II
is not the correct explanation of Statement I.

(c) Statement I is true, Statement I1 is false.
(d) Statement I is false, Statement II is true.

® Ex. 13 Statement | If f(x) = J'; (x f(t) +1)dt, then
j: f(x)dx =12
Statement Il f(x)=3x+1
Sol. Let [\ f(t)dt =k, so f(x)=xk+1
Now, I;(kt+1)dt=k = §+l=k.sok=2
flx)=2x+1
J‘:f(x)dx=1z

Hence, (c) is the correct answer.

Also

o Ex. 14 Statement | The function f(x) ='[0x\/1+t2dt is

an odd function and g(x) = f’(x) is an even function.

Statement Il For a differentiable function f(x) if f'(x) is

an even function, then f(x) is an odd function.

Sol. If f(x)is of odd, then f’(x) is even but converse is not true.
e.g. If f'(x) =xsinx, then f(x)=sinx-xcosx+ C

JEE Type Solved Examples :
Passage Based Questions

f(=x)=-sinx+ xcosx+C
On adding, f(x)+ f(-x)=constant which need not to be zero.

For Statement I f(x)= J':Jl +dgx) =1+

f(=x) =J'o_’ 1+ %dtt=—y

flex)=-[" J1+y'dy

fx)+ f(-x)=0
=> fis odd and g is obviously even.
Hence, (c) is the correct answer.
® Ex. 15 Given, f(x) =sin> x and P(x) is a quadratic
polynomial with leading coefficient unity.
Statement | J:n P(x)- f"(x)dx vanishes.

Statement Il J:" f(x)dx vanishes.

Sol. P(x)=ax? + bx +¢; f(x)=sin’x
1= P)- f(x)dx

I om
Using LBP. P(x)- f/(x)[>" - j:" P'x)- f(x)d

zero I n

=[P - [P0 S|

[ . m g
_jo P (x)~f(x)dx=zjo sin® xdx=0

Hence, (a) is the correct answer.

Passage I
(Q. Nos. 16 to 18)

Suppose we define the definite integral using the following formula f f(x)dx = b%a( f(a)+ f(b)), for more accurate result

force (@), Fe) == 2(f(@ + WS B+ £,

Whei ¢ igﬁ, then [ f(x)dx = ”—;‘i( F(a)+ f(B) +2£(c)).

[UT JEE 2007]



o Ex. 16 J:lz sinxdx is equal to

() 2(1+~/3) (b) E(Hﬁ)
T
= d
€3 s
T

=-0
Sol. J:lzsinxdx= 2

n

by 0+—

sin(0) + sin{—) +2sin| 2
2 2

Hence, (a) is the correct answer.

=%(1+~/5)

® Ex. 17 If f(x) is a polynomial and if
[ rwax-2( 50+ sy

=0 for all a, then the

t—a (t- a)3
degree of f(x) can atmost be
(@)1 (b) 2
(©)3 (d) 4
Sol. Applying L’ Hospital’s rule,
L S0 S0+ sy -2
t—sa 3(t- n)z =0
SO0 e €9
= t—m 3(t- a)z =0
po-tuo+ -2
= B 12(-a) =0
= lim 8, 0
t—a 12
" 0-10+ -2 10
= =0
t—ta 12(‘ a)

= umm=of’(a)=0foranya.
toa 12

= f{(a) is atmost of degree 1.
Hence, (a) is the correct answer.

® Ex. 18 If f"(x) <0,Y x € (a,b) and c is a point such
thata <c <b and(c, f(c)) is the point on the curve for which
F(c) is maximum, then f’(c) is equal to
@) f(bz—f(a) 2 (f(b)- f(a)
—-a

# b-a
2f(b)- f(a)
(@=2=22 (0
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Sol. F'(c)=(b-a)'(c)+ f(a)— f(b)
F(c)=f"(c)(b-a)<0

= F'(c)=0

sy = SB) = f@)
= flo)= .
Hence, (a) is the correct answer.
Passage I1
(Q. Nos. 19 to 20)
cos(o+B) -—sin(o+PB) cos2pB

Let f(o,B)=| sina coso sinf |.

—cos sino cosP

® Ex. 19 The value of

=& (oo A(Z0)+ (22- B)) s

(a)e™? (b)o
() 2(2e™* - 1) (d) None of these
Sol. Here, f(o,B)=2cosf i.e. independent of o

I= Imea(f(o 0)+]‘(— n) 3—” E- ))dﬁ

=I * @ +2cosp + 2sinP)dp

Hence, =[¢® (2 + 2sinB))¥/2
=4e /2 -2 _z(zeﬁlz _1)

Hence, (c) is the correct answer.

B(f(o B)+ f(o -——B))dB then

(a)e™? (b)2
(c) 2(2e™?* 1) (d) None of these

Sol. Again,I = fzz cos’f (f(O, B)+ f(o,% ‘5)) dB

w2,
= J_m cos“P(cosP + sinB) df

°Ex.20 if1=["

[Nis

/2 /2
= I_m cos’BdB + I—n/z cos®BsinP df
_ /2 3
= ZID cos’BdB+ 0
= I =;e = [I]=2

Hence, (b) is the correct answer.
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JEE Type Solved Examples :
Matching Type Queit_i_gns

® Ex. 21 Match the followmg

Column 1

(A) The function f(x)= |s not defined at

e::osx o (P) _]
inx?
x=0.The value of f(0), so that f is continuous at
x= 0, is ]
o Ld . (@ 0
The value of the definite integral | —————
®) o
equal to a+ bIn2, where aand b are integers, then
(a+b)is cqual to

©

Given, e"rw dO=1, then the value of (g S
_ tannis equal to

(s) 1
(D) Leta, —I", tan~'(nx) dx and

n+l

_J' \ sm"(nx)dx then hm b" has the value

Colu n Ilr

n+l
equal to
Sol. Aa) - (:) (B) - (p), (C) - (s) (D) - (r)
@A) lim er cosx—lz— — &5 - 1-x
x—0 3 sin x x=0 x
= (applying L’'Hospital’s twice)
=W e*“®*.(—xsin x+ cos x) —1
x—0 2x
€% (—x cos x —sin x —sin x) +e*“***(—xsin x + cos x)
=l—b0 2
- )
T2

(B) Put x =u® = dx=6u’ du

J-l 6u’ du_ J-lu+1

—_— du=5-6In2
0 4’44t

=a+b=5-6=-1
© ¢ [ e™® (sec” 0-tan @) dB =1
Put-0=t = do=—-dt
-C"I:e‘(scczr-f- tant)dt =1
[use [ e (f(x)+ f'(x)=¢*f (x)]
= —¢"[e' tant];" =1=>—¢" [~e " tann]=1=tann=+1
f/l:ﬂ tan™" (nx) dx

1/n

(D) n—poo P |
i sin™’ (nx)dx

b
Put nx=t = dx=—dt
n

-l-r tan”! () dt
nnin+1

(2 form)
0

e L
nonin+l
tan~ | —= n
5 gaiay . n+1 __4__1
Use L’Hospital’s rule, ,.h_.n:- —_1(—"—)— = ™ -
sin
n+1 2
® Ex. 22 Match the followmg [IIT JEE 2006]
Column 1 C;)iuﬁn 1 ‘
! _dx 1 2
Zloel-=
(A) .“_1 1+ X2 (p) 2 03(3)
1 dx 1 3
®) J‘om @ 5103(5)
3 dx p
© [z ® 2
= —— -
D) [——— L
(D) le e © 3

Sol. (A) > (s), (B) = (s), (C) = (q), (D) > (r)

1 dx
(4) —
'[-l 1+ x*
1
flx)= 5 is an reven function.
1+ x

-1

(B) I r—— =[sin™" x]'——
S E T
2 x%-1 2 A

_11,,2=11n(3)

2 3 2 (2

2 dx
(D) Let I =j' [put x=sec 8 = dx=secBtan0do)
! x;}x’—l

x=1
x+1

© -4

2lx

=J-"/l sec Otan 0d0
L sec Otan 0
3

= 1do="=
o 3



JEE Type Solved Examples :
Single Integer Answer Type Ouestlons

® Ex. 23 Let f:R— R be a continuous function which
satisfies f(x) =J:f(t)dt. Then, the value of f(In5) is

[IIT JEE 2009]
Sol. (0) From given integral equation, f(0)=0
Also, differentiating the given integral equation w.r.t. x, we get
f(x)=f(x)
If f(x)#0, then m=1 = f(x)=e%”
I fx)

f(0)=0 = ¢°=0, a contradiction
f(x)=0,YxeR = f(In5)=0

© Ex. 24 For any real number x, let[ x] denotes the largest
integer less than or equal to x. Let f be a real valued func-
tion defined on the interval[-10,10] by

£(x) ={ x-[x], if[x]is odd

1+[x]-x, if [x] is even’

2 40
Then, the value of n—f f(x)cosm xdx is.
10 “-10 [IT JEE 2010]

if [x]is odd
if [x]is even

x=[x],

Sol. (4) We have, f(x) ={1 S [a]

f(x) and cos mx are both periodic with period 2 and are both
even.

. K‘:o f(x)costxdx=2 J:of(x) cos Ttx dx
=10 I: f(x)cosmxdx

Jd _f(:l')cosmrdx:jl (l—x)cosﬂ:xd:t:—Jl ucos nudu

\AAA/

-10-9 -2 -

1
sz(x)(:osm\'dx:_"lz(x—1)cosmcd:r=—_f0 ucos nudu

0 1 40
Il f(x)cos nxdx:—zojo ucosﬂ:udu:P

=—I f(x)cosmxdx=4
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© Ex. 25 Let f(x) be a differentiable function satisfying
Flx)+ f(x + %j:m €Rand g(x)= J’o f(B)dt. Ifg(1) =1,

- 8 .
then the value of Y is.

n

Y (g(x+k*) - glx +k)

k=1
Sol. (6) Here, f(x)+ f(x+ %J 1
Replace xby(x+ %) , we get f(x+ %) + f(x+1)=1
On subtracting, f(x)= f(x+1) i)
2 -3 x+ 2
" f0de=[ fode+ | Y fyar

Since, f(x+1)= f(x)
g+ 1= f)de+ 1% J'; f(bdt

gle+2) =[] fyde+2*- j’; fle)dt
g+ k) =[ feyde+ k- j: f(t)de ()
(i)

Also, g(x+ 12)=J:j+

and g(x+k)= J’o f(t)dt +k- [; f(t)dt
Thus, 3} (g0x+ k) - glx + k) =3 (K2 =k)- [} f@yae
k=1 k=1

= 2 (k* —k)- g(1), given g(x) =L f(t)dt
k=1

=(n(n+1)6(2r1+1)_n(n;-l))xl
=n(n—1)(n+l)
3
s 8
2 n =
n=2 2 (g(x+ k) —glx+ k) =2 BDnE+D)

8 x3

((n+l) (-1)__ 1 1
(n=1)- n(n+1) (n— l)n n(n+1)

1 1 J
o =
((n—l)n n(n+1) ]

1 1
=2|| ——— || ——— |+
[1xz 2x3 2><3 3x4)

n(n + l)l_'_
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Subjective Type Questions

® Ex. 26 Find the error in steps to evaluate the following
integral.

r dx  _rn sec’xdx r sec’ xdx
I, I, =l;

1+2sin’ x sec’ x+2tan’ x 1+3tan’x

= % [tan™* (v/3 tan x)] 5=0

Sol. Here, the Newton-Leibnitz’s formula for evaluating the defi-
nite integrals is not applicable because the anti-derivative,

f=) =% [tan™! (/3 tan x)]

has a discontinuity at the point x=2 which lies in the interval
[0.7]. 4
. 1 o
LHL = lim — tan™* /3 tan(E—h) atx=1
h—»oJ; 2 2

= lim 4 tan™" (/3 cot h)

h—)oﬁ
1oy =T 3
J_tan (o0) = 2B ..(i)
Also, RHL = lim Ltan'lw/i?l:tan(1!-+h)]atx =
h—04/3 2 2
=hli—I:10 %m"(—aﬁcoth)
= lim —tan (~e)=——% (ii)
_h—vo Ja_ B m

From Egs. (i) and (ii), LHL # RHL at x=m / 2
=> Anti-derivative f(x)is discontinuous at x=m/2.
So, the correct solution for above integral;

I_Jvn dx _J-x sec? xdx (iii)
0 1+2$i112x © 1+3tan’x

. fea-x)=-f(x) °
Usmg,L f(x)dx= 2_[ f(x)dx, f(a-x)=f(x)
We know, iff(x)=l+5;£szx- flm—x)=f(x)

n/2 seczxdx

*. Eq. (iii) reduces to I =2 Io T
+3tan” x

J_Io = (puh/;tan x=t = sﬁseczxdx=dt)

=E[taﬂ-' Oy
=72-(tan" oo —tan™" 0) =%(% -o) =77§T

J-n dx n
0

1+2sin’x T

® Ex. 28 Evaluate

Remark
Students are advised to check continuity of anti-derivatives
before substitution of integral limits.

b
® Ex. 27 Ibelsinxldx=8andJ;a+ |cos x|dx =9,
b
then find the valueofj; x sin x dx.

b
Sol. We know, I |sin x| dx represents the area under the curve
a

from x=a to x=b.
We also know, area from x=ato x=a+ mis 2.

[ Isin x| dx=38
a
8m R
b—d=22 (i
= == (i)
Similarly, L”b | cos x| dx=9
- il 0-97" (i)

From Eqs. (i) and (ii),a=n/4,b=17n/ 4

17n/4
Hence, I xsmxdx—f xsin xdx

174
1704
=[-xcos x]y/s +I cos xdx

17n 17n
=—Zcos—Z + X cos & 4 [sin x]7¥
2 e ' z [sin x]7/4

4T

V2

b
_L xsin xdx=—22n

sin (sin™'B) | cos (cos ™' x) P

cos (cos™ @)

sin(sin™" x)

Sol. We know, cos(cos™ x) and sin (sin™* x) could be plotted as

*. sin(sin™" x) and cos(cos™! x) are identical functions.

sin(sin™' B) cos(cos™ lx) sin(sin™1 B)
———r—dx= —(R_
Icos(cos 'a) sm(sm x) ‘Lol(cos"u) 1dx (ﬁ o)
PR
y=cos(cos'x) ____y:sm(sm X)
......... . .
H \
H | :
-1 ; A ;
H X - ! s
! B E 1
........ -1 :
...... =)




o Ex. 29 Evaluate I:

Sol. Let

Put

= dx.

B
I=L

x=0acos’ t +PBsin? ¢

Q)

x-o=0cos’t+Bsin’t - =P [sin(t) + ofcos®t —1)]

=Bsin’t—asin® t = (x— o)) =(B - o)sin’t

Similarly, B —x=(— o) cos? t
dx=2(B-a)sint costdt
where, x=0=ssin’t=0 = t=0 (- o <B)
and x=B=>cos’t=0 = t=m/2
. Eq. (i) reduces to
2 —o)sin® ¢t
I ) ‘2(B-a)sint costdt
— o) cos® t
n/z sml .
~I —ot)sint costdt
COS'

Aliter

When
When

;2

sin” t sint

=+——aste[0,n/2]
cos’t cost

=B- a)j:lzz sin’ tdt =B - o) I:lz(l —cos2t)dt
sin2t
=B-o)| t———
-0-as- )

el ool

1=26-0)
put JB-x=t
Let I=jB ~% ax or B-x=t*
@ =X = —dx=2tdt

p-a=

x=0, thenf-a=t* =
x=p, then 0=t> = 0=t

2 ___._W(_zg) dt
t

~J5=
- 2
=—2,/a—_a‘/(ﬁ o) -t dt

_z'[oJ‘ﬁ (JB—a)?—t*dt

B-o) t =
t =i0L) ;=
=2{ -Z-J(B—a)-t2+ > sin ( B_a)]

[ “

&) sin"(l)} -{o + (ﬁ;a) sin"(O)}]
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,/(a’ +b%)/2 X

Ga? +b?)/4 [(xz —a?)(b? —x?)
J(nz-sz)ll %

Sol. LetI=| O oy dx )

o Ex. 30 Evaluate dx.

Put x*=a’cos’ t+ b?sin’ t
= 2xdx=[2a’ cos t(—sin t) + 2b%sin t (cost)] dt
1 .
= xdx=-2-(b2—a2)sm2 tdt
2,42
For x2=2 +b 4 cos?t+bisin’t,

a?+b2=2(1-sin?t)a® +2b%sin’ t

or (a®+b?)=2a"+2(b* -a®)sin’t

1 b11
=  sin’t=- = cos2t=0 = t=—
2 4
2, 42
¥ ,
For FR > b o ? cos? £ + b?sin? t,

3a% + b? =4a’ + 4(b% —a?)sin’t

1 1 1
= sin2t=z = c052t=5 = t=—

6
*. Eq. (i) reduces to
J.uu 1 (b —a®)sin2t
e 2 J(bz—az)sxn t(b* —a®)cos’t

cole A3 )E
e[+

- .
cos x (1—sin x)

G [sin (x + E)]
n/4 4
O s Y

Sol. Let I=
° cos x(1 —sin x)

dt

® Ex. 31 Evaluatej.oﬂ“

1 /4 €% (sin x + cos x)(1 +sin x)
k dx

cos x(1 —sin® x)

_LIRH €®“* (sin x + cos x) (1 + sin x) dx
270 cos® x- cos x
1 /4 gecx
=—I° €% .(sec x tan x + sec x)(sec x + tan x) dx

1 n/4
= I €%°¥ . [sec x tan x(sec x + tan x) +sec’x

+ sec x tan x]dx

/4
=7-2-I0 €%°°% . [sec x tan x(sec x + tan x + 1) +sec’ x]dx

®CX | sec x tan x (sec x + tan x + 1)

J-Inll

*.sec’xdx
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Applying integration by parts,

I —T((sec x+ tan x + 1) e*°*} 4

4
_Io (sec x tan x + sec’x)- e“"dx+—j *.sec? xdx

VZ+1+1)e”? —(l+l)e}—T[e““]"“

J_{(

=—(J§+2)eﬁ—ﬁe—$(e & -e)=

JE (1+\/§)eﬁ—

N

/4 x? (sin 2x —cos 2x) dx )

® Ex. 32 Evaluatej'o

(1+sin 2x) cos? x

Sol. Let 1=[ ™" ' (sin2x —cos2x)dx
(1+sin2x) cos® x
=1 _ElEni-conl) (put2x=0)
870 (1+sint)(cos®t/2) g
Lpw o leintoont)
470 (1+sint)(1+ cost)

[using, J-: f(x)dx':_..‘;l fla-x) dx]

()

- 2

(;—l) -(cost—sint)

I=l_[m dat (i)
440

(1+ cost)(1+sint)
Adding Egs. (i) and (i), we get

2
. 3 .
b4 t——) (sint—cost)
n/2 4

1
2I='ZJ-°

/2 int—
e, [T Stoaet_y
0 (1+ cost)(1+sint)

[as J‘:zf(X) dx=0,if f(2a—x) =—f(x)]

...(iii)

(1+ cost)(1 +sint)

.. Eq. (iii) becomes
! .[m mt(sint —cost)dt "
- (1+ cost)(1+sint)
_m J-n/z t{(1+sint)—(1+ cost)} dt
0

8 (1+ cost)(1+sint)
_nJ-n/z tdt _nj-n/z tdt
“8d 1+4cost 1+sint
_nJ.n/z tdt Im (m/2—t)dt
"8 l+cosr 1+ cost
_2m w2 tdt u_ w2 dt
T8 1+cost 167 1+cost

2

T /2 2 11 n/2 2
== t/2)dt—— Bec’t/2)dt

A Io t(sec®t/2) 3 L ( )

n/2

n/z 2
/2
=% Zt-tanij —I" l-2tan£dt -"—(manﬁ)
8 2), o 2 16 25

n/2 2
[(n—0)+4(logcos—;-) }—%{1—0}
0

7[2 2

‘—n{ﬂ:+4lo }—— 7t—+1rlog——1-
8 L N

n? 1 n’ n
=—--nlog2=—-—1log2
8 2 - 16 4 8

CAE]

2
x* cos x
dx.

® Ex. 33 Evaluatej;" (——);-
1+ sin x

n xz Ccos X

0 (1+sinx)

dx =J‘°K x%{(1+sin x)~2 cos x} dx
Applying integration by parts,
1 [plrima ) e, @reng,
-1 ), D -1

2 n x
=(— +2
(-n°+0) Io

-{(i)

1+sinx

[using, J:;l f(x)dx =J.: fla—x) dx]

1=—n’+zjo" AB~7) o .

1+sinx

Adding Egs. (i) and (ii), we get

2l =—2n? +zJ' =
sin x

1-sinx

2 n
=-2n’+2n | .
0 cos“x

=-2n%+2n [tan x—sec x]
=-2n*+2n[0—(-1-1)]=-2n%+4n

I=-n?+2n
® Ex. 34 Compute the following integrals.
S F® gen . —n dx _
(i) J'O fx™ +x )lnx7—

=0

Y n -n dx
(ii) Io fx™ +x )Ian_x2

Sol. (i) Let t=Inx = x=¢
dx=e'dt or £=dt
x
Also, x=0 = t=-o
and X=c0 = t=o0

|7 f + T T =[7 flet+e™)-tde=0
0 i Yo
(- integrand is an odd function of !

i % " = dx = nt , _-nt .
(ii) Io f&"+x )h\x-sz:j'_—f(c ey ——gedt

1+e



N at, anty_te!
Now, it' () = f(e" +e )-‘—

r e

" -nt Nt | t"
Then, h(=t)= fle™ + ¢ )‘(—l)‘c" - t

vert T iae®
(=) ==M1)
Thus, integrand is an odd function and hence

1
-
e e

™A 4t L
I“ ST+ Inx H-.\"-O

e Ex. 35 Show that
() j‘; sinxdy=1 ) J‘“" cosxdy=0
Sol. Let us first evaluate;
1 ='f ¢ Vsinxdy and ¥ =I ™" cos xdx

Usiny integer by parts, we get

I=-¢""cosx—s] ssid)
and J=eVsinx+sl (i)
Subtracting Egs. (i) and (ii), we get
[=me® Ccos X+ ssin x
1+5?
4
= =e |sinx- sinx— cos x
1 s+l 1+s*
_ -w|Sinx-scosx
1+s?
B s 1
Thus, I e ¥sinxdy=—
] st+1
- 3
and I e ™ cos xdx=——
(] s°+1
Now, I: sinxdx= lim ;e'“sinxdx = lim =1

5= 0 5052 +1

= s
e ¥ cosxdx=lim ———=0

N = lim
and L cos xdx ot BT

s=0

® Ex. 36 Find a function g : R — R, continuous in[0, =)
and positive in (0, =) satisfying g(0) =1and

%jo' g’(t)dt:%( [ &0 dt)z.

Sol. Let flx)= fo" gt)dt
= f(x)=g(x)
= % [ oena =% [ g i)

=} 0] =Lueor
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i 1
1 I" X(‘):]Aul([(x»z

2 x 2 x
LA 7 | ap LD
" E'EU‘J“O]‘“ 7 x
1.pX s Hl(f(x))z . .
- AR St (using Eq. ()]

Differentiating both the sides w.r.t. x, we get

Lp poeenit o X2L00) £10) = (fx))*
2100 3

= Sl =2 S (g0 -’

(x;,v(x))z . [ xg(x)) y
f(x) f(x)

= {* -4t +2=0,wheret= xf‘(‘i’;)
o e i o D e
2 f(x)
= Inf(x)=2% V2 In x + constant
2-V2

= f=c'? or o
= gx)=f'(x)=¢ V7 o c, Pl
where, ¢, and ¢, are constants of integration.

But g is continuous on [0, %), then ¢, x‘"ﬁ is ruled out.
gx)=¢ LV2
g0)=c'=1 = g(x)=x”‘E

Hence,

Also,

® Ex. 37 Letl, = j:m tan” x dx (n>1and is an integer).
Show that

() Iy +1 =nL (i)

1 1
—<
-1 2(n+1)

2(n-1)

I, <

. /A x4
Sol. (i) Given, I, =j‘° tan" xdx:jo tan""2 x- tan® x dx
n/4 n/4
=I° seczx-tan"'zxdx—fo tan""% xdx

L
=Io t""%dt—1I,_, where t =tan x

1
t"-l 1
I,,+I,,_z=[ = J S Ll =—

=k n-1

(ii) For 0<x<m /4, we have 0 <tan" x <tan"" % x

So that; o<l <I,_,
L4k a2l gl %1 .4
= l <21,,<-1—
1 n-1
1 1
=

<, <——
2(n+1) 2(n-1)
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° Ex.38 ifu,=[" Feusnix

dx, where n is positive
1—cos x

integer or zero, then show thatU,,, +U, =2U,,,.

Hence, deduce thatj'"/z M = 1 nm
sin?g 2
Sol. U,,,~U,,, =J-oﬂ [1-cos(n+ 2)lx]—[1 —cos(n+1) x] dx
—COos X

=J"‘ cos(n+1) x—cos(n+2)x
0 1—-cosx

dx

2si.n( n+2) T Rl
n 2 2

=Io

2sin? X
2
so(r3)-
in n+2
n+2 n+|—J. dx (l)
E
i i
n+
il _I T = ...(ii)
sin>
2
From Egs. (i) and (ii), we get
n sm("+%)x—ﬁn(n+—)x
(UH’Z_UH’I)_(U"*‘I-UA)=J:) x 2 dx
sin—
2
Upy o+ Uy =20, = 2o DX s x/2

sinx/2

n
=ZI cos(n+1)xdx =2(
n+1

= U,,,+U,=2U,,,

= U, U4, U, arein AP.
1=1
Now, U°=J‘x dx=0
0 1-—cosx
n l—cosx
_J' =n
1 cosx
U,-U,= (common diffe
U,=Uy+nn=nn
U,=nn
n/z /2 1— 2
Now, L= sin ne . j-ﬁ 1—cos2nf
o sin?@ 0 1-cos20
j-ﬂl cosnx 1
=— =—nn
1-cosx 2

o Ex. 39 Prove that for any positive integer K,
sin2Kx

sinx
Hence, prove that Io"/

=2[cos x +c0s3xX +...+Co0SK —1) x]

? sin2Kx-cotxdx ==

sin(n+ l)x)x=0
0

rence)

Sol. To prove;

® Ex. 40 EvaluateI

Sol. Let I= jo

® Ex. 41 Prove thatJ‘o' e S

Sol. LetI= L" e

sin2Kx =2sin x [cos x + cos3x + cos5Sx +
ot cos(2K -1)x]

Taking RHS, [2sinxcosx+25in.\’c053x+ 2sin xcosSx+
..+2sinxcos(2K —1) x]

=(sin2x) + (sin 4x —sin2x) + [sm6x sin 4x) +
..+ (sin2Kx =sin(2K -2) x]

=sin2Kx
2 n2 [ sin2Kx
Now, I sin2K x-cot xdx =I ——— |-cos xdx
0 0 sin x

.—_Im 2 cos x[cos x+cos3x +...+ cos(2K —=1) x]dx
o

®2
=J’m (1+ cos2x)dx+ Io (cos 4x + cos 2x) dx
o
+ J'om [cos2K x + cos (2K -2) x]dx

But we know that,
J'om (cos2nx)dx=0,Vnel and n#0

/2
= I
0

~/2 n
sin 2Kx- cot xdx=j.o ldx+0=;

1+x?

sin" 2x2 dx
1+x? 1+x
Now. s'm'l[ 2x |_ 2tan'x, if-1<x<1
1+x? n-2tan' x, if x>1

NI [ N | 2
~I= sin”™' dx + Y
01+ x? (l+x2] I‘ T sin o dx

1 2tan™ NEgE I =X
=I°_ de_x_‘_J"R 2tan”' x
14x 1 1+x?
3 3 tan™!
I zd"“zj tan~ x
R v+t

' tan'x
—ZI T dx+m
X

4
_ i n3
-zJ'o tdt+ m (tan ‘x),‘/; —zjm tdt  (puttan™' x=1)

73 YA 2\ *
= 5 +n{tan™ V3 - tan™ 1}—2['_]
0 2

L)

1= e dl-—I_xc[:¥)“e_(L'.]'d:
A ), g 1),
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X
1px —=-— 1 .2 i i
=—| e4 4dz=-e~". ~22/4
ZI“' 2 I—x € dz

<24 [ X 124 1 274 x .2
e I_xe dt=a.e’ .ZL et gy

2l
T2
[using. [ s de=2[" fix)dx, when f- x)= f(x)]

20 pX _g2
=e* “L et dr

x 2 2 x _,2
= Io e x7" dt=e* “.L et g

o Ex. 42 If f(x)=e" + jol (" +te™™) f(t) dt, find f(x).

Sol. We can write f(x)=Ae* + Be™*, where
1 1
A=1 +J’o f(t)ydt and B=Io tf(t)dt

A=+ [| (Ac + Be)de =14 (A€ - Be
A=1+A(e'-1)-B(e'-1)
=5 (2-e)A+(e'-1)B=1
B= fo‘ t(Ae' + Be™')dt
=A(te' —e')g + B(—te™" —e");
B=A+B(1-2¢7")
= A-2"'B=0

From Egs. (i) and (ii), we get
2(e-1)

B= e~1
4e-2¢%"

4-2e

A=

f(x)=M.e’+_el.e"

Hence,
ence, P PR

® Ex. 43 If|a| <1, show that

J-n Iog(1+acosx)dx_nsin_1a
0 Cos X

Sol. Given,|a|<1

= log(1+ acos x)
Lt fl@)=] g—cosT_dx
dx
w7 cos x _
f(a)-jo cos x-(1+a cos x) J"’ 1+acosx

N0)

..{(ii)

(differentiating w.r.t. ‘a’ using Leibnitz rule)

x dx —0.t=0
uttan—=t =—= ,whenx=0,t=
B 2 dt 1+t
and when x=m,t >
2dt
1+

= f'(a)=J'o" e
1+a( )

141
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=I- 2dt =I" 2dt
o (1+t)+a(1-t*) ‘0 (1-a)t*+(1+a)
2 e dt

b —==

“Tea 2
1-a 2 1+a
t"+

1-a

2 1 i fl—a]' 2 n
= Jtan 't f— | =———=
1-a J1+a)/(l-a) 1+a), Ji-a* 2

135

(integrating both the sides w.r.t. ‘a’)

= fla)=msin""a+c
n log(1+ 0 cos x)dx
= —_— =0
But fo=|, =
= c=0

fla)=nsin"'a

n/
]

9 Ex. 44 Evaluatef ? cosec tan™" (c sin B) d®.

Sol. Let  f(c)= Iom cosec O tan™" (csin 6) d©

(sin 0)

———d0+0-0
1+c?sin’ @

fe)= IOM cosec 0-

Jn/z do
o 1+c%sin’@
cosec’ 0d0

(c®+1)+ cot? 0

Im cosec’ 8d0 _J'ﬂli
o ¢?+cosec’® ‘0

1
=————[tan
¢t +1

Fle)=—m

_, cotB

n/2
Jet+1 ]o

24c*+1
Integrating both the sides, we get
ndc
fe)=]

T
2J8—+]=;log(c+,'cz+1)+.4

where, f(0)=A
But  f(0)= Iom cosec Otan™" (0)d0=0

= f(c)=§log(c+ ?+1)

® Ex. 45 Evaluate J:)"/z secO- tan™"' (a cos 0) db.

Sol. Given definite integral is a function of ‘a’. Let its value be I(a).

Then, I(a) =Iom sec 0-tan™" (a cos 0) d©

~/2 1
= I'(a)= sec 0: —————-cos8d0+0-0
(@) -[0 1+a*

cos’ 0

(using Leibnitz rule)

sec’ 0
sec? 0+a’

0= J«oxﬂ

J-u/z 1
°  1+a’cos’®
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_ sec’ @

w2
= S8R (put tan 6=1)
'[° 1+ tan® 0+ a’

=J’" dt _ 1 - t
o #4@+1) Jat+1 a+1),

- (E—o) = I'a)=

=\/a2+1 2

Integrating both the sides w.r.t. ‘a’, we get
I(a)=-;-t-log(a+\)az+ 1|+C

Since, 1(0)=0+C

= I(a)=%log|a+,'l+az|

® Ex. 46 Let f be a continuous function on[a, b]. Prove
that there exists a number x € [a, b] such that

x b
[" ryde= [ f@ar
Sol. Let g(x)=" ft)dt - f: f(t)dt, x€[a,b]
We have, g(a)=~ [ f()dt and g()=], * feydr

= g(a).g(b)=-(ff(,)d,)’so

Clearly, g(x) is continuous in [g, b]and g(a)-g(b) 0.
It implies that g(x) will become zero at least once in [a,b].

Hence, I d f(t)dt =Ib f(t) dt for atleast one value of x €[a, b].
a x

2 a*+1

o Ex. 47 If f(x)=x+ [ (o +x%y) (f(y)) dy. find f2)
Sol. Given, f(x)=x+ xfal ¥ fy)dy +x° Io’ y f»)dy
(14 v sorw) 2 (f) y f6)dy)

= f(x)is a quadratic expression.
= flx)=ax+ bx® or f(y)=ay+byz ..(i)

1
a=1+['y* fiy)dy =1+ y*(ay+by*)dy

where,
4 s)!
=1+(9_+b_y_] e 54
4 5 4 5
0
= 20a=20+5a+4b or 15a —4b =20 ..(i1)
. 1 1 5
and b=[y f)dy =[, yiay +by")dy
3 o)!
= £¥_+b_y_ = b=£+k
3 4 3 4
= 12b=4a+3b or 9b—-4a=0 ...(iii)

From Egs. (i) and (iii),

80
a:ls—o and b=—r
119 119

- Eq. (i) reduces to

80x% +180x
_80x" +180X
fx) 119

o Ex. 48 Prove that
[ rodn du=[" (x—u) f (u)du

Sol. Here, applying integration by parts to
N 1-4[" fy di} du
0 0

—
)14 I

i.e. taking ‘1’ as second function and J.ou £(t) dt as first function,

we have

L‘ 1 { jo" Ji0) dt} du ={ jo“ £ m}: (u)E - J’o’ f(w)-udu

=(u fo" f) dt)o ——J'ox uf(u)du
=x[ ftydt~ L’ uf (u) du
=on (x—u) f(u)du

® Ex. 49 Evaluate J;m” (log | sin x[) (cos (2nx)) dx,n€ N.

Sol. Let I(n)= J':"” (log|sin x|) (cos 2nx) dx
1 n

5 3n/2 g
sin2nx 3n/2 sin2nx
s —I cot x——

2n 0

I(n)=( log | sin x| dx

(using integration by parts)

1 32 sin2nx-cos x 1
I(n)=0—— e =0—— i
(n) = j'o e dx =0 21,(,.) ()

3n/2 sin(2nx) cos x

Let I,(n) =J’o e
L(n+1)= f:m sngnto)ecoas :uzl): COSX dx

3n/2 (sin(2n + 2) x —sin2nx)- cos x s
sin x

& L(n+1)=L(n) =J‘°

=IM/2 2cos(2n+1) x-sin x-cosx .o
0 sin x

n2
= Io (cos(2n + 2) x + cos 2nx) dx

=0+0

=( sin(2n+2) x » sin(2n) x w2
(2n+2) 2n

= Ln+1)=1(n)=...=1,(1)

0

3n/2 sin2x-c In/2 2si 3
l'(1)=I,, osxdx_:J-ﬁ 2sin x cos x cosxdx

sin x sin x



_ w2 i w2
_L 2cos adr=fo (1+ cos2x)dx

( sinz.\‘) el
=| X + ——
2 Jy

LA 1
= k)= P I(n) = I(n)= o L(n) [using Eq. (i)]

3n
In)=——
(n) e

e Ex. 50 Evaluate‘L e ™ sin"x dx, ifn is an even integer.
Sol. Here, I, =I“ e ¥sin" xdx
o
=(-sin"xe %)y +n Io. sin"™! x cos xe™* dx
=nL (sin""" x- cos x)(e™) dx [where (- sin" xe *)g =0]
1 n
= I,=n[(-sin""" x-cos xe~¥)5
-0~(n—1)J0 si.n"'zxcoszxc"dx—f: sin" xe™* dx]
L= n(n-l)L- e *sin""? xdx—n® Io- e *sin" xdx
=n(n-1)I,_,-nl,
= (n*+1)I,=n(n-1)I,_,

=n(n-l)

el S Y
" nt+1 " 2

Replacing n by (n —2),(n - 4),..., 2, we get

_(n=2)(n-3) =('l—1)('l-3)_(ﬂ-4)(n-5)1

A L
... and so on.
2(2-1)

T

_n(n-1) (1=2)(n=3) (1-9)(@=5) 2@-1),

TRl (-2P+1 (o341 2041

n! n!

( I =Io—e" dx= 1)

=r_.1° =
n {1+@n)%
r=1

'illz 1+ 4r°
r=1

® Ex. 51 Evaluate J;l (tx+1—x)"dx,neN andt is
independent of x. Hence, show

L‘x" (1-x)"*dx=

"Ck(n+1)‘
Sol. Here, 1=J'o' (u-{-l—x)"dx:fol (t-1) x+1)"dx

={((l-l)x+ 1)"”}l

(n+1)(t-1) |,

T P R T ()
n+1

Chap 02 Definite Integral 137
1 1
Again.l:Io (:x+1-x)"dx=j'° {1-x)+ 4" dx
=j°' (1 —x)" + "G (= x)"" (1) + "C, (1 - x)"?
(tx)? + oot "C, (1= x)" " (x)" + ...+ "C, (tx)"} dx
= Io‘ Z; "C-x)" (tx)'} dx
< n r 1 n-=r T
=2_‘; C,t L. {0=x)"" *}dx (i)
From Eqgs. (i) and (ii),

FrC e[ -y dr= T T k)
o o n+1
Equating coefficient of t* on both the sides, we get

1 i 1
"G [ -2 "x"dx="+l

1 i 1
—x) Y T
= L (1-x) <* D)
© Ex. 52 Given a real valued function f(x) which is

monotonic and differentiable, prove that for any real
numbers a and b;

[" 17 200-F 2@nax=[ 1 2xtb-f 7 e

Sol. As, f(x)is differentiable and monotonic.

= f 7N (x) exists.

Let  f7'(x)=t=>x=f(t)ordx=f’(t)dt
As, x=fla)=f{fla}=t=>t=a
and x=f(b)= f ' {f(b)=t=t=b

o [ 2xlb=f@hde= ] 200G fOd

=[" 6-nesw fora
1 o

=G-0UF @Mk + [ (O a
=~Gb-a){f@F+ [ (FOF d
=[] drOF-1f @) de
b 2 2
=[, - @hdx
® Ex. 53 Evaluate

j-l sin8 (cos? 8 —cos? m/5) (cos? 0 —cos? 21/5) ®
o sin50 '

Sol. We know,

29 —1=(z? —1)[:2 —2cos(§)z + 1][:’—2(cosz?n)z + 1]

4n
x( z’—Zcos—S—z +1 )( 12—2c05%2+1)
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s 1 _ 1 e ¢ 2n 1
or z'——=|z-— || z-2cos—+— [[ z—2cos—+—
z z 5 z 5 z
x(z—2c054—"+l)(z—2cosﬂ+l)
5 z 5 z

Put z=cosO+isinB

= 2isin56=(2isin 6)(2 cos 6-2 cos 1 /5)(2 cos 0—2 cos2m / 5)
X(2cos0—2cos4m/5)(2cos0—2cosém /5)

= sin50=16sin O(cos’ 8- cos® 1 / 5)(cos? B cos?2m / 5)

sin O(cos® B cos® 1t /5)(cos® O —cos?2m /5) _ 1

sin50 16
Il sin 6(cos® - cos® 1t / 5)(cos® B — cos? 21 '5) 4o
o sin50
111
0 16 16
n ﬁc
® Ex. 54 Showthat lim X —K—e—Z.
n>e k=0 pK (K 4+3)
n "Cx 5 1 1
Sol. li —_—lim o Ll
A 00 nK(K+3) n—ee g K+3 & IIK
=i e K+2dx K#de
,.h_'.’lé I ( K+3 Io

(2 B e (5] e
=jo' x‘{ nu_{r_._(n’;‘)n}dx
[l et [+ am (102] =]

=(x*-e")y —J;l 2x-e'dx=¢—2{ (xe"'):,—J:)l e* dx}

=e-2{e—e+1}=e-2

2
° Ex.55 Letl=[ L
acosx +bsinx
and_l=‘|'"z St dx, where a>0and b>0.
0 acosx+bsinx
Compute the values of  and ).
Sol. - al +bJ =£ i)
n/2 bcosx—asinx
and bl -aj= I acosx+ bsinx
iR bl - aj =In[acos x + bsinx]}'?
oy bl-aJ=In (3) i)
a
From Egs. (i) and (ii),
a’l +abj =?

b%I -abJ =bln(b/a)

. ﬂ+b1n(3)]
a®+b%| 2 a
bn

Again, abl + b =—
and ab[-g’]:aln(b/a)

: -1 ﬂ—aln(g)
On subtracting, we get J = 2+b% 2 a

Aliter Convert acosx + bsinx into a single cosine say
cos (x + ¢) and put (x + ¢)=t.
Inxdx
® Ex. 56 Evaluate r I,
° x*+2x+4
Sol. | =J'-Tl%
0 x*+2x+4
x? and constant term same)
J- an+lnt E@- dt 1= _Intdt

WreeD 2% Freet 20 Pried
L I, =zero

(put x =2t = dx =2dt to make coefficient of

_J-" Intdt
2o 2yt
I° Iny-(+1) 5

1 1 2
—t—+1ly
s -

[putl:l :dt:—dey)
y y

0 Inydy 0 Inydy
I,= =— =-1
4 'L y2+y+1 "‘" yz+y+1 2
- dt 2 L [t+a/2F |
NOW.I,=I ——:[—tan ‘*
0 2 2|3
(34.1) +(£) \/5 o
2 2
___i[£_£]= 2n _In2 2n _mln2
Vilz 6] 343 2 353 33

In xdx
ax® +bx+a
[Hint By putting x=1/t, we get I =-I,s0 I =0]

Note Fora>0,I= I

® Ex. 57 Find a function f, continuous for all x (and not

zero everywhere) such that f?(x) =J" f(t) sint
0 2+cost
Sol. We ha 2 f(t)sm:
5 ve, f4x)= L s dt

(Note that f%(x) being an mtegml function of a continuous
function is continuous and differentiable)
2f() ()= L S0 x
+cosx
Inlcgratmg. we get 2 f(x)= C In(2 + cosx)
$ x0=)f(o)0=:C In3
3
x =— Inee—= ___
flx) 2

2+ cosx



r tan 'ax—tan”' x

® Ex. 58 Evaluate

, —————dx, whereaisa
parameter. . lx
oo t r e -
Sol. Let 1=J' lan "ax~tan ¥ g
X
ﬂ_r 1-x = dx
da %0 (1+a°)x 0 1+a%x?
1 = dx
e o -1 _qe _
azjo L [atan™ x]7'=—
x*+—
a

Whena=1and I =0thenC=0

Hence, I=§lna
" 2D
® Ex. 59 Evalute -[o de(az <1).
x2J(1-x?)
Sol. Let I=[ In@-a®") ) laj<1
0 42 [(1_"2)
dl ¢ -2ax’ dx .
o= N e (put x =sin6)
da ‘I-° (1-a’x®) x2y1-x?
n/2 2ad® _Jm/z 2asec’ 0 dO
_'[” 2%sin?0-1 %  a’tan?6-(1+tan’0)
_._J'“IZ __Zaﬁz_ea—e__ (Put tan0=1)
" do (1-a%)tan’B+1
2adt 2a dt

-ID (1~a2)‘2 +1

*i=an b :u( : T
1-a’
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__ 2a [tan"h/;—_az-]: - T -2a ___Ta
V1-a? 21-a? 1-a°
or I=ny1-a*+C
If a=0and I =0,then C=-7
1=n(J1—a’—1)
2 1+asinx) dx
® Ex. 60 Evaluate [ In| | ——(la|<1).
0 1-asinx ) sinx
% 1+ asi dx
Sol.let  I=[" ln(—a—s.uz)’._(|“|<1)
0 1-asinx /sinx
dI_J-nlz 2sinx .dx
da 70 (l-azsinzx) sinx
_.[m 2sec’ x
o 1+tan’x-a’tan’x
/2 2sec’ x
= ———— ut tanx =t
L (1-a*)tan®x+1 @ )
sl 2dt 2 J.- dt
0 (1-a%)t?+1 (1-a%) " 1 ¥V
2+
1-a*
= = [tan"YtV1 -0 =
vi-a® 1-a°
o di= nda

Hence,

.

1-a’
Whena=0and I =0, thenC=0

I=nsin"\(a)

I=msin'a+ C



Definite Integral Exercise 1:

~ Single Option Correct Type Questions

1.

2 .
The value of‘[: (" - 4y +5)sin(y - 2)dy is

(2y* -8y +1)
(@)o ()2
(c) -2 (d) None of these

Let f(x)=x* +ax + band the only solution of the
equation f(x)=minimum f(x)is x =0and f(x)=0has
root 0. and 3, then J': x? dx is equal to

(a)%(ﬁ‘ +a') ) %(a' —bY)

(©) 0 (d) None of these
. j:“\/(:& —2sin®t)dt + L’cos tdt =0, then (%) atx=m
andy=mis
@+3 ®) -2
(c) - NG (d) None of these

ju sin ™' (sin x) + cos ' (cos x) dig log[(l + x’)J

el ]

-n
+brtan”| &
1+cm

J(where, [[] denotes greatest integer

function), then number of ways in which a—(2b+c)

a-5
distinct object can distributed among —— persons
c

equally, is ' .
9 12! 15! 10!
(a) ay () @y (c) oy (d) o x3!

. The value of the definite integral

I- _dx____ (a>0)is

o (1+x)1+x?)

@ ®7

(OGR4 (d) Some function of a

. The value of the definite integral

J':m [(1+ x)sin x + (1 — x) cos x]dx is
3n n
(a) 2 tan -E- (b) 2 tan T{

(©2 lan% (@0

m  tan”' (nx)

7. LetC, = dx, then lim n? . C, is equal
mel gin™! (nx) A -
to
(a)1 (b)o
©-1 @3

8.

_ . ! dt !
If x satisfies the equation ‘L ——————“2 FEYETEY
A
-

xXis

’ o
ik 2sina
(0) " _“

sinQ

as
b andl dr) x—2=0(0<o<m) then the value of

t?+1
2sina
b) x|/
(b) J =
((l)tZISi“u
o

« tdt
9.1f =e*™ and g(x) = . then f”(2)is equal to
f(x)=e*" and g(x) L ) f
(a) 2/17 (b)o
(e) 1 (d) Cannot be determined
10. If a, band c¢ are real numbers, then the value of
lim In G J: (1+asin bx)"* d.\') equals
(a) abe (b) ﬂ
c
be ca
(c) a (d) 3
re=dn
11. The value of lim # is equal t
Jim ; =T P is equal to
= 1
35 (b) 5
1
©— )L
10 (d) 3
12, Let f(x)= I_. " dtand h(x)= f(1 + g(x)) where 8(x)is

13,

defined for all x, g’ (x) exists for all x,and g(x)< 0 for
x>QIfh"(1)=e and g'(1)=1, then the possible values
which g(1) can take
(a)0

(c) -2

(b) -1

(d) -4

Let f(x)be a function satisfying f*(x)= f(x)with
£(0)=12and g be the function satistying

f(x)+ g(x)= x*.

The value of the integral Il S(x) g(x) dvis
" § X iy

1, 5
L Be-e -3

(")%(f‘:‘) (d)(—lp'—i

< 2



14,

15.

16.

17.

18.

19.

20,

x(x)

Let f(x)= I

\’l +t*
whcrcg(x)—j (1+sin t)dt. Also, h(x)=e™"* and

f(x)=x qm—.lfxathndf(O) O,lhenf( ]lsequalto

(a) I'(0) (b) K (07)
(K (") (@) lim L2508
=0 xsinx
For f(x)=x* +| x|, let ], =_[“ f(cos x) dx and

n/ 2 I
I,= J'n ! f(sin x) dx, then I—' has the value equal to

(a)1 (b) 172
(c) 2 ()4
Let f be a positive function. Let

=], O fx=x)dal, =] flx(-x)dx,

where 2k — 1> 0. Then, %‘- is

(a) k (b) 172
()1 (d) 2
Suppose that the quadratic function f(x)=ax* +bx +c

is non-negative on the interval [1,1]. Then, the area
under the graph of f over the interval [-1,1] and the
X-axis is given by the formula

(a) A= f(=1)+ (1)
1 1
e o)
@ A=2[£(-1)+2f0)+ [0
@ A =2 [f6-1) + 470) + Q)]
2
Let I(a) = I" (i +asin x) dx, where ‘d’ is positive real.
o \a

The value of ‘a’ for which I(a) attains its minimum value,

(a) \/—; (b) J—E (c) J— (d) \/:i;

The set of values of ‘a’ which satisfy the equation
3 4) .
J (t = log, a)dt = log, (—;—).m
% a
(a)aeR (b)aeR*
(c)a<2 (d)a>2
lim (x' I”' ﬂf_'_) dl] is equal to
S 1 14e!
1 2
(a) 3 (l));
(€1 @o

21,

22,

23.

24, 1f

25,

26.

27.

28

30.

31.
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The value of \/TT Uﬂma

(a)v/2008  (b) m+/2008
lim
Ny ,,z.“, n®+ k2 3t

(a) x tan ' (x)

) tan” (x)

x | sin 7x | dx) is equal to

(c) 1004 (d) 2008

, x>0is equal to

(b) tan™ (x)
@ tan"z (x)

Let a>0and f(x) is monotonic increasing such that

a | Y .
f(0)=0and f(a)=b, then [ f(x)dx + L £ (x)dxis
equal to
(a)a+b (b)ab + b

wh o xt =
I ——— cos
N3 - x?

(c)ab+a (d) ab

J— 4
dx=k j” -3
X

2 , then

1+x?

‘k’ is equal to

(@mn (b) 21 (c)2 d)1

I f(x+ )-—dxnsequalto

(b) 1
(d) Cannot be evaluated

(a) 0
1
(c) =

P_r'no (J: 1+ x)* dx)

®2
e

/A
is equal to

@212 ©mni ) 4
e

If g(x) is the inverse of f(x)and f(x)has domain

x €[1,5], where f(1)=2and f(5) = 10, then the values of
Ls f(x)dx+ Lw g(y) dyis equal to
(a) 48 (b) 64 (N

The value of the definite integral
Lm sin x sin 2x sin 3x dx is equal to

1 2
() 3 (®) - 5

(d) 52

1 1
(- 5 (d) 7

If f(x)= j:( f(t))*dt, f : R— Rbe differentiable function

and f(g(x))is differentiable function at x = a, then
(a) g(x) must be differentiable at x = a

(b) g(x) may be non-differentiable at x =a

(c) g(x) may be discontinuous at x = a

(d) None of the above
The number of integral solutions of the equation
= Intdt
4I - -nln2=0;x>01is
o x? 4ot
(a)o (b) 1 (c)2 d3
Jm ™ cosZ [E] dx is equal to
2(n
(a) 0 (b) 1 (c)2 (d)3
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32.

33.

36.

3r.

38.

39.

41.

lfj: (ax? =5) dx:Oand5+J:z (bx + ¢) dx =0, then

(a) ax® = bx + ¢ = 0 has atleast one root in (1, 2)
(b) ax® — bx + ¢ = 0 has atleast one root in (-2, —1)
(c) ax* + bx + ¢ = 0 has atleast one root in (-2, - 1)
(d) None of the above

The value ofj: (Jx +412x =36 + Jx - J12x =36) dx
is equal to

@643 ®) 43

(c) 1243 (d) None of these

Definite Integral Exercise 2 :
More than One Option Correct Type Questions

If f(x)=[sin™" (sin 2x)] (where, [] denotes the greatest
integer function), then

(a) I:nf(x) dx = 12!- —sin™ (sin 1)

(b) f(x) is periodic with period &t

(c) lin: f(x)==-1

X =
2

(d) None of the above
Which of the following definite integral(s) vanishes?
(a) I: "In (cot x) dx (b) L" sin® x dx

e dx x [1+ cos2x
O™ @ &

The equation 10x* —3x* —1=0has
(a) atleast one root in (-1, 0)

(b) atleast one root in (0, 1)

(c) atleast two roots in (=1, 1)

(d) no root in(-1, 1)

Suppose I, = J':n cos (msin? x)dx;

"/2
I= Ilncos(Zn sin’ x)dx and I, = J‘u cos (m sin x) dx,
(]

then
(@)1, =0 ®IL,+I;,=0
L, +1,+1,=0 @i, =1,

. Let f(x)= j', (1=[t]) cos (xt) dt, then which of the

following holds true?
(a) f(0) is not defined
(b) lin: f(x) exists and is equal to 2

(c) lim f(x) exists and is equal to 1
x=0
(d) f(x) is continuous at x =0
The function f is continuous and has the property

f(f(x))=1-xfor allxe[01]and 7= I: f(x)dx, then

42.

45,

©Fa+7=2

34.1f1, = r (Ix +1H{x* +2}+{x* +3} {x® +4}) dx, (where,
{} denotes the fractional part), then I, is equal to

2 1 £ th
(a)_% (b)—; (c); (d) Nc:nco these
ni2 sin(2n — 1) x _ x/z2 sin nx,nE N,
3. Letr, = [ T dx ], ki ==,
then
@7, -%=1 ) Jar =T =l

(d) ]. +1 _Jnol =7

@ s(2)+1(2)-
(b) the value of j equals to 1/2

o)1)

@ J-m—% has the same value as J
o (sin x + cos x)’

Let f(x)is a real valued function defined by
f(x)=x? +x* J’" tf(t) dt + x* JI, f(t)dt,
then which of the following hold(s) good?

@], efd=3 ® S+ fe1) =3

@f, o d> [ fod @ fo- fen=2

. Let f(x)and g(x)be differentiable functions such that

f(x)+ _[: g(t)dt =sin x (cos x —sin x)and

(f"(x)* +(g(x))* =1, then f(x)and g(x) respectively,
can be

cos 2x
T

| ¢
(a) E sin 2x, sin 2x (b) cos 2x

5 §
(c) zsn 2x, —sin 2x (d) —sin® x, cos 2x

L Let f(x)= I_: (t sin at + bt + c)dt, where a, b, ¢ are

non-zero real numbers, then lim M is
x=0 X
(a) independent of a
(b) independent of a and b, and has the value equals to ¢
(c) independent a, b and ¢
(d) dependent only on ¢

d.
LetL=ann L le.whereaeR.lhenLcanbe
=% 14+n'x
(a) m (b) /2 (c)o @1



Definite Integral Exercise 3 :

~ Passage Based Questions

Passage [
(Q. Nos. 46 to 48)
J-x t? dt
o r\Vp
Suppose lim L.t) =1, where
x50 px—sinx
peN,p22,a>0,r>0and b0
46. If I exists and is non-zero, then
(a)b>1 (b)o<b<1
(c)b<o0 db=1
47. If p=3and [ =1, then the value of ‘@’ is equal to
(a)8 (b)3
(06 (d) 3/2
48. If p =2and a =9 and [ exists, then the value of l is equal
to
3 2 1 U
(2) > (b) : (c) 5 (d) =
Passage I1

(Q. Nos. 49 to 51)
Suppose f(x)and g(x)are two continuous functions defined
for 0 x<1. Given, f(x)= J'ol e**'. f(t)dtand

gx)= L‘ et g(t)dt+x
49. The value of f(1) equals

(a)0 (b) 1
(e de
50. The value of g(0) — f(0) equals
2 3 1
(a)S—e’ ® el -2 © e’ -1 o
§1. The value of 50 equals
8Q2)
@0 ®) ©F  @F
3 e e
Passage I1I

(Q. Nos. 52 to 54)
We are given the curves y = J“ f(t)dt through the point
1
(0, E) any y= f(x) where f(x) >0and f(x)is differentiable,
V x€ R through (0,1). Tangents drawn to both the curves at

the points with equal abscissae intersect on the same point on
the X-axis.
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52, The number of solutions f(x) = Zex Is equal to

()0 (b) 1

(c) 2 (d) None of theae
53. lim (f(x) 0 1s

(a)3 Mo

()1 (d) None of these

54. The function f(x)is

(a) increasing for all x
(c) decreasing for all x

Passage IV
(Q. Nos. 55 to 57)

(b) non-monotonic
() None of these

Sx)= J: (4t* = at®)dt and g (x)is quadratic satisfying

g(0)+6=g’(0)—c=g"(c)+2b=0 y=h(x)and y=g(x)
intersect in 4 distinct points with abscissae x,11=1,2, 3, 4 such

that ZL =8,a,b,ce R* and h(x)= [’ (x).
X,
55. Abscissae of point of intersection are in

(a) AP (b) Gp
(c) HP (d) None ol these

56. ‘d’ is equal to

(a)6 (b) 8 (c) 20 (d) 12
57. ‘¢’ is equal to
(a) 25 (b) 25/2 (c) 25/4 (d) 25/8
Passage V
(Q. Nos. 58 to 60)
Let y= Ivm S()dt,let us define & as dy
) dy  dx

=V (x) £2(v(x)) = 1’ (x) £ (u(x)) and the equation of the

tangent at (a,b)and y- b= & (x=a).
ax (a, )

58. Ify= J" t dt, then the equation of tangent at x = 1 is

(@) x+y=1
(Qy=x

b)yy=x=1
(dy=x+1

59. Ify=r, (In t)dt, then lim ‘;—yis equal to
x a0
(a)o (b) 1 (c)2 (d) -1
60.16 f(x)= [ ¢ (1= t*) dt, lhcn;—lf(.\')nt xwlly
ax

(a) 0 (DR
(c) 2 () -1
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T——— X =" |t
Consider f:(0, )—->( 2,2),deﬁnedasf(x) tan ((log,X)z'”

61.

Passage VI (Q. Nos. 61 to 62)

The about function can be classified as
(a) Injective but nor surjective
(b) Surjective but not bijective

].

62. The value of Jm [tan]dx is equal to (Where, [] denotes

the greatest integer functxon)

(c) Neither injective nor surjective (a) —; (b)
(d) Both injective and surjective ©-1 @ l
Definite Integral Exercise 4 :
Matching Type Questions -
P P ’ o — e e o e =
63. Let rhf}. = _L (sin x +sin ax)® dx = L, then — Column 1
~ Column| Colum:I] (B) The value of the definite integral @ €
(A) Fora=0, the value of Li is ® 0 j - dr+ j *J=1n x dx is equal to
3) Fora—],thcvalueolesV- (qlu _”_2,_ B . (Bt iy %l © é’
© Fora——l,thcvalueoles I O Jlim EEEEEry equals
(D) ForaeR-{-1,0,1} the valuc of L is (s) 2 = —
o S— O e
= i : d g(0) = +cos 0) dx
LELF® -L (x +5in 8)" dx and £(0) L . c'o ) 66. Match the following
where 0 € [0, 21t] The quantity f(6) — g(8),V 8in the : . S
interval given in column [, is c°|umn 1 B ~ Columnnl
Column | Column II @A) 1f oy = j“” Svlicre ® -2
== ﬁ
(A) (m 3m (p) negative conx 5
44 gx)= L (1 + sin £*)dt, then value of
= 7 Ty ey V ).
(B) (3_1: “] (qQ) positive o (3) is
4’ e P o
6 _l::h: ?l:j - (;'; 7non-ncgative (B) If f(x)is a non-zero differentiable @ 2
e I_.‘2 4 function suchthutj' Sy de={f(x)},
® (0, %) v (771:, 21!) () mompositive Vx € R then fQ2)is equal to
) - o SR s e (C) "J. Q+x- x)dxlsmaxlmu.m then r 1
’ ,hﬁ?t,c_h:!lf,fiuo_wfg.. e T a+ bis equal to
Col I C | Il < i
R E— i l"mn (D) If lim (sn;)zx +a+ %) =0,thenda+p & -!
(A) j (1 + 2008 x"”') e d.xcquals ® € x

has the value
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Definite Integral Exercise 5:
* Single Integer Answer Type Questions

67. If f(x)= Z%:'_x and j: f(x)dx = 10],'(2]. then the value of (m+n)is ...
n

_ [ cos x dx
68. The value of I = j_m m

-
69. Iff(x)=—j “sxln ,"ede(ne N), then the value of fUs)+£13)
m°° sin‘0 f(15)= f(a)
70. Let f(x)= I;e “*9dt and g(x) = (h/ x), where h(x)is defined for all x € h. If g'"* =¢* and h’(2) = 1. Then, absolute value
of sun for all possible value of h(2), is ...

(where, [] denotes greatest integer function) is ...

"/2
71. If= _L " sin x- log (sin x)dx = log (E) Then, the value of K is ...
e

Definite Integrals Exercise 6 :
Questiqns Asked in Prgyigus 10 Ye_gs'_Exams

[I] JEE Advanced & IIT-JEE 76. The option(s) with the values of aand L that satisfy the
an
. e'(sin® at + cos* at)dt
72. The value of 'f Iz w dx is equal to equation on ¢ ) = L, is/are
o 1+e [Onzly One Correct Option 2016] : e'(sin® at + cos* at)dt
2
) "T -2 ) "T +2 [More than One Correct Option 2015]
an x
©nt—enn @+ @a=2L=5"1 Byt t!
- e +
73. The total number of distincts x € [0, 1] for which . e 1 o
¢ (c)a=4,L=— (da=4L=——
r dt =2x—1is & =1 e +1

o1+t! Integer Type 2016]
il ® Directions (Q. Nos. 77 to 78) Let F: R— R be a thrice

differentiable function. Suppose that F(1)=0, F(3)=-4
e (_E_ E} Then, the correct expression(s) isfare and F'(x) <0 for all x e (1, 3). Let f(x) = xF(x) for all x € R.
22 77. The correct statement(s) is/are

74, Let f(x)=7tan" x+7 tan® x-3tan* x-3tan” x for all

[More than One Correct Option 2015]

ge Based Questions 2015]
@ ["xflx)de =~ " flx) dx=0 @ (1) <0
af, xfyde== ®f S il
O “xfwax=2 @[ fde=1 (©) £/(x) # 0for any x €(1,3)
6 3 1 (d) f'(x) = 0 for some x (1, 3)
; 192 _ 3
75. Let f'(x)= 2+sil’: = forall xe Rw1thf(§) =0.If 78, lfJ»l:x, P(x)de=-128nd Lax, o A i T
ms r f(x)dx S M, then the possible values of mand M correct expression(s) is/are
12 _ 3 B
are [More than One Correct Optlon 2015] @9f @)+ f(1)-32=0 (b) J.If(x) dx =12
@m=13,M=24 (b)m=l,M=% @9 G- fF+32=0 (@ [flx)de=-12
4

)m=-11,M=0 (dm=1,M=12
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[x], x<2
0, x> 2
where [x]denotes the greatest integer less than or equal

tox.IfI = : sz)
24 f(x+1)

79. Let f : R— Rbe a function defined by f(x)= {

dx, then the value of (41 — 1)is
[Integer Answer Type 2015]

) Ay [12+9x?
80. Ifa = _L(e pEHSHTEy (—z—] dx, where tan™" x takes
Tgx

only principal values, then value of (logth +o|- 3—:—) is
[Integer Answer Type 2015]
81. The integral J-::(Z cosec x)""dx is equal to
[Only One Correct Option 2014]

(a) j’:’“”ﬁ’z(ewe-")"du o) j:"‘"ﬁ’(eue-")"du

© j:“"ﬁ’(e"-e-")"du @ [P

~u\16
i —e™)du

82. Let f:[0,2] > Rbe a function which is continuous on
[0, 2] and is differentiable on (0,2) with f(0)=1

Let F(x) = L” F(Jt)dt, for x € [0.2].IFF' (x) = £ (x).V

x €(0,2), then F(2) equals  [Only One Correct Option 2014]
(a) e* -1 (b) e* -1
(c) e-1 d) e

83. Match the conditions/expressions in Column I with

statement in Column II. [Matching Type 2014]
Column | Column Il
A. ' _dx P 1, (_2_)
I-l 1+x* 2 M3
B 1 dx q 2
J"’ 1-x? 210g( )
C. J" dx r L3
2 |-x? 3
D. J" dx s L3
' xyxt-1 2

84. Match List I with List I and select the correct answer
using codes given below the lists.  [Matching Type 2014]

List |l List Il
A. The number of polynomials f(x) with non-negative p. 8
integer coefficients of degree < 2, satisfying
1
£(0)=0and jo f(x)dx=1,is
E- Thé number of points in the interval (/13,13 Jaa. q. 2
which f(x) = sin(x?) + cos(x”) attains its maximum
value, is B

= s. 0
(juz cOSZXlOg(l + x]de
-2 1-x
v2

Codes

A B C D A B CD
(@ r q s p bq r s p
() r q p s dq r p s

2
85. The value ofJ:4x’{d1—z(1 —x’)s} dx is
Ix
[Integer Answer Type 2014]

T—x
cos x dx
T+ Xx

86. The value of the integral J'_n ::/z (x’ +log

" [Only One Correct Option 2012]
2

n
(@) o (®) i
nl nz
(c) 5 ¢ () T

xsin x?

Jiog3
87. The value of '[/m sin x* +sin (log6 — x*)

[Integer Answer Type 2011]

1 3 1 3
Zlog= log=
(a) Toes (b) 2log2
3 1 3

log= ~log=
(c) ng (d) 6log2

88. Let f:[1, o] — [2 o] be differentiable function such that
f()=2 Iféj.le(x) =dt =3x f(x)— x>,V x> 1then the
value of f(2)is ... [Integer Answer Type 2011]

89

1 4 - 4
The value(s) of J x(l%f) dx is (are)
o 1+x

[Only One Correct Option 2010]

22 2

(a) —- —

T ®) 105
(c) 0 (d) n 3
15 2

90. For ae R (the set of all real numbers), a # -1,
" (1° +2° +...+n") 1_

m ==
™" (n+1)""[(na+1)+(na+2)+...+(na+n)] 60
Then, ais equal to
(a) 5

=15
(c) T

[More than One Correct Option 2010]

(b) 7
@ 2
2
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» Directions (Q Nos. 91 to 92) Let f(x)=(1-x)'sin®x+x", 4, Let f be a non-negative function defined on the interval

2(t-1) x
VxeRand g(x)= J ( —lnt)f(t)dt\'/x e (1, o). [0,1].Ifr'1—(f'(f))2 d::Jnf(t)dt,OS x<1land
0
[Passage Based Questions 2010] f(©)=0, then [Only One Option Correct 2009]

91. Consider the statements " 1 1 N 1

P: There exists some x € Rsuch that, (@) f( ) < and f( )> 3 O f(_J 72 i f(g) >3

flx)+2x=2(1+x?). 1

Q: There exists some x € Rsuch that 2f(x)+1=2x{1+ x). (©) f( )< and f( )<- (d) f( )> and f( ) 3

Then,

(a) both Pand Qare true  (b) Pis true and Q is false 95. If I =JK _ﬂx__dx_ n=0,1, 2,..., then

(¢) Pis false and Qistrue (d) both Pand Q are false “*(1+m*) sinx

92. Which of the following is true? [More than One Correct 2009]

10
(a) gisincreasing on (1, =) (@ I,=1,,, ®) Y Ip,, =107
(b) gis decreasing on (1, o) “ i
(c) gisincreasing on (1, 2) and decreasing on (2, o) (c) 21“‘ =0 aI=1I,,
(d) gis decreasing on (1, 2) and increasing on (2, =) m=1

. n-1
93. ?or any real number x, let [x] denotes the largest 9. Lets, = z n and T & z , n _, for

integer less than or equal to x. Let f be a real valued &in? +kn+k? ion’+kn+k

function defined on the interval [-10, 10] by
_ ) x=[x[, if f(x)isodd = x
fo= {1 + [x[—x if f(x)is even @35, < 33 052 m

n=123..., then [More than One Correct Option 2008]

Tt kg T
Then, the value of — | f(x)cos 7tx dx is.. ©T <— DT, >—
10 j [Integer Answer Type 2010] 33 33

(ii) JEE Main & AIEEE

67, The fntegral J_“ o e s quailim 102. Statement I The value of the integral  [2013 JEE Main]
®/4 1+ cos X [2017 JEE Main] J-n n dx is equal to 1t/6
(a)—1 (b)-2 ®/6 1+ /tan x 3 '

(c) 2 (d) 4
98. Let I, = [tan"x dx,(n>1).1, +I, =atan’ x+bx®+C,

where C is a constant of integration, then the ordered

Statement II J‘: f(x)dx= j: fla+b—x)dx

(a) Statement I is true; Statement II is true; Statement Il is a true
explanation for Statement I

pair (a, b) is equal to . [2:"17 JEE Main] (b) Statement I is true; Statement II is true; Statement II is not a
1 1 L lanation for Statement I
e -, -0 (d) ( 2 1) true exp.
@ ( 5 0) ®) ( 5 l) © (5 ) 5 (c) Statement I is true; Statement II is false
oin (d) Statement I is false; Statement I is true
99. lim Mﬂﬂ is equal to
oyt n? (2016 JEE Main]  103. The intercepts on X-axis made by tangents to the curve,
@ g ®) g © % (d)3log3 -2 y= L | t| dt, x € R, which are parallel to the line y = 2x,
¢ ¢ £ . are equal to [2013 JEE Main)
. log x : (a) 1 (b) £2
100. The integral [* dx is equal to
LR L log x* +log(36—12x+xz) (c) £3 (d) £4
[2015 JEEMain] 404 1f o(x)= " cos 4t dt, then g(x + ) equals
(a)2 @1 @8 . )) I ST oz ey
@ 5D © a0+ ) @5~ sm) (@ 505
101. The mtegralj 1+4sin’ = - 4sm X dxis equal to
(2014 JEEMaINl 155 The value ofI M dx i

(a)m -4 )2 ? —4-443 +x? [2011 AIEEE]
(©)4V3 -4 (d)43-4-1/3 (“);logz (b)EIOgZ (c) log 2 (d) m log 2



148  Textbook of Integral Calculus

106. For x (0 —}dcﬂm [(x)= I Vi sint dt. Then, f has

108. J [cot x] dx,[ ] denotes the greatest integer function, is

2009 AIEEE;
[2011 AIEEE] equal to ¢ y
() local minimum at 7 and 2% (a) i (b) 1
(b) local minimum at 7 and local maximum at 27 2 it
() local maximum at ® and local minimum at 2n (c) =1 d -—
(d) local maximum at 7t and 27 cosx
107. Let p(x) bc. a function defined on R such that 109. Let [ = J'ﬂ{dx and J= I
f( ’ ’
.h[“ f( ')—— Lp’(x)=p’(1-x).forall xe[0, 1} p(0) =1 Then, which one of the followmg is true?  [2008 AIEEE]
] . 2 2andJ<2
and p(1) = 41. Then, Jn p(x)dx equals 2010 AIEEE] (a) I> aﬂ"d J>2 (b)Ei< 3 I
(a) Vau ® 21 © I<Zand7>2 (@) I>Zand 7 <2
(c) 41 (d) 42 3 3
Answers
Exercise for Session 1 Exercise for Session 5
i EE2 5 32 2282 R TR LS W VPR S
8 3 4 3 3 2 . 2
! 0. % - b 23+ =+ T.x=1-1
6. -1 7.2—Iog,3 8.7 9. 2= a) 6 °~/_+2+;/Z x
0. fogidE=iy =t ,,_,+(£_J§)‘;fli b [f@ac=[" feode 916 10.4 113
W' 2 i ‘ i
13. 101 14.n.n! 15.[— eo = 1] U[], 0] 12221 13.g2n)=0 14.[—2,2] 15. ——
1
Exercise for Session 2 16. a= Z'b =1 17. f(x) =V2x 18. =
1. %Iog2 2.0 3.% 19. (1) = sin (1) zo.%
2+421 5.0 6.3 Exercise for Session 6
4z 7- 'Wz- 8|32 L© 2@ 3.0 40 50 6@
T 4o 45 “._19 3.0 . 5 7. (@ 8.(@) 9.(c) 10.(a)
sin o ® Chapter Exercises
14. 2 L@ 2@ 3.(a) 4. (a) 5.()  6.(a)
7.(d)  8.(d) 9.(a) 10.(a) 1l.(c) 12.(c)
Exercise for Session 3 13. (d) 14.(c) 15.(c) 16.(d) 17.(d) 18.(a)
" i 1,13 19. (b) 20.(a) 21.(d)  22.(c) 23.(d) 24.(a)
1.7 2.9 . . Tlog2 12 25. (a) 26.(b) 27.(a)  28.(d) 29.(a) 30.(c)
\ , 3. (@) 32.() 33.(a) 34.(b) 35(b) 36.(abyc)
8. ([xl [x] + ') 9.107 — tan 1 10.—  1llog} 37. (c.d) 38.(a) 39. (a,b,c) 40. (c,d) 41. (a,b,d)
2 2l :i. (:sd) :3. (c) 44.(d)  45.(ab,c) 46.(d) 47.(a)
L , ( 9. (a) 50.(a) S5L.(b) 52.(b) 53.(c)
12, 10m = sec ] 13.mt+cotl+cot2 14 = 15.7 54. (a) 55.(a) 56. (c) 57. (a) s8.(b) 59.(a)
; 60. (a) 61.(c) 62. (c)
16. Y r=1)- (" = (r=)") + kO =K 63. (A)— (@), (B)— (s), (C) = (p), (D) - (1)
P 64. (A)> (@), (B)> (1), (C) - (s), (D) - (p)
18. 3 19.1 20.2 65. (A)— (s), (B)- (p), (C)—> (q)
::- E;z\)) - é:). (Ol:)—b(r). (€) - (1), (D) > (q)
ssion 4 .  ( 69.(3)  70.(2) T71.(2) T2(a)
Exercise for Se . - & 73.(1) 74.b)  75.()  76.(ac) 77, (abe)T8. (cd)
1.0 2.0 3.2-= 4.0 s.m b 79. (0)  80.(9) 81.(a)  82.(b)
2 83, A-s, B-s, Cop, Do, 84, (d) 85.(2) 86.(b)
7. -1 4 F 9.0 10.aandc11.0 12,-27 87. (n) 88.(8/3) 89.(n)  90.(bd) 91.(c) 92.(b)
3 2 93, (4) 94.(c) 95. (a,b,c) 96.(d) 97.(c) 98.(c)
13. 20 14.0 15. 4 16.(c) 17.2 18.0 99. (b) 100.(c)  101.(d) 102.(d) 103.(a) 104.(c)
19. 10x  20.0 105, (d) 106.(c)  107.(b) 108.(d) 109. (b)



Solutions

1o Lerr o [f Oty ShinGy ~0y

@y* -8y +1)
Put y-2=z
= dy =dz
_r? (2" +1)sinz
I= e r)ang
I,.-, (2z* -7) dz
= I=0,as [ f(x)dx=0,when f(-x)=- f(x)

=(zz + 1)sinz
&=
2. Hence, f(x)=x*+ax-b

and dz is an odd function.

The solution of f(x) = minium f(x) is x = =
2

Given, f(X)pinimum 1S at x = 0.

= —_a=0 or a=0
2
f(x) =x* —b = 0has roots o and p.
= a=+bandB=-b
B4 — -5 E) s
Lxdx— % x’dx=0

U:. f(x)dx = 0, when f(-x) = f(x)

* — y _
> & Here,‘[“lz ,[(3—25m t)dt+L costdt =0

Differentiating both the sides, we get

({3 -2sin*x)-1+ (cosy)({:!-) =
x
dy - 3 —2sin’x

= - =
dx cosy

(d_y) . 8
dx) s -1

x!
4. Here,-4<x<4= OSE<1

2
L [f_,] 0 and sin™'(sin x) is an odd function.
P Y
Let,]:j' wd +J" cos (c;-osx)
1+ x*)x1 - (14 x*)x1
® cos” (cosx)
(1+ x%)

I=Z[I:1+x I(l+ dx]

=0+ 2]

=log (1 + n?) +2m(tan™" x)§ — [log (1 + 16) — log (1 + *)]
=log(1+ n?)+2n(tan™ 4 — tan™' 1) -1
og(1+ m*) +2n(tan an”' 1) °g1+7t’

= log————-(l L1 n’)1-7(1 ) +2m tan"[tan"( s ]1

1+ 4n
3y 4-7
=log L +2mtan™
17 1+ 4m

1 242 . o
On comparing with log ((—+alt—)] + br tan '(%] we get

a=17,b=2andc=4
-5
a—(2b+c)=17—8=9and“7=3

Thus, the number of ways to distribute 9 distinct bijective into
1

9!
3 persons equally is — oy
. Putx=tan®
_I"’ de _I'” (cos B)° o= ==
“Jo 1+ (tan@) 7o (sin @) + (cos B)°

x4 In/4 .
3 I=I (sinx+cosx)dx+j X (sin x — cos x) dx
0 ° —

In/4 » n
=I (sin x + cos x) dx
o

Ix /4 Ix/4 .
+ [x (—cos x —sin x)]; L (sin x + cos x) dx
LT
=2L (sin x + cos x) dx + 0=2 [— cos x + sin xJ3**

. N B T il
_2[+ﬁ+ﬁ+lJ—2(ﬁ+l)—2taﬂ =

tan™ (nx)
n+1 in™
tan” (t)
Iﬁ e (t) (put nx =1)
-1
Now, L= 11m n? = hm af tan.l k dt (e X 0)
- n+l
~— sin™ 0
L=l , (— form)
2 0
Applying Leibnitz rule, n
4 on
tan
0 n+1 ( 1 z)
sin™ (n+1)
L= lim Ll L. -
nzve _1 4 2
nz
3 t¥sin2t
2 .L dt = 0 as the integrand is an odd function.
1
Also, J’ #
° t'+2tcosa +1
L t+cosal o
=— an ———| = ———
sina sin o 2sino
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Thus, the given equation reduces to
. O

2 __2=0 = x=121fﬂ‘—°—‘
2sino o

8. Fl=e . gm0 =

— 8% x ) _ 0
fx)=e™ TXT e =¢’ =1

Hence,

f'(2)=e5“) -g’(Z):e" .l;_
17
10. lim In G J’; (1 + asin bx)"* dx]
Jﬂ (1 + asin b x)"* dx
=Inlim*®®—

=0 '
=1num(1+“i“b')m Iy et asin bt

=0 1 f/C
1

\/g n(s\gﬂ]’
%i I 3Vx + 4)°
' [3‘/;+4) \/: J—<J_ )

3 1
Put 3Wx + 4=t = —-——=dx=dt
u X 2 J_

10 dt 2[11 2[1

=Ine™ =abc

11. T, =

1].2 6 _ 1

3210730 10

3 « 3
12. Given, f(x) = j & di;h(x) = f(1 + g(x)); g(x) < 0 for x>0

Now, h(x)= Jd L ¢ dt = f(1+ g(x)) (given)

Differentiating, we get k' (x)=e""* = #(x)

Now, KHQ)=e (given)

e(l +g)? | g’(l) =e

= a1+ g(1)’ =1

= 1+g(1)=%1

= g(1) = 0 (not possible)

or gl)=-2

13. Given, f'(x) = f(x) = f(x) =Ce”

Since, f(0)=1 1= f(0)=

- f(x) =" and hence g(x) = x* -e

Thus, I: fx) g(x)dx= J: (x%e* —e**) dx
=[x%e"], -2 LI xe* dx — [E;_II,
=(e-0)—2[(xe")y ~(€7) 1= 5 (€ )

=(c-0)—2[(:-0)—(:-—1)]—%(:'—1)

1, 3
—e--¢€ -=
2 2

14. Here, f'(x)=

g (x)
Y1+ g(x
n)__g@/2) . (z)ﬂ:gr(ﬁ)
o f[ZJ—,/1+g'(n/2)' Bz 2
But g(x)=[1+sin (cos® x)] (- sin x)

!(_’;):1(—1):-—1
..15 =— KO*)=-1
f(z) 1asK(0%)

15. Clearly, fis an even function, hence

I, = || fleos (x - x)]dx = [ fi- cos ) dx

Hence,

= J': f(cos x) dx
1, =2 [ f(cos x) dx -2 |7 fisin x) dx=2I,

=ho,
2
Aliter Let u = cos x =>du = —sin x dx

I, =I_’l Tgf(u)z du

1-u

= L=2] = [CRPY

1-u’
Similarly, withsin t =1,
1=I SO 4

Jl——:

From Egs. (i) and (i), - -

16. Given, I, = xf(x(1-x)) dxand
L=[", fx(-x)dc

Using King’s property I, = .[:.. (1 -x) f(x (- x))dx

a =] flxa-xde=1,

17. A=j; (ax® +bx+c)dx=zj’: (ax* +¢)dx

Y

X

=

a 1
=2|=+c{==-[2a+6
[3 ] 3[« c]

A =§ [f(=1) + 4£(0) + f(1))

()

-..(ii)



x 2 x
18. I(a) = L (% +a’sin® x + 2xsin x) dx ( L xsin x dx = 11:)
' | na’ e
)= +T% Lon_pl®  a
(a) v T R[Sa' 5 |+em
2
L a 2n
=n||—-—4=]| +
[(Jsa Ji) a]* o

. 3 a 2
I(a) is minimum when —— = — = 4% = <
3a 2 S 3

= a= 1:‘]?
3

Also, [1(a) ) =21 + n’Jg
[+ i
= |2 ~loea e ‘] =2-log, (") (+a>0)
0
= (2-2log,a)=2-21log, a
= 2log,a=2log,a = aeR*
x 2
20. Consider I = I” M dt (i)
Uz 146
= =" Lt ) dt (using King’ property)
“ux o 14e”
'
1=[" M dt (i)
-x 1+¢

On adding Egs. (i) and (ii), we get
=" ma+e)di=2[ m@+r)a

= 1=["In@+r)de
]
Hence, I=lim % [\ In(1+#)dt

1/x 2
dt
= lim ﬁl (2 form)
e e 0
Using L’ Hospital’s rule,

1
x«ln(1+L,).(__,) 1
I=lim X = =-hmxln(l+—)

X

3 xm-

=2 fiin ln(1+—,) (1" form)
3ixe X
s R 1 1
=im e (10 k)5
21, Putnx=t = dx=—'
1=l._j r|sm¢14:——j' “tlsint]dt .0
n
= 1-—_[ * 20087 — ) | sin ¢t | dt (i)

On adding Egs. (i) and (ii), we get

2 = 200871 IW
T ]

'|sine|d:=(zooa)'~j:|sln:|dt
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= [ =(2008)" = T =2008
22. T = L = .

Rk n[l+(k/ n)'x'l‘

1
z 1+(k/n)‘ : Io 14 '

n k=1
1 dt I i) - tan™ (x)
=-x_’j° (e +(l/x')_ [x an (‘X)I, x
23. Lety = f(x) = x=g(y) and dy = f(x)dx
/ g

< s
.
1= fdx+ [ g0 dyiy = f(x)

= x=f10)=g0)=[ flde+ [ xf (x) dx
=[] () + of (x)) dx = [xf(x))s = a fa) =ab

wi o x! 4 2x .
24, Letl= I_”ﬁ = cos ) dx (i)
Wi x! a4 —2x i i
= I-uﬁ T s (1 = x‘) dx (using King's property)
W3 x* g 2% ”
=I= I—uﬁ T (1: - cos = x‘) dx (i)
On adding Eqs. (i) and (ii) we get
w3 s xt
Zl—nj_”r Tordx = 2= an | — dx

k=mn
25. Putinx=torx=¢' =dx=¢' dt

1=]" f +=")ei,e' dt=[" fle +e')tde=

(as the function is odd)
Aliter I Put x =tan9

I f(tan0+ l)lntanGA

tan®) tan®

_J- f tan® 4+ 1 1 In tan 0 @
tan 0 ) sin O cos O

AliterII Putx=1/t=>I=-1=32[=0=[=0

(128
- (p \ a+xr|
26. m(jo(nx) dx) = lim [To
) PRI 1A
=P—'R( A+1 J
vol 5 s
=¢lu'<“-|i[’ ).:I |]=en"'-"-[1xu:n]

=,‘"r'[&*-n ] el = ( )___

sec’ do

(17 form)

4
e
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27. Lety = f(x) = x=f"(¥)=g®)
dy = f'(x) dx
1= f) dx+ [ of (x) dx

Wheny =2,then x=1
and wheny =1, then x =5

X 14

I=J-l’(f(x) + x f'(x))dx=|x f(x)|}
=5f(5)— f(1)=5-10-2=48

28. 1 =J'Ks/izn x sin 2x sin 3x dx ..(i)
_I-n. (—— )smz(—-— ]sinS(E— de
2 2
= I=.L — cos x sin 2x cos 3x dx ..(ii)

21 =J‘”2-sin 2x (cos x cos 3x —sin 3x sin x) dx
o
xi2
=I —sin 2x cos (4x) dx
o
=- rnsian(Z cos’ 2x —1) dx
o

Putcos2x =t = —sin2x X2dx=d!t

21=_["1(z¢ 1)d:_5[%-{l
E( 2 -n-(2ar —1)]
EREMEC R
29. Here, f'(x)=(f(x))'>0.-;; flgx), -

- £ (e tim B2

It implies that g(x) must be differentiable at x =a.

2
30. Onputting t = X and then solving,
z

J- :"xzdt=2n]nx
0 x“+ ¢ X
Inx In2
= st B it
x x
= x =2 and 4 i.e. two solutions.
31. Put———

J'ﬁ cos—[ﬂ] %I os—’zi[t] dt
4n |

‘ n
&— —[t]dt=0
1: L C052[]

32, [ (@xt -5)dx+ [[(bx+c)dx +
=J’" (ax* -5—bx+c+5)dx=0

Hence, ax® — bx + ¢ = 0 has atleast one root in (-2 —1)

33 1= j((,/ 3+3)+(3-x-3)dxc= =63
34. =] (xt+ (P ix}dx
=2 {x’}dx=[—2x3—1=—§

x2sin® nx —sin (n--l)"fdx

35, 3. =%a=]; —F

_j-nsm(Zn—l)x smxdx—l.

ie. i = Foit= I,
= ].u‘]-—__lnﬂ
36. Y4
7.2 8
2
14
& = x 3m
o 2 4 T
X - N7 r X
3 H !
-1
i 4-E
—F T

37. (a)I:J':”ln(cot x)dx = 1=I:’zln(tan x) dx
1=_j:“1n(cox B

| >
@)I:L sm’xdx=—L sin® xdx=>I=0

(c)Atx=l.1=J'"' —Qfydt e dr
t ¢« —1/t(lnt)” ve t(lnt)”
I=-1o0r I=0

1+ cos2x x |1+ 2
¢ ’* > cos 2x
) 2 0 = L P dx>0

1
38. 1 =_[° (10x* -3x* = 1) dx=[2x* -’ —=x]} =0
Since, f(x)is even, hence must have a root in (-1,0)

39. We have, I, = I: % cos (r sin’ x) dx
x/2
I = L cos (nt cos® x) dx
< L1E]
On adding, 2], = L cos (r sin’ x) + cos (1 cos® x) dx

x/2 T
=], 2cos(;)-cos(% cos2x)dx=0

e =0 )



40.

41.

n/2
I,= L cos {1 (1 — cos 2x)} dx

"2
=- L cos (7 cos 2x) dx

1 ¢x
= L cos (T cos t) dt (put2x=1)
2 px/2
_—EL cos(m cost)dt =1,
= IL+I,=0
x/2
I, =- L cos (7 sin t) dt
fjFilg =0 i)
Hence, I, +I,+1,=0

fl =2, (1= 1) cos (xt) dt
I 1

=2[(1 -1 sinxxf[ & lx J'; sin xidr]=2{|0 —% cos xl1l-Jl

_,|1—cosx
f =2 =52%]

(x#0)

fx=0, Lhenf(x):J‘il (1-|r|)d:=zj; (1-f)dt=1

.. option (c) is correct.

) =[2(1 —:fs "), if x#0

Hence,
, ifx=0
.. f is continuous at x = 0.
. option (d) is correct.
Given, f(f(x))=—-x+1
Replacing x by f(x), we get
FUSEN == f(x)+1
fa—x)=— f(x)+1
fx)+ fa-x)=1 (i)
Now, J= I‘: flx)dx= LI f( = x) dx (using King's property)

= 27=[ (f)+ fi-x)dx

= 2]=J:dx=l=> ]=%

Putx= i inEq. (i)

Qe =)o)

x/2 sin x

ALK
o (sin x + cos x)’

i),
(G-

/2 cos X
=1 =I —_—
o (cos x + sin x)

Now I =

g

42,

43.
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2 d
2 =J;lll 1 zdx lj,n/ Ix .
“ Mo msay 2 ( - sinx+Lcosx
V2 vz

—-_l——:
=- [1-1]=t

We have, f(x)=x’+ax’ + bx’

where, a=[ tfdr and b= [ rwa
Now, a =I.l. tl(@a+1) £ +be’)dt
) .
= a=2b jo tde=" ; (i)
Again, b=[ foyde= [ Ga+ne+bryde
= b=zj:(a+1):’dr
- b= 2a+1) (i)
3
From Egs. (i) and (i), %“:3(%‘)
(5 2) 2 11 2
= —_———|la=- —_—a=--
2 3 3 6 3
= a=—andb=E
11
L 4 1 10
Hence, I—n t f(t) dl:ﬁ and I_l f@) dr=‘—1
f(x)=(@a+1)x* + bx’
fQ) =@+1)+b
f-1)=@+1)-b
= )+ fe) =Za+ 1) =32
and - fen=2=2
Given, (f'(x))* + (g(x))’ =1

f(x)+ j: g(t) dt =sin x (cos x —sin x)

Differentiating both the sides, we get
f'(x) + g(x) = cos 2x —sin 2x (i)
Squaring both the sides of Eq. (i), we get
(f'(x))? + (g(x))* =2f"(x)- g(x) =1 —sin 4x

= 1+2f(x): g(x)=1-sin4x

2f'(x) g(x) = —sin 4x

sin 4x

2f'(x)

Now, substituting g(x) = — in Eq. (i), we get
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f(x)- :‘;::; = cos 2x —sin 2x
Put f(x)=t

= 2t* —2(cos 2x —sin 2x) t —sin 4x =0

= 2 (cos 2x —sin 2x)  ,/4(1 — sin 4x) + 8 sin 4x
4

4t =2 (cos 2x —sin 2x) £ \[4(1 —sin 4x) + 8 sin 4x
= 2t =(cos2x —sin2x) ¢ ,[1 + sin 4x

Taking + ve sign, 2t = cos 2x —sin 2x + cos 2x + sin 2x
= t=cos2x
Taking — ve sign, t = —sin 2x

Since, f'(x)=cos2x or f’(x)=-—sin2x
f(x)=%sin2x+c, or f(x)=¥-+€,
flo)y=o0

= C=0 and C,=-1/2
f(x)=%sin2x or f(x)=°°”2—""‘

If f’(x) = cos 2x, then g(x) = —sin 2x
If f'(x) = —sin 2x, then g(x) = cos 2x

ie. f(x)= -;— sin2x and g(x)=-sin2x

cos2x—1

= f(x)= ) and g(x) = cos2x

44, Consider f(x) = J‘ (tsinat + %: + c)dt

even

=2 L' (tsin at + c) dt

X
=2 [-t Eﬂ{ + j" ﬂa—‘dt+|¢:t|j,'](using LB.P.)
a |, 7o a

— X COos ax
=2[__

1 .
+—smax+cx]
2
a a

(x) _ 'mz[— cosax sin ax+c]
x=0 x x40 a a-ax
=2[—1+l+c]=2c
a a
45. Consid 1=r ndx =l'n(tan"nx);=(-’£—tm"an)
'n'(x'+i n 2
’Il
n, ifa<0
L=lim(£-:an"an)= n/2, ifa=0
b 0, ifa>0

tdt x*

-[o (@+?)”? . (@+x)"” ; .
: =li Using L'Hospital's rule
46. ‘ll_l.l: bx —sin x "ﬂ b - cos x & P

For existence of limit, li_r'z} denominator = 0
b-1=0 = b=1

B x* 1

(1-cosx) x°

B X

47. I=}lﬂm)l—,"
lim 1 =2

=2 = Y {)llp = a'’*

2
Ifp=3andl=1thenl=—% = a=8

1/3
a

2 2
48. lf.p=2anda=9,thenl=;;=;

49. Here, f(x)=¢" I: e - f(t)de
R
A (ray)
f(x) = Ae” -@
= f(t) = A€’
where, A= I: e - f(t)dt
= A=[l ¢ Adds A=af e ar

: 1 - Vim g
Now,A“oe"dt—IJ=0 = A—QasLe dt=0

Hence, flx)=0 = f()=0
50. Again, g(x)=e" J: e g(t)dt+ x
= g(x) =Be* + x —@)
= g(t)=Be' +1
o, _ iy t
where, B=Le g(t)dt:B—I.c(Be +1)dt
1 2' 1 '
= B=B[ ¢"dt+ [ ¢ tdt
But I; et dl=%(c’—l) and LI te' dt =1
B= 1:- (e -1)+1
= 2B=B(e*-1)+2
= 3B =Be* +2 = B=—2
3-¢*
From Eq. (ii =2 e 3
rom Eq. (i), g(x)= — 3 +.\'$g(0)=m
Also, flo)y=0
2 2
0 -fO =2 —0= 2
2¢* 6
51. g(2)= +2=
5@ 3-¢ 3-¢
£(0) - 2 ‘J—C’ _l
g 3-¢ 6 3
Solutions (Q. Nos. 52 to 54)
We have the equations of the tangents to the curve
y= I__ f(t)dt and y = f(x) at arbitrary points on them are
Y j ) dt = f(x) (X = x) “
and Y - f(x) = f(x)(X = x) ~)

As Eqgs. (i) and (ii) intersect at the same point on the X-axis
Putting Y = 0 and equating a~coordinates, we have



x—M—x—t £t dt

e f(x)
_fx _f®
N [ foa 1
= L f(£) dt =cf(x) ...(iii)

as, fO)=1= [ f(t)dr:cxl:c:%

1 ;
= I:_ f(t)dt =5 f(x); differentiating both the sides and
integrating and using boundary conditions, we get f(x) = e?*;
y =2ex is tangent to y =e**.
. Number of solutions = 1.
Cearly, f(x)is increasing for all x.

lim (eh)c’ =1

X e

Solutions (Q. Nos. 55 to 57)

(=° form)

We have, g(x)= g(0) + xg’(0)+x?lg"(0)=—bx’ +ex -6

h(x) = g(x) = 4x* — ax’ + bx* — cx + 6 = 0 has 4 distinct real
roots. Using Descarte’s rule of signs.

Given biquadratic equation has 4 distinct positive roots.

Let the roots be x,, x,, x, and x,.

1 2 3
— = —
Now, N X X X 2.1 -
4 Vx:xzx;x.
2 3 4
= 222=>l=—=—=—=k
xl xz xJ x.
- 1,204 g
X X X X
= 2 o k=2
3/2

.. Roots are %, 1, % and 2. Also, a =20 and ¢ =25

58. Atx=1,y=0, % =2x-(x')* = (x")" =1
- Equation of the tangentisy = x —1.
59, ¥ _ 4x’(In x*)? —3x* (In x*)*
dx

=64x" (In x)* —27x* (In x)*

v lim % =64 lim x* (In x)? 27 lim x* (Inx)' =0
x50° dx x— 0" x=0
60. We have, f(x)= J‘l’e,-/z 1-#)dt
FE =" -
Now, f)y=e?-0=0
61. Here, f(x)= tan"(—log‘—x-].o <x<oo
log, x+1

1 3
attains minimum at x = - and maximum at x =e.
e
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Also, f(x)has y = 0 as asymptotes.
f(x) can be shown as

1 K\ [e, tan™! ('Zi)]

xL
2

A == X
(o] 1‘\___,/

51 Ger )

Clearly, f(x)is neither injective nor subjective, also graph for
[f(x)] can be shown, as

T
H
E
Y SE—

62. [ [f(x)dx =] —l-dx+J‘-0-dx=—(x)%=—l

T y 5 - 2
63. (A)Fora:o.]:L sin’ xdx=L lc%dx
ul
=l~——sin2xl=£——sm2T

T
(B)Fora=1,L 4sin’ xdx=L=2

T
(C)Fora:—l.J'o 0dx=0=L=0
(D) Fora#0,—-1,1,
i
I=L (sin® x + sin® ax + 2 sin x - sin ax) dx

_ IT (1 —c052x+ 1—cos2ax
0

2 2 + cos(a—1)x —cos(a + 1)x)dx

= x—lsian—isinZax
4 4a

sin(n—l)x_sin(a+1)x[

a-1 a+1
L=1im£—llml
To=T To=T
. 2 u
[lsian_LsinZGx*_sm(a—l)x_sm(a+1)xl
4 4a a-1 a+1
= L=1
x + sin )’ 1+5sin8)’ —sin’ §
8.5 f(e)=[( - )I=( ;
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65.

66

3 PR
and g®) = (x+cos0)’ [ _(1+cosB)’ —cos’ 6
3 3 3
_._f(e)=l+35in0+35in19mdg(9)=1+3c059+3cosze

3
Now, f(8) — g(8) =(sin 6 — cos 0) + (sin*® — cos*0)
and f(8) — g(®) =(sin® — cos 0) (1 + sin B + cos O)
Now verify all matchings.
(A) Let a = 2008, then

1 .
1=j'u (1+ax") ™ dx
I =I: (€ +ax" e )dx (note :ax® =ax- x*7")

I =j': (e +e -x-ax") dx
1 .

=] (f(x) + x f(x)) dx, where f(x) ="
Hence, I =[xe*" ]} =e
®) I=I+1I,

Consider I, =jlm —1In x dx
Put~Inx=t=-lnx=t=x=¢"
= de=—2te" dt

1 -t? gt 1 et _l - Lt
I’=I,+'(_2" ydt=[te"' ]} J'oe de== Le dt
o
b g 1 _ v i 8 l —e!
Hence, 1, —L e *dx+ : L e dt—e e
Note that, if f(x)=e™", then f™(x) =~ Inx

|- O]

(C) L= lim

= InL=lm—

Ave

[ (3)+zn (s n3)emnC)]

n

Sum=~+. Lm(l)
n .5 n n
[x* Inx 1

g(x)

(A) We have, f'(x) =
1+ g’(x)
and g’(x) = (1 + sin (cos’ x)) (=sin x)

Fx)= (1 + sin (cos’ x)) (- sin x)

1+ 2

Hence,

(B) We have, L’ fx)dx = {f(x)f
Differentiating both the sides, we get
0 =2f() f) = f®)=3
Integrating both the sides, f(x) = % x+C
where, f(0)=0 = C=0
fo)=7 = f@)=1

=

(C) Maximum whena=—1,b=2=a+ b =1

i b
(D) If limsm,zx+a+—z—=0,then
x=0 x b3
sin 2x + ax® + bx
im 22X T T -0
tim SRS

For limit to exist2 + b=0=>b=-2

2 3
. sin2x + ax” —2x
lim —————=

x—0 x

0

Using left hand rule and solving, we geta = g

. 3a+b=2
67. LetB=Y = e SO BB
- 4 4 4

x 2
and A=1+ cosz + cosrf-+

e'2x

eLt
.'.A+LB=1+T+

—t...=
2 l_f:
4
. 5 1 4
Thus, B imaginary part of —=
1-&  4-cosx—isinx
4
4sin x 4sinx
= o fr) =
17 —Bcosx 17 —@cosx

and J’u" f(x)dx:j" 4sin x

% 17 —Bcosx

el (2_5)

2 . 9

5 m

=1 =1 il
og(3) og(")

m+n=8
2
68. Here,1=['? _ Cosxdx
~%/21+ 2[sin™'(sinx)]
-1 cosx 0
=j‘ dek Cosxdx+ll cosxdx+rncosxdx
~xl2 =3 -1 -1 0 i 3

1p-n/2 -1 ”
.—.EL cosxdx + L cosxdx+ﬁ cosxdx+§jl Cosxdx
1pn/2
=§L COS'(-d')+K cos () -(~dt)
+II cosxdx+lrlzcosxdx
=0 2 3%



1 pni2sind ~sin?
69. Here, flx +1)= fix) = — | NELUE RO

o sin’o
lj‘- f3sin(@n +1)0 -.\*in()‘
me sin’0

- lj- f2sin(@n +1)0

r Yo sin’0

- _}_U‘ Nsin2nd- cost
% sinQ
Using, cos8 + cos38 + cosSO +....+ cos (2n = 1)0
n-(20)

sin -~

= ‘) <cos(0 + (n = 1)0)
sin('{;i

i.e. cosB + cos30 + cos50 + ..+ cos@@n - 1)0 = l(“‘_‘zgﬂ]
2\ sin
s fln+ l)-—f(n)=%

i
L]

@+ j: " cosan0 d())

l' ®x2 ']
LZL cosO + cos30 + ...+ cos (2n — 1)+ cosOdO + 0

]

x12
- %j. "{(2cos0 cos8) + (2 cos30 cosh)
+...(2cos (2n =1)- cos0)}d0
1 px2 "2
=—I 1-d®, asj cos2nfdd =0
ntJo °

f(n+l)—f(n)=%

If n=1.f<z)-f(n=§(asf(n)=§)=f(z)=

N

2

o on=2f0)- @)=

=5 f(3)=%andsoon f(n)=§
15,3

e 00574

2 2
_ M Laen?
70. Here, g(x) = I4 ¢! dt

= g (x) = (x)-e"

= g(x)=Hk(x)e

= g =K@y

= e' =1.e""® given g'(2) =¢'and H'(2) =1

(1 +h2)" =4
= 1+ h2)=2-2
3 h(2)=-3,1

Absolute sum for all possible values of h(2) =|-3+ 1|=2
71. Let 1=[""sinx-log (sinx)dx = % I "inx- log (sin’ x)dx
= %I: “sinx- log (1 - cos’ x)dx
Put cosx =t = —sinx dx =dt
I= %L‘ log (1 - t")dt

- lj" (-t' e + )’ ...)dl
27 2 2
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i 1
SN | L TS ._‘_+_‘_+__+,_,]
203 10 21 2X3 20 42

[t 6]

2
=log,2-1= log,(:)

o K=2
72 10 1=[" S de 0
[ [ fxyix = [fa+b-x dx]
= =" i’_li:‘—(‘—") dx (i)
-n e

On adding Eqgs. (i) and (ii), we get
LYE I 1 1
2l = cos + dx
& I..ux £08% [I+c' l+c"]

=J'"’:zx' cosx - (1) dx

[ [ fxdx = 2] f(x)dx, when f(=x) = f(x)]

= 21 =2r“x'cosxdx
0
Using integration by parts, we get
21 =2 [x*(sinx) = (2x) (- cos x) + (2) (~sinx)] *'?

 }
= 21=z[“——2]
4

I=n——2
4
73 ALl
. Let = dt
et flx) J‘ul+l"
XI
=3f'(.\')=l+x‘>0.for1\llxe[0.l]

= f(x) is increasing.
Atx=0, f(0)=0andat x=1,

JLORY
RSTYS
1

Because, 0< -‘—7 < L

1+t 2

1 v B

= LO-dl<J‘”+’. dx<L§-dt
= o<f(|)<%
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74.

75.

Thus, f(x) can be plotted as

Y
1/2
; f(x)
0 3 X
-~y = f(x)and y =2x — 1 can be shown as
Ly )
y=2x-1
1/2
y =1(x)
X ) ; X
O-0fy

From the graph, the total number of distinct solutions for
x €(0,1] = 1. [as they intersect only at one point]

Here, f(x) =7 tan® x +7tan® x—3tan* x—3tan’ x
for all xe(j,g)
2 2
f(x) =7tan® x sec” x—3tan’ x sec’ x
=(7tan® x—3tan’ x) sec’ x
Now, I”‘xf(x)dx = un x (7tan® x—3tan’ x) sec’ xdx
o LI | I
=[x(tan” x—tan’ x)] 5 '
/4
—L 1(tan’ x —tan® x)dx
=0- r " tan® x(tan* x—1)dx
o
=—I”“tan’x(tan' x—1) sec’ x dx
0
Put tanx=t =>sec’ x dx =dt
e flxydx == [ P -1)dt
[0 x flaydx ==
4 s
1
=J'(t’—t’)d:=rt——t—1 2 4 A
0 775,747 ¢ 12
14 n/4
Also, I: f(x)dx=L (7tan® x —3tan’ x) sec’ xdx

=J':(7:° —3t)dt =[t' -], =0

192 x°
Here, x) = —————
fx) 2+sin' mx
192x’ 192x°
—<f(x)s
n f(x) =
1
On integrating between the limits 5 to x, we get
* 192x°
192x a5

x 3 x
Im!zzidx = J'mf'(x)dx s Jlll 2

76.

77.

1192_2(,“ _%) < f(x)- f(0) < 24x* —%

3
= 16x* 1 < f(x)<s24x* =

e
Again, integrating between the limits 5 to 1, we get

[ (oxt-ndx < [ fexyde s f,,(“’f‘ _%) -

[16x° 1 [2ax* 3 1T
= I_—Sx— - x:[lz < Im f(x)dx < [—5— -=x g
1 2 1 33 6
= (? + g) < J'm f(x)dx < (E + ﬁ)
= 2.6 SL‘“f(x)dx <3.9

4
Letl, = J' " ¢'(sin®at + cos® at)dt
o
2x
= r ¢'(sin®at + cos®at)dt +L ¢'(sin® at + cos® at)dt
0
3 ax
+J ne'(sin‘ at + cos® at)dt +J ¢'(sin® at + cos®at)dt
2 n
L=L+L+I +I ..(i)
2x
Now, I, =J ¢'(sin’ at + cos® at)dt
x
Put t=m+t= dt=dt

"
L= L e"**. (sin® at + cos® at)dt

=e'I, ...(ii)
In
Now, I‘=Jz ¢(sin at + cos®at)dt
Put t=2n+t=>dt=dt
n
Tji= Io e'**"(sin’ at + cos® at)dt
=e", (i)
- g ! ein® 6
and I —L.e (sin’ at + cos® at)dt
Put t=3m +t
T A+
I, =L € *(sin®at + cos® at)dt
=e".1, (iv)

From Eqgs. (i), (ii), (iii) and (iv), we get
L=L+e" L+e™ I+ I, =(1+e" +e*™ +e>) I,

B g é
- L €'(sin® at + cos® at)dt

=
L €'(sin® at + cos® at)dt

. ‘.—
l(e—ll)foraeR

=(1+e" +e* +¢e")=
e‘

According to the given data, F(x) <0, Vxe (1, 3)

We have, f(x) = xF(x)
= f'(x) = F(x)+ xF(x) )
= F)=FQ1)+ F(1)<0

[given F(1)=0and F’(x)<0]
Also, f@)=2F@)<0 [using F(x) < 0¥xe(1,3)]
Now, f(x)=F(x)+xF(x) <0

- Pla<o [using F(x) < 0, Vxe (13)]



78. Given, L’ x*F'(x)dx=—12
>  [XFx)P- L,Zx- F(x)dx = -12

= 9F®)-F()-2[ flx)dr =12 [ xF(x) = f(x), given]

= —36—0f2‘[laf(x)dx=—12
rf(x)dx =-12
and fx’F"(x)dx =40

= [FF@)- f:ix’F’(x)dx =40

= [x*(xF’(x)]} -3%(-12) =

= (- [f(x)-F(x)}}} =4
=9[fB)-FOI-[f1)-FQ1)]=4
= 9[f @) +4]-[f()-0]=

= 9f (3)-f(1)=-32

_ [x], x<2
79. Here.f(x)—{o, s
_ [ xf(x")
2+ f(x+1)
_ 0 _xf(x*) v x fx)
-12+f(x+l)dx+-[°2+f(x+1)
«[" xf(x’) s |7 x f(x")
1 2+f(x+l) 22+ f(x+1)
x f(x*)
L'2+f(x+1)dx
-j odx+j od:c+_[l —-—d +L_’0dx+J.;;0dx
v-1<x<0=0<x’ <1 =[x*]=0,
0<x<1=0<x*<1=[x*]=0,
1<x*<2 =[x*]=1

1<x<«/§=&{

2<x+1<1+«/5=:>f(x+1)=0.
V2 <x<3 =2<x*<3= f(x*)=0,
and{3<x<2=3<x’ <4=f(x*)=0

1
= I= j dx _["1 =-(z-1)=:
4I=1=4/-1=0
Put 9x+3tan'x =1t '

]dx:dt

= [o+—2
1+x*
9+3In/4
a=j et
]

= log,|l+u|=9+§4£

80. Here,

=[er]:nn14 \N!ll‘_l

=e
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= log,|o + 1|—--3—:- =9

81. Plan This type of question can be done using appropriate

substitution.
Given, I = ! (2 cosec x)" dx
_ IK 12 2"(cosec x)'* cosec x (cosec x + cot x) d
x/4 (cosec x + cot x)
Let cosec x + cot x =t
= (- cosec x-cot x — cosec’x) dx =dt
and cosec x —cot x =1/t
1
= 2cosec x=t+ ;

16

t+ -
1=-f_ 2"[—t g
VZ+1 2 t

Let t=¢" = dt=e“du Whent=1e"=1=u=0
and whent=+vZ + 1,e* =2 +1
= u=In(V2 +1)
e 2 u —uyis €'du
= I= .[u..(ﬁm 2" +e ") —
In(J2 +1)
=2J ' (e +e“) du

82. Plan Newton-Leibnitz’s formula

dx LL(:) f® dﬂ_f{\" ()} { \y(x)} F ()} { ¢(X)}

Given, F(x) = J:,f(«/l_‘) dt
F/(x) =2x f(x)
Also, F'(x)= f'(x)
= 2x f(x) = f'(x)
& _
fo
bilc) .
= If(x)dx_j 2x dx
= In f(x)=x"+c = f(x)=e" **
= f=Ke' K =¢]
Now, f(o)y=1
1=K
Hence, flx)= e

F(Z) = J.: e'dt = [e' ]: =e' -1

83. (A)uu:j‘%
S+ x

Put x = tanf
= dx =sec’0d0
x/4
I=2 aw==1

2
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dx
Vi-x

Put x=sin® = dx=cos0d6
x/2 T
I—In 1d9 ="

3 dx k
© Jz 1-x %[log(llt_:)}
Al 2)

(D) j:—x ,—::_1 =[sec” x]} =§—0_§

84. (A)Plan
(p) A polynomial satisfying the given conditions is taken.
() The other conditions are also applied and the number of

(B) Let I =J:

polynomial is taken out.
Let f(x)=ax* +bx+c
fl0)=0 = c=0
Nows [t = 28]
ow, x)dx=1 = |—+—]| =1
o 3 2 ),
= 11—-+E=l=> 2a+3b=6
3 2

As a, b are non-negative integers.
So, a=0b=20ra=3b=0

f(x)=2xor f(x) =3x*
(B) Plan Such type of questions are converted into only sine
or cosine expression and then the number of points of maxima
in given interval are obtained.

f(x) =sin (x*) + cos (x*)
=2 [\/_15: cos (x*) + :/.1—2: sin (x’)]
=2 [cos x* cos —E + sin ; sin (x’)]: V2 cos (x’ - %)

n n
For maximum value, x* = - 2nm = x* =2nm + <

= x=i\[£.forn=0
4
x=:t‘/97n.forn=l

So, f(x) attains maximum at 4 points in [—«/ﬁ. ,/m

(C) Plan

® [ fedx=| flx)dx

@ j flx)dx =2 L f(x) dx, if f(-x) = f(x), i.e. f is an even

function.
2 2
1=|" 3% dx and I=r—3x—_-dx
2]l +e” 21 +e’"

2 2%
= u=[ J£_+E£J)k
21+ e +1

21=I’ It dx = zl=zj:3x'dx
-2

1=} =8

(D) Plan J’ flx)dx=0
If f(-x)=—f(x),ie. f(x) is an odd function.

Let f(x) = cos 2x log : i :
=] o
f(=x) = cos 2x log (1 g xJ fx)

Hence, f(x)is an odd function.
12

So, J'_m flx)dx=0
(A) - () (B) = (x); (C) = (p): (D) (5)
85. Plan Integration by parts

[ £x) g(x) dx = f(x) [ gx) dx = (ﬁ (£ [ &) dx) dx

2
Given, I =Ll 4:]:’%(1 - 1:)’ dx
[erda —x*)’] ~[l1zx 44— 2y &
[ & , o ax

= [4x’ x51-x*)" (- 2x)1

—12 [[xz (1-x*)°], -j: 2x(1 — x*)° dx]

=o—o—12(o—0)+12j°' 2x (1 —x%)* dx

Crps] Q=% .11
_IZXL—_6—I=12LO+EJ=2

86. 1= f::z {x’ + log (—: _: x]] cos x dx
x
As, [ f(x)dx =0, when f(-x) =~ f(x)
I =J...,:zn x* cos xdx + 0 =2I: = (x? cos x) dx
=2{(x* sin x)F* — L " 2-sin x dx}
=2 [1:— —2{(-x-cos x);* - I: G 1-(— cos x) dx}]
r 2 2 2
[l
87. Put x* =t = xdx=dt/2
_—
I- g3 smt-;
lg2sint + sin (log 6 — t)
i b b
Using, [ f(x) dx = j fla+b—-x)dx

o J"’l’ sin (log 2 + log3 —t)
2 sin (log2 + log3 — t) + sin

2
(log6 —(log 2 + log 3 — 1))
1 J"“l‘ sin (log 6 — 1)
2 72 sin (log6 — t) + sin (t)
s [ sin (log 6 — 1)
‘82 sin (log6 —t) + sint

1)

(i)



On adding Eqgs. (i) and (i), we get
21=l log3 sin ¢t + sin (log 6 — t)
2 “we2 sin(logé —t) + sint

1
. 21 =2 0% =%(log3—

= g (z)
4 & 2

88. Given, f(1) = -andsj' fe)dt =3x f(x)-x°,Vx21

log 2)

Using Newton-Leibnitz formula.
Differentiating both sides
= 6f(x)-1-0=3f(x)+3xf"(x)-3x*

= 3% (x)-3f(x) =3%* = f‘(x)—i fl)=x

T, a4 {i}”
x dx | x
On integrating both sides, we get
&) _ [ #ijm
= x+c l f)=
§=1+c = c=§ andf(x):x’—i—x
=gt 8
f@)=4 53
Note Here, f(1) =2, does not satisfy given function.
=l
f(l)—3
For that f(x) = x* —;xand f(2)=4—§ =§
89, Let I = J"M
1+x°
I(x -1)(1-x)'+(1- x)
(1+x%)
i o i 1(1+ x* —2x)°
=J;(x —-1)(1-x) dx+J‘oT+—xT

4x? }dx
1+ x*)

= f:((:r’ —D)(1-x)' +(1+x*) - dx+ 4-1—:7) dx

=I:{(X’ —1)(1-x)' +(1+x")—4x+

4
=I‘ (x‘ —4x°+5x* —4x* +4———-z) dx
[ 1+x

7
=|:x——4i SL—%+4X 4 tan™ x:[

90. Converting infinite series into definite integral
ie. lim M
ame p
h(n)

Jim ~ 1y f( ) [ fix)ax

r=gn)

1]
3)

91.

92,
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lim M where, L8
n

am= n
I is replaced with integral.

10 2V .
+(na+n)} 60

is replaced with x.

Here, _lil'f_l_(" +1) {(na+1)+(na+2)+ ...

< Cl
2" x

(n+1)"" -I-n'a + ___n(n;— l)} 60

36 .

H-(l + l)‘ -@na+n+1)

= lim

-

- w30 iy

1 1 _l
= 2J'°(x')dx-l_(20+ 1) 60
2 [x*"], 1
= 2l 1
(a+1)-(@a+1) 60

2 1

@a+1)(@a+1) 60
(a+1)(a+1)=120
2" +3a+1-120=0
2a* +3a-119=0
(@a+17)(@a-7)=0
a=7, _—17
2
Here, f(x) +2x=(1 — x)*-sin® x + x* + 2x (i)
where, P: f(x) +2x=2(1 + x)* (i)
> 201+ x*)=(1—x)'sin’ x + x* + 2x
= (1-x)'sin’ x=x-2x+2
= (-x)sin'x=(1-x)’+1 = (1-x) cos’x=—1
which is never possible.
- P is false.
Again, let Q: h(x) =2 f(x) + 1 -2x(1+ x)
where, h0)=2f(0)+1-0=1
h1)=2f(1) +1-4=-3,as K0) h(1) <0
= h(x) must have a solution.
. Qis true.

Here, f(x)=(1 - x)*-sin®x+ x* 20,V x.

and g(x) = j(z(' ~log :] Feydt

L ULy

2(x - .
= gkx)= {( 1) —log x}%{_)e’ (1)
For g(x) to be increasing or decreasing,
let P L) BV

)
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iyt 1 -1
¥lx)= (x+1¢ x  x(x+1)
¢(x)<0,forx>1 = Hx)<o(1) = &(x)<0 ...(ii)
From Egs. (i) and (ii), we get
g(x)<0forx (1, =)
. g(x)is decreasing for x € (1, o).
93. Given, f(x) ={ x—[x], if [x] is odd.
1+[x]-x if[x]iseven.

f(x)and cosT x both are periodic with period 2 and both are
even.

If(x)cosﬂ:xdx ij(x)cosnxdx

-10

%
10-9 -2-19 12 9 10
2
=IOIf(x) cosTx dx
0

1 1 1
Now, If(x) COST X dx=j(1 -x) cosn:xdx:—Jucosnu du
0 o 0

2 2 1
and If(x) cosnxdx:f(x—l) cosTx dx=—_[ucos1r,u du

If(x) cosTx dx——zojucosﬂ:u du —-%

-10

= -—If(x)cosnx dx=4

—IO

94. Given [ : JI—(F@F dt=[ f(d0sx<1

Differentiating both sides w.r.t. x by using Leibnitz’s rule,

we get
Ni-{f@F =flx) = fl)=% V1= {fl)*
f'(x) | _
= [——L=2t—dx=%|dx = sin {f(x)}=xx+c
IJI —{fF ‘[
Put x=0 = sin™ {f(0)}=¢
= c=sin(0)=0 [~ f(0)=0]
& f(x) =%sinx
but flx)20,V xe [0,1]
f(x) =sinx
As we know that,
sinx<x, V x>0
= g 1 . (1 1
sin (—) < —andsin (—) <=
2 2 3 3
= f(i—)<%andf(§)<%
95. Given I, =j(—1+s—':%; dx i)

Using I‘f(x) dx = J:f(b + a — x) dx, we get
n* sin nx

I,, =I_Kmdx (u)

On adding Egs. (i) and (ii), we have

] smnx xsmnx
I —
J, sinx L smx
[ flx )— X is an even function]
= L =J'n de
0 sinx
i + 2)x —sinnx
. I,,,,—I,,=J.l sin (n .) dic
o sinx
= I"M e
o sinx
[sin+xT_,
=ZI cos(n+1)xdx=2 im(—"—)—x =
(n+1)
L=k -..(ii)
Since, I, =Jﬂ M dx
° sinx
= I,=m and I,=0
FromEq. (iii) I, =I,=I;=..=7
and L=1,=I,=..=0
10 10
= > lp,=10m and X L, =0
“ -
. Correct oplions are (a), (), (c).
96. Given, S, =Y ——
,_Z,n +kn+k'
1 »
Sl im
R B E e ) k=t 1+_’5+(’£)
n n n

2 (2Tt e s
B\3 ) 3B "3

Similarly, T, > L
33
97. I o W D)
®/4 1+ cosx
= In/4 dx (u)

x/4 1—cosx
Adding Egs. (i) and (ii)
Iin/4
a=|

x/4 sin®x

4
——dx = l—j:: cosec® x dx

I =—(cot x))%/¢ =2

98. I,+I‘=j(lan‘x+tan‘ x)dx:j tan* x sec’ x dx

1
=lun'x+e = a=lb=0
5 5



99. (b)Let [= ,.li.'?. {WT

[(n+ 1)-(n +2) (n+ 2n)

n—o— n*

-mf(":*)(#)---(umf

Taking log on both sides, we get

S oo
= log! =nﬁj,li [log (1 - )+log(l % 2)+...+ log (1 + 2:")]

= log!=lim— 210g(1+ )

r=1

logl— lim

= log I = L log (1 +x) dx

[ 1 ;
= logl:[log(l+x)-x-—jl+x~xdxo
fim 1 0 TS
= log 1 = [log (1 + x)- xJ; - [/ =
= log1=2-log3~ ['[1-——|ax
2B J ° 1+ x
= logl=2-log$—[x—log|l+x|]:

log I =2-log 3 —[2 - log 3]
logl=3-log3 -2 = log!l=log27-2
ﬂ
e:

[

l=2b‘"_z =27‘e-z =

1] b
100. Central Idea Apply the property J‘ f(x)dx = L fla+ b—x)dx
and then add. Let

‘ log x*
J.llogx + log(36 —12x + x° )

_ 2log x 2
22]log x + log(6 — x)*
e 2log xdx
- 22[log x + log(6 — x)]
- I= I‘ log xdx ()
2[log x + log(6 — x)]
_ o+ log(6—x)

...(ii)
2]og(6 — x) + log x

[ || ez =['fia+ b~ x)dx]
On adding Eqgs. (i) and (i), we get

_(logx + log(6 - x)
z]og x + log(6 — x)

= 2l = de =[x)

= 2l=2= I=1
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| x—-a, xza
101. Plan Use the formula,|x—a|= ) xR
to break given integral in two parts and then integrate

separately.

r ( —2sin )dx J 1= 25m——|dx
0
=J’? (I-Zsin—)dx-I.( —2sin )dx
0 2 3
£
=(x+4cos§)] (x+4cos )—4\/_ 4—?
L

Cn d (1)
102. Let I _L/51+:;lanx

_qrn dx =J.-/: dx
_un (1: ) K61+
1+ _[tan ;—X

& J.u/: tan xdx (i)

r/6]1+ . /tanx

cotx

On adding Egs. (i) and (ii), we get
al=[""dc = 2l =[x);2dx
x

x /6

r_=]l_m
= 1_5[3 6712

Statement [ is false.

But I .f(x)d.t = _[.f(a +b— x)dx is a true statement by

property of definite integrals.
103. Given,y = J':|r| dt
dy R T
E=|x|'1—0=lxl [by Leibnitz’s rule]
** Tangent to the curve y = I |t] dt, x € R are parallel to the
lme y=2x

" Slope of both are equal = x=+2

t
y=["ltldt=x2
Equation of tangent is

y-2=2(x-2) and y+2=2(x+2)
For x intercept put y = 0, we get
0-2=2(x-2) and 0+2=2(x+2)
= x=*1

104. Given integral g(x) = J-: cos 4t dt

Points,

To find g(x + m) in terms of g(x) and g(r).
gx) = L’ cos 4tdt
= g(x+1t)=_["-:”cos4tdt
=L'cos atdt + I“‘
=g(x)+ I,
xX+R L3
I,=I cos4ldt=L cos 4t dt

= g(n)

cos 4tdt

(say)

(definite integral property)
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= g(x + ) = g(x) + g(m)

But the value of I, is zero.

- I=[sm4f| (sm4n sinTO)=o
= g(x + 1) = g(x) — g(n)

In my opinion, the examiner has made this question keeping
g(x) + g(m) as the only answer in his/her mind. However,
he/she did not realise that the value of the integral I, is

actually zero. Hence, it does not matter whether you add to or

subtract from g(x).

105. =I‘de
° (1+x%)
Put x=tan® = dx=sec’0d0
When x=0 = tanB=0
0=0
When x=1=tanf
= 0=
4

x/48log [1 + tanB]

- —-sec’0d0
o 1+ tan’®

-]

x/4
I =8Jo log (1 + tan ) dO

Using I:f(x) dx = J:f(a — x) dx, we get

I =sj°mlog {1 + tan (%—e)}de

n/4 —tan 6
= ——dd
8-‘ { 1+ tan 0}
x/4
= do
8'[ {1+tan9}

Adding Eqgs. (i) and (ii), we get

fl

6

x r
21=8L & l]og {1 + tan 6} + log S

= I= 4]’ “log 2 d8 = 4-log2(0)"*

=4log2- (— - 0) 7 log2

106. If ¢(x) and y(x) are defined on [a, b] and differentiable for
every x and f{t) is continuous, then

Jv( )

YO it = SR )~ £ 0015 00)

... (i)

flx)= J':\/; sin t dt, where x € (0, 57":)

Here,

f(x)= {x sin x - 0} .(i)
(using Newton-Leibnitz formula)

f'(x)=w/;sinx=o

= sinx=0

; X=Tm,2"%
f(x) =+/x cos x + ;j—;-sin x

Atx=m, fr(m)=-vm <0

. Local maximum at x = T. At x =27, f"(2n) = J2m>0

.. Local minimum at x =27

107. We have, p'(x)=p'(1-x), ¥ x €[0,1], p(0) =1, p(1) =41
= P(x)=—p(1—x)+C
= 1=-41+C
= C=42

o plx)+p(l—x) =
Now, I=][ p(x)dx= j’: p(1—x)dx

= 20=[ (p(x)+ p(i-x)dx = [ 42dx = 42
= I=21

108. Let I =I: [cot x]dx (i)
=1I= j: [cot (m — x)] dx = jo [~ cot x] dx ..(ii)

On adding Eqgs. (i) and (ii),
2= [cot xldx+ [ [~ cot x]de= [ (-1)ax
[ [x)+ [-x] =

=[-x]g =-n
T

) L

2
109. Since, I= I smx

-1,ifxezand0,ifx ez]

de<f =

because in xe(O,l),x>sm x.

1
1<J°w/;dx=§[x’“]:, = 1<§

!

<2

Cosx

1
d Y e
an J;dx<jax’dx-2
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Session 1

Skt_atching of Some Common Curves, Some More Curves
which Occur Frequently in Mathematics in Standard Forms,
Asymptotes, Areas of Curves Given by Cartesian Equations

Sketching of Some
Common Curves

For finding the area of a given region, we require the
knowledge of some standard curves.

(i) Straight Line

Every first degree equation in x, y represents a straight line.
So, the general equation of a line is ax + by + ¢ =0. To draw
a straight line find the points, where it meets with the
coordinate axes by putting y =0 and x =0 respectively in its
equation.

By joining these two points we get the sketch of the line.
Sometimes the equation of a line is given in the form

y =mx. This equation represents a line passing through
the origin and inclined at an angle tan~' m with the
positive direction of X-axis. The equation of the form

x =aand y = b represents straight lines parallel to Y-axis
and X-axis, respectively.

Region Represented by a Linear Inequality

To find the region represented by linear inequality
ax + by <cand ax + by ¢, we proceed as follows

(i) Convert the inequality into equality to obtain a
linear equation in x, y.
(ii) Draw the straight line represented by it.
(iii) The straight line obtained in (ii) divides the
XY-plane in two parts.
To determine the region represented by the inequality
choose some convenient points; e.g. origin or some points
on the coordinate axes.
If the coordinates of a point satisfy the inequality, then

region containing the points is the required region,
otherwise the region not containing the point is required

region.

1 Example 1 Mark the region represented by
3x+4y<12.
Sol. Converting the inequality into equation, we get
3x +4y=12
This line meets the coordinate axes at (4, 0) and (0, 3),
respectively. Join these points to obtain straight line
represented by 3x + 4y = 12.

This straight line divides the plane in two parts. One part
contains the origin and the other does not contains the
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y < 12. So,
the region represented by 3x + 4y < 12 is region containing
the origin as shown in the figure.

(ii) Circle
The general equation of a circle is

x? +y? +2gx+2fy+c=0
- The second degree equation in x, y Y,
such that coeff. of x? = coeff, of y?
and there is no term containing xy; it

always represents a circle. To draw a

sketch of a circle, we write the X
equation instandard form

2
(x —h)* +(y —k)®=r?, whose centre Figure 3.1
is (h, k) and radius is r.
Remark
1. The inequality (x — a)% + (y - )2 < r? represents the interior of
acircle.

2. The Inequality (x - a)? + (y - b)? > r2 represents the exterior of
acircle (l.e. reglon lying outside the circle).



(iii) Parabola
It is the locus of points such that its distance from a fixed
point is equal to its distance from a fixed straight line.

Taking the fixed straight line x =—a,a >0 and fixed point
(a,0), we get the equation of parabola y® = 4ax.

Steps to Sketch the Curve
(i) It passes through (0, 0).
(if) It is symmetrical about axis of X.

(iii) No part of the curve lies on the negative side of axis
of X.

(iv) Curve turns at (0, 0) which is called the vertex of the
curve.

(v) The curve extends to infinity. It is not a closed curve.
(1) y* = 4ax (Standard equation of parabola)
Y yz=AaX

\4

K 'X

Figure 3.2
(2) y* = 4a(x — h); where a and h are positive.
Y.

Figure 3.3

Figure 3.5

Chap 03 Area of Bounded Regions

(5)y* =—4da(x —h);a,h>0

v
» X

(0*02 _/(h,0)

Figure 3.6

(6)y* =—4a(x+h);a,h>0

WV 5
7 Ch.0) [(0,0) X

Figure 3.7

(7) x* =4ay;a>0

v (0. 0) X
Figure 3.8

(8)x* =4a(y +k);a>0,k>0

¥

\
\
\

A
\
\
\
\

v"fa, -k)
Figure 3.9
) x* =4a(y-k);a,k>0

Figure 3.10

167



168  Textbook of Integral Calculus

(10) x% =-— 4ay;a>0

0oy

Figure 3.11
(11) x* =—4a(y +k); a,k>0

\Y

Figure 3.12

(12) x> =—4a(y —k);a,k>0

Figure 3.13

(iv) Ellipse

Basics of Ellipse

Definition 1. An ellipse is the locus of a moving point
such that the ratio of its distance from a fixed point to its
distance from a fixed line is a constant less than unity.
This constant is termed the eccentricity of the ellipse. The

fixed point is the focus while the fixed line is the directrix.

The symmetrical nature of the ellipse ensures that there
will be two foci and two directrices.

Definition 2. An ellipse is the locus of a moving point
such that the sum of the its distances from two fixed
points is constant. The two fixed points are the two foci of
the ellipse. To plot the ellipse, we can use the
peg-and-thread method described earlier.

Stantard Equation

~
~

=
%[N
L}
1

+

1S
~

Ifa>b

Ifa<b

(0,b) and (0, - b)

Vertices (a,0)and (- a,0)
Foci (ae, 0) and (— ae, 0) (0, be) and (0, — be)
Major axis 2a (along x-axis) 2b (along y-axis)
Minor axis 2b (along y-axis) 2a (along x-axis)
Directrices = %andp=f y=Zandy=-=
e e
Eccentricity e b? a
1-= 1-=
a b
Latus-rectum 2b° 2a°
a b
Focal distances of (x,y) axex btey

And lastly, if the equation of the ellipse is

2
(x-a) =B _

aZ bZ

instead of the usual standard form, we can use the
transformation X = x —a.and Y — y — (basically a
translation of the axes so the axes so that the origin of the
new system coincides with (o, B). The equation then

becomes

XZ YZ
=tz
a b

We can now work on this form, use all the standard
formulae that we’d like to and obtain whatever it is that
we wish to obtain. The final result (in the x-y system) is
obtained using the reverse transformation x — X +o. and

y—oY+B.
2 2

x .Y
(1) pr + e ;@ >0,b >0 (Standard equation of the

ellipse)

Figure 3.14



2

2
2) %2— + {7 =1; b>a >0 (Conjugate ellipse)
"
()
=Y R Y T E——
)
Figure 3.15
(x=h?  (y—k)*
(3)_a—z-+yb—2)=1;a >0,b>0anda>b
vy
ety W ol
Lo (k).
o x=h A
Figure 3.16

_hz - 2
(4)¥+(y—b?k)—=l,wherea<b

a

Y4 / :‘\\
ivf Y
o
B R o o M
L
v iy
: O, N
U
P
o
Figure 3.17

(v) Hyperbola

Ahyperbola is the locus of a moving point such that the
difference of its distances from two fixed points is always
constant. The two fixed point are called the foci of the
hyperbola. Constrast this with the definition of the ellipse
where we had the sum of focal distances (instead of
difference) as constant. As in the case of the ellipse, we have

Focal distance of P(x, y)

d, =e(PF)=e(x—g- =ex—a

d, =e(PF’)=e(x +£)=ex +a
e
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Latus-Rectum

The chord(s) of the hyperbola passing through the focus F
(or F) and perpendicular to the transverse axis. The
length of the latus-rectum can be evaluated by
substituting x =+ ae in the equation for the hyperbola :

.
a® a%(e*-1)
2
. o=t
a’(e® —1)
2 4 4
2 2,2 ,_a b b
= =a’(e” -1)" = =—
y pr 2
b2
= y=t—.
a
2b*

Thus, the length of the latus-rectum is =

We discussed in the unit of Ellipose that an ellipse with
centre at (a, B) instead of the origin and the major and
minor axis parallel to the coordinate axes will have the
equation
—a)? - 2 2

@J_y_ﬂ:l or X 4Y
a b? a® b
where X - x —0.andY — y — .
The same holds true for a hyperbola. Any hyperbola with
centre at (0, B) and the transverse and conjugate axis
parallel to the coordinate axes will have the form

(x-)? (y-B)
o gp L
a b
Xx® y?
or —_——=1
a®  b?

where X - x —otandY — y - .

We can, using the definition of a hyperbola, write the

equation of any hyperbola with an arbitrary focus and

directrix, but we will rarely have the occassion to use it.
2

=y .
(1) 2 r 1(Standard equation of hyperbola)

bY

. K x

Figure 3.18

>
-
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¥ x?
2) b—z = a_z =1 (Conjugate hyperbola)

\Jy
oo X

/TN

Figure 3.19

(3) xy =c* (Rectangular hyperbola)

Ya
(c.c)
0.0
(e.—)
Figure 3.20
(x-h* @-K*_
(4)a—2—T—1,a>b>0

y=k | N aSia (.
k)

o
x=h
Figure 3.21
(x-h? (=K _
=" =1
Y A

b
y=kl...... He R

Figure 3.22

Some More Curves which

Occur

Frequently in Mathematics in

Standard Forms

1. LY

y=-x y=x

Figure 3.23

Modulus function, y =| x |

2. LY
2 -—
1 -—
-2 -1
1 2 3
—t-1
~— -2
Figure 3.24

Greatest integer function y =[x]

v
=X
it P y=Inx
0.0 /0.0 =X
Figure 3.25
4.
y
0.1
U
X

Figure 3.26



Figure 3.27
Y

(1.[9)

1

©[0 .

Figure 3.28
y= ! >0
x%’

7. The Astroid

Its cartesian equation is x%/> +y%* = g%

Its parametric equation is x =a cos® t,y =asin’® t

and it could be plotted as

z
N

Figure 3.29

N

Curve Sketching

For the evaluation of area of bounded regions it is very
essential to know the rough sketch of the curves. The
following points are very useful to draw a rough sketch of
acurve.

(i) Symmetry

(a) Symmetry about X-axis If all powers of y in the
€quation of the given curve are even, then it is symmetric
about X-axis, i.e. the shape of the curve above X-axis is
exactly identical to its shape below X-axis. e.g. y* = 4ax is
Symmetric about X-axis.
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(b) Symmetry about Y-axis If all powers of x in the )
equation of the given curve are even, then it is symmetric
about Y-axis. e.g. x° =4ay is symmetric about Y-axis.

(c) Symmetry in opposite quadrants If by putting — x
for x and — y for y, the equation of curve remains same,
then it is symmetric in opposite quadrants.

eg xy=ct, x*+y’= a® are symmetric in opposite
quadrants.

(d) Symmetric about the line y = x If the equation of 2
given curve remains unaltered by interchanging x and y,
then it is symmetric about the line y = x which passes
through the origin and makes an angle of 45° with

positive direction of X-axis.

(ii) Origin and Tangents at the Origin

See whether the curve passes through origin or not. If the
point (0, 0) satisfies the equation of the curve, then it
passes through the origin and in such a case to find the
equations of the tangents at the origin, equate the lowest
degree term to zero. e.g. y? = 4ax passes through the
origin. The lowest degree term in this equation is 4ax.
Equating 4ax to zero, we get x =0.

So, x =0 i.e. Y-axis is tangent at the origin to y* = 4ax.

(i) Points of Intersection of Curve

with the Coordinate Axes

By putting y =0 in the equation of the given curve, find
points where the curve crosses the X-axis. Similarly, by
putting x =0 in the equation of the given curve we can
find points where the curve crosses the Y-axis.

e.g. To find the points where the curve

xy* =4a® (2a — x) meets X-axis, we put y =0in the
equation which gives 4a” (2a — x) =0 or x =2a. So the
curve xy2 =4q° (2a — x), meets X-axis at (2a,0). This
curve does not intersect Y-axis, because by putting x =0
in the equation of the given curve get an absurd result.

(iv) Regions where the Curve
Does Not Exist

Determine the regions in which the curve does not exist.
For this, find the value of y in terms of x from the
equation of the curve and find the value of x for which y
is imaginary. Similarly, find the value of x in terms of y
and determine the values of y for which x is imaginary.
The curve does not exist for these values of x and y.
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e.g. The values of y obtained from y? = 4ax are
imaginary for negative values of x. So, the curve does not
exist on the left side of Y-axis. Similarly, the curve

a’y? = x? (a — x) does not exist for x > a as the values of y

are imaginary for x >a.

(v) Special Points
Find the points at which :x_y =0. At these points the
tangent to the curve is parallel to X-axis.

" . L, dx
Find the points at which -y =0. At these points the
Y

tangents to the curve is parallel to Y-axis.

(vi) Sign of dy/dx and Points of
Maxima and Minima

Find the interval in which % >0.In this interval, the

function is monotonically increasing, find the interval in

which % < 0. In this interval, the function is

monotonically decreasing.
2

Put 4 =0 and check the sign of d—z— at the points so
dx dx

obtained to find the points of maxima and minima.

Keeping the above facts in mind and plotting some points
on the curve one can easily have a rough sketch of the
curve. Following examples will clear the procedure.

I Example 2 sketch the curve y = x°.

Sol. We observe the following points about the given curve
(i) The equation of the curve remains unchanged, if x
is replaced by — x and y by — . So, it is symmetric
in opposite quadrants. Consequently, the shape of
the curve is similar in the first and the third
quadrants.

(ii) The curve passes through origin. Equating lowest
degree term y to zero, we gety =0i.e. X -axis is the
tangent at the origin.

(iii) Putting y = 0in the equation of the curve, we get
x =0, Similarly, when x =0, we get y =0.So, the curve
meets the coordinate axes at (0, 0) only.

; dy _, 2 d’y _ d’y -
(iv) y=x’ :;—Sx ,E—m’and;-’-—é
dy . _ d’y oz d’y
Clearly'zx_= = ;Fat the origin buth,- #0.

So, the origin is a point of inflexion.

Y y=x
X +— 0] > X
rY

(v) As x increases from 0 to e, y also increases from 0 to
o0, Keeping all the above points in mind, we obtain a
sketch of the curve as shown in figure.

1 Example 3 Sketch the curve y = x* —4x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (— x) and y by (- y), so it is symmetric in
opposite quadrants.
Consequently, the curve in the first quadrant is
identical to the curve in third quadrant and the curve
in second quadrant is similar to the curve in fourth
quadrant.
The curve passes through the origin. Equating the
lowest degree term y + 4x to zero, we gety + 4x =0
ory=—4x.50,y = — 4x is tangent to the curve at the

origin.

(iii) Putting y =01in the equation of the curve, we obtain
x* — 4x=0=> x = 0,1 2 So, the curve meets X-axis at
(0, 0), (2, 0), (-2, 0).
Putting x = 0 in the equation of the curve, we get
y =0.So, the curve meets Y-axis at (0, 0) only.

(iv) y=x3—4x=%=3x2—4

=

(id

dy

Now, Z>0=3x*-4>0
I x
2 2

= X ——= Xt+—= >0

(% )(-+%)
= x<-— 2 or .7c>i (using number line rule)

B V3

dy 2 2

and —<0=>-—=<x<
dx BB

So, the curve is decreasing in the interval

2 2
(—2/ \B,2/ ﬁ)and increasing for x> —=or x<——"
b 5

2 2
x=- is a point of local maximum and x = —= is
BoeP 5

point of local minimum.

2 16
When x=-—, theny=-
BYETIR



2 16
When x=-—, theny=——
B

33

L (5 W0
Keeping above points in mind, we sketch the curve as
shown in figure.

| Example 4 Sketch the curve y = (x — 1) (x —2) (x — 3).

Sol. We note the following points about the given curve

(i) The curve does not have any type of symmetry about
the coordinate axes and also in opposite quadrants.
(ii) The curve does not pass through the origin.

(iii) Putting y =0in the equation of the curve, we get
(x=1)(x—=2)(x —3)=0=> x = 1,2 3.So0, the curve
meets X-axis at (1, 0), (2, 0) and (3, 0).

Putting x = 0in the equation of the curve, we get y =—6.

So, the curve crosses Y-axis at (0, — 6).

We observe that
x<1 = y<o0
1<x<2 = y>0
2<x<3 = y<0
and x>3 = y>0
A Y

P /
/ \, /
’ \ /

o] (1,70 (20)\,

/
/
/
,

A0-6)

760 "

;

Clearly, y decreases as x decreases for all x < 1and y
increases as x increases for x > 3.

Keeping all the above points in mind, we sketch the curve
as shown in figure.

| Example 5 Sketch the graph fory = x? -

Sol. We note the following points about the curve
(i) The curve does not have any kind of symmetry.

(ii) The curve passes through the origin and the tangent
at the origin is obtained by equating the lowest degree
term to zero.
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The lowest degree term is x + y. Equating it to zero,
we get x + y = 0as the equation of tangent at the
origin.

(iii) Putting y = 0in the equation of curve, we get
x? — x =0 = x =0, 1.So, the curve crosses X-axis at
(0, 0) and (1, 0).
Putting x = 0in the equation of the curve, we obtain
y =0.So, the curve meets Y-axis at (0, 0) only.

LY

(0.0)

2
dy ddz
i =x?—-x=>-2=2x-1an =2
PN dx dx?
dy 1
Now, —=0=>x=-
. dx 2
2
At gul g
2 dx?

So, x =%is point of local minima.
1
(v) >0=>2x—1>0=>x>5

A 1
So, the curve increases for all x > 2 and decreases for

1 .
all x< 5 Keeping above points in mind, we sketch the

curve as shown in figure.

1 Example 6 Sketch the curve y =sin 2x.

Sol. We note the following points about the curve

(i) The equation of the curve remains unchanged, if x is
replaced by (- x) and y by (- y), so it is symmetric in
opposite quadrants. Consequently, the shape of the
curve is similar in opposite quadrants.

(ii) The curve passes through origin.

(iii) Putting x = 0in the equation of the curve, we get
y =0.S0, the curve crosses the Y-axis at (0, 0) only.

Putting y =0 in the equation of the curve, we get

sin2x=0=2x=nn, neZ
m
= ="—-.nez
2

So, the curve cuts the X-axis at the points
ws (= 1,0),(=1/2,0),(0,0),(r/2,0),(,0),...
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: 2 dy d’y .
(iv) y=sin2x =>-—==2cos2x and —3 =—4sin2x
dx dx
dy
Now, —=0=>cos2x =0
dx
= ax=tZ 438
2 2
= Ly
4 4
2
Clearly, d—)z/< Oat x=£,5—n...
dx 4 4
and atx=—3—n.—7—n,...
4 4
Fe
and—%'->0 atx=3—n,7—n,_..
dx 4 4
and at x=-£,—5—n....
4 4
So, the points x=£,5—n,7—n..

4 4 4
andx=—37n.—77n....arepointsoflocalmaximum
and local maximum values at these points are 1.
Simjlarly.x=—£,—5—n....andx=3—n,7—n....a:e

4 4 4 4

points of local minimum and local minimum value at
these points is (— 1).

sin 2 (x + 7) = sin 2x for all x. So, the periodicity of
the function is 7. This means that the pattern of the
curve repeats at intervals of length 7.

Y
(-3n/4,1) (n/4,1) (5m/4,1)

(v

~

©.0 a

(-m/4,-1) (3n/4,-1) (7n/4,-1)

Thus, keeping in mind, we sketch the curve as shown in
figure.

| Example 7 Sketch the curve y =sin? x.

Sol. We note the following points about the curve

(i) The equation of the curve remains same, if x is
replaced by (- x). So, the curve is symmetric about
Y-axis, i.e. the curve on the left side of Y-axis is
identical to the curve on its right side.

(ii) The curve meets the coordinate axes at the same points
where y = sin x meets them.

2

: dy . d’y
eas 2

=sin’x = —==sin2x and —= =2cos2
(iii) y ax o) x

Now, .:_y_=o=>sin2x=0:>2x=mt,nez
x

ox="" nezZox=%mn/2,+7n,+3n/2,*2m,...
2

2
Clearly,S—‘Z<Oatx=3‘:1t/2,i3n/2,:':51|:/2....
X

d%y
and “Zsoatx=*mn,+2rn, £3m...
dx’?

So,x=+m/2,+3n/2,+5m/2,...are the points of
local maximum and local maximum value at these
points is 1. Points x =+ mt, + 2m, + 3m,... are points of
local minimum and the local minimum value at these
points is 0.

. . dy - e

(iv) y=sin“ x = e sin 2x

Clearly, d_y >0when 0< x< ud
dx 2

and d—y—<0when£<x<1t.
dx 2

So, the given curve is increasing in the interval
[0, 7 / 2] and decreasing in [/ 2, ).
(v) sin® (m + x)= sin? x for all x. So, the periodicity of the

function is 7. This means that the shape of the curve
repeats at the interval of length .

Y

(-57/21) (8m21) (-w2,1)| (v/2,1)  (3m/2,1) (S5m/2,1)

X
(-2r,0) (-m,0) (o] (r0)  (2r,0) (3m,0)

Keeping the above facts in mind, we sketch the curve as
shown in figure.

Asymptotes

The straight line AB is called the asymptote of curve
y = f(x), if the distance MK from M a point on the curve
¥ = f(x) to the straight line AB tends to zero as M recedes
infinity.
In other words, the straight line AB meets the curve
y = f(x) at infinity (X is a point on AB). Thus,

1. If f(x) = £ oo for x — q, then the straight line x =a s

the asymptote of the curve y = f(x).



2. If in the right hand member of the equation of the

curve y = f(x) it is possible to single out a linear part
so that the remaining part tends to zero as x — + oo,
ie if y = f(x) =Kx + b+ g(x) and g(x) — 0 for

x — t oo, then the straight line y = Kx + b is the
asymptote of the curve.

f(x)

3. If there exist finite limits lim =% = K and
xote x

'En;_[ f(x) —=Kx]=b, then the straight line
y = Kx + b is the asymptote of the curve.

Methods to Sketch Curves

While constructing the graphs of functions, it is expedient
to follow the procedure given below

(1) Find the domain of definition of the function.

(2) Determine the odd-even nature of the function.

(3) Find the period of the function if its periodic.

(4) Find the asymptotes of the function.

(5) Check the behaviour of the function for x — 0 +
(6) Find the values of x, if possible for which f(x)— o.

(7) The interval of increase and decrease of the function
in its range. Hence, determine the greatest and the
least values of the function if any.

Remark

(5), (6) and (7) gives the points where the function cuts the
coordinate axes.

x% =1

x2+1

I Example 8 Construct the graph for f(x)=

2 2
Sol. Here, f(x)= =J =1-
Jex) x2+1 x*+1

(1) The function f(x)is well defined for all real x.
=  Domain of f(x)€ R.
(2) f(- x)= f(x),so it is an even function.
(3) Since, algebraic — non-periodic function.
f(x)>1 for x—>tee
and f(x)> -1 for x>0

It may be observed that f(x)< 1for any x € Rand .
consequently its graph lies below the line y =1 which
is asymptote to the graph of the given function.

Again, : decreases for (0, =) and increases for
x“+1

(- =,0), thus f(x) increases for (0, =) and decreases
for (— oo, 0) in its range.

(4) The greatest value — 1 for x — * oo and the least
value is — 1 for x = 0.
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Thus, its graph is as shown in figure

y =1 (asymptote)

X2
2+1
X

(1.0

(0.-1)

1
1 Example 9 Construct the graph for f(x)=x+ %

Sol. The function is defined for all x except for x =0.

It is an odd function for x # 0.
It is not a periodic function.
For x =0+, f(x)— +eo; forx—>0-, f(x)—> —o
For x— —oo, f(x)— —eo; for x = oo, f(x)— o
lim (f(x)-x)=0
X =t oo

.. The straight lines x = 0 and y = x are the asymptotes of
the graph of the given function.
Now, consider f(x;)— f(x;) (for x; > x,)
1 1
=(xz—x)+——-—
X2 X

=(x; -xl)[l_

]<0 for x, x, €(0,1]

Xy X2
and itis > 0 for x; x, € [1, ).
Thus, f(x)increases for x € [1, o) and decreases for
x€(0,1].

Thus, the least value of the function is at x = 1 which is
f(1) = 2. Thus, its graph can be drawn as

"+ LAY =X
3"
00 X
S ,-2)
| Example 10 Construct the graph for f(x)= 'v‘ :
1+e

Sol. The function is defined for all x except for x =0. 1t is

neither even nor an odd
function. It is not a periodic function.
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Forx =04+ f(x)=0;forx=0~-  f(x)=1

Forx =y e f(x)= E for x = = oo, f(x)= i

lim f(x)=

x=d ke

h.l-

. The straight line y = -L- is asymptote of the graph of the

given function.

As x increases (rom (0, ), 2 decreases from (0, eo) and e/ *
X

decreases from (0, o). Thus, (1 + ¢"*) decreases from (2, o).

s f(x)increases fmm( 1) for x € (0, o).

Similarly, f(x) increases from (1/2,1) for x = (= o, 0).
i.e. f(x)is an increasing function except for x = 0.
Thus, its graph can be drawn as shown in figure

Y
0,1)
A Y = 1/2 (Asymptote)
........................................ >
©/0) .

Areas of Curves

(1) Suppose that f(x) <0 on some interval[a, b]. Then,
the area under the curve y = f(x) from x =a to x = b will
be negative in sign, i.e.

[} fexyax <o

This is obvious once you consider how the definite
integral was arrived at in the first place; as a limit of the
sum of the n rectangles (n — o). Thus, if f(x) <0 in some
interval then the area of the rectangles in that interval will
also be negative.

This property means that for example, if f(x) has the
following form

y

EANERTLAN
RN

o
RS

l a

then LI' f(x) dx will equal A; — A + Ay — Ay and not

A+ Ay + Ay + Ay
If we need to evaluate A, + A, + A3 + A4 (the magnitude
of the bounded area), we will have to calculate

Lx flx) d +| [ fx) dx jy f(x) dx +‘ f Flx) dx
From this, it should also be obvious that
[/ feeydx|< [[1 )1 dx

(2) The area under the curve y = f(x) fromx =a tox=b
is equal in magnitude but opposite in sign to the area
under the same curve from x =bto x =g, ie.

[ fxy == [} fx) dx

This property is obvious if you consider the

Newton-Leibnitz formula. If g(x) is the anti-derivative of
b

x(f), then J: f(x) dx is g(b) — g(a) while L f(x)dxis

gla) — g(b)

(3) The area under the curve y = f(x) from x =ato x =b

can be written as the sum of the area under the curve from
x =ato x =cand from x =c to x = b, that is

[} ey de=[ fxyde+ [ fx) ax

Let us consider an example of this. Let c € (a, b)

) 4
y=1x)

It is clear that the area under the curve from x =a to x = b,
Ais A, +A,.

Note that ¢ need not lie between a and b for this relation to
hold true. Suppose that ¢ > b.

14
y= 1)




Observe that A =I:f(x) dx=(A+A,)-A,
= [, fG0) dx =[] f(x) dx

= [ fx)y dx+ [ flx) dx

Analytically, this relation can be proved easily using the
Newton Leibnitz’s formula.

(4) Let f(x) > g(x) on the interval [q, b]. Then,
[} 1) dx > [ g

This is because the curve of f(x) lies above the curve of
g(x), or equivalently, the curve of f(x) — g(x) lies
above the x-axis for[a, b]

¥4 y=1(x)

y=gK)

Ay

a b
This is an example where f(x) > g(x) >0.
[} flx) dx = + 4,

while j: g(x)dx =A,

Similarly, if f(x) < g(x) on the interval[a, b} then
[} o) dx < [} gx) ax

(5) For the interval [a, b], suppose m < f(x) <M.
That is, m is a lower-bound for f(x) while M is an
upper bound.

Then m(b—a)<[ f(x)dx<M(b-a)

This is obvious once we consider the figure below :

Yi
D (o]
M =t y =1
1
:
1
- il E
mp===-- X» ---------------- ?B
iy x
x=a x=b
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Observe that area (rect AXYB) < I: f(x) dx < area(rect DXYC)

(6) Let us consider the integral of f(x) + f,(x) from x =a
to x = b. To evaluate the area under f;(x) + f,(x), we can
separately evaluate the area under f;(x) and the area under
f»(x) and add the two area (algebraically).

Thus, [ (fi(0) + fue) de = [} fi(x) dx + [} fu(x) dx

Now consider the integral of kf(x) from x =a to x =b.To
evaluate the area under kf(x), we can first evaluate the area
under f(x) and then multiply it by k, that is :

[ k) dx =k [} ) ax

(7) Consider the odd function f(x),ie. f(x) = — f(—x). This
measn that the graph of f(x) is symmetric about the origin.

From the figure, it should be obvious that _[ja f(x)dx =0,

because the area on the left side and that on the right
algebraically add to 0.

Similarly, if f(x) was even, i.e. f(x) = f(— x)

J: flx)dx= ZL f(x) dx because the graph is symmetrical
about the y-axis. If you recall the discussion in the unit on
functions, a function can also be even or odd about any
arbitrary point x =a. Let us suppose that f(x) is odd about
x =a, ie. f(x)=- f(2a—x)

| §




178  Textbook of Integral Calculus

The points x and 2a — x lie equidistant from x =a at either
sides of it.

Suppose for example, that we need to calculate Eﬂ flx) dx.

It is obvious that this will be 0, since we are considering

equal variation on either side of x =g, the area from x =0

to x =a and the area from x =a to x =2a will add

algebraically to 0.

Similarly, if f(x)is even about x =g, ie. f(x) = f(2a —x)
b

[ a
then we have, for example
[Py de=2[ flx) ax
From the discussion, you will get a general idea as to how
to approach such issues regarding even/odd functions.
(8) Let us consider a function f(x) on[a, b]

¥
fb)

>4

b

'
'
'

a

We want to somehow define the “average” value that f(x)
takes on the interval[a, b]. What would be an appropriate
way to define such an average? Let f,, be the average
value that we are seeking. Let it be such that it is obtained
at some x =c€[a, b]

y

| E——

2=f(c) }--- f2=f(c)

I(a)/

X

O TTERLS rpameia

Qfecncencad

We can measure f,, by saying that the area under f(x)
from x =a to x = b should equal the area under the
average value from x =a to x = b. This seems to be the
only logical way to define the average (and this is how it
is actually defined!).

1
Thus fo6-a)=[ flx)dx = fo=y— flx)dx

This value is attained for at least one c €(a, b) (under the
constraint that f is continuous, of course).

| Example 11 Sketch the graph y =|x+1|. Evaluate
Iz | x+1|dx. what does the value of this integral

represents on the graph.

) (x+1), fx2-1
Sol. Here, y=[x+1|= — (rr Ay s
which can be shown a2s
YA
8 C,
A A
| A
3 Q.93
N A
Dv% IYE
_'4 —1 o 2 X
3 3

] e nde=] e tdes [z nde
=J:—(x+1)dx+j_zllx+1]dx+j_zl(x+l)dr
[F=le=l
=—|—+x| +|—+x| =9
2 2
Representation of the value 9 of integral on graph.

2
J-_‘Ix-z- 1{dx =9 represents the area bounded by the curve

y=|x+1|. X-axis and the lines x = — 4 and x =2 ie. if is
equal to the sum of the ares of AABD and ACE,

ie OO+ em=2+2-9
2 3 2 2

(- area of trian| gle:%xbasexheight)

2 2
I Example 12 Find the area of the ellipse x—2+ Z_Z =1
a

Sol. Using the symmetry of the figure; required area is given by
A = 4 (area OABO)

. 2 2
=4Inydx.wherez—z+:—z=1

B (0.b)

Wi,
\\0 DA @0)




y x
T o
b a®
= yz=_(az_xz
= y=ik a® — x?
a
In the first quadrant,

=£’-Jaz—-x2
a
A=4I:%\/az—x2 dx=4%j: a® - x? dx

a
=2ab(E )
2
A = mab sq units

| E;(amele 13 Find the area bounded by the hyperbola
A 4

=a’ between the straight lines x = a and

Xx=2a.
Sol. We use the symmetry of figure.
Required area, A =2 Lzay dx, where x* —y* =a’

ie xz—a2=y
=%

2
Jx2-a

y

In the first quadrant; y=+\)x2—az
v A=a [P 2 2
& A—ZL x“ —a dx

2a
2
2[%\/:(2 -a —-%log(xﬁr x? _az)]

4 2
=2 Ha,}ttaz— at- gz— log (2a + y/4a*-a’ )} = {0- %108“}]
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2 2
=2[‘”/3az —%log(Za+a~/§)+%logaj|

=2|:a2~/5—%log(waa—ﬁ]]

=243 -a? log (2 + ~/§)sq units
1 Example 14 Find the area common to the parabola
5x2—y=0and2x? -y +9=0.
y =5x° ...(i)
...(ii)

Sol. Given curves are

and y=2x*+9

Remark

In such examples, figure is the most essential thing. Without
figure it just becomes difficult to judge whether y, to be
subtracted from y, or otherwise.

Let us solve Egs. (i) and (ii) simultaneously,

5x? =2x% 49
= 3x2=9=>x?=3
x=-3
or x=43

In the usual notations, the required area is given by

A= I_Jj-z- (= yz)dx
We have to find which curve is above and which is below
w.r.t. X-axis in order to decide y, and y,.
Take any point between x = — /3 and x = /3
Let us take x =0, which lies between

=—3andx=+3

When x =0 fromEq.(i))y =0
When x =0 fromEq. (i) y =9

Now, 9>0
Parabola Eq. (i) is above parabola Eq. (i) between
w=sf§
and x=43.
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.y of the curve (ii) is to be taken as y, and y of the curve (i)
is to be taken as y,.

Area(A)= J’Jj; {(2x* +9) - 5x%} dx
=j_ffﬁ (9 —3x%) dx
=zj°ﬁ(9 —3x?) dx

=2[9x—x3]‘0[5
=293 -343]

Area = 1243 sq units

| Example 15 Find the area enclosed by
y =x(x—1)(x—2)and X-axis.
Sol. The given curve is y = x (x — 1) (x — 2). It passes through
(0, 0), (1, 0) and (2, 0).
The sign scheme for y = x (x — 1) (x — 2) is as shown in
figure.

+ i . +

"
T + +

= 0 1 N 2

From the sign scheme it is clear that the curve is + ve when
0< x < 1or x > 2 hence in these regions the curve lies
above X-axis while in the rest regions the curve lies below
X-axis.

Remark
Sometimes the discussion of monotonicity of funchon helps
us in sketching polynomials. In the present case, — e Y _3?—6x+2

dy : dy
Wi .then; x =1+ —. Sign scheme for — is
hen =0,then;x J§ g =

+ +

-1 T el
3 ey
Thus, it is clear that the curve increases in (

““ﬁ)
1

decreases in (1 -1+ -——) and again increases in

V3' 43
(1 C L ,.,) Therefore, the graph of the curve is as below

//// /)) . E X
APt ‘////////

Hence, required area

=I;x(x—l)(x-2)dx+\ jl’ x(x=1)(x -2)dx

2
—3x% +2x)dx +| L (x* —3x% +2x)dx

o
(_-x o) | (Berer)
g/

I (1
—-—1+1)+|(4—8+4) (4 1+1)

l ls unit
i 2™
1 Example 16 Find the area between the curves

y =2x" — x?, the X-axis and the ordinates of two
minima of the curve.

Sol. The given curve is y = 2x4 - x2.
When y =0, then x =0,0,+ —
g "

The sign scheme is as shown below

Gk + S
—o0 _ ]_ L l oo
2 2
Therefore, it is clear that the curve cuts the X-axis at
x=——F,0and ="
V2 V2
. . 1 1
The curve is —ve in (— —,0) and (0—) while positive in
N ) P
the rest. Now, o4 8x” — 2x. The sign scheme for dy is as
dx dx
below
s + -
- - 1 0 = -

1
2 2
i.e. The curve decreases in (— oo, — 1/2) and (0,1/2) and
increases in the rest of portions. Also, the function possess

minimum at x = —1/2 and 1/2 while maximum at x =0.
Therefore, the graph of the curve is as shown below

\ /.

B i

Y

=

*. Required area=2‘[°m |2x* = x? | dx

12
12 x3 x3
At e e -]

 J—— e
N m— uni
120 1
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Exercise for Session 1
1.

Draw a rough sketch of y =sin 2x and determine the area enclosed by the curve, X-axis and the lines x =m /4
and x =3r /4.

Find the area under the curve y =(x? + 2)? + 2x between the ordinates x =0and x =2.

Find the area of the region bounded by the curve y =2x — x2 and the X-axis.

Find the area bounded by the curve y? =2y — x and the Y-axis.

Find the area bounded by the curve y =4 — x2? and the line y =0 and y =3.

Find the area bounded by x =at? and y = 2at between the ordinates corresponding tot =1and t =2.
Find the area of the parabola y2 =4ax and the latusrectum.

Find the area bounded by y =1+ 2sin? x, X-axis, x =0 and x = 7.

© ® N O GO A W N

Sketch the graph of y = Jx + 1in [0, 4] and determine the area of the region enclosed by the curve, the axis of
X and the lines x =0, x =4.

-
o

Find the area of the region bounded by the curve xy —3x —2y —10=0, X-axis and the lines x =3, x =4.



Session 2

Area Bounded- by Two or Mdre Curves

Area Bounded by Two
or More Curves

Area bounded by the curves y = f(x),y = g(x) and the
lines x =g and x = b.

Let the curves y = f(x) and y = g(x) be represented by AB
and CD, respectively. We assume that the two curves do
not intersect each other in the interval[a, b].

Thus, shaded area = Area of curvilinear
trapezoid APQB — Area of curvilinear trapezoid CPQD

=J! frdx~[! gty dx=[" { fx) - gt de

LY
A B
y=1x)
(o} y=9K)
[6) P g X
x=a x=b

Figure 3.32
Now, consider the case when f(x) and g(x) intersect each
other in the interval[a, b].
First of all we should find the intersection point of
y = f(x) and y = g(x). For that we solve f(x) = g(x). Let
the root is x = c. (We consider only one intersection point
to illustrate the phenomenon).

Thus, required (shaded) area
= 1(x) - g+ [ g(x) - fO)}dx

Y
: iy =0k
|
! by = f(x)
1 e
(] a c b
Figure 3.33

If confusion arises in such case evaluate

Ib|f(x) — g(x) | dx which gives the required area.
a

i Poy=rg

0|

xtg Y=9¥ B

Figure 3.34

Area between two curves y = f(x), y = g(x) and the lines
x =aand x =b is always given by I: {f(x)— g(x)} dx

provided f(x) > g(x) in[a, b]; the position of the graph is
immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36.

y=gk)
Figure 3.35

Figure 3.36

I Example 17 Sketch the curves and identify the
region bounded by x=1/2,x=2,y =log, x and
y =2".Find the area of this region. T JEE 1991



Sol. The required area is the shaded portion in the following
figure.

x=1/2

x=2

- ¢
In the region s < x £2; the curve y = 2* lies above as
compared to y = log, x.

Hence, required area = jnlzz (2 - log x) dx

2!
=[ logz—-(xlogx—x)]
=(4—«/§ 5

——log2+3 sq units
log2 2 2

2

1/2

1 Example 18 Find the area given by

x+y<6,x*+y?<6y and y? <8x.
Sol. Let us consider the curves
P=y*-8x=0 (i)
c=x*+y*=6y
ie. x+(y-37-9=0 ..(ii)

and S=x+y—-6=0 ..(ii)
The intersection points of the curves (ii) and (iii) are given
by

(6-y) +y* -6y=0
ie. y=36

R(2,4)

Therefore, the points are (0, 6) and (3, 3). The intersection
points of the curves (i) and (iii) are given by

Yy =8(6-y) ie y=4,-12

Therefore, the point of intersection in 1st quadrant is (2, 4).

Chap 03 Area of Bounded Regions 183

Now, we know that

C < 0 denotes the region, inside the circle C =0.

P < 0 denotes the region, inside the parabola P =0.

$<0denotes the region, which is negative side of the line

S=0.

', Required area = Area of curvilinear AOMRO
+ Area of trapezium MNSR — Area of curvilinear AONSO

SN Jz;?d”%(MmNS).MN
- (Area of square ONSG — Area of sector OSGO)

2
=] ,/de+l(4+3).1-[3’—1‘—3—]
0 2 4

=(21t-—-1-) sq units

4 6

1 Example 19 Find the area of the region

{(x,y):0<y<x*+1,0S y<x+1,0<x<2}

Sol. Let R={(x,y):0<y<x*+1,0Sy<x+1,0<x<2}
={(x,y):05y$x2+l)n{(x,y):05y5x+1)

=R NR,NRy N {(x,y):0<x<2}

where, Ry = {(x,y):0<y < x*+1}
R, ={(x,y):0sy<x+1}

Ry ={(x,y):0< x<2}

Thus, the sketch of R;, R, and R; are

and

From the above figure,

Required area = J: (x* +1)dx + Lz (x +1)dx

x° ¥ T ; 23
=(T+x) +(?+x) =?squnits
0 1
1 Example 20 The area common to the region
determined by y > v/x and x2 + y? <2 has the value

(b) (2 — 1 sq units
(d) None of these

(a) m sq units
(c) (% - %) sq units



184  Textbook of Integral Calculus

Sol. The region formed by y 2 v/x is the outer region of the
parabola y* = x, when y20and x20and x?+yt<2is

the region inner to circle x? + y* =2 shown as in figure.

y =[x
x,y=20

Now, to find the point of intersection put y* = x in

x? +y2 =2

= *+x-2=0
= (x+2)(x-1)=0
= x=1asx20

*. Required area = J; (V2 - x? —Jx)dx

Hence, (c) is the correct answer.

1 Example 21 Find the area of the region enclosed by
the curve 5x2 +6xy +2y’ +7x+6y +6=0.
Sol. Comparing ax? + 2hxy + by® +2gx +2fy + ¢ =0, we get
a=5b=2h=3,g=7/2 f=3andc=6
= h* —ab=-1<0
So, the above equation represents an ellipse.
2y? +6(1+x)y+(5x2 +7x+6)=0
_ —3(1+x)£J3-x)(x—-1)
2

Clearly, the values of y are real for all x € [1, 3] Thus, the
graph is as shown below

=

YL
0 1 2 3 X

-3

Thus, required area

I ( 3(1+ x)— 1/(3 x)(x—lJ
1
(-3(1+x)+,/(3—x)(x—1)]dx:'

2

| [ V6= x)(x—ldxl lj’ mdx[

_{E(X—Z) —xz+4x—3+%sm (11—2)}1}

b4
= — sq units
2‘1

zZ
| Example 22 If f(x)={‘/:x—}' i:z and g(x)={x}?

(where, {.} denotes fractional part of x), then the area

bounded by f(x) and g(x) for x € [0,10] is
(@) gsq units (b) 5 sq units

(c) 1—:?- sq units (d) None of these

sol. As, f(x) ={ ek S EE g )= )P, i ook
1, x€z

and g(x) are periodic with period ‘1’ shown as

2 3 4 5 6 7 & 9 10
Thus, required area = 10 I; [,,{x} — {(xPldx

=10 j'; [(x)V? = x*]dx

Hence, (c) is the correct answer.

| Example 23 Flnd the area of the region bounded by
the curves y = x?, y =|2— x?| and y =2, which lies to
the right of the line x =1. (1T JEE 2002]
Sol. The region bounded by given curves on the right side of
x =11is shown as

&
Requiredarea= [ ** {x* = (2~ x*)} dx + [ st {4 - x7}ax



=Lﬁ(2x2—2)dx+jji(4—x2)dx
3 vz 1)?
=[2-x—-2x] +[4x—x—]
3 5 3 5
Y
\\ \\/a |/
=41 o

(o (o)

=(_ éﬁi_?):(zo—lzﬁ)sqmts

112 y

3

1 Example 24 The area enclosed by the curve
| y|=sin2x, when x € [0,2r] is

(a) 1 sq unit (b) 2 sq units
(c) 3 sq units (d) 4 sq units
Sol. As, we know y =sin 2x could be plotted as
Y
y=sin 2x
> X

1
Of ™2 \/{;v 2n
w2 2

Thus, | y | = sin 2x is whenever positive, y can have both
positive and negative values, i.e. the curve is symmetric
about the axes.

s 3n
sin 2x is positive only in0< xszandns x £ — - Thus,

; T
the curve consists of two loops one in [ 0, 7 ] and another

m[n%"]

/
Thus, required area = 4 j: : (sin 2x) dx

2x n/2
=4(____cos ) =—2(cos T — cos 0)
2

[}
=-2(-1-1)=4squnits
Hence, (d) is the correct answer.
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1 Example 25 Let f(x)=x?,g(x)=cos x and
a, B (o < B) be the roots of the equation
18x2 — 9mtx + 2 = 0. Then, the area bounded by the

curves y = fog(x), the ordinates x =, x = B and the
X-axis is

(a) % (m —3) sq units
T 2
- nits

(c) 5 squ

Sol.

T i
b) = sq units
()3Sq

d) = sq units
( )12 qu

Here, y = fog(x)= flg(x)}=(cos x)? = cos® x

Also, 18x% —9nx + 2 =0
=5 (B3x—m)(6x—m)=0
n T
= x=—,—(asc,p)
6 3
K T
6 3

. Required area of curve

/3 /3
=I" coszxdx=l_'l1l (1 + cos 2x) dx
x/6 PRETD

1{ sin2x]™® 1[(r ®) 1(. 2n . 2n
=—{x+——p =—9|-——— |+ |sin——sin—
2 2 Ja6 21\3 6) 2 3 6

r (B B =
216 2\ 2 2 J[ 12

Hence, (d) is the correct answer.

1 Example 26 Find the area bounded by the curves
x?+y? =254y =|4—x?|and x =0 above the X-axis.

Sol. The 1st curve is a circle of radius 5 with centre at (0, 0).

4_xz|—|1—"—z
[

which can be traced easily by graph transformation.

The 2nd curve is y =

(-5,0)\ (-4.0) 1—2',0) (4,0) /(5.0)

When the two curves intersect each other, then
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2 ; 1
x? +( 1- i‘i) =25 = x=+4 I Example 28 Let f(x)=max {sm X,COS X, 5}, then
4
2 determine the area of region bounded by the curves
Hence, required ares =2 J.o‘ [VZS =g =1 XT Jd" y = f(x), X-axis, Y-axis and x =2r.

1 2
Sol. We have, f(x)= max {sin x, cos x, —}. Graphically, f(x)

4 2 xZ 4 xZ {
=2[I°q25-x2dx—]'0 (l——;)dx+jz(l—7)dx] could be drawn as 2

=2 6+§sin"(i)—i—§ =d25sin!(2)+4
2 5) 3 3 5

1 Example 27 Find the area enclosed by | x|+|y|=1.

Sol. From the given equation, we have
lyl=1-1x]lo (~lyllo]
= -1€x<1

Here, the graph is plotted between 0 to 21 and between the
points of intersection the maximum portion is included,
thus the shaded part is required area

Interval Value of f(x)
ie. for 0Sx<m/4 cos x
for n/4<x<5m/6 sin x
for 5m/6< x<5m/3 1/2
for 5m/3< x<2m cos x

Hence, required area

n/d Sm/6 | sm/31 2n
I=I cosxdx+I smxdx+j dx+f cos x dx
0 n/4 sn/3

sm/6 2

e /4 sn/6 , 1. \sm/3 . 2
=(sin x), "~ —(cos x);,4 + 5 (x)sﬁ,6 + (sin x)s:‘ua

Therefore, the curve exists for x € [— 1, 1] only

, [ =(L_o)_ _B_1),1(sm_sm RE]
andfor—1<x<1L y==%(1—|x|) x-e-Y={-(Ix|—1) V2 2 ) 25 )0t
Thus, the required graph is as given in figure. _ (5_1! il J:;) —

. Required area = (+/2)? =2 5q units 12

Exercise for Session 2

1. The area of the region bounded by y2 =2x+1andx -y —1=0is

(a)2/3 (b) 4/3 (c)8/3 (d) 16/3
2. The area bounded by the curve y =2x — x? and the straight line y = x is given by

(a) 9/2 (b) 43/6 (c) 35/6 (d) None of these
3. The area bounded by the curve y = x |x|, X-axis and the ordinates x =—1, x =1is given by

(a)o (b) 1/3 (c)2/3 (d) None of these
4. Area of the region bounded by the curves y =2,y =2x — x%,x=0and x =2is given by

@ F.% - % (®) m%z + g (©)3log2- % (d) None of these

5. The area of the figure bounded by the cuves y =e*,y =e™ and the straight line x = 1is

1 1
(a)e + = (b)e - = (c)e + ;1 -2 (d) None of these



10.

11.

12.

13.

14.

15.

16.

b

18.

19.

20.
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Area of the region bounded by the curve y? =4x,Y-axis and the line y =3is

(@2 (b) 9/4 (c)6J3 (d) None of these
The area of the figure bounded by y =sin x, y =cos x is the first quadrant is
(@2(2-1) (b)V3+1 (©)2(3-1) (d) None of these
The area bounded by the curves y = xe*, y = xe™* and the line x =1is
2 2 1 1
a)= b)1- < = d)1-—
(@2 ®)1-2 ©)- @3
The areas of the figure into which the curve y2 =6x divides the circle x? + y2 = 16 are in the ratio
2 4n -3 4n+ 3
(@)= b (d) None of these
3 ()8n+J§ (C)Bn—ﬁ
The area bounded by the Y-axis, y=cosxandy=sinx,02x <n/2is
@22-1) ®)V2-1 ©W2+1) (d)v2
The area bounded by the curve y =l1| andy +R - x|=2is
X
(a) 4"%27 (b)2-1log3 (c) 2+ log3 (d) None of these

The area bounded by the curves y = x? + 2and y =2|x|-cos + xis
(a)2/3 (b) 8/3 (c)4/3 (d)1/3
The are bounded by the curve y2 =4x and the circle x2 + y2 —2x -3 =0iis

(a)2n+g (b)4n+§ (c)n+§ (d)n—g

A point P moves inside a triangle formed by A (0,0), 8 (1, %) .C (2,0 ) such that min {PA, PB, PC} = 1 then the

area bounded by the curve traced by P, is

@3- ®3+2 ©3-2 (d>m+3_2"

The graph of y2 + 2xy + 40| x| =400 divides the plane into regions. The area of the bounded region is
(a) 400 (b) 800 (c) 600 (c) None of these
The area of the region defined by || x| -|y||<1and x? + y2 <1inthe xy plane is

(@ (b) 2n (c) 3n ()1

The area of the region defined by 1<|x -2|+ |y + 1| <2is

(a)2 (b)4 (c)6 (d) None of these
The area of the region enclosed by the curve |y |=—(1-|x |)? +5,is

@307+ 5/F)squaits  (0)2(7+5/)squnits (0 2(55-7Nsqunits  (4) None of these

The area bounded by the curve f(x) =||tan x + cot x| - |tan x —cot x| between the lines x =0,x
X-axis is
(a)log 4 (b) logv2 (c) 2log2

= g and the

(d) V2 log2

If f(x) =max {sin X,Cos x,%}, then the area of the region bounded by the curves y =f(x), X-axis, Y-

x—5—"is
3

axis and

(a) (Ji -J3+ %‘) sq units (b) (Jﬁ +V3+ 5—2") sq units

(c) (J’i +J3+ 5_2") sq units (d) None of these



JEE Type Solved Examples :
Smgle Option Correcg Type Ouestpons

® Ex. 1 If A denotes the area bounded by Required area = 4I ? (W5-x* —1)dx
sin x +cos x . !
f(x) =| ———|, X-axis, x =7t and x =3m, then sl 2 i 1) ”
® . —lo(sm E sin 5
a) 1< A<2 (b)o<A<2
i t ;
(c)2< A<3 (d) None of these Hence, (b) is the correct answer.
ol. & <I [sinx + cosx| die ?_‘/_E ® Ex. 4 The area of the region between the curves
2r I x 2n =
!1 i X a 1’1 alnx and bounded by the lines
[ n<x<2n=—<—< J -(i) cos X
&<I3n|sinx+cosx|dx<& @ Xt Oandx-;ls JIIT JEE 2003]
3n 2 x 21
On adding Egs. (i) and (ii), we get 5 J- V21 t d
ﬂ«uﬂ ° (1+z’)~/1—rz
3n T b IJ‘— 4t
= 075<A<13 © +2W1-12
H , (b) is th t %
ence, (b) is the correct answer. ( )J-ﬁn 24: : &
. = §
® Ex. 2 If f(x)20,Yx€(0,2) andy = f(x) makes posi- e 1(1+t ; !
2+
tive intercepts of 2 and 1 unit on X and Y-axes respectively (d J‘o z&\/_z_
and encloses an area of 3/4 unit with axes, then (+t5)WV1-t
.f xf(x) dx is » Sol. Required area = I e [Jm _Jl—i‘t dx
5 3 ° cos x cos x
(a)—- (b)1 Q= -7 1+sin x _ 1-sin x
4 3 4 3 4 e > 0)
2
Sol. I =xf(x)|i- [, frdx=0-2=-7 A% omx
x 2
Hence, (d) is the correct answer. s 2tan = ' 2 tan z
2 X x
® Ex. 3 The area of the region included between the _ _[ n/a Ltan = B 1+ tan® z | 4
regions satisfying min (/x |, |y [) 2 1and x* + y2<5is 0 R ) -
2 2
S . 42 _-,1) o,y 7 ‘
a) —| sin_'—=—sin"'—= [-4 (b) 10(sm —=sin" — [-4 2 X x
(a) 2( JE JE JE J§ 1+ tan = 1+ tan
2( .42 .41 (._,2 ._11)
c)—=| sin —sin” —|-4 (d) 15| sin"—=—sin" —= |-4 x x
e i) Bl iy P
Sol. Shaded region depicts min (| x|, |[y[) 21 o Tt v 16t
2 2

Y

%

(1.2) \ _ ml+tan——l+lan— - -
1 s dx= |’ .
2.1) 1-tan®= ‘ tanz—

X Put tan—:-=t

-1 1

g Area = j e al dt
= ° (1+r’)31-:’

Hence, (b) is the correct answer.




JEE Type Solved Examples :
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More than One  Correct Option Type Ouestlons

® Ex. 5 LetT be the triangle with vertices (0,0),(0, c?) and
(c,c?) and let R be the region betweeny = cx andy = x?,
where c >0, then

3 3
(a) Area (R) = 56— (b) Area of R= L
3

. Area(T) . Area(T) 3
(c) lim ————== d) lim ———~===Z
—0* Area (R) ¢ )c-I;T‘ Area(R) 2
2
Sol. Area(T)=%5 -
2
=2 y=cx
(X5 ccd
(0.-0)
3 3
Area(R) = ——J x* =c——%=c—
AreaT) _ . & 6 _,
c—0* Area(R) e 2 ¢

Hence, (a) and (c) are the correct answers.
® Ex. 6 Suppose f is defined from R— [-1,1] as
2 -
f(x)= iz——1 where R is the set of real number. Then, the
x“+1

statement which does not hold is
(a) fis many-one onto
(b) fincreases for x > 0and decreases forx<0
(c) minimum value is not attained even though fis
bounded
(d) the area included by the curvey = f(x) and the line
y = 1is 7 sq units

=1 2
Sol. =1-—
Gl z+1 x*+1
fx)= x>0fnsmcrcasmgandx<0f|sdecreasmg.

1)

~
N/

(0-1)

Y

= (b) is true; range is[-1,1) = into => (a) is false; minimum

value occurs at x =0and f(0) =-1 = (c)is false.

2
- x* -1 ~ dx
‘4=2L[ x2+1]dx—40—x2+1

2n = (d) is false.

S i n
=[4-tan ' x]7 = =S

Hence, (a), (c) and (d) are the correct answers.

n
cos x, 0Sx<—

2
n 9
——x|,—<x<m
2 2

® Ex. 7 Consider f(x)= ( such that f

is periodic with period T, then
2
(a) the range of fis [O,KT]

(b) fis continuous for all real x, but not differentiable for
some real x

(c) f is continuous for all real x

(d) the area bounded by y = f(x) and the X-axis from

X =—nmto x =nmis2n 1+; foragivenne N

[ cos X, 0<x< il
Sol. Given, f(x)= = 3. = £ and f is periodic with
(; o ) 5 ; <x<T

period 7. Let us draw the graph of y = f(x)
2
From the graph, the range of the function is [0, n_]
4

It is discontinuous at x = nm, n € I. It is not differentiable

atx=ﬂ,nel.
2

3W2 2n SW2 3 Tw2 4 X

Area bounded by y = f(x) and the X-axis from —n7 to nnt for
neN

N f(x)dx=zn[j’” cosxdx+[" (——x)zdx]

3
=2n 1+n—
24

Hence, (a) and (d) are the correct answers.
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® Ex. 8 Consider the functions f(x) and g(x), both
defined from R—> R and are defined as f(x) =2x - x* and
8(x) =x" wherene N. If the area between f(x) and g(x) is
1/2, then n is a divisor of
(a) 12 (b) 15 ()20 (30
Sol. Solving, f(x)=2x-x* and g(x) = x" we have
2x—-x*=x" = x=0and x=1

/g(x)=:(’

e f(x) = 2x-x°

2

3 w17
A =I;(2x—x’—x“)dx=[xz—x?—x,l ]0

n+1
1 1 2 1

3 n+1 3 n+1
. 1 1 2 1 1
Since, ———=— ———=
n+l1 2 3 2 n+1
4-3 1
= _—= = n+1=6
6 n+1
= n=5

Thus, n is a divisor of 15, 20, 30.
Hence, (b), (c) and (d) are the correct answers.

JEE Type Solved Examples :
Passage Based 0ug§tions

© Ex. 9 Area of the region bounded by the curvey =e*
[T JEE 2009

() [In(e+1-y)dy

and lines x =0 andy =e is
(a)e—-1
(c)e—J; e~ dx (d) I:Inydy
Sol. Shaded arca = e—( [ @ dx) =1

Y

sl X

(o) 1

Also, I:ln(e+ 1-y)dy

Put et+l-y=t
= —dy =dt

=J';lm(—dt) = I:m:dt

=I:lnydy =1

Hence, (b), (c) and (d) are the correct answers.

Passage I
(Q. Nos. 10 to 12)

Consider the function f(x)=x> — 8x? +20x —13.

© Ex. 10 Number of positive integers x for which f(x) is a
prime number, is
(a1 (b)2
()3 (d)4
Sol. f(x) =(x=1)(x* =7x+13) for f(x) to be prime atleast one of
the factors must be prime.

Therefore, x=1=1
= x=2
or x*=7x+13=1
= X -7x+12=0
= x=3o0r 4
= x=2734

Hence, (c) is the correct answer.

® Ex. 11 The function f(x) defined for R— R

(a) is one-one onto
(b) is many-one onto
(c) has 3 real roots

(d) is such that f(x,)- f(x;) < 0 where x, and x, are the
roots of f'(x)=0

Sol. f(x) is many-one as it increases and decreases, also range of
f(x) € R = many-one onto.

Hence, (b) is the correct answer.

® Ex. 12 Area enclosed by y = f(x) and the coordinate
axes is

(a) 65/12 (b) 13/12
(c) 7112 (d) None of these
1
Sol. A= Iof(x) dx|= -j ' —8x + 20x-13) dx = %
0 12

Hence, (a) is the correct answer,



Passage 11
(Q. Nos. 13 to 15)

Let h(x) = f(x) — &(x), where f(x)=sin* nx and
gx)= In x. Let X, X1, X2,..., X047 be the roots of f(x) = 8(x)
in increasing order.

o Ex. 13 The absolute area enclosed by y = f(x) and
y =&(x) is given by

@Y I::"(—1)’h(x)dx (b)i 77 ) o
r=0 r=0 " X"

@23 [ U H @18 [y hn o
r=0 r=0 5

12

X 1
y=9K)

Hence, (a) is the correct answer.

) 32 X, 2 X512 x3 3

® Ex. 14 In the above question, the value of n is
(@1 (b)2 ()3 (d)4
Sol. x,yy =x3 =>n=2

Hence, (b) is the correct answer.

® Ex. 15 The whole area bounded by y = f(x),y = g(x)
and x =0 is

1 8 13
@ (b) y ()2 @5

1 11
Sol. Required area = J; sin* nxdx—jo In xdx= T

Hence, (a) is the correct answer.

Passage III
(Q. Nos. 16 to 18)
Consider the function defined implicitly by the equation
y* =3y + x =0 on various intervals in the real line. If
X € (—00,-2) U (2, 00), the equation implicitly defines a
unique real-valued differentiable functiony = fO). If
X €(~2,2), the equation implicitly defines a unique

real-valued differentiable functiony = g(x) satisfying
8(0) =o0. [IIT JEE 2008]

® Ex. 16 If f(~10¥2) =242, then f "(=102) is equal to

42 42 42 a2
(a)7—33? (b)—7331 (c)ﬁ d) =

Sol. .., Y =3y+x=0
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On differentiating, we get3y®y’ =3y’ =1=0
1
= y=—

3(1-y?)
- ¥ (-1042) = m ()
Again differentiating Eq. (), we get

6~2«/5-(2—11-)2 Y

3(1 —8) - 73 5 32
Hence, (b) is the correct answer.

y"(—lOw/E) =

© Ex. 17 The area of the region bounded by the curve
y = f(x), the X-axis and the line x =a and x = b, where
—o<a<b<-2is

b X
O gy et @)

b X
—| ———=———dx - bf(b)+
(b) J'a SO I]dx bf (b)+af (a)

dx — bf (b) +af (a)

X

b
O seroT

b X
@-f, T dx — bf(b)+af (a)

Sol. Required area = J':f(x) dx = [xf(x)); -I bxf'(x) dx
= bf(b) - af(@) + [ '——=

o X
23 f(}F -1]
Hence, (a) is the correct answer.

® Ex. 18 Jlllg'(x) dx is equal to

(@)2g(-1) (b)o (0 -2g()  (d) 2g(1)

Sol. = ¢(x) dx =[g()Lt, = gt)- g(-1)
Since, Y =3y+x=0 (i)
and y = g(x)
Since, {g(x)F -3g(x)+ x =0 (by Eq. ()]
Atx=1, {g) -3g()+1=0 )
Atx=-1, {g(-1))-3g(-1)-1=0 . (iii)

On adding Egs. (i) and (ii), we get

{F + {g-1)* -3{g(1) + g(-1)} = 0

{g()) + g(-D}Hg()* + g(-1)* - g(1)g(=1)-3} = 0
= g)+ g-1)=0,g1) = - g(-1)
= I=g)-g-1)=gl)-(-g(1) =2g(1)

Hence, (d) is the correct answer.
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Subjective Tyne Questions

® Ex. 19 Find the total area bounded by the curves

2
y =cos x —cos? x andy = x* ( L ]
4
2
Sol. Here, y =cos x — cos® x and y = x° [xz - 1:_] could be
4
drawn as in figure.
< y =X~ "72)

X

y=Cos X
- cos2x

e

n/2 n?
2-[0 (cosx—coszx—x‘+—x2)dx
4

(N1

Thus, the area = 2'[0"/2 [(cosx- cos’x) - {xz (

/2
. x sinzx x*  aiAl
=2|sinx-—-—-———-——+—
2 4 5 12
5
=l 2 F4s
2 120

® Ex. 20 A curvey = f (x) passes through the point

P (1,1), the normal to the curve at P isa(y —1) +(x —1) =0. If
the slope of the tangent at any point on the curve is propor-
tional to the ordinate of that point, determine the equation
of the curve. Also obtain the area bounded by the Y-axis, the
curve and the normal to the curve at P.

Sol. Here, slope of the normal at P (x, y). Y=

1

lope of the li —1)+(x-1)=0is——

= Slope of the linea (y —1) + (x ) is - Sol.
.. Slope of the tangent at P =g,

(%),

dx
It is given that the slope of the tangent at any point on the
curve y = f(x) is proportional to the ordinate of the point.

()

dy dy
—_ e = — =A
dx y dx y
- ("_y) Ik =% @k
dx ] 1)
d
L:ay = —=adx

dx

1+x

= log y =ax + log ¢

= y =ce™,  which passes through P (1, 1)
c=e"

= Curveis y=e‘e” = y=e D

~.Required area = L I 1_“(log y+a)dy+ Ll * lm((l +a)—ayldy
a’e

142

L

1 1 a 2
;[y(logy—-l)+ay)‘_¢ +{(1+a)y—5y

1

(-1+a)—-e “(—a—1)—ae™ 9

+[|:(l+a)(l+%—l)—

1
;[-1+a+ae“’+e"’ —ae“‘]+[_

R

1
=—(—1+a+e"‘)+(l+1—1—i)
a a 2a

® Ex. 21 Sketch the region bounded by the curvesy = x* and

=3 Find the area.

For intersection point, x? =

2

1+ x

X+ xt-2=0

ie.

: 2 2

ie. (x*+2)(x*-1)=0
ie. x=%1




1
Hence, required area = 2 Io ( : 2 > —x* ] dx
+x

3 1
=2[2 tan™! x - X =2(£—1)
3 n 2 3
o Ex. 22 Find the area enclosed between the curves
1
y =log(x +e); x=log, (—] and X-axis.
y
Sol. The given curves are y = log (x + €) and
x=log,(l]=l=e‘ Sy=e*
y 2 4

Using graph transformation we can sketch the curves.
X ==8 Y

0.1)

{1-e.0) |O X

Hence, required area = j,o_, log (x + e) dx + J'; e *dx

=.[. log(t)dt+jn e % dx
(putting x + e =1t)
=[tlogt—t]—[e "]y =1+1=2

® Ex. 23 Find the area of the region bounded by the curve
c:y =tan x, tangent drawn to c at x = 1t/4 and the X-axis.
Sol. The given curve is y = tan x

dy

= =sec’ x
dx
(d_y) =scc21—c-=2
dx) —nsa 4
%
1 P,
+ X
% T N

Nso.atx:%;y:l
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. The equation of the tangent to the curve at the point

(z0)e i3

n 1
=0;x=———=OT
Y 4 2

when
Now, the required area = Area of curvilinear AOPN — Area of APTN
=I:“ (tan x) dx —%“ NT - PN

_ u/4_1(£_£+1).,=l(1° 2_1)
= [log (sec x)]g ali 473 2 g 2

© Ex. 24 Find all the possible values of b >0, so that the
area of the bounded region enclosed between the parabolas
2

y=x—-bx*andy = %— is maximum.

2
Sol. Eliminating y from y = XT and y = x — bx?, we get
x? = bx — b*x*
b
=0, —2 =
1+ b%

by

7 (1%12"’) \x

Thus, the area enclosed between the parabolas,

b/(1+ b2 J
A= b - X | ar
0 b

b+ b 2
=J'°l {x_xz(l-;b )}dx

2
=(X_z_x_].1+bz}b“+b_l p?
2 3 b ), 6 (1+b%?°

For maximum value of A, % =0

put JA 1 (4B 26220 +b%)-26 1 b(1-b?)
db 6 1+ b3t 3 (1+b%)°

dA ;
Hence, Y =0givesb=-1,0,1sinceb >0
Therefore, we consider only b = 1

Sign scheme for % around b =1is as below

0 +

1 -

From sign scheme it is clear that A is maximum.
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® Ex. 25 LetC, and C, be the graphs of the function
y =x* andy =2x,0 < x 1, respectively. Let Cy be the graph

of a functiony = f(x);0 < x <1, f(0) =0. For a point P on C;,
let the lines through P parallel to the axes, meets C, and C3
at Q and R respectively. If for every position of P on(C,), the
areas of the shaded region OPQ and ORP are equal, deter-
mine the function f(x). [IIT JEE 1998]

Sol. On the curve G, i.e.y = x°.

Let P be (o, &.%). So, ordinate of point Q on C, is also o.%.

2

Now, C, ( y =2x) the abscissae of Q is given by x = _}'2_ = %— .
ol |

- Qis 2 o |and Ron Csis {o, f(x)}

2 2
Now,eu'eaofAOPQ=“":z (x,—xz)dy=J: (J_—Z)dy

2 4, at )
=Za-= W
3 4 ®

Again, area of AORP = j: Oh— yo)dx = j:z{x’— Fx)} dx ..

Y 4
(1/2,1)

y [o
Q

L

C; A

©.1) (.1

(1.0

X

Thus, from Egs. (i) and (ii), we get
2° of a
—_———= x* = f(x)} dx
- =], -1
Differentiating both the sides w.r.t. o, we get
202 -’ =0’ - f(@)

o fo)=o-a? = f(x)=x-x

® Ex. 26 Find the area of the region bounded by the
log x
ex [T JEE 1990]
Sol. Both the curves are defined for x > 0. Both are positive when
x >1 and negative when 0 <x <1
We know that, lim log x = — o
x—=0*

curvesy =exlog x and y =

; log x
lim 2£X_,_
x=0" ex

Therefore,

Thus, Y-axis is asymptote of second curve.
and lim ex log x [(0) (= <) form]
x>0

_ elog x
—x—‘o‘ T
_ e(1/x)
B x=0" (‘l/xz)

Thus, the first curve starts from (0, 0) but does not
include (0, 0). Now, the given curves intersect therefore

(— = form)

=0 (using L’Hospital’s rule)

log x
log x=——
ex log =
ie. (e’x* —1)log x=0
ie. x=1, L (- x>0)
e
AY
1
e —X
0 i 1

Therefore, using the above results figure could be drawn as
bgx ex log x ) dx

1
.. Required area = L/ (
d ex

e -5

- [M],‘ —e [xTz(zlog x—l)ll,,=

e
B le

® Ex. 27 Let A, be the area bounded by the curve
y =(tan x)" and the lines x =0,y =0 and x =% - Prove that

forn>2,A, +A,_, = and deduce that

n

< .
2n+2 2n-2

Sol. First part We have, A, = J :“ (tan x)" dx

n/4

Hence, Ap_z= J (tan x)"~2 dx

A+ A,._z=j:“ (tan x)" "2 (tan® x + 1) dx

0

n/4
=I° (tan x)" "2 - sec? x dx

Let tan x =t, so thatsec? x dx = dt

1
A,.+A,._2=j':"‘=d:=( r ] - -0
o n-1 " n-1
Second part
Since, 0<x<m/4 .. 0<tanx<1
= tan"*? x <tan" x < tan""? x
= J:“ tan""zxdx<J.:“ tan"xdx<J':“ tan" "% x dx

= At 2<ARA L D A+ AL, <2A, <A+ A2



1
n—1

<24, <

n+1

1 1
2(n+1)<A"< 2(n-1) [using Eq. (i)]

o Ex. 28 Consider a square with vertices at (1, 1) (-1,1),
(-1,-1) and (1, -1). Let S be the region consisting of all
points inside the square which are nearer to the origin than

to any edge. Sketch the region S and find its arequit JEE 1995]

Sol. For the points lying in the AOAB the edge AB,i.e.x=1is
the closest edge. Therefore, if the distance of a point P (x, y)

(lying in the AOAB) from origin is less than that of its
distance from the edge x =1 it will fall in the region S.

OP < PQ
Y
P
b A
A
)
x
O
C B
y=-x
= J+yr<1-x
= x2+y2$x2—2x+1

= y2 <1-2x

Similarly, for points lying in the AOAD the side y =11is the

closest side and therefore the region S is determined by
x*<1-2y

Since, the edges are symmetric about the origin. Hence, by the

above inequality and by symmetry, the required area will be the
shaded portion in the figure given below

N,

U=

N

Now, when the curves y? =1 —2xand y = x intersect each
other, then
x’=1-2x = x*+2x-1=0

= X=J2——l,—\/§—l
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Hence, the intersection points in the first quadrant is
WZ-1,42-1).
. Required area =8 [Area of curvilinear AOLM]

=g[%(\/5-1)(\/5-1)+'[‘,’:_1 T-2x dx]

[ _ sz N3 1
=8 l(3-2Ji)+[M] J
2 3(-2) Vi-1

4
_;(4,\/2'—5)

® Ex. 29 Sketch the region included between the curves

x2 +y?=a? and /|x|+,[|y | =va (a >0) and find its

area.
Sol. The graphs| x|+|y|=aand| x|? + |y |* = a* are as shown
in figure.
Y
(0.a)
a,0) 0 @0 X
(0,-a)

From the figure it can be concluded that when powers of | x|
and| y | both is reduced to half the straight lines get stretched
inside taking the shape as above.

Thus, required area = 4 [shaded area in the first quadrant]
[ma? a i
=4 — - - 2
| 5L e |
(since in 1st quadrant x, y > 0), hence

WxT+{iyl=va=Vx+Jy=+a

= y=Wa - Jx)?
(0,a)
X+ 92 =a?
(a.0)
(-a.0) o)
Tl iyl =[a
©.-a) X1 +1yl=a

Hence, required the area = ( T -

wiN

)
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© Ex. 30 Show that the area included between the parabo-
lasy? =4a(x+a) andy? =4b (b - x) is%(a +b) Vab.
Sol. Given parabolas are
y?*=4a(x +a) wald)
y2=4b(b-x) ..(ii)
Solving Egs. (i) and (ii), we get

x=(b-a) and y=%2+ab
~. Pand Qare (b —a,2ab)and (b —a,-2ab) respectively,
and the points A and A’ are (- g, 0) and (b, 0), respectively.

//;///,,/////
@

Now, required area = Area APA’ QA =2 Area APA’ A
=2 [Area APMA + Area MPA" M]

‘Z[I: 2 Ja(a+x) dx+j z,(b(b—x)dx]
=4-JZI_:¢ ,[a+xdx+4\[5_“b_n ‘[b—xdx

b-a b
=4J-a-[§(a+x)3/z] +4JE|:—§(b—x)m]

-a b-a

and

I

8~/—

=§ Va (6% + 222 (a)2 = Ja?(a + b) sq units

® Ex. 31 Determine the area of the figure bounded by two
branches of the curve(y — x) 2 = x? and the straight line x =1.
—x)?=x
y-x=% xJx
y=x+x Jx (1)
y=x-x Jx L.(id)
...(iii)

Sol. Given curves are (y

and x=1

Which could be drawn as; shown in figure.

| 4= mmmmm =

>

Hence, required area

=I°l{(x+ x x)=(x—x Vx)} dx
:J: (2x Jx) dx

O ey .
-ZJ'o x° dx .- sq unit

® Ex. 32 Prove that the areas Sy, S, S,,... bounded by the
X-axis and half-waves of the curvey =e~®* sin Bx, x [o.

form a geometric progression with the common ratio
g= e " a/[i.
ax

Sol. The curve y =e”
points where y = 0.

sin Bx intersects the positive X-axis at the

. T
= sinfx=0 = x,,="—,n=0,1,z...

B

The function y = e~ ** sin Bx is positive in the interval

(x2k. Xz k +1) and negative in (X,x 4 1, Xk 4 ), i.e. the sign of the
function in the interval (x,, x, , ;), therefore

(n+1)m/p
S" - In n/B

_H(-l)"”e""
a? +p?
=% {1+ e"“”a}
Be-(n*l)nulﬂ 1+ e—nu/a]
Hence, g = = (az * Bz) —emB
s, Be"ROB (4 ¢ R b)

a? + p?

e~ % sin Bx dx

(n+1)n/p
(o sin Bx + B cos Px) }

nx/f

which completes the proof.

® Ex. 33 Letb#0andfor j=0,1,2,...,n. LetS; be the area

of the region bounded by Y-axis and the curve x - e® = sin by,
+1 ;

IZ: <y S(j b) .Show that S, S,,S,,..., S, are in geomet-

ric progression. Also, find their sum fora=-1and b =m.

b
Sol. Herc,S;:lJ‘(hl)n/ . yl: J‘UH)'”’

~ay sin by
Jrib € d}'

Jnib




e~ (J+0rb
m(—nsinby—bcosby) }

Inib

-afr

e—n(}*l)n/b

a® + b?

e~aU+Dnib
=]b|{“

X0 E -0 s

at+b
e—ajn/b
per
a® + b?

a’ +b?
e—njr:/b an/b
=|b|a2+b2[e +15{j=0,12..,n
s”l e—a(]¢ 1)nr/b ~am /b
Now, 5 =1l ——— ™™+ 1) | b E— (i, 1)
J] a“+b a’ + b?

=e" ™" forall j=0,1,2 -
Hence, Sy, Sy, S5, ..., S, are in GP with common ratio e/,
Fora=-1and b = &, we have

J
g =& mle+1)

1 J=0,1,2 .,
ntv1 ) st
i51=i ¢M§e+l)=(e+l)1|: et
J=0 J=0 n°+1 T+1 e—1
© Ex. 34 For any real
el +e! t_ -t

tx=2+ y=2+%

is a point on the hyper-

bola x* —y? — 4x + 4y —1=0. Find the area bounded by the
hyperbola and the lines joining the centre to the points
corresponding to t, and —t;.

t 3 el d

P, o-
+ e —e
Sol. The points x=2+u—-.y=2+

is on the curve

(x=2)%-(y-2)%=1 or xt—yt—dx+4y-1=0

LY
o
A’ A -
(]
~4)
Q
Put(x-2)=x,(y -2)=y
t ~t g =t
2 _ .2 =€ o EOE
x*-y*=1 and x= = 2

We have to find the area of the region bounded by the curve
x* - y% =1 and the lines joining the centre x =0,y =0to the
point(t;) and (- t,).

4oy

~.Required area =2 | Area of APCN — Il ¥ e
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3{55=) (557 ] )
(252 ()

2 -2
. 1¢n % -2 _
— zjo (e* +e % -2)dt
e —e ™ l[ez" e ]‘l
= e [ -2
4 2 2 2 5
e¥—e® 1| e ™ 1
= -— —- =24 |=4
4 2 2 2 J

® Ex. 35 Find the area enclosed by circle x* +y? =4,

2 L2 X x
parabolay = x* + x +1, the curvey =| sin 3 +cos— [and
X-axis (where, [.] is the greatest integer function).

Sol. - y=[sin2£+cos£]
4 4

1<sin’§+cos§<2 for x € (-2, 2]
.2 X x
& o = 1=1
y [Sln 2 cos o J
Y
(0.12)
2,0\-B8 -1 -1/2[0 . X

13)(2,0)

0.-2)

Now, we have to find out the area enclosed by the circle

2
x2+y2=4.parabola(y—%)=(x+%) ,line y =1and

X-axis. Required area is shaded area in the figure.
Hence, required area

=J§x1+(ﬁ—l)xl+f:(xz+x+l)dx+2IJz_§(,’4—x2)dx

0
=(2«/§—1)+|:x—3+x—z+x +2r£\/4—x2+2sin"(£) ’
: 2 -1 |~z 2)15

=(2\/§-1)+|:0—(-%+%—l)]+2[(0+n)—(i2§-+2?"]]

5 2n 2
=(2\/§-1)+—+—— 3=(—"+ 3—l)squnits
6 3 3 6
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@ Ex. 36 Let f(x)=max {x*,(1— x)%, 2x(1— x)}, where
0 < x <1. Determine the area of the region bounded by the

curvesy = f(x), X-axis, x =0 and x =1. [IT JEE 1997]
Sol. We have, f(x)=max {x% (1 — x%), 2x(1 — x)}
Graphically it could be shown as;
W Y
\<= a2 8

O

max 1) ]

S

%, g ¢
‘O/Gg;-,.. y=2x(1-%)
4)0‘.
"...o X

For figure it is clear that maximum graph (i.e. above max graph
is considered and others are neglected).

Forxe[o,—;- ], K <2x(1-x)<(1-x)°

Forxe[

Wi

], x*<(1-x)?<2x(1-x)
1

-
IN NIH

Forxe{— ,(1-x)?<x*<2x(1-x)

23
Forxe[g,l ], 1-x)P<2x(1-x)<x*

Hence, f(x) can be written as
1-x7,
2x(1-x),

%2,

for0<x<1/3
for1/3<x<2/3

for2/3<x<1

fx)=

Hence, the area bounded by the curve y = f(x); X-axis and the
lines x = 0 and x = 1 is given by

3 i 23 1,
=jo (1-x) dx+Jm 2::(1—Jt)¢br+‘|'z/3 (x*) dx

—Hs unit
27 L

® Ex. 37 Find the ratio in which the curve,
y =[—001x* =002 x?] [where, [] denotes the greatest inte-
ger function) divides the ellipse 3x2 4 4y2 =12.
y =[-0.01 x* - 0.02 x?]
=-1,when-2<x<2
y =—1cut the ellipse 3x* + 4y* =12

2.2

8
Atx’== or x=%t—F
3 ra

Sol. Here,

ie.

0~
Ve f12—3 2
Required area=j_22353 { == x —1} dx
./’ 2613 2613
jzf/: 4~ d J.zfla
=Zsin"J_+—-—\/_
3
-2,-3<x<0
® Ex. 38 Let f(x)={ , where

x—2,0<x<3

g0 =min {f(| x|) +| f(x)|, f(| x|) =| f(x)|}. Find the
area bounded by the curve g (x) and the X-axis between the
ordinates at x =3 andx =—3.

2,-3<x<0

Sol. Here,
= A== { x-2 0<x<3
-3<x<0
| f(x)|= —Jc+2, 0<x<2

x—-2 2<xS53
-x—-4-3<x<0

- fUxD =1 flx) | ={2x - 4. 0<x<2
2<x<3
1Y
f(x)
/(3'.1)
-3 0 ) aﬁx
-2
Graph of f (x)
Y
1 y = (Ix])
-2 [0) 2 —pX
0.-2)

Graph of f (|x])



Graph of | (x)|
y

O 'X
3-1) 2 3

(0.-4)
Graph of g(x)
Since, | f(x)|is always positive.
&(x) = f(| x|) = | f(x)|
where the graphs could be drawn as shown in above figures.
From the graph, required area

1 1
=E(1+4)x3+(5x2x4)+0=22—3squnits

® Ex. 39 Let ABC be a triangle with vertices

A=(6,2(+/3 +1)), B=(4,2) and C =(8, 2). Let R be the region

consisting of all those points P inside A ABC which satisfy

d (P,BC)=max {d (P, AB),d (P, AC)}, where d (P, L) denotes

the distance of the point P from the line L. Sketch the

region R and find its area.

Sol. 1t is easy to see that ABC is an equilateral triangle with side
of length 4. BD and CE are angle bisectors of angle B and C,
respectively. Any point inside the A AEC is nearer to AC
than BC and any point inside the A BDA is nearer to AB than
BC. So any point inside the quadrilateral AEGC will satisfy
the given condition. Hence, shaded region is the required
region, whose area is to be found, shown as in figure

A 2(3+1)

B C(8,2)
(4.2)

1
Thus, required area =2 Area of AEAG =2 X 5 AE X EG

=-;—ABxg-CE=-;-x4x,/4’—2'
43

= —— 5q units
3 q
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° Ex. 40 Let0(0,0),A(2,0) and B (1. -]—3) be the vertices

5
of a triangle. Let R be the region consisting of all those
points P inside A OAB which satisfy
d (P, 0A) < min{d (P,OB),d (P, AB)}, when d’ denotes the
distance from the point to the corresponding line. Sketch the
region R and find its area. [IIT JEE 1997]
Sol. Let the coordinate of P be (x, y).

Equation of lineOA=y =0

Equation of line OB = VBy=x

Equation of line AB = By=2-x

d(P, OA) = Distance of P from line OA = y

d(P, OB) = Distance of P from line OB = 1By = x|

2
d(P, AB) =Distance of P from line AB = I—M
Y

8 (1)

*p

0l(0.0) A(2,0)

Given, d(P, OA) < min {d(P, OB), d(P, AB)}

y <mind Y3 =x| |3y +x-2|
2 2
[V3y —x|
=y yshz (i)
[V3y +x-2|
& =
and y_—“2 (i)
Casel If yslsfiy;xl
2
< X3y . J3
y< ;  rlex> 3y (= V3y -x<0)
= @+VB)y<x
= y<@-3)x
= y < x tan 15° ..(iii)
(" ¥ = x tan 15°is an acute angle bisector of ZAOB)
Casell 16y <Y *x-21

2
= 2y Sz—x—ﬁy
@+3)ys2-x
y<=-2-3)(x-2)
y S—(tan 15°) (x - 2) (iv)
[y =(x -2) tan 15° is an acute angle bisector of CA)

(i.e.v3y + x=2<0)

L1
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From Egs. (iii) and (iv), P moves inside the triangle as shown in
figure.

C
(1.0)

'

As ZQOB = Z0BQ =15°, AOQB is an isosceles triangle
= OC=AC= unit

Area of shaded region =area of AOQA = % (base) % (height)
= % (2) (1 tan 15°) = tan 15°
=2- «/5) sq units

® Ex. 41 A curvey = f(x) passes through the origin and

lies entirely in the first quadrant. Through any point P(x,y)
on the curve, lines are drawn parallel to the coordinate axes.
If the curve divides the area formed by these lines and coor-
dinate axes inm:n, find f(x).

Sol. Area of (OAPB) = xy, Area of (OAPO) = jo’ () dt

Y4 y=f)

B P=(xy)

A X

Therefore, area of (OBPO) = xy — on f(t)dt
According to the given condition,
xy -, fwde
[, foa
= nxy=(m+ n)J'o’ f(t) dt
Differentiating w.r.t. x, we get

n( x%+y)=(m+n)f(x)=(m+ n)y,asy = f(x)

= |3

L0 = 2. (log x) = log y — log ¢, where cis a constant.
y n

x
yzmm/n

l =

® Ex. 42 Find the ratio of the areas in which the curve

3
y=|:]:70+% ]divides the circle x* +yz —4x+2y +1=0

(where, [.] denotes the greatest integer function).

Sol. We have, x> + y2 —4x+2y +1=0

or (x-2) +(y+1) =4 )
Y

-2 +(y+1)?=4

/M@,O)
XX XX XX Ax

(2+/3,0)

x3 X
& =(100+35)'°
for 0<x<4

Now, for0 £ x < 4,

©  x 2 x|
SITO+3—5<1 = ll_(5+g ]—0
So, we have to find out the ratio in which X-axis divides the
circle (i).
Now, at X-axis, y=0
So, (x-2)%=3
So, it cuts the X-axis at (2 — /3, 0) and (2 + /3, 0).

2+43
Therefore, required area, A = J’z:ﬁ (Ya-(x-2)*-1)dx

_4n-343
3
A _4n-33

Required ratio = =
9 am-A 8m+3\3

® Ex. 43 Area bounded by the liney = x, curve
y = f(x),( f(x)>x,V x>1) and the lines x=1,x=tis
(t+1+t2)-(1 +2) forallt >1. Find f(x).

Sol. The area bounded by y = f(x) and y = x between the lines

x=1and x=tis L‘l ( f(x) = x) dx. But it is equal to
t+1+2)-(1+2).
So, .‘: (fx)=x)dx=(t+ J1+ ) =(1 + V2)
Differentiating both the sides w.r.t. t, we get

FlE) = L g

t
= f(=1+t+
\/1+t2 JH:’
or f)=1+x+—=
\/l+xz

® EX. 44 The area bounded by the curvey = f(x), X-axis
and ordinates x =1and x = b is(b —1) sin (3b + 4) , find f(x) .
Sol. We know that the area bounded by the curve y = f(x), X-axis

and the ordinates x =1and x=b is Ix f(x) dx.

From the question; Ilb f(x)dx=(b-1)sin(3b + 4)
Differentiating w.r.t. b, we get

f(b)-1=3(b—1) cos(3b + 4) + sin (3b + 4)
= f(x)=3(x=1) cos(3x + 4) + sin (3x + 4)



o Ex. 45 Find the area of region enclosed by the curve

x-y ) +y)?
( o); e 2(a>b), the line y = x and the pos-
tive X-axis.

i 0 e A
a* b?
and minor axes are x =y =0 and x + Y =0, respectively,

The required area is shown with shaded reglon,

Sol. The given curve =2 1s an ellipse major

y ==Xy,
g

Instead of directly solving the problem we can solve equivalent
problem with equivalent ellipse whose axes are x = 0 and y =0,

The equivalent region is shown as (OA’ B 0) where the

2
equation of ellipse is i.x' + {—J =1
a

" Required area = Area (AOA’ A" + A’ A" B')

where A= ab ab

X}
AOA’A":l % ab ab a

1 .
X |- - = Lol
Area 2 Jal+ bt \/ﬂ2+ b 2( a*+ b ] -

ArcnofA‘B’A"=I“ ab

b [l--’fi]dx
Ju'i-b“ a’

bl x 3 a g X
P et —-x* +—sin" —
al 2 4 x 2 a '1 f]
ab/\Ja® + b
ab . 2

a’b?
¢ -az+h")
= b
;}aa+b'
bl ma® a® . b __ab _
Ta| Ta T |\ JEer ) 2@ ed)
b a’b?

Hence, required area = Sum of Eqs. (i) and (ii)

(i)

=‘11.'ab ab
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® Ex. 46 Let f(x) be a function which satisfy the equation

S(xy) = f(x)+ f(y) for all x >0,y >0 such that f'(1)=2.
Find the area of the region bounded by the curves

y=f(x)y=|x* =6x* +11x =6|and x =0,
Sol. Take x =y =1=> f(1)=0

1
Now, y=—
5 oas(wt)emnrs() = s(5)=-sw
-'-f(£)=f(:f)+f(%]=f()r)-f(y) i)
y
Now, ['(x)= lim (x+hz—f(x)
h
s X+
= lim —-——-—-——-( L ) [using Eq. (i)]
h=>0 h
h
flr+= |-f0)
i ( h”) L0 1 y=0)
h=»0 x
7
Se=z

= f(x)=2log x+¢
= J(x)=2log x
Thus, f(x)=2log xandy =| x* =6x* + 11x — 6| could be
plotted as

[since, f(1)=0=>¢c=0]

y y =2logx
y=|x= 6+ 11x-6|

c
Hence, required area

1
=J'° (x* =6x* + 11x —6) dx + I ° e dy

1
x* 6x®  11x?

=| - = —6x | +2(e”?)°
[4 3 2 . (")

(%—2+%—6)—(0)+2(e°—c'")

11 1
— —8+2=-—squnit
2 4

1
—+
4

© Ex. 47 Find the area of the region which contains all the
points satisfying condition| x — 2y | +| x + 2y | S8 and xy 2 2.
Sol. The liney =+ -; divide the xy plane in four parts

RegionI 2y -=x<0 and 2y +x20

Sothat,| x =2y |+ | x+2y|<8

= (x=2y)+(x+2y)S8 = 0Sxs4
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Region II 2y—x|03nd2y+x20
So that, |x—-2y|+|x+2y|<8
= —(x—2y)+(x+2y)<8 = 0<y<2
Region Il 2y + x<0,2y —x 20

Sothat, |x—2y|+|x+2y|<8
= —(x—=2y)—(x+2y)<8 = —4<x<0
Regionll
2y x20,2y+x20
4y

Regionlll

3 Region|
2y—x20,2y+x<0 -

> X
. yx<0,2y+x20

RegionIV
2y—x<0,2y+x<0

RegionIV 2y + x<0,2y —x<0
So that, |x=2y|+|x+2y|<8=>-2<y<0
Here, all the points lie in the rectangle.
Y
0.12) \D c
E_

Rﬂ“‘[‘nh\ A(1,0) B|(4,0)

Also, the hyperbola xy =2 meets the sides of the rectangle at
the points (1, 2) and (4, 1/2) in the 1st quadrant graphically.
Hence, required area

=2 (Area of rectangle ABCD — Area of ABEDA)

=2(3><2—L‘ %dx)=2(6-2log 4) sq units

® Ex. 48 Consider the function

e x—[x]—%, iFRET

, where [.] denotes the great-
0, if xel

est integer function and | is the set of integers. If

g(x) =max {x%, f(x),| x|}, =2 < x <2, then find the area

bounded by g(x) when—2< xS 2.

x—[x]-%, ifxel

Sol. Here, f(x)=

0, if xel

1
2
0, ifxel
Thus, g(x)=max {x% f(x),] x|}
which could be graphically expressed as

_ (x}—=, f xel

i

[ x}-2<x<—-1

-x, —1<x<-1/4

Clearly, g(x)=

x+—;-,—1/4Sx50

x, 0<x<1

x% 1<x<2

2

Hence, required area = I 5 g(x) dx
(1,2 s 0 1
_J_z(x)dx+j_l (x)dx+_[_m (x+§)dx

1 2

2

+ondx+J" x“dx

3 =1 2 -1/4 2 0 2 1 3 2
BT )3
-2 -1 2 2 -1/4 2 0 3 1 48

© Ex. 49 Find the area of the region bounded by
y = f(x),y =| g(x) | and the lines x =0, x = 2, where f , g
are continuous functions satisfying
fx+y)=f(x)+ f(y)—8xy, ¥ x,y eR
and gx+y)=gx)+g(y)+3xy (x +y),V x,yeR
Also, f’(0)=8 and g’(0)=-4.

Sol. Here, f(x +y) = f(x) + f(y) —8xy
Replacing x, y — 0, we get f(0) =0

Now, f’(x) =humo flx+ hz - fx) _ umo flx+ yy) - f(x)
- y->
w lim T8+ f0) —8xy — f(x)
y—0 y
= lim { _f(y) _8xy }
y—0 y y

T ( f# ) — 8x (using L'Hospital’s rule)

= f’(0)-8x =8 —8x [given, £(0)=8]



= f'(x)=8-8x
Integrating both the sides, we get
f(x)=8x—-4x*+¢

As f(0)=0=>c=0
= f(x) =8x — 4x* ..(i)
Also,  glx+y)=g(x) + g(y) +3xy (x + y)
Replacing x, y => 0, we get g(0) =0
glx+y) - g(x)

y

Now, g'(x)=lim
y=0

= lim 8(x) +g() +3x"y +3xy% - g(x)

y=0 y
= lim [&+m]
y—0 y y

0
=g’_](.l+3x2=_4_’.3x2

gx)=—4+3x?
= gx)=x* - 4x [as g(0) = 0]....(ii)
Points where f(x) and g(x) meets, we have
fx)=g(x) or 8x-4x?=x-4x
= x=0,2-6

x> —4x,x €[-2,0] U (2 =)

4x — x° x €[— o0, —2]U(0,2)

Now, |g(x)|={

.. Areabounded by y = f(x)andy =| g(x)|between x =0to x =2
=[] (Bx—4x") —(ax -} dx

4 .
= J: (x* —4x? + 4x) dx = 34 units

® Ex. 50 Find the area of the region bounded by the curve
y=x% andy =sec™ " [-sin? x], where [.] denotes the great-

est integer function.
Sol. As we kiow, [=sin? x] = 0 or — 1. But sec™" (0) is not defined.

Y
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=  sec”'[-sin’ x]=sec” (-1)=m

Thus, to find the area bounded between
y=x" and y=mn

ie. whenx*=m or (x=—/T to x=+1)

3 Jn
Jr
. Required area=I = (m - x%) dx=(nx—f—]
e VG

=n(ﬁ+ﬁ)—§(nﬁ+nﬁ)=%ﬁ

® Ex. 51 Sketch the graph of cos™ ' (4x> —3x) and find
the area enclosed betweeny =0,y = f(x) and x2—1/ 2.
Sol. Here,  f(x) = cos™" (4x° —3x)

Let x=cos® and 0<O<m
= f(x) = cos™" (4 cos® @ —3 cos B)
=cos ' (cos 30); 0 <30 <3m
36, 0<30<m
2n —-30, m<30<2n
30 —2m, 2w <30 <31

= f(x)

3cos' x, 1/2<x<1

2m-3cos 'x, —1/2<x<1

3cos! x-2m, —1<x<—-1/2

—3/4/1-x%, 1/2<x<1
f'(x)j 3/1-x% —-1/2<x<1/2
-3/1-x% -1<x<—-1/2

-3x
(l—xz)m'

3x
(1- xl)!/Z 2

1/2<x<1

and  f"(x) =4 -1/2<x<1/2

=3x
T)”" -1<x<-1/2

(1
Thus, the graph for f(x) = cos™ (4x® —3x) is

1Y

e

-1 -1/2 o] 1/2 1

—X

Thus, required area = I ‘"z f(x)dx

2 _ i
= I_ {2m =3cos ' x)dx + J‘m(3cos'l x)dx



204 Textbook of Integral Calculus

2
=- =4a(x+
e _3J‘”2 (E_Sin-l % ] dx+SJl (o) de (iii) For A =—a, we have y* =4a(x + a)
et v xt=4a(y +a)
n 1 i o
=2 b3 Ix/z cos™ xdx - I-uz sin”’ xdx=0 The point of intersection in the 1st quadrant
P=(2+2v2)a,2+2J2)a)
=L 43 (xcos™ x)! +Jl —% i . EAGD AP0A)
2 V27 ) - Required area = 2 (area o Q — area

33 of AOPQ=1. (2 +2+2)?a? =2(1 +2)" a’
On solving, we get = i units 2

22) 2+ 2V2)a xz
AreaofAPQA=J':+ aydx=_|'h (Z;—ade
© Ex. 52 Consider two curvesy* = 4a(x — \) and

i (2+242)
x? =4a(y —\), wherea >0 and \ is a parameter. Show that 1l 2] ’ a_a(x) (2+2)Da
e e 2a
(i) there is a single positive value of A for which the two 4a l 3 J?a
curves have exactly one point of intersection in the Ist 1 33 3 2
quadrant find it. B [(2+2v2)*-a* -8a’]-2V2 a
(i) there are infinitely many negative values of A for which W2+12) ,
the two curves have exactly one point of intersection in > )
the 1st quadrant.
(iii) if A =— a, then find the area of the bounded by the . Required area =2 (2 (1++2)* + w212 Jaz
two curves and the axes in the Ist quadrant. 3
Sol. The two curves are inverse of each other. Hence, the two o 2
curves always meet along the line y = x. T3 as+8+2)a
Consider, y*=4a(x—\) andputx=y
~ : G 3
- y? — day + 4ak =0 Ex. 53 Let f(x) be continuous function given by

2x | x] <1

dat4,a’—ak _ 2 X) = '
ey y=——2—-2ai,/a —ah fix) X2+OX+b,|X|>1
Since, y is real =@’ —ak [ 0or A <a Find the area of the re§ion in the third quadrant bounded

(i) If 0 <A < g, then there are two distinct values of y and by the curves x =—2y* and y = f(x) lying on the left of the
both2 (a + a? —ak)and2(a —ya’ —ak) are positive,  line 8x +1=0. [T JEE 1999)

i.e. both points lie in the first quadrant. Sol. Given, a continuous function f (x), given by
If A =a, then y = 2a only, i.e. only one point of
intersection (2a, 2a).

Hence, there is exactly one point of intersection in 1st
quadrant for A = a.It is infact the points of tangency of
the two curves.
Ifk<0,theny=2(a+\'az—al)>0and -
y =2(a—+a® —ak) < 0. i.e. the only point of intersection \
is in the first quadrant, the other in the 3rd quadrant. b ;
Hence, there are infinitely many such values.

(ii

=

]
1
'
[l
1
\
T
'
[}
\
\
\
A
)

.

S,

N\
i S

\

x2=4a(y+a) V=X

R
o
-
=

x
I
x
I
i
&
>
1

|

@

2x,
(0.22) f<x>={ % Lxlsi

xt+ax+b, |x|>1

x*+ax+b —co<x<—1
ie. fx)= 2x, -1Sx<1

x*+ax+b 1<x<co

* f is continuous.



.~ Itis continuousat x=—=1and x =1,
(-1+a(=1)+b=2(-1)

and W +a()+b=201)

=3 l-a+b=-2

and 1+a+b=2

= -a+b=-3

and a+b=1

= b=-1 and a=2

f(x)={x2+2x—l, when —eo<x<—1
2x, when —1<x<1

Now, y=xz+2x—l=(x+1)z—2

or Y +2)=(x+1)?

We need the area of the region in third quadrant bounded by
the curvesa = -2y%, y = f(x) lying on the left of the line
8x+1=0.

= ¥ +2)=(x+1)

Cuts the Y-axis at (0, —1) and the X-axis at
(-1-+2,0)and (- 1+ V2, 0).

Whenx=1andy =2

Solving x = —2y? and (y + 2) = (x + 1)?, we get
v +2)=(-2y* +1)?

= 4y*-4y’+1-y-2=0

= 4y' —ay’—y-1=0

For y=—14y* -4y’ -y-1=0

At ==1,x=-2

Requheduea=f__:{— ——;E—(x+1)2+2 }dx

+ _[__l”' { —E—Zr }dx

(CETE D ) S N (.72 _g‘
-1

3 3 a2
2(1/2) r 2(

-1
3/2 3
) _mm} 5
3 -2
4

1/8

HER
-}

L}
—_——
RIS
N

N |

. S B ..
3:242 3 3 3242 3(64) 64
4 1 57
=—+ ——=—sq units
3 3(64) 192
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® Ex. 54 Let[x] denotes the greatest integer function.
Draw a rough sketch of the portions of the curves
x*=4[Jx]yandy? =4 [J;] x that lie within the square

{(x,y)|1< x £4,1<y <4). Find the area of the part of the
square that is enclosed by the two curves and the line

x+y=3.
Sol. We have, 1<x<4 and 1<y<4
= 1<Vx <2 and 1<,fy <2

=[Jx]=1and [J;] =1 for all (x, y) lying with in the square.

Y
(4.4)

Thus, x*=4[Jx]y and y*=4[y]x
= x* =4y and y* = 4xwhen1 < x, y < 4 which
could be plotted as;

Thus, required area

2 . x?
=I (2«}x—3+x)dx+j (24 -—]dx
1 2 4

2 4
4 B 3

= —xm—3x+x— + ix’/z—i—
3 2 L 3 12 S

-195 units
6 q

9 Ex. 55 Find all the values of the parametera (a 1) for
which the area of the figure bounded by pair of straight lines

1
y* =3y +2=0and the curvesy =[a] x,y =-2—[a] x?is
greatest, where [.] denotes the greatest integer function.
Sol. The curves y =[a] x* and y = -l; [a) x* represent parabolas
which are symmetric about Y-axis.

The equation y* =3y +2 = 0 gives a pair of straight lines
y =1,y =2 which are parallel to X-axis.
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Thus, the area bounded is shown as

Y
w )'=[«31"2y=%[a]x2
\ i
“ ‘ m\h. ‘ -
r6) X
From thie above Bglire,

. =2
Required axea:ZJy:l (x; — x;) dy

|2y ¥
=2 £0 A [ Y ¥
1 (Vo)
_2(2-1) 2 _2(2-1)2 3,
- [ﬂ] j,\/;dy_ [a] 3(}’ )l
=i(_‘/ﬂ.(23/2_1)
3 [a]
_46-V2-22) _4(6-32)
"3 [a] 3 [a]
Area is the greatest when [a] is least, ie. 1.
Area is the greatest when [a] =1
Hence, a€e(1,2)

® Ex. 56 Find the area in the first quadrant bounded by
[x]+[yl=n, wherene N andy =i (where,ie NV i<n+1),
[-] denotes the greatest integer less than or equal to x.
Sol. As we know, [x] + [y]=n=[x]=n~-[y]

Wheny =0, [x]=n=>nSx<n+1

Wheny =1, [x]=n—1=n—-1Sx<n-2

Wheny =2, [x]=n-2

= n—-2<x<n-3...andsoon.

Wheny =n, [x]=0 = 0sx<1

which could be shown as

S SO e < TR

-
N
wh
N .
o1 f-s-a

From the above figure,

=(n + 1) area of square ABCD =(n+1)-1
Required area =(n + 1) sq units



Area of Bounded Regions Exercise 1:
Single Option Correct Type Questions

1. A Point P(x, y) moves such that [x + y + 1] = [x]. (where
[-]denotes greatest integer function) and x € (0,2), then
the area represented by all the possible positions of P, is

. Let ‘a’ be a positive constant number. Consider two

curves C:y =e*,C,:y =e"*.Let Sbe the area of the

: .S
part surrounding by C;,C, and the Y-axis, then lim —

(@) V2 (b) 2V2 a0 g
(ores (@2 equals
8 Ef s l=L2] pada—® e (@4 (b) 172
. ¢ g 22l _1+x2. e area bounded ©0 () 1/4
i 2 -bb* 0,b>0 n the
by y=f~'(x), X-axis, x =1, x=—1js 8. 3p01ntsO(0.0);P(a.a ), Q(=b,b%)(a> )areo'
2 2 parabola y = x*.Let S, be the area bounded by the line
(“)l loge (b) log (5) PQ and the parabola and let Stz be the area of the AOPQ,
: 2 the minimum value of $;/S; is
" log < L < b) 5/3
Zlogs L e (a) 4/3 (b)
(@)} log (@2 log (2) @ s

3. If the length of latusrectum of ellipse

E, :4(x+y-1)2 +2(x-y+3)* =8
2 2

and E, : .4 y—z =1,(0< p <1)are equal, then area of
P p

ellipse E,, is

. Area enclosed by the graph of the function y = In% x-1

lying in the 4th quadrant is
4
@2 )=
e 14

©2 (H l] @4 (e-l)
e €

n T 3
£ b) — =2—|2— =—j
(a) 5 (b) " 10. The area bounded by y=2—|2—x|and y P is
n T
=, ud 4+31In3 19
(C)Z\/E (d)4 (3).'.T (b)?-Slnz
4. The area of bounded by the cztmre . () 3 i3 (d) i
4]x-2017%"7|+5|y—2017%"|<20,is 2 2

(a) 60 (b) 50
(c) 40 (d) 30

5. If the area bounded by the corve y = x%+1,y=xand
the pair of lines x2 +y* +2xy —4x -4y +3=0is K
units, then the area of the region bounded by the curve
y=x?+1,y=,/x— 1and the pair of lines
(x+y-1)(x+y-3)=0,is

11.

12,

Suppose g(x) =2x+1and h(x)=4x% +4x+5and

h(x) =(fog)(x). The area enclosed by the graph of the
function y = f(x) and the pair of tangents drawn to it
from the origin, is
(a) 8/3

(c)32/3

(b) 16/3
(d) None of these

The area bounded by the curves y = —J/-x and

ix ) 2K x =—,/—y where x,y <0
K (a) cannot be determined
= h
©2 (d) None of these (b) is 1/3
(c)is 2/3

6. Suppose y = f(x)and y = g(x) are two functions whose
graphs intersect at the three points (0, 4), (2, 2) and (4, 0)
with f(x)> g(x)for0< x <2and f(x)< g(x) for

2<x<d, lfI:[f(x)-g(x)] dx =10

and I: [g(x)= f(x)] dx =5, then the area between two

curves for0< x <2, is
(a)5
(c) 15

(b) 10
(d) 20

13.

(d) is same as that of the figure bounded by the curves
y=+v-x;x<0andx=.-y;y <0

y = f(x)is a function which satisfies

(i) f(0) =0 (i) f*(x) = f(x)and (iii) f(0) =1

Then, the area bounded by the graph of y = f(x), the
lines x =0,x-1=0and y+1=0,is

(a)e (bye-2

(c)e-1 (d)e+1
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14.

15.

16.

17.

18.

19.

20.

Area of the region enclosed between the curves
x=y® —1land x =|y|y1-y* is

@1 (b) 4/3

(c) 23 (d)2

The area bounded by the curve y = xe™;xy =0and
x = c where cis the x-coordinate of the curve's
inflection point, is

(a)1-3e>? (b)1=-2¢72

()1-¢? (d)1

If (a,0);a> 0 is the point where the curve

y =sin 2x —+/3 sin x cuts the X-axis first, A is the arca

bounded by this part of the curve, the origin and the
positive X-axis, then
(a) 4A+8cosa=7
(c)4A-8sina=7

(b) 4A+8sina=7
(d)4A-8cosa=7
The curve y = ax? +bx +c passes through the point (1,2)

and its tangent at origin is the line y = x. The area
bounded by the curve, the ordinate of the curve at
minima and the tangent line is

1 1
b) — =
(b) 7 (c) s

1 1
o d) -
(e s

A function y = f(x) satisfies the differential equation
% —y = cos x —sin x, with initial condition that y is

bounded when x — oo, The area enclosed by
y = f(x),y = cos x and the Y-axis in the 1st

quadrant
(a)v2 -1 (b) V2
(©1 (d)1/42

If the area bounded between X-axis and the graph of

y =6x—3x? between the ordinates x =1 and x =ais 19
sq units, then ‘a’ can take the value

(a) 4 or =2

(b) two values are in (2,3) and one in (-1,0)

(c) two values one in (3,4) and one in (=2,—1)

(d) None of the above

Area bounded by y = f ~'(x) and tangent and normal
drawn to it at the points with abscissae 7 and 2w, where
f(x)=sin x—xis

¥ 2
(..)’_,:.‘--1 (1.)1‘2—-2
y 2
© E; -4 () "7

21, If f(x) = x—1and g(x)=| f(| x| ) -4, then the arca
bounded by y = g(x) and the curve x* =4y+8=0is
equal to

(0 2442 -5) ) 2(«/2 -3)

(c) §(4~/5-3) () f—:(h/i—s)

22, LetS= {(x.y): ﬁ:’;:z < 0},

S’ ={(x,y)e AXB:=1S AS1~-15 BS1},
then the area of the region enclosed by all points in
SNS’is
(a) 1
()3

23, The area of the region bounded between the curves
y=¢||x|In| x|, x* +y* =«| x| +|y|)+ 1= 0and X-axis
where | x|< 1, if o is the x-coordinate of the point of
intersection of curves in 1st quadrant, is

(@) 4[j:'ex nxdx+ [ (1= T=(x=1)7 )dX]
(b) 4[I:exlnxdx+ [fa-Yi--1y )dx]
© 4[—j:ex1n xds+ [ (1= 1=G=1)? )dx]
) z[j:‘exlnxdn [ a —‘/l—(x_—l)z)dx]
24, A point Plying inside the curve y = v2ax —x? is moving
such that its shortest distance from the curve at any

position is greater than its distance from X-axis. The
point P enclose a region whose area is equal to

(b) 2
(d) 4

az
(b) 3

« (31:6—4) &

na’
(a) 5

2a*
(c) 5
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o Area of Bounded Regions Exercise 2 :

More than One Option Correct Type Questions

25. The triangle formed by the normal to the curve
f(x)=x" —ax+2aat the point (2, 4) and the coordinate

axes lies in second quadrant, if its area is 2 sq units, then
acan be

(a)2
) 17/4
(©)5
(d) 19/4

26. Let fand g be continuous function on a < x < band set
p(x)=max{f(x), g(x)}and q(x)=min{f(x), g(x)},
then the area bounded by the curves y = p(x), y = q(x)
and the ordinates x = aand x = bis given by

1
(@ [0 - )] dx ®) [ lp(x) - g} dx

O =g ds @ 1ot - dx

2]. The area bounded by the parabola y = x? —7x+10and
X-axis equals
(a) area bounded by y = —x* + 7x—10 and X-axis

(b) 1/6 sq units
(c) 5/6 sq units
(d) 9/2 sq units
2

2
28. Area bounded by the ellipse —XT +29—- =1is equal to
(a) 6w sq units
(b) 3w sq units
(c) 12r sq units
Xyt
(d) area bounded by the ellipse &5 + 7 =1

29. There is a curve in which the length of the perpendicular
from the origin to tangent at any point is equal to abscissa
of that point. Then,

(a) x* + y2 =2 is one such curve
(b) y* = 4x is one such curve
(c) x* + y? = 2¢cx (c parameters) are such curves

(d) there are no such curves

@ Area of Bounded Regions Exercise 3 :

Statement | and Il Type Questions

= Direction (Q. No. 30-34) For the following questions,
choose the correct answers from the codes (a), (b), (c) and
(d) defined as follows :

(a) Statement 1 is true, Statement II is also true; Statement 1l
is the correct explanation of Statement 1

(b) Statement I is truc, Statement II is also true; Statement Il
is not the correct explanation of Statement I

(c) Statement [ is true, Statement II is false
(d) Statement I is false, Statement Il is true
30. Statement I The area of the curve y = sin® x from 0 to
7 will be more than that of the curve y =sin x from 0 to
.
Statement II x% > x,if x> 1.
31. Statement I The area bounded by the curves y = x* =3
and y = kx +2is least if k =0.
Statement II The area bounded by the curves
y=x*-3 and y=kx+2isvk? +20.

32. Statement I The area of region bounded parabola
y*=dx andx? = 4yis % sq units.
Statement I The area of region bounded by parabola
y?*=4ax and x®=4by is%ab.
33. Statement I The area by region [x+y|+|x—y|<2is 8
sq units.
Statement I Area enclosed by region
|x+y|+|x—y|<2is symmetric about X-axis.
34. Statement I Area bounded by y=x(x—-1)and
|
y=x(1-x)is -.
3
Stab\tement Il Area bounded by y = f(x)and y = g(x)is
‘ L (f(x)—g(x)) dx |is true when f(x)and 8g(x) lies

above X-axis. (Where a and b are intersection of
y=f(x)and y = g(x)).
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Area of Bounded Regions Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 35t0 37)
2
+bx+
Let f(x)= axz—xlc such that y =—2is an asymptote of the
x“+

curve y= f(x) The curve y= f(x)is symmetric about Y-axis
and its maximum values is 4. Let h (x)= f(x)— g(x) where
f(x)=sin* nxand g(x)= log, x Letxg,x|,X3,....X, 4 be the
roots of f(x)=g(x)in increasing order.
35. Then, the absolute area enclosed by y = f(x)and
y = g(x)is given by

@Y [ 1Moo
r=0

® F [ 0 Hoxdx
r=0

@2 [ 1) M
r=0
1 & (% et

@ 20 [y R

36. In above inquestion the value of n, is

(a)1 (b)2
(©3 (d) 4
37. The whole area bounded by y = f(x),y = g(x) x =0is
(a) 11/8 (b) 8/3
(c) 2 (d) 13/3
Passage II

(Q. Nos. 38 to 40)
Consider the function f:(—oo,00)— (— oo, o) defined by

2_
FE=E = e,

x? +ax+1
38. Which of the following is true?
@@+a)’ f 1) +@-a)’ f(-1)=0
(b) 2-a)’ f"(1) -2 +a)*f"(-1) =0
(©) fQ)f(-1)=(@2-a)’
@ FOf(=1)=-2+a)’
39. Which of the following is true?
(a) f(x)is decreasing on(-1,1) and has a local minimum at
(b) ;(x)lis increasing on (-1,1) and has a local maximum at
x=1

(¢) f(x)is increasing on (—1,1) but has neither a local
maximum nor a local minimum at x =1

(d) f(x)is decreasing on (~1,1) but has neither a local
maximum nor a local minimum at x =1

40. Let g(x)= J:x {—+(:—z) dt. Which of the following is true?

(a) g(x) is positive on (—e,0) and negative on (0,°)
(b) g(x) is negative on (—e=,0) and positive on (0,c)
(c) g'(x) change sign on both (=,0) and (0,)

(d) g(x) does not change sign on (—eo,)

Passage 111
(Q. Nos. 41 to 43)
Computing areas with parametrically represented boundaries :

If the boundary of a figure is represented by parametric
equations i.e.x=x(t), y= y(t), then the area of the figure is
evaluated by one of the three formulas

s =—jz y(0)-x'(¢)dt
s=j:x(r)-y'(r)d:

_l p ’ ’
§ =2 [ 0= yx")ar

where o.and B are the values of the parameter “ t*
corresponding, respectively to the beginning and the end of the
traversal of the curve corresponding to increasing ‘',

23 213
41. The area enclosed by the asteroid (i) + (X) =1is
a a
3.5 3 a
(a) Pk (b) T
(c) %naz

(@) 2an

42. The area of the region bounded by an arc of the cycloid
x=a(t-sint),y=a(1-cos t)and the X-axis is
(a) 6ma® (b) 3na?
(c) 4ma® (d) None of these

2
43. Area of the loop described as x = i(s— t),y= .'_(6—t)is
3 8

27 24
(a) ? (b) ?

27 21
(c) T (d) =



Chap 03 Area of Bounded Regions 211

= Area of Bounded Regions Exercise 5 :

Matchmg Type Questions

44. Match the statements of Column I with values of
Column IL

R N ,9"“"‘“'_”_‘ o Column Il
(A) The area bounded by the curve e 2
y=x+sinxand its inverse function
between the ordinates x = 0to x = 21t is
4s. Then, the value of s is

(B) The areabounded by y=x&™ andlies  (q) 1
oo Bis
(C) The area bounded by the Curve“sm);zr;;iﬁ S N
i (1)
and ] y|: 2xis

(D) The smaller are included between the ¢
curves ||+ /Ty| = land |x|+ | y|=1is &

W - “'|'5~:

45.

(A
(B)
(©

o

Match the following :
" Column1l Columnil
Area enclosed by y=|x|, [x|=1 and (p) 2

y=0is S S
Area enclosed by the curve y=sinx, (q) 4
x:O,x=$andy{9is o e
If the area of the region bounded by (r) 27

x? < yand y5x+2is§,lhenkis

CQUAIDY, p reep e
Area of the quadrilateral formed by (s) 18

tangents at the ends of latusrectum of
2

ellipse of ellipse _ré_ + -};—1 =lis

Area of Bounded Regions Exercise 6 :

~ Single Integer Answer Type Questions

46. Consider f(x)= x* —3x +2 The area bounded by
|y]=1f (| x])|,x=1is A, then find the value of 3A +2.

47. The value of ¢ +2 for which the area of the figure
bounded by the curve y =8x? — x°; the straight lines

16 .
x=1andx=candX-axisisequalto?, TS

3 .
48. Thea:eaboundedbyy=2—|2—x|;y=|—xixs T

then k is equal to .........
49. The area of the AABC, coordinates of whose vertices are
A(2,0), B(4, 5) and ((6, 3) is .....on--

50. A point P moves in XY-plane in such a way that
[1x|1+[ly|]1=1, where [-]denotes the greatest integer
function. Area of the region representing all possible of
the point Pis equal to ......cc.... .

51. Let f:[0,1]—> [0, %] be a function such that f (x)is a

52,

53.

polynomial of 2nd degree, satisfy the following
condition :

(a) f(0)=0 1

(b) has a maximum value Ofi atx=1.

If A is the area bounded by y = f(x); y = f~'(x) and the
line 2x +2y —3=01in 1st quadrant, then the value of 24A
is equal to ......... s

Let f(x)=min {sin_l x,cos”! x, %}, xe[0,1] If area

bounded by y = f(x)and X-axis, between the lines x =0

and x =1is —— . Then, (a - b)is...............

K3 +1)
Let f be a real valued function satisfying

f(§)=f(x)—f(y)and }1_1& @=&Findme area

bounded by the curve y = f(x), the Y-axis and the line
y =3 where x, ye R*.
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Area of Bounded Regions Exercise 7 :
Subjective Type Questions

54. Find a continuous function ‘ f, pY

(x* —4x?)< f(x)<(2x% — x*) such that the area

bounded by y = f(x),y = x* — 4x?, the Y-axis and the A FWA y=sinx

line x =¢,(0< t <2)is k times the area bounded by ™~ / X

y=f(x),y=2x% — x*,Y-axis and line x=1,(0< t < 2). o| a P 2p
55. Let f(t)=|t—1|—|t|+|t+1|,Yte Rand

g(x)=max {f(t): x+1<t< x+2};V x € RFind g(x) y=1Kx)

and the area bounded by the curve y = g(x), the X-axis

and the lines x = —3/2and x =5. between x =a and x = ;i =2 between x = Tt and x =27; i =3.
6. Let f(x)=minimum {e*,3/21+e”*},0< x< 1.Find the If A, =1—sin a+(a—1) cos a determine the function

area bounded by y = f(x), X-axis, Y-axis and the line f(x). Hence, determine aand A,. Also, calculate A, fnd A

x=1 . 62. Find the area of the region bounded by curve y =25" +16¢
57. Find the area bounded by y = f(x) and the curve andthe curvey = b.5* + 4,whose tangent at the point

= ~1 (40 In 5)with the X-axis.
y= 2 , where f is a continuous function satisfying * = 1makeanangletan " ( ywi €
1Az’ 63. If the circles of the maximum area inscribed in the

the conditions f(x)- f(y)= f(xy),V x,ye R region bounded by the curves y = x* — x —3and

and f’(1)=2 f(1)=1 y =3+ 2x — x?, then the area of region
58. Find out the area bounded by the curve y—-x*+2x+3<0,y+x? —2x-3<0ands<0.

y= j'sm (sin~'Vt) dt +J' ¥ (cos™' VE)dt (0 x<m/2)  64. Find limit of the ratio of the area of the triangle formed
V8 8 . : ’ :

by the origin and intersection points of the parabola

y =4x” and the line y = a?, to the area between the

parabola and the line as a approaches to zero.
59. Let T be an acute triangle. Inscribe a pair R, S of 65. Find the area of curve enclosed by :

rectangles in T as shown : |[x+y|+|x-y|<4|x|<Ly2 x> —2x+1.

66. Calculate the area enclosed by the curve
4 +y?<2( x| +|y)).

and the curve satisfying the differential equation
y(x+y%)dx = x(y* — x) dy passing through (4, - 2).

67. Find the area enclosed by the curve [x]+[y]=4in 1st
quadrant (where [.] denotes greatest integer function).

68. Sketch the region and find the area bounded by the
curves|y+x|<1,|y—x|<1 and 2x* +2y% =1.

Let A (x) denote the area of polygon X find the
maximum value (or show that no maximum exists), of

A(R)+A(S) ) 69. Find the area of the region bounded by the curve,
_A(T)—' where T ranges over all triangles and R, S 2%l |y +2 %1=1 <1, with in the square formed by the
over all rectangles as above. lines| x|<1/2]y|<1/2

60. Find the maximum area of the ellipse that can be 70. Find all the values of the parameter a (a< 1) for which the
inscribed in an isosceles triangles of area A and having area of the figure bounded by the pair of straight lines
one axis lying along the perpendicular from the vertex y? =3y +2=0and the curves y=[a]x?y= LS [a] x? is
of the triangles to its base. 2

the greatest, where [.] denotes greatest integer function.

61. In the adjacent figure the graphs of two function . - "
y= f(x)and y =sin x are given. y = sin x intersects, 71. If'f(x) is poimve for all posniwe values of X and
y = f(x)at A(a, f(a)); B(m,0)and C (2m,0). £ (x)<0, f”(x)>0,V x € R*, prove that
. n
A; (i=1,23)is the area bounded by the curves y = f(x) 1 f)+ j: f(x)dx< T f(r)< J”‘ Flx)dx + F(1).
and y =sin x.between x =0and x =g;i =1 2 r=1 1
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= Area of Bounded Regions Exercise 8 :

Questlons Asked i in Prevnous 10 Years Exams

(i) JEE Advanced & IIT-JEE

72. Area of the region {(x,y)}e R? :y> [[x +3,
5y<(x +9)<15} is equal to

[Single Correct Option 2016]

1 4 3
)= by 2
(a P (b) 3 (c) 2

5
(d) z

x4+ X
73. LetF(x)=L +fchosztdtforallxe Rand

1
f :[0, E] — [0, o) be a continuous function. For

ae [ 2] if F’(a) + 2is the area of the region bounded

by x=0,y=0,y= f(x)and x = g, then f(0)is
[Integer Answer Type 2015]
74. The common tangents to the circle x? +y? =2 and the
parabola y? = 8x touch the circle at the points P,Q and

the parabola at the points R, S. Then, the area
(in sq units) of the quadrilateral PQRS is

[Single Correct Option 2014]
(a) 3 (b)6 (c)9 (d) 15

75. The area enclosed by the curves y =sin x + cos x and
y =| cos x —sin x| over the interval [Q —TZE] is
[Single Correct Option 2014]
(a) 4~2-1) (b) 2v2(+2 -1)
(c) 2(¥2 +1) () 2v2(¥2 +1)
76. If S be the area of the region enclosed by

y=e"2,y=0,x=0andx=l.'1'hen.
[More than One Option Correct 2012]

@ s21 (b)sm—f

‘°’“§(‘+%) z* f( %)

77. Letf : [—1,2]— [0, =) be a continuous function such that
2
f(x)= f(1-x)Vxe[-1,2} IfR = L xf(x)dx and R,

are the area of the region bounded by y = f(x),

x =—1, x = 2 and the X-axis. Then,
[Single Correct Optlon 2011]

(@) R=2R, (b) RR=3R, (c) 2R =R, (d) 3R =

78. If the straight line x = b divide the area enclosed by
y=(1-x)?, y=0and x =0into two parts R,;(0< x< b)
and R,(b< x < 1) such that R,
to [Single Correct Option 2011]

(d)S<—

-R, = -i— Then, b equals

3 1 1 1
(a) = (b) 7 (c) 3 (d) 2

79. Area of the region bounded by the curve y =e* and
0and y = e is [More than One Option Correct 2009]

() [/In(e+1-y)dy

@ [ nydy

lines x =
(a) e—1

(©) e ——J: e*dx

80. The area of the region between the curves
1+sin x _ [1=sinx

andy= and bounded by the

COos X Cos X

T
lines x =0 and x = —is
e 4 [Single Correct Option 2008]

Jz-1 t Jz-1 4t
——dt (b —_——dt
(a)'[° a+)V1-22 ' ()J” 1+ 1-+¢
J2+1 4¢ JZ+1 t
d _— dt
X ‘[ (1+t)J ()'[° 1+ 1-¢2

= Directions (Q. Nos. 81 to 83) Consider the functions
defined implicity by the equation y*-3y+x=0 on
various intervals in the real line. If x € (—e0, —2) U (2, ),
the equation implicitly defines a unique real-valued
differentiable function y = f (x). If x € (-2, 2), the equation
implicitly defines a unique real-valued differentiable
function y = g (x), satisfying g (0) =0.

[Passage Based Questions 2008]
81. If f(~10v2) =242, then f” (- 10 2) s equal to
42 42
@55 -
(c)% @ -i

82. The area of the region bounded by the curve y = f (x),

the X-axis and the lines x = aand x = b, where
—w<a<b<-2is

b x
(a) Ls[{fT}z—n dx + bf (b) - af (a)

®) = ['——X— dx + bf(b) ~ af(a)
3[{fx) -1]

© [ de - bf(b) + aft@)
3 —1]

@ - ['—— X dx - bf6) + aft@)
S3[{f(x)} -1]

83. ﬁlg'(x)dx is equal to

(a)2g(-1) (o (c)-2g(1)  (d)2g(1)
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(ii) JEE Main & AIEEE

84. The area (in sq. units) of the region [2017 JEE Main]

{(x,y):x20,x+y<3 x* <4y}and y<1++/x}is
5 59 3 7
2 b) 22 2 L
(a)2 ( )12 (C)2 (d)3
85. The area (in sq units) of the region {(x, y):y? >2xand

2 2 .
x“+y"<4x,x20,y>0}is [2016 JEE Main]

(a)n—g (b)n—g
_4e 22
Q%= P

86. The area (in sq units) of the region described by
{(x,y):y* <2xand y> 4x - 1} is [2015 JEE Main]

7 5
(@ = (b) =

15 9
22 )
© 64 @ 32

87. The area (in sq units) of the quadrilateral formed by the

tangents at the end points of the latusrectum to the
x? ’
ellipse — + — =1is
9 5 [2015 JEE Main]

27
(a) % (b) 18

27
(c) = (d)27

88. The area of the region described by
A={(x,y):x* +y* <1and y* <1- x}is [2014 JEE Main]

T 2 T 2
©773 W2*s

89. The area (in sq units) bounded by the curves y = Vx,

2y — x +3 =0, X-axis and lying in the first quadrant is
[2013 JEE Main]

90.

91.

92.

93.

94,

(®) 36
27
@ =

(@) 9
(c) 18

The area bounded between the parabolas x? = % and

x? =9y and the straight line y =2is [2012 AIEEE]
(o) 2047 ) 122
© 20V2 (d)10v2

3

The area of the region enclosed by the curves y = x,

x=ey= 2 and the positive X-axis is
x [2011 AIEEE]

(a) 1 sq unit (b) g sq units

5
()7 5q units ) % sq unit

The area bounded by the curves y = cos x and y =sin x
between the ordinates x =0and x = 2% is

2 [2010 AIEEE]
(b) (442 +2) sq units
(d) (4v2+1) sq units
The area of the region bounded by the parabola
(y=2)% = x — 1, the tangent to the parabola at the point
(2 3) and the X-axis is [2009 AIEEE]
(a) 6 sq units
(c) 12 sq units

(a) (4v2-2) sq units
(c) (442 —1) sq units

(b) 9 sq units
(d) 3 sq units
The area of the plane region bounded by the curves

x+2y® =0and x+3y? =1is equal to [2008 AIEEE]
@lams o

(c) ; sq unit (d) g sq units



Exercise for Session 1

1. 1squnit 2, 4]—? sq units 3. . sq units
3

4. -:- $q units S. 2—38 sq units

7 gaz sq units 8. 2z sq units

10. 3+16 log2 sq units

Exercise for Session 2

LW 2@ 3.(0) 4.(d) 5. (a)

6. (b) 7.(a) 8. (a) 9.(c) 10.(b)
1. (d) 12.(b) 13. (a) 14.(c) 15.(b)
16. @) 17.(c) 18.(a) 19.(a) 20.(b)
Chapter Exercises

1. (d) 2.(b) 3. (b) 4.(c) 5. (b)

6. (c) 7.(d) 8. (a) 9.(b) 10.(b)
11. ) 12.(b) 13.(c) 14.(d) 15.(a)
16. (a) 17.(a) 18.(a) 19.(c) 20.(b)
21. (@) 22.(b) 23.(d) 24.(c) 25.(b,c)
26. (a, b, d) 27.(a,d) 28.(a, d) 29.(ac)
30. (d) 31.(c) 32.(d) 33.(b) 34.(c)
35. (a) 36.(b) 37.(2) 38.(a) 39.(a)
40. (b) 41.(c) 42.(b) 43.(2)

44. (A)> (p); (B)— (p); (C)— (1); (D)= ()
45. (A)> (p); (B) > (p); (C)— (1; (D) > (1)
46. (1) 47.(1) 48.(4) 49.(7)

50. (8) 51.(5) 52.(3)

1
53. 3esqunits  54.f(x) = = l[x‘ — kP + (2k - 43

6. 5—361:1 $q units

28 .
9. = sq units
3 q

Answers

55.

56.

57.

59.

60.

61.

62.

63.

64.

66.
68.

69.

70.
76.
82.
88.

-x-1, x$-5/2
4+ x,~-5/2<x5-2
2, -2<xs-1
[-x,-1<xs-1/2
x>=1/2

g )=

1+ x,

and area = % sq units

4 1 ,
2+ log| —= |—— [squnits
[ g(sﬁ) e]

2 ;
T — = |squnits
( 3 ) i
Required maximum ratio = %
V34
@max = 9
Ay=l-sinl,dy=n—1-sinl,4;=3n-2

4
4 logs ( % )sq units

4( ?—41!: )squni(s

sq units

65. 2 sq units

N W

8 sq units
( it quunits
2

: (a-2- l/2) —1 |sq units
log 2

67. 5 sq units

ae[l,2) 72.c)  73.(3) 74.(d)
(bd) 77.(c)  78.(b)  79.(bc,d) 80.(b)
(a) 83.(d) 84.(b) 85.(d) 86.(d)
(@ 89.(c) 90.(b) 9.(a) 92.(b)

4
s8. 1 ( 2 ) sq units
sl 16

75. (b)
81. (b)
87.(a)
93. (d)



Solutions

1. Here,[x+y]l=[x]-1
when x €0, 1) =[x+ y]=-1

-1Sx+y<0 (1)

when x€[1,2) = [x+y]=0
0sx+y<l1 (i)
which can be shown, as

Y x=1 x=2

\
\
N N
N\ \ N\
N\ \ \
N \ \
\\ \ N
= v ) R 2 =X
N \ \
\\ \\ \\
N\ \ \
N
MW N [Nty =1
\ \ \
\\ \ N
M x+y=0
\\ 4
x+y=-1

.. Required area =2
/2
2. Required area = Zﬂ f(x) dx

Let, f'(x)=t=x=f(t)
dx = f'(t)dt
A=2[) (¢ f@a

=2[(t~ f (t)) -1 f(t)dr}
0
1 t
Z[f(l)—“'o 1—_+7dt:|
1
2[f(1)—1(log(1+z’) ] }
2 [
Z[f(l)—% logz]
1 il [
2 [E ~5 logz]- 1-log2 =log (2)

(x+j2i—1)z ) (x—jti+3)z=l
12 2)*

Length of latusrectum =2

—

3. Here, E;:

2
Now, Ef: =2 =>pm =
P

= p=2"""

2 2
. ) A
Ep: 2713 + 471 =1

Area of ellipse E;, is
T
T ’P.P=1: pyz:Ti-

4. Area of bounded region by
4|x —2017%7| + 5| y —2017%""| £ 20, is same as area of the

region bounded by 4| x| + 5|y| < 20.

=> 4X%X4><5=40
Y
4
'|O Ax
-5 5
4

5. Here,y = x> + 1and y = /x — 1 are inverse of each other.
y y

The shaded area is given K units
= Area of the region bounded by y = x*+1,y=,/x—1and
(x+y—1)(x+y —3)=0,is 2K units.

y y=x2+1
y=x
\1 K .
0o 1 3N\( A
X+y=3
x+y=1
X 4 4
6. Given, .[o f(x) dx—_[o g(x)dx =10
(A+ A3+ A))—(A+ A3+ A) =10
A-A,=10 i)
Y
0.4)
2
]

Again, J: g(x) dx —I:f(x) dx =5

(A + A))-A, =5
Ay =5 -(8)
Adding Egs. (i) and (ii),

A =15



7. Solving, e* =", weget e =¢® = x=2
2

Y y=g

ol ] —X

alz, . _
S=Io (e 3y X_cx)dx=[_(ea‘e—x+ex)];ll

=(€¢ + 1) _(ealz o0 e::/2)=ea _2ea/z % 1=(enlz _1)2

S (g"”_l 2 1( e -1 2
@@\ a ) 4 alz)
- 1 10.
m—=—
a>0g? 4
az_bz
8. mp = b =a - b equation of PQ
Q(-b.b?)
Pla.a®
9
y—az=a — z(:t:—a) or y—a®=(a—b)(x—a)
a+b
y=az+x(a-—b)—az+ab
y=(a-b)x+ab
8 =] (@-b)x+ab-x")dx
3
which simplifies to (i%b)—. ..(i)
a a* 1 ;
Alio; Bm-=b B 1 =%[abz+azb]=zab(a+b) (i)
0 0 1
s_@+op 2 _(a+d)? _1fa b, ]
S," 6 abath) 3ab 3b a |
s| 4
St 3
9. y=In’x-1 = y—?%’f—o = x=1
Y.
X
Ove G
-1

Chap 03 Area of Bounded Regions

x>1,y increasing and 0 < x <1, y is decreasing

A=“:h(lnzx—l)dx|

| J':hlnzxdx —I:/t dx
[x ‘"zx];"‘zj;.(¥)'xdx-(e—£)
() ol
|2 s ]|

[(e+3)-(--2)]

1|7 e
2-@2-x),if x$2=x x, if x<2

y_{z—(x—z),ifx22=4—x_{4—x.ifx22

4

Il
|
)

-
e

—3-,ifx>0

Also, y =4 %

—z,ifx<0
x

Y

3

o
2

01322

= s
’ \y=4—-x

y =X

A= I:/z(x—%) dx+ I:((4-x)—%) dx

=||i52i—3lnx];z+{4x—x?z—31nx]]

|

217

=[2 -3In2 —(% -3In 3)]{12-;—3 |n3—(8—2—l.n2)]

2

T
=§—31n2+3h13—3lr12+g—3ln3+31n2=%-3lnz

11. Given, g(x) =2x+1; h(x) =(2x+1)*+ 4

Now,

h(x) = f[g(x)]
@x+1)*+4=fex+1)
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Let 2x+1=t = f()=t"+4
flx)=x*+4
Solving, y=mx and y=x+4

xP-mx+4=0
Put D=0; m’=16 = m=14
Tangents are y = 4xand y = —4x
A=2Iz[(xz+4)—4x]dx=2_[2(x—2)zdx
0 0
2
2 3 16
=1=(x-2 = — sq unit
[3( )]0 5 Squnits
12. y=——x = y* = —x, where x and y both negative

x=-J-y = x*=-y, where xand y both negative

5 Y
o )
x= —J—T\ ~~~~~
y=—>x
Since, A= 16ab where,a=b= L
3 4
A=-
13. £y
fx)
Integrating, In f'(x) =x+C, f(0)=1=C=0
Y
oAl

fix)=e"f(x)=e*+k f(0)=0 = k=-1
f(x)=¢e*"-1
Aua=j;(e'—1+1)dx=[e']:,=e-1

14. A =2I;[y\/l —y2 —(y*-1)]dy=2
Y

1

x =ly | V1572
(-1,0 Q X
wq X= f—1

-X

15. y=xe

¥y =e ¥ —xe™* =(1-x)e” increasing for x <1

(i)

Yy = —[e* —xe¥]=eF[-1-1+ x]=(x—-2)e"

For point of inflectiony” =0 = x=2

2
A= J:xe"dx =[-xe7¥] 2, J-o e =(-2e7%)— ()2

=2 —(e2-1)=1-¢2-2e2=1-3¢"
16. (a, 0) lies on the given curve
0=sin2a—+3sina = sina=0or cosa =3/2
= a== (as a > 0 and the first point of intersection
6
with positive X-axis)
16
and A = I: (sin2x—+/3 sin x) dx=(
( 1 3) ( 1
=|—+=|-[——=+
4 2 2
= 4A+8cosa=7
17. x=1;y=2

cos 2x K6
———+4/3cos x]

0

7
ﬁ):z— 3=—-2cosa
4 4

2=a+b+c
x=0y=0 =2¢c=0 =a+b=2

Y
\ 2 \/
2
-1 0 'x

=2ax+b=1
(0,0)

Now,d—y’
dx
b=1l,a=1
Hence, the curve is y = x* + x
0 0
A=I ((xF+ x—x) dx:J 1(xz)dx=quunits
= e 24
18. [F=¢~
% e S Ie”(cos x—sinx) dx. Put—x =t

= -j e'(cos t+sint)dt=—e' sint+C
ye*=e"sinx+C

Y.

0 — X

Since, y is bounded when x 5 © = C=0

..{)
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y =sinx Required 5 I—z»zﬁr( +9) . 8‘]] -
5 o/ area = —x -
Area = J': (cosx —sin x) dx =+/2 -1 equire, . l - J

2 6x* 3x° 2 24242 1[ 2 x’T“Zﬁ
- i LW L (I . A _2r- . a - .
19. I-j(6x 3x°) dx > = Ix*-x=x*3-x) —4L (4—4x—x")dx 2L4x 2x 3L
A =1@)-I(1) = 4-2 =2 units ; i
A, =1(2)-I(3) = 4—0 = 4 units =6—[12x-6x’—x’]82’ 2
A, = 1(3) - I(4) = 0—(=16) = 16 units
. . =%[12(-2+2\/§)—6(—2+2~/5)2—(—2+2*/5)’]
=1 (- 24 + 242 — 6(4 + 8—-8+2) —(~8+162) + 242 — 48]
6
=1 =24+ 2442 72 + 482 + 56 — 4042)
6
1

. Ay 3 4
- 0 1 2| , X
3
8 4
== —40]=> (442 —5)=—(442 =5
o 6[3z~/5 40] 6(«/' ) 3( )
22. Shaded region represents S NS’ clearly area enclosed is 2 sq

units.
= One value of a will lie in (3, 4). 1o
Using symmetry, other will lie in (-2, -1).

20. Required area, A = I:“((sin x—X) +2m) dx

2
= "7 -2 sq units 1.0 O| 13231 9)

21. g(x)=| f( x|)-2|=|| x| -1-2|=|| x| -3]|
[ —x-3, x<-3 ©.-1
(x| =3), x<-3 a a
) e —(-x-3), -3<x<0 23. Required area is Z[I exlnxdx+J (1—\j1—(x—1)2)dx]
B TS —(x-3), 0<x<3 Y !

|x|-3 x23
x =3, x23 F4%

-x-3 x<=3
x+3 -3<x<0

= -x+3 0<x<3 S o
x -3, x>3 -
Now, xz~4y+8=0

24. y=2ax-x* = (x—a)’+y? =a®
Let P(h,k) be a point, then BP > PN
For the bounded condition BP = PN =k

Now, AP=q-k= (h—a)2+k2
2
= k=h-
(-2+2V2, 0) 2a

Y

For point of intersection,

X —4-x+3)+8=0
= x*+4x-4=0
—4% 6 +16
=5 x=f=—212«/5

N C(a0)

. Point of intersection is at x = — 2 + 24/2
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25.

26.

27.

28.

29.

xZ

*. Boundary of the regionis y = x——zz

2 2
Required area = ZI: (x—xz] dx = 2%

f(x)=2x-a At(2,4), f(x)=4-a

Equation of normal at (2, 4) is(y —4) =— :
(4-a)

Let point of intersection with X and Y-axes be A and B

respectively, then

(x-2)

A.——.(—M+18.U)Bs(o, 4““18)
a—4
Since, a >2as
2
Area oftl'iangle:l(m—ls)(“_ls) =2
2 (a—4)

= (4a-17)(@—-5)=0

= a=5 or E
4

Max { f(x), g(x)} = % (1 f(x)+ g+ f(x) - g(x)I]
Min {f (x), g(x)}} =%[If(X)+g(X)I —1f(x)-gx)l

b
- Area= [’ [max {f(x), g(x)} - min {f(x). g(x)}} dx
Area bounded by parabolay = x® —7x+ 10 and X-axis is given
by
5 5 52 _ _9 .
Lk—h+Mh—ux+h 10| dx = - sq units

3 Ja
Area bounded by the ellipse x_z + % =1 will be the same as
a

xZ

2
the area bounded by the ellipse o + %7 =1and nab

. Required area = 1t (2)(3)=67 sq units

OP=x
If slope is % then equation of tangent is
dy
Y-t=—(X-x
dx( )
Pix.y)

e

O

Length of perpendicular from origin to this tangent is
dy

Y—x—
dx

30. ..

31.

33.

34.

2

dy 2 2 z(d)') _ dy
2 £y = — | =2xy—
x{l+(dx)} g Y

= dy _ Xy . [homogeneous form]
dx 2xy
fx2+yz]_xz
dy_l—x__x—xz=_l 2 J =}'2—x2
@y o xy 2xy

Since, option (a) is true (equation of circle).

If option (a) is true (b) can’t be (It is parabola).

If option (a) is true, option (c) is also true wherec = 1.

sin? x<sinx, V x €(0,7)

Therefore, area of y = sin’x will be lesser from area of y =sinx.
Statement I is obviously true.

Hence, (d) is the correct answer.
Let the line y = kx +2cuts y = x* —3at x =a and @ =P, area

bounded by the curves = J:(y, -y2)= I:{(kx +2) —(x*-3)}dx

2 372
= flx)= (i%o)_

which clearly, shows the Statement Il is false but f(k) is least
whenk = 0.
Hence, (c) is the correct answer.

. As of region bounded by parabola y* = 4x and x* =4y is

sq units

0 4

3 120 3 3 3

Hence, Statement [ is false.
As the area enclosed by | x| + |y| < a is the area of square
(i.e., 2a%).

~.Areaenclosed by|x + y| + |x —y| < 2isarea of square shown as

4
¥ Ay =X

1
Arca=4(§x2x2) =8 s5q units
Also, the area enclosed by | x + y| + |x —y| <2 is symmetric
about X-axis, Y-axis, y = xand y = —x.

~.Both the Statements are true but Statement II is not the
correct explanation of Statement I.

b
[ ) - (=)} dx

.. Statement I is false.
The area bounded by y = x(x—1) and y =x(1-x).

is true for all quadrants.




\Yl / y = x(x-1)
l\/ y =x (1-x)

5!
.~ Area enclosed = ZJ x(1-x)dx=2 {._ _x_}
3

2 3 6 3
35. Since, absolute area

=J'x' h(x) d)r+J”‘I —h(x) dx + I:' h(x) dx

—Z [""( 1) - h(x) dx

r=0

36. Also, x4, =xy=>n=2
i _H iy 1 1
37. Required arcn—J'o sin® txdx — -[o log, x d. =y

Y

/WV\ X
0 1/2/("03’2 X 2x X 3

—ax+1
2 rax+1
For chfferenhauon. better write f(x) as

2ax
() =1-————
S x*+ax+1

2a(x*-1)
(x*+ax+1)?
fy=0=f(-1)

Then, the options (b) and (d) are eliminated.
Again, for the differentiating Eq. (i) gives

(x* +ax+1)*-2x—(x* -1)

2

£"(x) =2a- 2(x +zax+ 1) (2,\;+ a)

(x +ax+1)

)=

38. f(x)=

Now, on differentiation f(x) =

4a
(2+a)’

[ = ),.

Combining both (1) 2+ a)? + f*(-1)2—a)* =0

(x*-1) N C ) ESD))
(x +ax+1)* (x*+ax+1)*

If is easily seen that f(x) decreases on(-1,1) and has a local
minimum at x = 1, because the derivatives changes its sign
from negative to positive.

39. fi(x)=
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40. . g(x)= e
Now,  fle")= 2a-(e" 1)

(e* +ae* +1)?
It is seen from the above that f*(¢*) and so g’(x) is positive on
(0,00) and negative on (—=¢o,0).

41. Clearly, x=asin® t,y =a cos’ 1,(0 St S2m)

3=j:‘a sin® t-a-3 sin?t(=sin t) dt

1
= -3a° xI" sin't cos® t dt

yy I

=-3a%*x

4 2+2 ZX3X2X1
2
3. 32 _3_2
=-ma’="ma [absolute value]
8 8

42, S= —I:na (1—cost)a(l —cost) dt

2
= -azfo (1-2 cos t+ cos®t) dt

2 1+ 2t
= —azI ‘(l -2cost+ (ﬁ)) dt
0 2

LT
= —52--[0 " [3—4cos t + cos2t]2"
=-3na’ =3na* [absolute value]
43. x= i(6 -t)= l(6t -}, y= '_1(6 -t)= 1(6,2 )
3 3 8 8

ot 1
Area=| —(6—t)-—(12t — 13t?
[i36-0-3C )dt
1ps e 5,1
==] (' + 24t —10%) dt == | — 4 863 =244
BI" 8|5 2 )

117776 216 27
=—=|— +1728 -3240 |= —— ==~ i
8[ 5 0] 5%8 5 st

44. (A) Required area = 4s

n " n
s =I° (x+smx)dx—j°xdx

n? n?
=-——COST + cOs O_T =2 sq units

2
y=x
%y:l(x)=x+sinx

——1"'x)
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(C)Theliney=x+Zintersectsy=xza!x=—landx=2

1
Required area = 2| xe* dx=2[xe* —e*]; =2 .
By Reg I° L b The given region is shaded region area

l

= ——>x
x=-1 0 x=1 = 7 >
9
= 15, xtdx= 3
2 -1
(C) y* = x® and | y|=2x both the curve are symmetric about
Y-ai’is : = (D) Here, a* =9,b* =5,b% = a®(1-¢?)
a4t 2
= ) 3

5)..2x,.Y_4
Equation of tangent at 2.; 157"';—

.~
N

=

9
4x*=x"=x=04 x-intercept = 5 y-intercept = 3

4 16
Required area = ZL @x—x"?)dx= =

D) Vx+lyl =1

9 1
Area=4x5x3x§=27squnits

P : 46. Y
Above curve is symmetric about X-axis
A
(0.1)
\ >X
Y (1.0
Area is pi po 5
eaxsgwenbyA:zIo(x —3x+2)dx=2
3
5
= 3A+2=3.24+2=
[yl =1-Vxand Vx =1-[[y| 5 A7
= forx>0,y>0,,/§=1—«/§ 47. Forc(l;r(sz—xs)dx=l
[
iy 1 5 s
oy E 5 8 1.8 ¢ _16
3 6 3 6 6
dy__|x [ 3]
dx— y = C3—§+c— :E-EQ.l:E
dy l 3 6 3 3 6 6
7;<° = c=-1
1 1 Again, for ¢ 21 none of th : :
Function is decreasing required area = J l,(2\/3; -2x)=§. condition that e values of ¢ satisfy the required
5 ¢ 16
45. (A) The area = 2 unit I'(sz—xs)dx=? " g

(B) Area enclosed = j: sin xdx =2
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X  x<2 3/x x>0 2x—x*
48. y= = =
Y {4 —x x22" {_3, % Es 51, Clearly, f(x) -
Y
(02 y=x
(0372) 3
B
A
Required area = PQRSP = Area PQRP + Area PRSP ol i
~1(00 M N (3/20) (2.0)
(3/4,0) (1,0

+

Jla-n-2)ax

-3

1 1
_4-3In3 Since, 2x + 2y = 3; passes through A (1, 5) and B (5 1)

sq unit:
q units so bounded area A
49. Equation of ABy = g (x-2) = Area O;w : 2 [::.re: oclm + ?MICA.M - Area ?NA;
3-5 =2[.1.x—x—+—(—+-)x———](2x—x’)de=_
EquationofBCy-5=6_(x_4) =Sy=-x+9 2 4 4 2\4 2 4 270 24
0—; = 24A=5
3 A 3
Sinatkn DfCAy_a—m(x_Q =°y=;("_2) 52, f(x):min{sin”x, cos".x—g}.xe[o,ll
Required area
5,4 : 5. A:ea=J’/z sin"x,dx+l(£—lJ+J’l cos™! x dx
=§J‘z(x—z)dx+_|..'("'9)dx—ij(x—Z)dx ! 2{2 2 Va2
g 27 27 2 =(xsin"x+,[1—x2):;z+_@
_51(x=2)°F 1x-9°) _3[{(x-2) 4 _
2 2, 2 ) 4 2 | +(xcos x=1-x )2

=£(1_J§)+ﬁ+“5‘1
2 2 2

=.\/§_1(2_£)= 9-m =_a-n
( i 6(V3+1) b3 +1)

=322 = 0] - L [-3)2 (5] - 2 (47 -
e =~ =) ) )5 [ =]

5 i 3
==x4--[9-25]--[16-0
2 x4-719-25]- 2 [16-0)

=5—%[—16]—2><16=5+8—6=7squnits i ¢ el
53. Given, f|X|= - ;
50. If[|x|]=1and[|y|] =0, then1<|x| <20<|y|<1 o f(y) f&x)-f©) ..(i)
= xe(-2,-1]uU[1,2),y €(-1,1) Putting, x=y =1, f(1)=0 i
if fIxl1=0.0yl1=1 i f(u--)
Y;2 Now,f’(x):hh_r:lo h fx)=}.i_""‘) A £ [from Egq. (i)]
LA 0-)
= lim ——XZ
\ 1 \ h-0 ﬁ.x
\ —— =_:1 X 8 2 1
-2 § - 4 § 2, = fx x [smce, xh_r.no&:_ﬂ =3]
— 0 —_— yw
— = e
= o ) 0.9,
-2 =
— A
Then, xe(-1,1),y e(-2-1]uU[1,2] OE=(10 (.0 =X
Area of required region = 4 (2 — 1) (1 = (1)) =8 sq units —
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- 5
= f(x)=3log x+c Now, required axea=J g (x)dx
Putting x=1= c=0 -3/2
s - 5
=5 f(x)=3logx=y (say] =I 1 (2)dx+J lllz (1—X)dX+I . 2+ x)dx
3 -3z - -
Required a:ea=J xdy=j R dy=3[e")2. ¢ 1 1 N 1 1
== = =2(_1+§)+(_..__)—(—1——)+2(5+—)+—(25——)
=3 (e — 0)=3e sq units 2 2 8 2 2) 2 4
54. According to given conditions, 101 i
J‘[f(x)-(X‘-4x2)]JX‘kJ‘[(2x2 x]) f( )]d =— squnits
= s R e !
i ¢ 56. It is easy to see that,
Differentiable both the sides w.r.t. t, we get e*, 0<x<log(3/2)
fO =@ -ar)=k@ =)= f®) Fy={3/2 logB/DSx<log(@
or A+k) ft)=2kt®* —kt* +1* —41® 1+¢€% log(2) S x<1
1
=P f)=——{t* -kt + 2k —4) £ Let A be the required area. Then,
k+1 )t 1 3
(log 3/2) og 2 1 g
Hence, required f is given by; A= Jo e dx+ Ilog 32 de & Ilng 2 (L) b
o 3 -
e =R 2R+ (R = g2
55. f()=|t—1|=|t|+|t+1] 3(3_,)+3(logz_,ogz)+(,_1_log2+1)
-t 1<-1 2 2 2 e 2
2+t —1<t<0 [ 4 1] :
= 1) = » =2+log( )—-— sq units
fO=12m o<ess 12+ elsm )7 ]
t, t>1 57. f'(x)= lim flx+h)-f(x)
V h—>0 h
- lim fx+h/x)=f(x)
h—0 h

2
f® oy fA+R/0-FO) _fx) o,
v_1\/ X h=0 h/x —_x-f ®

-'-f'(x)=—2f:x) or L) 2

x

»X

1 -1/2 O 72 1 1% 2 fx)
Y4

) =52

1 5
Casel x+2S-E = xS—E

g(x)=max {f ()):x+1St<x+2}
=f(x+1)=—x-1Lx<-5/2

1 5 i :
-—— < - &£ - :
Casell 2<x+2_0=9 2<x_. 2 .0 0 (.o

g(x)=f(x+2)=4+x,-§<"5‘2
Integrating both the sides, we get f (x) = Cx?, since

Caselll 0<x+2<1=>-2<x<-1 )= Ol
g(x)=2 %o Fl=x?
CaselV 1<x+253/2=-1<x$-1/2 : x)=x
gx)=f(x+1)=1-x Now, 2 z=xz S g P
CaseV x+2>3/2=>x>-1/2 1+x
gx)=f(x+2)=2+x = =l = x=di
ml, B8=5/2 Required area =2 J" 2o i
4+ x, -5/2<x<-2 ol 1+ x?
Hence, g(x)= 2, -2<xsS-1 ST
- - x
1-x, =-1<xs-1/2 =2|2tan™ x—— =2[§_§]

24+4x, x>-1/2 2
=(N-§) sq units



8. y(x+y’)dx=x(y*-x)dy

= xydx+yzdx=xy’dy—xzdy

---------- -->y=3n/16
= xd(xy)=x2y’(—ay-lzdx)
x %
d 2
() x x xy 2\«x
At,x=4,y=-2
1 1 1Y)
So, —==| == =
P 2( 2) +C = C=0
Hence, y*+2x=0
So, fx)=(- 2x)13

The second equation given is

sinfx | _ cos? x
y= sin~! Vi dt + J cos
1/8 1/8

~U Ve dt

= y’=x-2sinxcos x+ x-2cos x(—sinx)=0
So, y is constant.

1
Putsin x = cos x =—F=
NG

Hence,y = Il;:z (sin™ VI + cos™! Vi) dt

2 n:) n 3 _3m
= = |ldt=—-==—,
s \ 2 2 8 16

3n
So, we must find the area betweeny = f (x),y = 7

3n
g(x)——6

3

3n 1( 3n
At g B N p
V=16 2(16) Y

Hence, area —I ( = +(@x)" ) dx

an\° 4
= EE,H.ZV’.X_ —1(3—1!-) sq units
16 4/3 8 \16

. A(R)+A(5)=ny+bz
59. Asin the figure AT Kx]2

where h =a + b + c, the altitude of T.
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By similar triangles£= y 2%,
h b+c ¢
a(b+c)x+b.g
so, AR+AG) " 1 h
A(T) hx/2

=%(ab+ac+bc)

We need to maximize (ab + bc + ca) subjecttoa + b+ c=h
One way to do this is first to fixa,so b + c=h —a.

Then, (ab + bc + ac)=a (h—a) + bc

and bc is maximized when b = ¢. We now wish to maximize
2ab + b® subject to a + 2 b = h. This is a straight forward
calculus problem giving a = b = ¢ =1/ 3. Hence, the maximum
ratio is 2/3 (independent of T).

. Consider a coordinate system with vertex P of the isosceles

APQR at (a, 0) and Q and R at (0, b) and (0, — b) respectively.
A=%a~2b=ab )

Let the centre of ellipse be (ct, 0) and the axes be of lengths, 2a
and 2.

2
So, the equation of ellipse i lS (y) =1
BZ
Y
ql©.b)

‘‘‘‘‘‘‘ @ 0)\\ X
/ %{’0)

0.-b)

Now, the line PQ is tangent to the ellipse. To apply condition
of tangency, let us take a new system x’y” whose origin is at
(o, 0).

Then, x=x"+oandy =y’

So, the ellipse becomes XJ— +=—==1
o?

y
p*
+a

and the line PQ becomes s

X
b

which can be written as y'=—k:(+b(l—g)
a a

% H(g) () e

. pr(i2)
a
Now, area of ellipse=n a B = A%=n’a$P?
Using Eq. (ii), A? = n%%? ( 1 2 ) =) (s35)
a
f'(x):n’b’(zu -"iz]
a

6l
f'@)=0 = 20=— = a=§(onto)
a
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. i f maximum area will
3 R T | 12 _ 22 _ 63. By the symmetry of the figure circle(s) o

Since,  f"(a)=n"b ( 2= g ) =-2n'b" =(-ve) have the end point of diameter at the vertex of the two

(ata=a/3) parabola. . i

a a* 2) nA? = Radius of circle = = X AB=~ X8 = 4 units
So, = =Rz'-—-bz(l—— = i L (i 2
f( 3 ) 5 5 = [using Eq. (i)] 2
Hence, (A)pax = -ﬁ = RELY sq units
33 9 \ y

61. A = jo' {sin x = f (x)} dx = — [cos x]} - jo’ f(x)dx 9 y;& P

=—(cosa—l)—J°n f(x)dx=1-sina+(a—1)cosa (given)

3 1
= —cosa -I; f(x)dx=-sina+(a—1)cosa So, the area of shaded region = 4 X[ L (B +2x-x")dx- P
= —j: f(x)dx=-sina+acosa m'enofcircle=4( -132—47': )SQU““S
a . 3
=2 .[o i 64. AreaofMOB=2X(%X-:-><az )=52—
Differentiating w.r.t. a.
f(a)=cosa—(cosa—asina)=asina y=a
f(x)=xsinx A 2 8
Now, y=sinxand y = f(x)intersects at
= asina=sina=(a-1)sina=0
= a=1 [as sina = 0]
Hence, A =1-sinl C
. ) -al2 (0] a2
A1=j| (xsin x —sin x)dx=mn —1-sinl
= . A 3 3 3
A’=L | xsin x —sin x| dx =31 -2 Area=AreaOCBD—In’z b= B8 o8
B 2 6 3
62. Forx=1y=b-5"+4=5b+4 i Area of triangle
= um
and W —p.5 log5 = Sblog5=140log5 = b=8 x>0 Area between the line and parabola
dx - a’/2 3
The two curves intersects at points where = 2/3 = 2
8-5% + 4=25"+16 i . 1
. Required area=—-x2x2= i
= 5% -8.5+12=0 => x=logs x=logs6 & 2 Sl L
Hence, the area of the given region; Y
= [ 85™ + 4 (25" + 16)} dx -1.2) 1.2)
logs 2
=j'°"°(a-s‘—2s‘—1z)dx
logs 2 X
85" 25t 1®° o L
S log 5 2’r—log 25
13 .
ogs 2 (-1,-2) (1,-2)
_slﬂ’ll“ B-Sb‘"
= —— + = —12(log s 6 — log 5 2)
08 08, )2
: glogs 4 = g.5"6 2 66. Required area =4 x[ L‘f)_ -(r=2) ]=5 sq units
log,25 log,5
-36 48 4 16
=+ -12[logs 3] + ——— - (0.{2)
2log,5 log,5 ’ 2(log, 5)  (log, 5)
=_l‘l__|21°g,3=4log,e‘ -4 logs 25
log, 5 o) 2.0

4
=4 logs [ g; ]sq units



67. 5 squnits

W

W
W
1 W

N W e o,

o 1 2 3 4 /5 X
68. Area of the square ABCD =2 sq units
C
D
B
A
Area of the chcle:nx%:%squnits.
Required a.rea=( 2 -g )sq units
69. 25y +2! 51t < (i)

70.

Clearly, this region is symmetrical about X and Y-axes.
Let x < 0, Eq. (i) gives,

2 —y+2*7'<1
1-2"""' jag.l

< = -
= y Y 3
1
x=1/2
1/2 y=1/2
c B
N\ ’
@] 12
-12

Clearly, bounded region in the first quadrant is OABC. The
required area is 4 times the area of the region OABC.

/2

2 1 .

Required =4 27 —=|dx=4|- -=
equired area L ( 2) [ In2 2 ]o

[ 4 o]
=|—@-2"")-1 it
llnz( ) quums
Pair of lines y? =3y +2=0

= Linesarey=2,y=1

Let [a]=b

Chap 03 Area of Bounded Regions

b
Now, curves are y = bx*and y = = x*

Y.

Bounded uea:Z[Ilz (x: —x.)dy] :
1 (B )

2
J\/E.L”-L.ﬁ1
l b 3/2 b 3/2Jl

227

=§—“ﬁ«ﬁ—1>y”’).‘=3—}—5(ﬁ—1)(z~/5—1)

Area will be maximum when b = [a] is least.
Asa22 = [alleast =1 = 1<a<2

71. Since, f’(x) <0 = f (x)is a decreasing function and also

[ (x) >0 = f(x)is concave upwards.
Hence, the graph of the function y = f (x) s as follows :

Y.

1 23 45 n-1n

0

1 23 45 n-1n

— X

(i)
Let S, denotes the shaded area in figure (j).

= SL=f@)+ f@)+...+ f(n)= if(r)—f(l)

r=1

From the figure (i) it is clear that, S, < I " f(x)dx
1

= S fO-fw<f" fxax

r=1
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= Z FO<[" fdc+ £) )
r=|
Let S, denotes the area of the shaded region in figure (ii).
= s=(iro+r@)riv@ssons..
+ (=1 £ )
=[(fW+f@+ fE)+...+ f(n=1)+ f(n)]

1
n 1 . —E(f(l)+f(n))
=Y, Fe)-gf) -7 fie)

r=1

From figure (ii) it is clear that;
S >J‘l" £ (x)dx
= 3 fO-;FW+ o> [ fede

r=1

= 5 FO>[" fEdx+ @)+ @)

r=1
>[ f@dxr a2 1 @) i)
From Egs. (i) and (ii), we get

O+ [ <3 <[] e der £

72

Here, {(x,y) € R*:y 2 \J[x + 3|, 5y S(x +9) <15}

7 y 2 ||x+3]|
m,whcnx2—3

= e {m,whenx5—3

) {x+3,whenx2—3
Y2

or —3—-x,whenx<-3
Shown as
Y
y2=-x-3 y2=x+3
, X
X
3 0
Y
Also, 5y S(x+9)<15
= (x+9)25yand x <6
Shown as v
(0.9/5) -
O
) I - X
= 0
(-9.0)
x=6

o {(ny) e Ry 2fix+3,5y S(x+9)s15)

73.

74.

Y

- Required area = Area of trapezium ABCD
— Area of ABE under parabola

— Area of CDE under parabola

“Larae) - [y Rdx- [ ) dx
- L

® T
15 [3-0"| |+ 3)”2J
-3

2 3 3
2

2 -4
15 2 2 15 2 16_15_2__3_
D fr0-11-5%1B8-0]z——=—-—=——-—=
_2+3[°1]3[8 =3 73737 273 2
Since, F’(a) + 2 is the area bounded by x =0,y =0,y = f(x)
andx=a.
[ifx)dx=F (@) +2
Using Newton-Leibnitz formula,
f(a)=F"(a) and f(0)= F"(0) .(i)
x*+nl6
Given, F(x)= J 2cos’tdt
On differentiating,

F'(x)= 2t:t)sz(x2 + %)21: —2cos®x-1

Again differentiating,

F"(x)=4 {Cosz(xz + %) —2xcos(x2 +%) sin(xz + %)Zx}

+ {4 cos x-sinx}

=4 cosz(xz + E) — 4x? cos(x2 + E) sin(x2 + -7—:-)
6 6 6

+ 2sin2x
F"(0) = 4 {cos’(i)} =3
6

f(0)=3
Let equation of tangent to parabola be y = mx + 2
It also touches the circle x* + y? =2. "

2 |=v2
m ;}l +m?

=> m+mi=2 =2 m'+mi-2=0
= (m*=1)(m*+2)=0
= m=t1m?=-2 [rejected m*=-2]

So, tangentsarey = x + 2,y =—x - 2.
They intersect at (-2, 0).



T(-2,0)
X

Q
Y S
Equation of chord PQis -2x =2 = x=-1
Equation of chord RSis 0 = 4(x —2) = x=2
.. Coordinates of P, Q, R, S are
P(-1,1), Q(-1,-1), R(2, 4),5(2. - 4)

(2+8)x3
2

.. Area of quadrilateral = =15 sq units

75. To find the bounded area between y = f(x)and y = g(x)
between x =ato x =b.
Y

ol
. Areabounded = [Tg(x) ~ f(x))dx + [ {£(x) - gx)lax

b
= []1f() - gx)ldx
Here, f(x)=y =sinx+ cosx,when0<x< x
cosx —sinx,
and g(x)=y =|cosx —sinx|=
sinx — cosXx,
could be shown as

Y
=sinx + COSx
N f(x) b 4 }
=V2sin ( X+ %)
1
o] w4 w2

.. Area bounded = I: e {(sinx + cosx) — (cos x —sinx)}dx
+ Jm /z{(sinx + cosx) —(sinx — cosx)}dx
/4

"4 n/2
= J 2sinxdx + I 2cos xdx
0 R/4

/2

©/4 4 2[sinx]} s

=-2[cosx];
=4 — 242 =22(/Z — 1) 5q units
76. Graph for y=e™

<

a3l
AN
N

N
N
D

S

-9
&=

77.

78.

79.
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Since, x?<x when x € [0, 1]

- 2 -
= —x?2-x or e ¥ 2"

Ile"'dx p- Ile"‘dx
0 0
= S2 (), =1-£ )

Also, I;e"'dx < Area of two rectangles
< (1><L)+(1_L)xi
U2 V2)" Ve
1 1 1
St 1=
N ( V2 )

11 1 1
Y3 -‘/——2+$(1—7—5)2521 a
R=["x fx) dx )

i)

[from Egs. (i) and (ii)]

using [ f(x) dx = ['fa+b-x) dx
R=["a-xf0-xd

R = Jj‘(l — %) f(x)dx ()

[f(x) = f(1 - x), given]
Given, R, is area bounded by f(x), x=—1and x =2.

Ry= j_" f(x) dx (i)
On adding Egs. (i) and (ii), we get
2R = _’l f(x)dx V)

From Egs. (iii) and (iv), we get
2R, =R,
Here, area between O to bis R, and b to 1 is R,.

j:(l—x)zdx—j: (l—x)zdx=l

4
- [a—x)ﬂ”_[( —x)’]‘=1
=3 |, L -3 ),
IR TR P TC T
= 3[(1 b) 1]+3[o (1-b) =
T N S B
o 3(1 b 3+4 12
- 3:1
= (1-b) -
= Q= = pad
2 2

Shaded area =¢ — U: e* dx) =1

Also, I:hl(¢+l—y)dy [pute+1-y =t=> —dy =di)

=j' In t(-d) = ["In tdt=["Inydy =1
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14 = —
Required area = J- r 1+sinx 1-sinx di
0 cos X cosx

[ 1+sinx
-
cosx

80.

X X
1+tan25 1+tan’=

x
1—-tan’=

1 —tanzi
\ 2

2 X
1+tan"—
2

2
l—tani
2

1+tan>
2

1+tan——1+tan—

r—x b=,
1-tan®=

Puttan>=t = lsec X dx=dt
2 2 2

n

tan —

=J' 8
0

[

ni4 an—

x
tanz —

4t dt
a1+1t% ,/1 =
4t dt

As a+1) ,/1 o

81.

Given,

= 3y

d’ dy\' _,d% _
=3y [dzz)+6y(dx) -3 x’—o
Atx=—10~/5,y=2ﬁ

On substituting in Eq. (i) we get

Again, substituting in Eq. (ii), we get

2 1}, d*
3(2&)";—%6(2\/5)'(-5) -3.2%=0
2
2
= 21~d—’;=-12‘c
dx (21)
- dly _-1242 _-4\2
dx* (1 7*-3°

1-sinx

cosXx

S

[ tan % =2 -1]

)

.(ii)

82. Required area = J':y dx = I:f(x) dx=[f(x)-x]’ - j:j'(x)x dx

= bf) - af(@) - [ "f"(x)x dx
= bf(b) - af @) + [

3 f(x )l’
[f(x)-— T
dx 3y' -1 (SN -1)

83.

84.

85.

Let] = _[i‘g’(x) de=[gx)), =g -gC=1

y? =3y +x=0 (i)
y=g(x)
(g -3g(x) + x=0
Atx=1 {g)f -3g()+1=0
Atx=-1{g-1) -3g-1)-1=0
On adding Eqs. (i) and (ii), we get
(g + {g- D -3 {g (1) + g1} =
= [g1)+ g~ DI + (g 1I* - g(x)g(— 1)-3]=
gl)+g(-1)=0
gn)=-g-1)

I=g(1) - g(-1) = g1) — (-} = 28(1)
Given equations of curves are y2 =2x, (i)
which is a parabola with vertex (0, 0) and axis parallel to
X-axis.
And
which is a circle with centre (2, 0) and radius =2
On substituting y* = 2x in Eq. (ii), we get
x?+2x=4x = x*=2x

Since,

and
[from Eq. (i))

)
.. (i)

=

(i)

x2+y2=4x

=
=

x=0o0rx=2 )
y=0ory=%2 [using Eq. (i)]
Now, the required area is the area of shaded region, i.e.

X

Required area_Area of a circle I e
2
rt(2) ‘/-I LI Ea i
3/2

="‘2—3@[2*/§—0]=(n -%)squnits

Given region is {(x, y): * <2xand y 2 4x — 1}

y? S 2x represents a region inside the parabola

y?=2x )
and y 2 4x — 1 represents a region to the left of the line
y=dx-1 (i)
The point of intersection of the curve (i) and (ii) is
(4x—=1)*=2x
= 16x + 1 -8x =2x
= 16x* —10x+1=0

x=

00 | =

B | -




. The points where these curves intersect, are ]

G2

foo]
[}
=}
[2]
o
-
o
N
=
E
o
(=9
B
[}
»
[}
—
= <
+
=
I
I
o
e
)

1{3
=—{=+
4|2

86. Given equation of ellipse is

2 2
x_+y_=1

9 5
a®=9,b*=5

Now,

b
Foci =(tae, 0) =(+ 2, 0) and —a— =

4
0.3

3

O

(-2, 5/3)
M

= a=3b=+5

b? 5 2
e=f1-S=J1--==
a 9 3

2 5

L(2,5/3)

.. Extremities of one of latusrectum are

5).
.. Equation of tangent at (2, ;) is,

A2)  y6/3) _
9 5
or 2x+3y =9

1

Eq.(ii) intersects X and Y-axes at G, 0) and (0, 3), respectively.

. Area of quadrilateral = 4 X Area of APOQ

=4x(lx2x3)=27 sq units
2 2

(et
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87. Given, A={(x,y): x’ +y* <landy’<1-x}

88.

89.

3\!

X 1_, ! 2 1 2
=< —yidy=-m(1)? +2|y -
Required area i +2J0(l y“)dy 21:() (y 3]

NIE]

4

+_

3
Given curves are y =Jx
and 2y—-x+3=0

A\

b d

0

()
(i)

o
~<
[)
%

>

On solving Egs. (i) and (ii), we get
2x -(x)?*+3=0
Wx)-2dx-3=0

Wx-3)(Wx+1)=0

L

y=3

Of=cccaad

Vx =3 [+J/x=—1isnot possible]

. Required area = J:( line - curve) dy = I: {y +3) -y} dy

3P

y’]

=I|:yz+3y—-?J=9+9—9=9
o

Given Two parabolas x* = Yandx? = 9y
4

To find The area bounded between the parabolas and the

straight line y =2,

The required area is equal to the shaded region in the drawn

figure.
Y s
\ y-4xy=_;_)(2
\ I o

The area of the shaded region (which can be very easily found
by using integration) is twice the area shaded in first quadrant.
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Required area =2 J:(B y - —J—z) dy =2 I:(';‘ \/;) dy

2
P =2
=5 Y. =E(23/1_0)=Z@_
3/2 3 3
y=0

90. Given,y:x,x:eandy:l,xzo
x

Since,y =xandx20 = y20
.. Area to be calculated in I quadrant shown as
Y

Y,

0
/] D (1,0)C (e 0)
x=e
1
Area = Area of AODA + Area of DABCD

1 e 1 _1 3
== ><1)+jl ;dx—5+(log|xl)l

=% + {log |e] - log 1} [ log le] =1]
=1+ 1 =§squnits
2 2
91. Graph of y =sinxis
y
.
5 a2/
X i 3n
2n _ 1__1\:/2 \\}“
Y

and graph of y = cosx i

S

1

:OH -
i
r2

T
Ny
03

1

2
3n/2

S

smi4
Required area = I:I‘(cos x—sinx) dx+ J',m (sinx —cos x)dx

n/2 =
+J (cos x —sinx)dx
sr/4

. s
= [sinx + cosx]§* + [—cosx —sinx]y}q

+[sinx+ cosx]inr

= (4\/5 —2) sq units
92. The equation of tangent at (2, 3) to the given parabola is
x=2y—4

X

X750 l
yh y-27%=x-1)
Requiredaxea=-j: {@ —2)% +1 -2y + 4}dy
[ -2y g
=|\%_y2+5yJ

o
=l—9+15+§=9squnits
3 3

93. Given, equations of curves are x+3y* =1
and x+2y2=0
On solving Eqgs. (i) and (ii), we get
y=*landx=-2
1
[ = |

Y

*. Required area =

(2. 1)

| amsytr ey <[ a-ra]

37
=|2[;(l—y’)dy‘= Z[y—z;—] =l2(l—§)\=§squnits

- ()
- (i)
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A differential equation can simply be said to be an
equation involving derivatives of an unknown function.
For example, consider the equation

él + xy = xz

dx
This is a differential equation since it involves the
derivative of the funtion y(x) which we may wish to
determine. We must first understand why and how
differnetial equations arise and why we need them at all. In
general, we can say that a differential equation describes
the behaviour of some continuously varying quantity.

Scenario 1 : A Freely Falling Body

A body is release at rest from a heigh h. How do we
described the motion of this body?

The height x of the body is a function of time. Since the
2

acceleration of the body is g, we have : : =&

This is the differential equation describing the motion of
the body. Along with the initial condition x(0) = h, it
completely describes the motion of the body at all instants
after the body starts falling.

Scenario 2 : Radioactive disintegration

Experimental evidence shows that the rate of decay of any
ratioactive substance is proportional to the amount of the
substance present,

Session 1

ie. %
where m is the mass of the radioactive substance and a
function of t. If we know m(0), the initial mass, we can use
this differential equation to determine the mass of the
substance remaining at any later time instant.

Scenario 3 : Population Growth
The growth of population (of say, a biological culture) ina
closed environment is dependent on the birth and death
rates. The birth rate will contribute to increaseing the
population while the death rate will contribute t.o its
decrease. It has been found that for low populations, the
birth rate is the dominant influence in population growth
and the growth rate is linearly dependent on the current
population. For high populations, there is a competition
among the population for the limited resources available,
and thus death rate becomes dominant. Also, the death rate
shows a quadratic dependence on the current population.
Thus, if N(t) represents the population at time t, the
different equation describing the population variation is of
the form

L AN —A,N?

dt

where A, and A, are constants.
Along with the initial population N(0), this equation can
tell us the population at any later time instant.

Solution of a Differential Equation

These three examples should be sufficient for you to realise
why and how differential equations arise and why they are
important.

In all the three equations mentioned above, there is only
independent variable (the time t in all the three cases).
Such equations are termed ordinary differential
equations. We might have equations involving more than
one independent variable :

of . Of _ 2

—+tx—=x

ox dy

where the notation i stands for the partial derivative, i.e.
x

the term -ai would imply that we differentiate the function

f with resgect to the independent variable x as the

variable (while treating the other independent variable y as
a constant). A similar interpretation can be attached to —.

Such equations are termed partial differential =

equations but we shall not be concerned with them in
this chapter.

Consider the ordinary differnetial equation
d’y , _dy

— +x L +xt=¢

dx? dx
The o.rder. of the highest derivative present in this
et.;uatlon.ls two; thus we shall call it a second order
differential equation (DE, for convenience).

The order of a DE is the order of the highest derivative
that occurs in the equation



Again, consider the DE
2
d_y + d_y = xzyz
dx® dx

The degree of the highest order derivative in this DE is
two, so this is a DE of degree two (and order three).

The degree of a DE is the degree of the highest order
derivative that occurs in the equation, when all the

derivatives in the equation are made of free of
fractional powers.

2 2
[d_y) —1+x(d—y-)=k
dx dx?

is not of degree two. When we make this equation free of
fractional powers, by the following rearrangement,

2
2 2 \2
(d_y) -1+4k-x i 4
dx dx?

we see that the degree of the highest order derivative will
become four. Thus, this is a DE of degree four (and order
two).

Finally, an n™ linear DE (degree one) is an equation of
the form

n-1
+a, g
d" et

where the a/s and b are functions of x.

d
L TR - B Ey+a,,y=b

Solving an n™ order DE to evaluate the unknown function
will essentially consists of doing n integrations on the DE.
Each integration step will introduce an arbitrary constant.
Thus, you can expect in general that the solution of an
n'® order DE will contain n independnet arbitrary
constants.

By n independent constants, we mean to say that the most

general solution of the DE cannot be expressed in fewer
that n constants. As an example, the second order DE

F

has its most general solution of the form

y =Acos x + Bsin x. (1)
(verify that this is a solution by explicit substitution).
Thus, two arbitrary and independent constants must be
included in the general solution. We cannot reduce (1) to a
relation containing only one arbitrary constant. On the

other hand, it can be verified that the function

x+b
y =ae
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is a solution to the second-order DE

d’y _ 9

dx?
but even through it (seems to) contain two arbitrary
constants, it is not the general solution to this DE. This is
because it can be reduced to a relation involving only one

arbitrary constant :

b b x

y=ae™*’ =ae*.e’ =ce (wherec=a-e®)

Let us summarise what we have seen till now : the most
general solution of an n' order DE will consist of n
orbitrary constants; conversely, from a functional relation
involving n arbitrary constants, an n™ order DE can be
generated (we shall soon see how to do this). We are
generally interested in solutions of the DE satisfying some
particular constraints (say, some initial values). Since the
most general solution of the DE involves n arbitrary
constant, we see that the maximum member of
independent conditions which can be imposed on a
solution of the DE is n. As a first example, consider the
functional relation

y=x2 +¢,e% +ce** (1)
This curve’s equation contains two arbitrary constants; as
we vary ¢, and c¢,, we obtain different curves; those curves
constitute a family of curves. All members of this family
will satisfy the DE that we can generate from this general

relation; this DE will be second order since the relation
contains two arbitrary constants.

We now see how to generate the DE. Differentiate the
given relation twice to obtain

¥ =2x +2¢,%* +3c,e* ()
y” =2+4ce® +9c,e>* (3
From (1), (2) and (3), ¢, and ¢, can be eliminated to obtain
g% 3%
262%  3¢3%

4e?*  9e3*

Xz =)
’

2x -y
Z_yll

11
= 2

xt-y
3 2x-y’
4 9 2-y”

= 6-3"-18x+9y" +8x -4y’ =4 +2y” +7x* =6y =0
= y” =5y’ +6y =6x% —10x +2 (4)

This is the required DE; it corresponds to the family of
curves given by (1). Differently put, the most general
solution of this DE is given by (1).
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As an exercise for the reader, show that the DE
corrersponding to the general equation

y=Ae** +Be* +C
where A, B, C are arbitrary constants, is

¥y =3y +2y"=0
By expected, the three arbitrary constants cause the DE to
the third order.

1 Example 1 Find the order and degree (if defined) of
the following differential equations :

; dy) . 1 (dy)’ 1 (dy)’
=1+ L+ +2[ZX
iy +(dx]+2![dx] +3![dx) *

/3
. (d3y ’ dy d?y dy
—Z| =Z4+2 (i) —2ZL= A
(ii) [dxs) o + (iii) v xln[dx]

Sol. (i) The given differential equation can be rewritten as

y= edy/dr
dy
= —=Iny.
ax y

Hence, its order is 1 and degree 1.
(ii) The given differential equation can be rewritten as

3.2 3
&y =(d_y+z).
dx® dx

Hence, its order is 3 and degree 2.
(iii) Its order is obviously 2.

Since, the given differential equation cannot be
written as a polynomial in all the differential
coefficients, the degree of the equation is not defined.

1 Example 2 Find the order and degree (if defined) of
the following differential equations :

: ’dzy ’dy . d¥y . (dy
(i) :1;2—= a+3 (ii) ;j;z-—sm i
(iii) %:,IBX +5

Sol. (i) The given differential equation can be rewritten as

3 2
d’y (dy )
Y =243
(dsz dx

Hence, order is 2 and degree is 3.

(i) The given differential equation has the order 2. Since,
the given differential equation cannot be written as a
polynomial in the differential coefficients, the degree
of the equation is not defined.

(iii) Its order is obviously 1 and degree 1.

Linear and Non-Iir]ear
Differential Equation

A differential equation is a linear differential equation if it
is expressible in the form

where ag, a;,a5,...,a, and Q are either constants or
functions of independent variable x.

Thus, if a differential equation when expressed in the form
of a polynomial involves the derivatives and dependent
variable in the first power and there ae no product of
these, and also the coefficient of the various terms are
either constants or functions of the independent variable,
then it is said to be linear differential equation. otherwise,
it i a non-linear differential equation.

3.)2 2
The differentiable equation L -6 4y 4y =0,is
dx? dx?

a non-linear differential equation, because its degree is 2,
more than one.

3 2

e.g. The differential equation, L +2 4 +9y=x,
dx? dx

is non-linear differential equation, because differential

;i
coefficient d_y has exponent 2.
x

e.g. The differential equation (x? + y?) dx —2xydy =0isa
non-linear differential equation, because the exponent of
dependent variable y is 2 and it involves the product of y

d
and d_y e.g. Consider the differential equation

X
dzy dy E
[E]""(a)*”“‘“

This is a linear differential equation of order 2 and degree.

Formation of Differential Equations

If an equation in independent and dependent variables
involving some arbitrary constants is given, then a
differential equation is obtained as follows :

(i) Differentiate the given equation w.r.t. the
independent variable (say x) as many times as the
number of arbitrary constants in it.

(i) Eliminate the arbitrary constants.

(iii) The eliminant is the required differential equation.
i.e. If we have an equation f (x, y,¢,,¢;,...,¢,) =0



Containing n arbitrary constants ¢,, c;, ¢,..., c,, then by
differentiating this n times, we shall get n-equations.
Now, among these n-equations and the given equation, in
all (n + 1) equations, if the n arbitrary constants
€1,€2,C3,..., C, are eliminated, we shall evidently get a
differential equation of the nth order. For there being n

differentiation, the resulting equation must contain a
derivative of the nth order.

Algorithm for Formation
of Differential Equations

Step I Write the given equation involving independent
variable x (say), dependent variable y (say) and the
arbitrary constant.

Step II Obtain the number of arbitrary constants in Step
I. Let there be n arbitrary constants.

Step III Differentiate the relation in step I, n times with
respect to x.

Step IV Eliminate arbitrary consstants with the help of n
equations involving differential coefficients obtained in
step Il and an equation in step 1.

The equation so obtained is the desired differential
equation. The following examples will illustrate the above
procedure.

i Example 3 Form the differential equation, if
y =4a(x+b), where a,b are arbitrary constants.
Sol. Differentiating y = 4a(x + b) w.r.t. x,
dy _ . dy =2
2y E—M ie. ydx a

Again, differentiating w.r.t. x, we get

2 2
i (d_YJ —0
dx dx
which is the required differential equation. Thus, the

elimination of arbitrary leads to the formation of a
differential equation.

1 Example 4 Find the differential equatlon whose
solution represents the family xy = ae* +be™".

: ()

Differentiating Eq. (i) w.r.t. x, we get

Jrﬂl-+y=ae’r —be™* ...(ii)
dx

Sol. xy =ae* + be”

Differentiating Eq. (i) w.r.t. x, we get

WLy )

= ...(ii)
dx?  dx dx

=ae* + be
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Using Eqgs. (i) and (iii), we get

LY.
dx dx
Which is the required differential equation.

=xy

1 Example 5 Find the differential equation whose
solution represents the family c (y + c)? =x*

Sol. Differentiating ¢ (y + ¢)* = x° A1)

We getc [2(y + c)] d_y =3x? but from Eq. (i), we have

2 (y+ dy=3x2
(y+c)2 dx
3
= 2x° dy _s1 e 2 BV _,
y+c dx y+c dx
2x [ dy 2x d)’}
+c n c=—|=|-
= |:dx:| PEs . 3 [dx

Substituting ¢ in Eq. (i), we get

2x (dy)_ e dy'
3 \dx 4 3 dx
Which is the required differential equation.

1 Example 6 Find the differential equatlon whose

solution represents the family y = ae>* +be*.
Sol. y = ae>* + be* (i)
Differentiating the given equation twice, we get
2
4y =3ae®* + be* and 4y =9ae’* + be*
dx dx?
From the three equations by eliminating a and b, we obtain
dzy 4dy
o a0
Remark

The order of the differential equation will be equal to number of
independent parameters and is not equal to the number of all the
parameters in the family of curves.

1 Example 7 Find the order of the family of curves
y=(c;+cy)e* +cqete,
Sol. Here, the number of arbitrary parameters is 4 but the
order of the corresponding differential equation will not
be 4 as it can be rewritten as, y = (c, + ¢, +c; ™) e”,
which is of the form y = Ae*. Hence, the corresponding
differential equation will be of order 1.

1 Example 8 The differential equation of all

non-horizontal lines in a plane is given by
dZy dZ
@<iL=o0 b <X=0
dx? dy?

d?x

(c) ) _0andE =0 (d) All of these
dx? dy?
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Sol. The equation of the family of all non-horizontal lines in a
plane is given by,

ax+by =1 (wherea#0) ..(i)
Differentiating w.r.t. y, we get
d
a2 v b= (asa#0andbe R)
dy
Again, differentiating w.r.t. y, we get
d*x
a—;=0 (asa#0andbe R)
dy
42
= d—y’: =0 (asa #0)

*. Differential equation of all non-horizontal lines in a
2

plane is :T: = 0. Hence, (b) is the correct answer.
1 Example 9 The differential equation of all
non-vertical lines in a plane is given by
2 2
@3y -0 09X -0
dx dy?
d?x d?y
(c)—==0and—2-=0  (d) All of these
dy? dx?

Sol. The equation of the family of all non-vertical lines in a
plane is given by ax + by =1, where b#0anda€ R

Differentiating both the sides w.r.t. x, we get

a+bﬂ= (asb#0anda€ R)
dx
Again, differentiating both the sides w.r.t. x, we get
2
b—:x—‘:=0 (asb#0anda€R)
2
= d—};- = (asb#0)
dx
- Differential equation of all non-vertical lines in a plane.
dZ
" e
dx

Hence, (a) is the correct answer.

1 Example 10 The differential equation of all straight
lines which are at a constant distance p from the
origin, is

@y +xy0)2 =p? (1+yd) By —xy7)=p* (1+y)

©(y - xy1)? =p? (1+y{) (d) None of these

Sol. As, we know

Represents the family of straight lines which are at a
constant distance p from origin. Differentiating Eq. (i) w.r.t.
x, we get

xcoso +ysina=p ..(i)

o +sina D
cos S
dx

1 . 1
= tanot = —— Or sinQ =
N ‘}1+y,z

4|
1+y,2

cosol =—

..{i)

and

From Egs. (i) and (ii), we get
.2 B

,/1+y,2 ,[1+y,z 9

=(y- xy])z = pz(l + ylz)is required differential equations.

3

Hence, (c) is the correct answer.
1 Example 11 The differential equation of all circles of
radius r, is given by
@0+ =ry3
(© 1+ (1)) =r?y3
Sol. Equation of circle of radius r,

(x - a)? -i»(y—b)z =r? ..(1)
(Here, a, b are two arbitrary constants)

b) (14 (1)) =r?y3
(d) None of these

Differentiating Eq. (i), we get
2(x—a)+2(y-b)y,; =0 i)
Again, differentiating Eq. (ii), we get
1+(y=b)y, +y =0

2
= (y-b)=- [‘L’—) (i)
Y2
Putting (y — b) in Eq. (ii), we get
2
(x—a)=LEXIN i)
Y2

From Egs. (i), (iii) and (iv), we get
2y2
(1+)/12) -yi +(1+)zhz)2 -
Y2 y2
= A+’ =riy}
Hence, (c) is the correct answer.

1 Example 12 The differential equations of all circles
touching the x-axis at origin is

(@ (y? - x?) =2y (3-{()

2 _ 2d_)’=
(b) (x )’)dx 2xy

© 02 -y} =2 [d—y)
dx

(d) None of the above
Sol. The equation of circle touches x-axis at origin.
= (x = 0% +(y —a)® =a?

or x*+y® —2ay=0 ()



Differentiating w.r.t. x, we get

2x+2yd—y—20d—y-=0
dx

dx
= 4 (a-y)=x
dx (dyJ
xX+y|—
= a=—y ) ...(i)
dy
(&)
From Egs. (i) and (ji), we get
)
xz + yz —Zy %dx =0
[
&)
or (xz—yz)d—y=2xy
dx

Hence, (b) is the correct answer.

I Example 13 The differential equation of all circles in
the first quadrant which touch the coordinate axes is

@x=y)? (1+(y)?) = (x + yy")?
B (x+y? (1+(y) ) =(x+y)?
©x=y)? (+y)=(x+yy")?
(d) None of these
Sol. Equation of circles touching coordinate axes is

(x - a)? +(y-a)l=a ..(i)

Differentiating, we get
2(x—a)+2(y—a)y’ =0

_X* yy"
B 1+y" '

= a where y’ = iy ...(ii)
dx

(0.a)

o

N\

o @0

From Egs. (i) and (ii),

x_x+yy’ 2+ y_x+y):’ 2=(x+y}:'Jz
1+y’ 1+y 1+y
, N2 2 g N2
- =Y | fr=a} _{(x yy)
1+y’ 1+y’ 1+y
= (= )V +(y-x)P =(x+yy')
= (x=y) A+ (")) =(x +yy')

Hence, (a) is the correct answer.
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1 Examplezllt Thezdifferential equation satisfying the
y

m+ b2+ A
unknown, is

(@) (x+ yy1) (1 = y)=(@* =b*) y,

(b) (x + yy1) (x = yy1) =y

(©) (x = yy1) (xy; +y)=(@* =b?) y,

(d) None of these

curve =1,where A being arbitrary

2 2
X _+ X =1 D)
a?+A bE+A
Differentiating both the sides, we get
2x i 2y. dy =0
a+A bPHA dx

Sol. Here,

= x(B* +A)+y(a® +A)y =0
(Jcb2 +azyy,)
= A=-| ————
x+yn
2, 2
a2+k=az——Xb T4 Y
X+ yy
2 _ 32
= g BN -.(ii)
X+ yn
2 _ 32
Also, Paa=2 =)y ..
x+yy
From Egs. (i), (ii) and (iii), we get
x(x+yn) , ¥ (x+ym) _
(@ -b*)x (- b%)yy,
= (x + yy) (xy, = y) =(a® - bz)}'l

Hence, (a) is the correct answer.

1 Example 15 The differential equation of all conics
whose centre lies at origin, is given by

(@) Bxy2 +xy3)(y = xy1) =3xy, (y - xy, - x2y,)
(b) Bxys +x7y2) (ys = xy35) =3xy, (y = xy; — x?ys)
(© Bxy2 +X7y3) (yy = xy) =3xy, (y - xy, - x2y,)
(d) None of the above
Sol. Equation of all conics whose centre lies at origin, is
ax? +2hxy + by? =1 (i)
Differentiating Eq. (i) w.r.t. x, we get
2ax + 2hxy, + 2hy + 2byy, =0
= ax + h(y+ xy,) + byy, =0
Multiplying by x equation becomes,
ax® +h(xy + x*y) + bxyy, =0
Subtracting Eqs. (i) and (ii), we get
h(xy = xy)+b(y* - xyy) =1

..(ii)
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2
(hx + by) y = xy, (hx + by) =1 b(y_xyl)=y—xy:—xyz

=
2
= (hx + by) (y = o) =1 (y =)
2
= hx + by = (i) po YN XY "
== = = wed
= -’
Again, differentiating w.r.t. x, we get Again, differentiating both the sides w.r.t. x, we get
"”’J’-=‘(y—'(;_%_)zﬂ 0=y,-y,—3m—xzys+3(y—xyl—xz}:z)xyz
' (v =)’ v =)
=2 :
or h+by’_(y_xyl)2 adi) = (3xy; + x’y3) (y — ) =3%92 ()"‘x)'l"xzyl)
From Egs. (iii) and (iv), we get Hence, (a) is the correct answer.

Exercise for Session 1

1. The differential equation of all parabolas whose axis of symmetry is along X-axis is of order.

(a)2 (b)3 ()1 (d) None of these
2. The order and degree of the differential equation of all tangent lines to the parabola x2=4yis
(@)1,2 (b)2,2 (©3.1 (d)4,1
2 2 2
3. The degree of the differential equation ZX—{ +3 (%) =x?log (ZT};J is
(a)1 (b)2 (c)3 (d) Not defined
4. The degree of the defferential equation satisfying the relation i+ xZ + J1 +y2= MXJ1 + y? —YJ‘ +x2)is
(@1 (b)2 (©)3 d)4
2,\2 2 2
5. The degree of the differential equation (%Z—) + (%) =Xxsin (ZT};) is
(a)1 (b)2 (©)3 (d) Not defined
6. The differential equation of all circles touching the y-axis at origin, is
2 _x2 = _d_}: b 2—X2= d_X sz— 2 _ d_y 2 2 dx
(@) y® - x 2xde (b)y 2xydy (c) y 2xydx (d)x? -y =2xyd_y.

7. The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is

@y + Y=Y+ 9 (b)yy, +y2 =0 ©) yy2+yi =y, (d) None of these
8. The differential equation of all conics whose axes coincide with the coordinate axes, is
@xyy2 + Xy{ -y =0 O yy2+ ¥ -y =0
©) xyy2 + (x-y)y1=0 (d) None of these
. . . . —fata=1 w32 -1
9. The differential equation having y =(sin™" x)“ + A(cos™" x) + B, where A and B are arbitrary constant, is
@(1-x?)y, —xy =2 () (1-x2) y, + yy, =0
©(1=-x)y2 + x1=0 (d) None of these

10. The differential equation of circles passing through the points of intersecti it ci i
ik on of un
origin and the line bisecting the first quadrant, is it circle Wit centos s the

@y (P +y =10+ (x+yn)=0 OG- +y2 =1+ (x+yy)2(x-y)=0
©2+y*-0+yy,=0 (d) None of these



Session 2

Solving of Variable Seperable Form,
Homogeneous Differential Equation

SOIVing Of Variable A ditferential equation ot fivst order and first degree is of
seperable FOI'm the torm %\‘“ f(x )
o

Solution of a Differential Equation

Remark

The solution of the differential equation is a relation All the ditforential equations, aven of tirst order and first degroe,
between the variables of the equation not containing the cannot b solved, However, it they belong to any of the standard
derivatives, but satisfying the given differential equation forms which wo are going to discuss, in the subsequent articles
(i.e from which the given differential equation can be they can be solved.
derived). . .
Thus, the solution ofﬂ =¢" could be obtained by simply Equ_atlons in Wh|Ch the

- . Variables are Separable
integrating both the sides, i.e. y =e"+ Cuand that of, a5
dy _ 2 The equation H;— = f(x, y)issaidtobein variables separable

- =px+qisy=p -\‘)—- +¢x + C,where C is arbitrary
x 2

constant.

(i) A general solution or an integral of a differential
equation is a relation between the variables (not
involving the derivatives) which contains the same
number of the arbitrary constants as the order of the

form, it we can expressit in the form f(x) dx = g(y) dyw.
By integrating this, solution of the equation is obtained
which is, I f(x)dx =I gy dy+C

1 Example 16 Solve

differential equation. For example, a general solution sec? xtany dx+sec? y tan xdy =0.
5 " . dix - .
of the differential equation —1;_7 =—4xis Sol. Dividing the given equation by tan x tan y, we get
(«
cecd 1 . .
x = A cos 2t + Bsin 2t, where A and Bare the C Xdve XY van
tan x tany

arbitrary constants.

(ii) Particular solution or particular integral is that This is variable-separable type
solution of the differential equation obtained from the !
general solution by assigning particular values to the
arbitrary constant in the general solution.

a 5
sec” sec”

lmcgmlh\g.j. dx + I\“—V dy=C’
tan x twmy °

In|tan x|+ In|tan y| = C; where C'=1n €

For example, x =10 cot 2t +5 sin 2£ is a particular or ln|tan X+ tan y| = In C; (C >0)
; ; 3 . dix ; n
solution of differential equation —= = - 4x. = [tan xtan p|=C
dt This is the general solution,

| Example 17 Solve %)\i =e*~Ys+xle™?,

Differential Equations of the
First Order and First Degree Sol Here, Suf 4 Xy of dym{xt b et

3 N : : s : dx ! ¥
In this section we shall discuss the differential equations & @

which are of first order and first degree only. This is variable-separable torm,



242  Textbook of Integral Calculus

.. Integrating both the sides,
3
Ie’ dy=I (x*+e*)dx = e’ =£3—+e’+C

Which is the general solution of the given differential
equation, where C is an arbitrary constant.

1 Example 18 Solve 1+ x2+ y? + x2y? +xy %Z =
X
Sol. The given differential equation can be written as

Jiar oy =— 2

dx

2
= _Nl+x dx= ydy

% J1+y?
This is the variable-separable form.
.. Integrating both the sides, we get

[ en] L

J1+y?

dy

Ji+x2+1

This is the general solution to the given differential

equation.
LA
dx

= —|:,/1+x2 +%log[——“+x2_l]]=,}l+yz +C

d
1 Example 19 Solvey—xaé:a(y%

Sol. Rewriting the given equation as
2 dy
y-ay’=(x+a) 7
dy _ dx
y(i-ay) (x+a)
This is the variable-separable form.
Integrating both the sides, we get

_dy _q_d&
Iy(l—ay) J’(x+a)

1 a _ dx
o I(;+l-ay)dy—1 x+a

=>

= Iny-2In(1-ay)+InC=In(a+x)
a

- m(“‘_*’L“l”):m(c)
y

or Cy =(a+ x) (1 - ay)is the general solution.

1 Example 20 Solve e®/% = x+1, given that when
x=0y=3
Sol. This is an Example of particular solution.

e @) = x 41

0.

dy
—=In(x+1
9 ( )

J’ dy = .[ln (x +1)dx (integration by parts)

x
x+1

dx

ie. y=xln(x+1)—J‘

ie. y=xln(x+1)-x+ln(x+1)+C

This is the general solution.

To find the particular solution, put x =0,y = 3in the

general equation.

: 3=0-0+0+C

e c=3

. The required particular solution is,
y=(x+1)In(x+1)—x+3

Differential Equations Reducible
to the Separable Variable Type

Sometimes differential equation of the first order cannot
be solved directly by variable separation but by some
substitution we can reduce it to a differential equation
with separable variable. ‘A differential equation of the

form :_y = f(ax + by +c) is solved by writing
x
ax +by +c=t"

dy
dx
Sol. Let x +3y=t,so that 1+£}i=%

The given differential equation becomes,

1 Example 21 Solve sin? (x+3y)+5.

1(dt
—(—-—1)=sinz(t)+5 =>£—=3sin2t+16

3 \dx
= j- dt _J‘dx
3sin® t + 16
= J- sec? t dt +C
_— @ =x
3tan® t +16sec’ t
2
sec” t dt
= I—z——=x+C
19 tan“ t +16
du
s I_z_=x+C-.wheretanr=u
19u° +16
= sec’ tdt =du
1 d
= —I 4 =>—l-—Jl_9u\n" LY +C
197 2,16 19 4 4
19

” 119 [mn'l [@ tan (3y + x))} +C



| Example 22 Solve (x+ y)? Z—i =a?.

Sol. (x+yp =g )
dx
Putx+y=t=l+d—y=i‘— or d_y=(£_1
dx dx dx \dx

X

- Eq. (i) reduces to t? {:—‘ - 1} =a°

dt
ie t? e a® + t?, separating the variable and integrating.
t? a*
dx = dt=||1-——|dt
.[ Iaz+¢z I( a’+tz]

=!-—atan_'[£]+c
a

ie. x=x+y—atan"(x—+y)+c
a

+y
a

: A x
lLe.y=atan

1 Example 23 solve
(2x+ 3y —=1)dx+ (4x+6y — 5)dy =0.

Sol. (2x +3y —1)dx +(4x + 6y —5)dy =0 ..(i)
Substitute u=2x+3y-1
_d_u=2+3d_y or _r{)_/=l(d_u_2)
dx dx dx 3\dx
. Eq. (i) reduces to
1(du
+@u-3)-|=-2|=0
U )S(dx )
i 2 au-3)+2@u-32 =0
ie. u = u 3 o

-u+6 1 du
+-(2u-3)—=0
3( )dx

ie.

Writing this in the variable-separable form

(2:_3),,”,&
u-—-=6
.fdx=J' -3 4
u—=6

2u-6)+9

(u-—6)

x+C=2u+9In|u-6|

o x+C=202x+3y-1)+9In|2x+3y-7|
3x +6y —2+9 In|2x + 3y — 7| = C is the general solution.

x+C=I

Remark

Sometimes transformation to the polar coordinates facilitates
separation of varibales. It is convenient to remember the
following differentials.

1.xdx+ydy=rdr
3o+’ =i+ % 0?

2.xdy-ydx=r?do

) - C is the required general solution.
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xdx+ydy [a’-x?-y?

1 Example 24 Solve

xdy —ydx x*+y?
Sol. Let x=rcos®,y=rsin®
So that 2+yt=r? ...(i)
and tan@ =2 )
x
From Eq. (i), we have d (x* + y*)=d (r?)
ie. xdx +ydy=rdr ...(iii)

From Eq. (i), we have  d ( % ) =d (tan 0)

xdy-y & lom
<2
ie. xdy-yde=x"sec’0dd= r? cos® 0 sec’ @ d9...(iv)

Using Egs. (iii) and (iv) in the given equation, we get

rdr a®-r? dr H
Tan _z_"e'——[zz=
r‘do r a®-r

ie. sin_'(i)=9+c or r=asin(0 +C)
a

or Jx? +y* =asin {C + tan™ " (y/ x)}

It is advised to remember the results (iii) and (iv).

Homogeneous
Differential Equation

By definition, a homogeneouos function f(x,y) of degree
n satisfies the property

fx,Ay) =N"f(x,y)

For example, the functions
fily)=x>+y*
fa(xy)=x" + xy +y?
filx,y)=xe™ 4 xy?

are all homogeneous functions, of degrees three, two and
three respectively (verify this assertion).

Observe that any homogeneous function f(x,y) of degree
n can be equivalnetly written as follows :

fix,y)=x" ,G) oy /G]

Forexample, fi, y)=x>+y°
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Having seen homogeneous functions we define
homogeneous DEs as follows :

Any DE of the form M(x, y) dx + N (x,y)dy =0
or W - Mx,y)
dx N(x,y)
N(x, y) are homogeneous functions of the same degree.
What is so special about homogeneous DEs? Well, it turns
out that they areextremely simple to solve. To see how,

we express both M(x, y) and N(x, y) as, say x"M(Z] and
x

is called homogeneous if M (x, y) and

x"N(l).This can be done sicne M(x, y) and N(x, y) are

x

both homogeneous function of degree n. Doing this
reduces our DE to

() ()
d_y=_M(x'Y)= Xidiiesi xX) _

dx  N(xy) an(z)' N(Z)_PGJ

x x

(The function P(t) stands for i(t))
N(t)

Now, the simple substitution y = vx reduces this DE to a
VS form

y=vx
dy .

= dx

Thus, L 48 p(l) transforms to
dx x

v+x v =P(v)
dx
dv_ _dx
P(v)-v T x
This can now be integraed directly since it is in VS form.
Let us see some examples of solving homogeneous DEs.

=

Alogorithm for Solving .
Homogeneous Differential Equation
Step1 Put the differential equation in the form

dy _ ¢(x,y)

dx  y(x,y)

d dv . L
Step II Puty =vx and ;i% =v+x o in the equation in
step I and can out x from the right hand side. The

dv
equation reduces to the formv + x PP = f(v).

Step 111 Shift v on RH.S and seperate the variables in v
and x.

Step IV Integrate both sides to obtain the solution in
terms of v and x.

Step V Replace v by Y in the solution obtained in step IV
5

to obtain the solution in terms of x and y.
Following examples illustrate the procedure.

1 Example 25 Solve y dx + (2/xy - x)dy =0.
ydx +(2/xy - x)dy =0 (i)
This is homogeneous type. Substitute y = ux
x du
. Equation ux dx +(2 \/—E - x)(udx + xdu)=0
ie. x-{udx+@Vu-1)udc+xdu(@Vu—-1)}=0
dx (2u®? —u+u)+xduVu—-1)=0

2«/?—1)du=0

2 uSIZ
Integrating both the sides In | x|+ In|u|+ % =C
u

Sol.

ie.

Separating the variables, L + [
x

1 x y
or In|xu|+—==C or In + [—=C |vu==
|l + = Iyl "y (+u=2]

Which is the general solution.
I Example 26 Solve (x? +y?)dx —2xy dy =0.

2, 2
Sol. Here,d—y=x FYed, XY
dx 2xy 2y x

: d
With y = ux, Yeurx a , so that the differential
dx dx

equation becomes

= xdu=1+u —u
dx 2u
2
- xdu _1-u
dx 2u
2u dx
— du=| —
Il—uz '[ x
= —log|1-u®|=log| x| -log|C|
= x(1-u?)=C
2 _ 2
= ol SN (-.'u=-}i
x x

Hence, x* - y* = xC, is the required solution.



2d 2
AT Y
dx X xz

Sol. The above equation is homogeneous so that we put y = ux.

| Example 27 Solve

= 2[u+xd—“]=u+uz=>2u+2xd—u=u+u2
dx dx

= 2x%‘=u2—u=> uzdil‘:%

= J.u(:u—l)=%j%

=

1
= log|u—1|—log]u]:zloglxl-t-logICl

- log “—‘li=1og|c,/;|
u

= "_1=cJ}' =y XX o
u y

= y—x=C~/;-y

Which is the required solution.

1 Example 28 Solve
(1+2e*Y)dx+2e* (1-x/y)dy =0.
Sol. The appearance of x/y in the equation suggests the
substitution x =vy or dx =vdy + y dv.
.. The given equation is
(1+2¢*)(vdy+ydv)+2e” (1-v)dy=0

ie. y(1+2e")dv+(v+2e')dy=0
ie. H'ie—dv+d—y=o
v+2e’ y
1+2e' dy
Integrating, | ———dv+| —=0
g J-v+2e" I y

log|v+2e”|+log|y|=log|C|

= (v+2e")y=C (v:iJ
y
= (5+2e"’)y=c
b 4
= (x +2ye*?)=C, is required solution.

I Example 29 Show that any equation of the form
y flxy)dx+x g(xy)dy =0

can be converted to variable separable form by substi-
tuting xy =v.
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Sol. Since, x‘_}l=v.)'="i and d(xy)=dv
x

ie. xdy+ydx=dv
dv — vdx
ond ,,y=,,(1)=x__z_
x x
ie. xdy=dv—ldx
x

lf(v)d”g(v){dv—idx}:o

x X

YAFWM=gOh gy g (vydv=0
X

dx g(v)dv _
x v{f(»-g}

Which is in variables separable form.

ie.

Reducible to Homogeneous Form
Type |

Many a times, the DE specified may not be homogeneous
but some suibtale manipulation might reduce it to a
homogeneous form. Generally, such equations involve a
function of a rational expression whose numerator and
denominator are linear functions of the variable, i.e., of

the form
dy _ [ax+by+c
dx dx+cy+ f

Note that the presence of the constant c and f causes this
DE to be non-homogeneous.

i)

To make it homogeneous, we use the substitutions
x—=>X+h
y—oY+k
and select h and k so that
ah+bk+c=0
N «(2)
dh+ek+f=0

This can always be done (if % # i).The RHS of the DE in
e

(1) now reduces to=f(a(x+h)+b(y+k)+cJ
d(X+h)+e(Y +k+ f)

wf aX +bY
dX +eY
This expression is clearly homogeneous! The LHS of (1) is
dy .. dy dY dX .. dy dx
— which equals = . — .~ .S L A
dx @ i T i
% equals Z—; . Thus, our equation becomes

(Using (2))
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aX +bY
—_f(dx+eY) .(3)

We have thus succeeded in transforming the
non-homogeneous DE in (1) to the homogeneous DE in (3).
This can now be solved as described earlier.

dy _2y-x-4
y- 3x+3
Sol. We substitute x — X + hand y - Y + k where h, k need
to be determined
dy dy _@-X)+(@k-h-4)
dx  dX (Y =3X)+(k-3h+3)
h and k must be chosen so that
2k-h-4=0
k—3h+3=0
This gives h = 2and k = 3. Thus,
x=X+2
y=Y+3
Our DE now reduces to
dY _Y-X
dX Y 3X

Using the substitution Y = vX, and simplifying, we have
(verify),

1 Example 30 Solve the DE

v-3 dv:—dx

vi 5v+1 X
We now integrate this DE which is VS; the left-hand side

can be integrated by the techniques described in the unit of
Indefinite Integration.

Finally, we substitute v =§—and
X=x-2
Y=y-3

to obtain the general solution.

Type Il

Suppose our DE is of the form

dy .[ax+by+c
dx (d.x +ey+ f )
We try to find h, k so that
ah+bk+c=0
dh+ek+ f=0
What if this system does not yield a solution? Recall that

this will happen if % = f_ How do we reduce the DE to a
e
homogeneous one in such a case?

Let 2= L A (say).
d e

Thus,
ax +bytc _ Mdx +ey) +c¢
de+ey+f dx+ey+f
This suggests the substitution dx +ey =v, which will give
dy _dv
d+e—=—
dx dx
24{27)
- dx e\dx

Thus, our DE reduces to
}»v +c

(:: d) v+f

dv Aev+ec
—  —+d
= x  v+f
=(}~e+d)v +(ec +d)
v+ f
(v+f)
= (Ae+d) v+ec+df

which is in VS form and hence can be solved.

dv=dx

dy x+2y-1
1 Example 31 Solve the DE =~ AL Al
dx Xx+2y+1
Sol. Note that h, k do not exist in this case which can reduce
this DE to homogeneous form. Thus, we use the substitu-
tion
x+2y=v
= 1429 4V

Thus, our DE becomes

1(d_v_ )_v—l
2\dx v+1
sy dv _2v-2 1=3v-1
dx v+1 v+l
= V+1dv=dx
3v -
= 1+ dv=d
EAGETEEY Rl

lntegrating. we have

1 4
5(v+;1n(3v—l))=x+€,
Substituting v = x + 2y, we have
4
x+2y+§ln(3x+6y-l)=3x+Cg

2
Y‘x*shl(3x+6y—1)=c



1 Example 32 The solution of the differential equation

dy  siny+x
dx ~ sin2y - xcosy

(a)sin? y=xsiny+§+c
(b)sin2y=xsiny—§+c
(©)sin? y=x+siny+%+c
(d)sin? y=x—siny+%+c

Sol. Here, dy —_ siny+x
dx sin2y-xcosy

dy siny+x
= cosy—=————— putsiny=t
dx 2siny-x 2 ¥
= dt t+x ik
——= s =wx
dx 2t-x &
xdv vx+x _v+1
—+tv= =
dx 2vx=x 2v-1
Q_v+1_v_v+l—2vz+v
dx 2v-1 2v—-1
Z_ dx
or 2—‘2'1'—dv=—
—2vi+2v+1 x

On solving, we get
%2
sinzy=xsiny+?+c
Hence, (a) is the correct answer.

1 Example 33 The equation of curve passing through
(1, 0) and satisfying

dy 2_ 2 2 dy)?) . o
(y dx+2x) =(y“+2x°) 1+(a;) ,is given by

Chap 04 Differential Equations

1
i T LN B

X

Al (kS Ll
X

X
(d) None of the above

Sol. The given differential equation can be written as

2

2 (dy): 2 dy 2 2 (dY)
D taxt+axy-==(y*+2 14| =
y (dx x o (y* +2x7) e

X

2
= Q:Xi‘/l(z) 1
dx x 2\ x

Let y=wvx
= vexr -9
dx dx
. Eq. (i) becomes
dv 1
Vix—=v+ |-vi+1l
dx v
or [
1 5 x
-vi+1

= «/Eloglv+1’vz+2|=[og|x(;|

+y? +2x7
:«/Elog yyfx =log| xC|,
putting x =1landy =0
= C=(J§)ﬁ

[,2 2
~.Curves are given by YNyt V2
x

Hence, (a) is the correct answer.

*
X

2
V2
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Exercise for Session 2

1.

2
The solution of L4 = _(&y)_ is given by
dx (x+2)(y-2)
20/-2) 2(y-2)
4 2y \_ o2y 414 20/ =2 ) _ge(x+2)
(a)(x+2)(1+7)_ke“ (b)(X+2)(+ (“2)]
2(y-2)
(C)(X+2)3[ 1+ 2(—}'_—2))=ke x+2 (d) None of these
xX+2
If(y3 —2x2y)dx + (2xy? — x3) dy =0, then the value of xy Jy?-x2is
(@) y? + x (b) xy?
(c) any constant (d) None of these
The solution of dy /dx =cos (x + y)+ sin (x + y), is given by
(a) log 1+:an(XZY) =X+C (b)log| 1+ tan (x +y) [=x +C
(c)log|1-tan(x + y)|=x+C (d) None of these
The solution ofd—y =(x+y-1)+ L .} given by
dx log (x + y)
(@) {1+ log (x + y)} - log {1+ log (x + y)} = x +C (b)(1-log (x + y)} = log{1-log (x + y)} =x +C
(c) {1+ log (x + y))2 —log{1+log(x + ¥)}=x+C (d) None of these
The solution of (2x2 + 3y? —7) xdx —(3x? + 2y -8) ydy =0,is given by
@G +y?-N=(x*+y*-3°C O (x*+y* -1 =(x*+ y*-3)°C
© (2 +y?-3=(2+y*-1)°C (d) None of these
(x =12 +(y -2 tan™ (i—‘?]
The solution of—y= r , is equal to
(xy —2x —y +2)tan™ (y__)

x -1
(3)[(X—1)z+(y—1)zltan—1(-—':’(:f)-2(x~1)(Y-2)=2(X—1)2|ogC(x—1)
(b)l(x-1)2+(Y-1)21-2()(-1)(y-2)t3"’1(%]=2(x-1)2|OQC
(c)l(x-n2+(y—nznan-'[f(—:—ﬁ)—zu—1)(y—2)=togC(x—1)

(d) None of the above
2

The solution of . = X% 2y—8 is

dx 2x+y+3
@(x+3°-(y-3°=Clx-y+6 B (x+ 37 - (y-3°=C
(c) (x + 3)* + (y - 3)* =C (d) None of these
The solutionofgz=_?osx(acosy_ninx_a),is

dx siny(3sinx-7cosy+7)
(a) (cos y — sinx ~ 1)? (sinx + cos y = 1)° =C (b) (cos y - sinx - 1)2 (sin x + cos y — 1)* =C

(c)(cos y - sinx - 1)? (sinx + cosy - 1) =C (d) None of these
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A curve C has t_he prpperty that if the tangent drawn at any point P on C meets. The coordinate axes at Aand B,
then P is the mid point of AB. The curve passes through the point (1, 1). Then the equation of curve is
(@xy=1 by X =1

y

C)2x=xy-1 (d) None of the above

The family of curves whose tangent form an angle % with the hyperbola xy =1, is

(@y=x-2tan" (x)+ K (b)y=x+2tan" (x)+K

(c)y=2x-tan' (x)+ K (d)y=2x+ tan'(x) + K

A and B are two separate reservoires of mater capacity of reservoir are filled completely with water their inlets

are closed and then the water is released simultaneously from both the reservoirs. The rate of flow of water out
of each reservoir at any instant of time is proportional to the quantity of water in the reservoir at that time. One

hour after the water is released, the quantity of water in the reservoir A is 15 times the quantity of the water in

reservoir B. The time after which do both the reservoirs have the same quantity of water, is
(a) logs/4(2) (b) loga/a (—21]

() |°9|/2(—;) (d) None of the above

A curve passes through (2, 1) and is such that the square of the ordinate is twice the rectangle contained by the
abscissa and the intercept of the normal. Then the equation of curve is

(@) x% + y? =9 (b) 4x2 + y? = 9x
(c)4x? + 2y? =9x (d) None of the above

- 2
A normal at P (x,y)on a curve neets the X-axis at Qand N is the foot of the ordinate atP. If NQ = ’2(11;}'2)2 :

+ X

Then the equation of curve passing through (3, 1) is
(a) 5(1+ y?) = (1+ x%) (b) (1+ y?) = 5(1+ x?)
(©) (1+ x?) = (1+ y?).x (d) None of the above

The curve for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length
of the radius vector is constant (k), is

@) (y+x2 -y ' =c b (y+x2+y*)x*'=c
© (y-Ix*-y? " =c @ (y-Vx*+y* " =c
A point P(x, y) nores on the curve x23 4+ y#3 =a?3 a >0 for each position (x,y) of p, perpendiculars are drawn

from origin upon the tangent and normal at P, the length (absolute valve) of them being Py(x) and Px(x)
brespectively, then

dp; dp, b) %P1 9Pz < o
(@) R 2<0 ®)
© %%z 0 @ %92 59

dx dx dx dx



Session 3

Solving of Line”érml)wi»f;e‘féﬁt»ial' Equations,
Bernoulli's Equation, Orthogonal Trajectory

Solving of Linear
Differential Equations

First Order Linear
Differential Equations

A differential equation is said to be linear if an unknown
variable and its derivative occur only in the first degree.

An equation of the form

d

L+ P(x)-y =Q(x).

dx
Where P(x) and Q(x) are functions of x only or constant
is called a linear equation of the first order.

To get the general solution of the above equation we
proceeds as follows. By multiplying both the sides of the

above equation by eIde, we get
ej’mx_j_y+yp_ejpdx =er'mx
x

e_[de .Q+yi(ejpdx)=ge[pdx

ie.
dx dx
dx
ie. i(ye”’dx)#?'eIP
dx
. Integrating, we get y e-[Mx = IQ e'[%dx +C.

Here, the term eI d which converts the left hand
expression of the equation into a perfect differential is
called an Integrating factor. In short it is written as IF.
Thus, we remember the solution of the above equation as

y(lF):jQ(IF) dx +C.

Algoritm for Solving A Linear
Differential Equation

Step I Write the differential equation in the form
dy / dx + Py =Q and obtain P and Q.

Step II Find integrating factor (LF.) given by LF. = el P,

Step III Multiply both sides of equation in Step I by LF.
Step IV Integrate both sides of the equation obtained in
step ITI. w.r.t x to obtain y (LF.) = IQ.(I.F.) dx +C

This gives the required solution following examples
illustrate the procedure.

I Example 34 Solve %+ 2y =CO0S X.

Sol. It is a linear equation of the form

dy

—+ Py =0Q(x

3t F=0(x)
where P=2and Q = cos x
Then IF= eIde = e"'z‘t‘r =e2%
Hence, the general solution is y (IF) = I Q (IF) dx
ie. y-ez":je"cosxdx-fc

2x

2x e

y-e¥ =

2 [2 cos x +sin x]+ C

I Example 35 solve d—y+ - log x.
dx x

Sol. 1t is a linear differential equation of the form

d
o+ Py=0(x)
Here, P=1.Q=logx
X
Then IF:eIPdJ =eI|de.x =el°ﬂx =x

Hence, the general solution is
Yy =[Q@Fdx+c

ie. yx=I(log x)xdx+C

) 2 2

Le. yx:(]ogx).x_—'l.l.x_.f.c
2 x 2

2 2
" X x
Le. x = — (lo =
Y- 2( g x) 4+C



I Example 36 sove & oY
dx 2yln y+y—-x

Sol. The equation can be written as

dx _2ylny+y-x

—= =(2In #1)~2
dy y+1) 3
; dx 1
ie. —+—x=QR2lny+1)
dy 'y

In this equation it is clear that P = 2 andQ=(2lny+1).
y

Which are function of y only because equation contains
derivatives of x with

respect to y.
IF = ejmy = eI”ydy =eh? = y

*- The solution is; x (IF) = [(21In y + 1) (IF) dy

ie. xy=f(2]ny+1)-ydy=y’lny+c
s C
ie. x=ylhy+—=

y

Note In some cases a linear differential equation may be of the
form % + R x = Q,where R and Q, are function of y alone. In
y.

such a case the integrating factor is em @

d
I Example 37 Solve cos? x d_i' —ytan2x=cos" x,
h R and v Z _343,
where | x| < i ¥l % 5

Sol. The given equation can be written as

%—sec2 Jc-tanz:c-y=cosz x

I 21an X gec? x dr
IF___eI-nn 2x - sec? x dx - tan?x -1

dt
= 2
=e'!, wheret =tan® x -1

=ellt =)t =(tan® x - 1|
It is given that| x | < 1:— and for this region tan® x < 1.
IF = (1 - tan® x)
. The solution is
y(1-tan?® x)= Icosz x (1 - tan? x)dx

=I(coxsz x —sin? x)dx

in 2
=I(cos 2x)dx=§l—nz—£+c
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Now, when x=£.y=-3—3
6 8
u_3-(1-1J=1 i5—+C = C=0
8 3 2 2
- sin 2x
_2(1—tan2x)

1 Example 38 Solve %+ y ¢ (x)=(x)- ¢’ (x), where

¢(x) is a given function.
Sol. Here, P=¢’(x) and Q = ®(x) ¢’ (x)
IF = ef#'(x)dx = %™
.. The solution is
yet®) = I¢(x)~ O (x)-e*®dx = I t-e'dt,
where ¢(x) =1t
yet® =¢(t-1)+C
ie. yeo(") = {¢(x) -1} ) 4 o

Bernoulli's Equation

Sometimes a differential equation is not linear but it can
be converted into a linear differential equation by a
suitable substitution. An equation of the form

dy

—+Py=Qy".
S S5 Qy

Where P and Q are functions of x only, is known as
Bernoulli’s equation (for n =0 the equation is linear.)

It is easy to reduce the above equation into linear form as
below :

(n#0,1)

Dividing both the sides by y", we get

ndy

P l—n=
2 1Y Q

Y

n

. = —ndy dz
Puttin '""=z and hence, (1-n)y " 2 =92 the
gy (1-n)y i

equation becomes :_z +(1-n) Pz =(1-n) Q which is linear
x

inz.

Here, IF =eI(l-")Pd‘

.. The solution is,

R T =J- {(1=n).Q-elA-mPxy gy
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1 Example 39 Solve (y log x —1) y dx = x dy.

Sol. The given differential equation can be written as

dy 2 n
—+y=y“logx ..(3i)
xdx y=y log
Dividing by xy?, hence
%-Q+L=llogx
y'dx xy x
Let ST
y y? dx dx
So that d—v—lv=~llogx
dx x s

Which is the standard linear differential equations, with

Pe—l o=-ligx
X x

IF:eI_‘Ideze'l“’(:el’"-I:_l_
x
The solution is given by
1 1 1 log x
—=]—(——logx |dx=~ dx
vl f2 (- Sros )= 25
Jlogx 1 lg-lex,1l,c
x x x x x
= v=1+log x + Cx = log (ex) + Cx
or l=log(e::r)+CZx or y {log(ex)+Cx}=1
¥
d
1 Example 40 Solve (—1%+xy=xy2.
Sol. Dividing by y?, we get
y’2%+l-x=x
Let l:z
»
So that L.y de
y? dx dx
.. The given equation reduces to
dz
L2 gy
dx
Foel ¥ _ p-x2
. The solution is
ze""”:'[..x.e-r'/i dyse- My
ie. l =1+ Cel'lz
»

dy _y¢'(x)-y’
| Example 41 Solve oV

a given function.
Sol. The equation can be written as
oy S0 0
dx  §x) &(x)

— _2Q+__¢'(x) 1ot

dx L Kx) y ox)

2

ie.

1 _ L@y _d
Let ;=z. So that, A
drootn) o 1
dx  §(x) ¥x)
IQ'(X)

Foe 80 = eho _ gx)
1
. The solutionisz-db(x):jm-«x)dx= x+C

x)

ie. ——=x+C e, _¢(x) =

y x+C o

Remark

Another type of equation which is reducible to the linear form is

75 Y+ P - f(y) = Qx)
dx

An equation of this type can be easily reduced the linear form by

taking z = f(y).
2, dy 3
| Example 42 solve sec? y o Fxtany =x*,
X
Sol. Let tan y = z so that sec? y_d_y=d_z
dx dx
Thus, the given equation reduces to
dz 3

—+2xz2=x
dx

IF:eszdx =ex:

. . 2
. The solution is, z-e* = Ix3 e®dx

. 2 1
ie. tany.e* = Ejlxz e ~(2x)dx = %I! -e' dt,

where t = x?

LIS |
tany-e* =5("¢'—€')+C
2 =x?
tan y=Ce™ +L‘ex’(x2_1)
2

ie.

tan y = Ce™ *’ +%(x2 -1)

, where ¢(x) is



d
1 Example 43 Solve d—y+ x(x+y)=x*(x+y) -1
X
Sol. The given equation can be written as

(%+1)+x(x+y)=x3(x+y)3

z d(x+
ie. M+x(x+y)=r’(x+y)’
dx
g _3 d(x+
ie. (x+y) 3'M+x(x+y)'z=x3
dx
Let(x+y) 2=z sothat—2(Jc+y)"d—(ly)=d—z
dx dx
The given equation reduces to
_ld_z+xz— 3
2dx T
dz

ie. — —2xz =—-2x"
dx

n:=e]'-2xdx =e_x:
.. The solution is
-x? 3 _-x? 2 - x?
z-e =I—2x e dx=(x"+1)e +C
1
(x+y)?

2
=Ce* +x%+1

d
1 Example 44 Solvessin y- d—y =cos y(1- xcos y).
X
Sol. The given differential equation is
3 dy
=2 = L=
smydx cos y(1—x cosy)

. dy 2
or sy = o X ey

Dividing by cos? y, we get

tany~secy--:—i’—secy=—x

Let =v = secytan iv__d_v
secy=v y Yy TR T
So that d—v—v=—x
dx

Which is linear differential equation with P=-1,Q0=-x

[F=e[m=ej—ldx i
The solution is given by
v~e"=J'-x~e""dx=xe"‘+e"+c
=e " (x+1)+C
or v=(1+ x)+ Ce*

or secy=(1+ x)+ Ce”
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Orthogonal Trajectory

Any curve, which cuts every member of a given family of
curves at right angles, is called an orthogonal trajectory of
the family. For example, each straight line passing through
the origin, ie, y = kx is an orthogonal trajectory of the

family of the circles x* +y* =a’.

Procedure for Finding the
Orthogonal Trajectory
(i) Let f(x, y,c) =0 be the equation of the given family of
curves, where c is an arbitrary parameter.
(ii) Differentiate f =0; w.r.t. x’and eliminate ‘¢’, i.e. form
a differential equation.

(iii) Substitute — -4 for —dl in the above differential
dy dx

equation. This will give the differential equation of
the orthogonal trajectories.

(iv) By solving this differential equation, we get the
required orthogonal trajectories.
1 Example 45 Find the orthogonal trajectories of the
hyperbola xy = C.
Sol. The equation of the given family of curves is xy = ¢ ...(i)
Differentiating Eq. (i) w.r.t. x, we get

d—+y=0 -..(ii)

: d d
Substitute — é for Ey in Eq. (ii), we get

—d—+y=0 ...(iid)

Thl:S is the differential equation for the orthogonal
trajeFtory of given family of hyperbola. Eq. (iii) can be
rewritten as x dx = y dy, which on integration gives

%= y?‘ =C.
This is the family of required orthogonal trajectories.

1 Example 46 Find the orthogonal trajectories of the
curves y =cx?.

Sol. Here, y=cx? (i)
Differentiating w.r.t. x, we get
dy
— =2cx ii
e (i)

Eliminating ¢ from Eqs. (i) and (ii),

[ 1 dy 2
& (Zxdx)x
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2
= ay=x & (i) = ~dy=d ("—]
dx y

This is the differential equation of the family of curves Integrating both the sides, we get

given in Eq. (i). 2
x 2iai? =
Now, to obtain orthogonal trajectory replace % by - ‘;E in Y= Y HE = REEY ORGS0
Y
Eq. (ii). Represents family of orthogonal trajectory.
dx 3
= y=-x 3y 1 Example 48 Find the orthogonal trajectory of the
s circles

B iy P R
Integrating both the sides, we get ;

x? Sol. Here, x2+y?—ay=0 (i)

2 = o —
Y= 2 +G Differentiating, we get

= x? +2y® = C,, is the required family of orthogonal 2x +2yy, —ay; =0
trajectory. = a= M (i)

b4

1 Example 47 Find the equation of all possible curves SabatiiEg "2 o B, () e ek

that will cut each member of the family of circles

T 2(x +yy)

x?+y? —2cx =0 at right angle. i 7 R
2 =

Sol. Here, x"+y" —2x=0 ® = (x* -y )m-2xy=0

i iati .t x, t . . o
Differcutiating wrt. 4, Wie e This is the differential equation of the family of circles

2+ D -~ =D ) given in Eq. (i).
= ¢=X+Ih ¢ - The differential representing the orthogonal trajectory is
From Egs. (i) and (ii), we eliminate ¢ tained b L iy a5
= x2+y?-2(x+yy)x=0 obtaine yrepacmg;by—;_
dy di
2+y? == i 2_ 2
or -x“+y" —-2xy =0 ie.  —(x%-— L
dx ( ¥9) 5 xy
This is the differential equation representing the given
family of circles. To find differential equation of the = 2xydy - y® dx = - x? dx
d dx 2 2
orthogonal trajectories, we replace . by — —. - xd(y®)-y*dx - —dx
dx dy X2
dx
B i 5o OF ;
= y x xy dy = d (L) - —dx
X
= y?* dy = x* dy — 2xy dx

oY o e lr:tegraztmg both the sides, we get
= —day= 2 Y+ x” = Cx, is required family of orthogonal trajectories.
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Exercise for Session 3

10.

The solution of (1+ x2) :—y +y =e“" % is given by
X

(@) 2ye™' x = g2t x (b)ye™™'Y =2 X 4C

() 2ye™" 'Y =2y 1 (d) None of these

The solution of‘;—i + 1—xx2 y =x 4]y, is given by

(@) 3y + (1- x2)=C (1- x2)"4 (b)g‘/}?+ (1-x2)=C(1—X2)3’2
(©)3Jy - (1- x?)=C (1- x2)¥2 (d) None of these

The solution of% +xsin2y =x3cos? y, is

@e*" =(x* - e tany +C (b)e*” tany = —; x*-Ne* +C
(©)e*” tany=(x* - tany + C (d) None of these

The solution of 3x (1- x2) y2 dy /dx + (2x2 - 1) y? =ax3is

(@) y*=ax+C{1-x? (b) y® =ax + Cx /1- x?

) y?=ax+C1-x% (d) None of these
The solution ofj—y +Liogy =2 (log y2.is
X X X
(a)x=a1|ogy+c (b)x*+logy =C (C)xk:gy=zx1—2-+0 (d) None of these
The solution sz_i+ yf'(x)-f(x)f'(x)=0,y #f(x)is
(@) y =f(x)+ 1+ ce™®) (b) y —ce™fx)
(©y =f(x)-1+ce”™) (d) None of these
The solution of (x2~") dy /dx -siny —2x -cos y =2x -2x?, is
(a)(x2-1)cosy=§-x2+c (b)(x2—1)siny=§_x2+c
(c)(x2—1)cosy=x—‘:-x—22+C (d)(x2—1)siny=%_§+c

The Curve possessing the property text the intercept made by the tangent at any point of the curve on the
y-axis is equal to square of the abscissa of the point of tangency, is given by

(a)y?=x+C (b) y = 2x? + ex
(c)y=-x*+cx (d) None of these

The tangent at a point P of a curve meets the y-axis at A, and the line parallel to y-axis at A, and the line

parallel to y-axis through P meets the x-axis at B. If area of AOAB is constant (O being the origin), Then the
curve is

(@) cx?-xy+k=0 (b) x% + y? =cx

(c)3x2 + 4y? =k (d)xy -x2y? +kx =0

The value of k such that the family of parabolas y = cx2+kis the orthogonal trajectory of the family of ellipse

x2+2y?-y =C,is
(@) y2 (b) y3 (c) va d)ys

255



Session 4

Exact Differential Equations

Exact Differential Equations

A differential equation of the form

M(x,y) dx + N (x,y) dy =01is said to be exact (or total) if
its left hand expression is the exact differential of some
function u (x, y).

ie. du=M-dx +N-dy

Hence, its solution is u (x, y) = ¢ (where c is an arbitrary
constant). But then there is a question that how do we
confirm whether the above mentioned equation is exact.
The answer to this question is the following theorem.

Theorem The necessary and sufficient condition for the
differential equation M dx + N dy =0 to be exact is

M _oN

dy 0x

The solution of M dx + Ndy =0is,

L_comth dx + I(terms of N not containing x) dy =C

provided 3—1;4 = g—f :

| Example 49 Solve (x? —ay)dx+(y* —ax)dy =0.
Sol. Here, we have M = x* —ay and N = y? —ax
oM _ON

—_—=—-g=—

dy ox
Thus, the equation is exact.

. The solution is, _[y (x* - ay)dx +I ytdy=C

—constant

x!

3
13
——axy+—=C
= 3 £ 3

2
1 Example 50 Solve (2xlog y)dx+ (X7+ 3y2] dy =0.

2
Sol. Here, we have M =2x logy and N = x7 +3y?

oM _2x
dy ¥y

and 9N s and hence the equation is exact.
ox y

. The solution is,
(2x log y) dx + j‘ 3y’dy=C

Jy—conskant

= xtlogy+y =C

Equations Reducible
to the Exact Form

Sometimes a differential equation of the form

M dx + N dy =0 which is not exact can be reduced to an
exact form by multiplying by a suitable function f(x, y)
which is not identically zero. This function f(x, y) which
then multiplied to a non-exact differential equation makes
it exact is known as integrating factor.

One can find integrating factors by inspection but for that
some experience and practice is required.

For finding the integrating factors by inspection, the
following identities must be remembered.

1. xdy+ydx=d(xy)
2. xdx+ydy=%d(x2 +y?)

3,£ﬁz%x££=d(x)

X X

P dode — L =d(i}
Y y

g Xdy—yde dy dx_ bg(z)
xy y x

R e il G N
x“+y 1+y_ ek l X
dx +d 5 P

8. 2D —din(x +y)]
x+y

9. d(ln(ay)) =X +ydx
xy

10. d(lln(x2 +y2))=m
2 x2 +y?
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1. d (—LJ =xdyz‘+);d§_ 1 Example 54 Solve
xy x“y i 2
+ SIn X Cos
e’ Y dy —e¥ d Y . (xy) x+[ 5 +siny}dy=o_
12. d [_J =”y“;e." cos? (xy) cos? (xy)
x x Sol. The given differential equation can be written as
13. d e .—_M M+sinxdx+s'mydy=o
y 7 cos? ()
m x 3 = 2 d (xy) +sin x dx +sin ydy =0
14. d(x™ y")=x"""y""! (my dx + nx dy) sl
fn d (tan (xy)) + d (= cos x) + d (- cos y) =0
15. 4 f(xy)] = f(xy) = tan (xy) —cos x —cos y=C
-n () &
2 X+y a— yla
1 Example 51 Solve (x* —ay)dx+(y? - ax)dy =0. ! Example 55 Solve ———dx =x*+2yt+ -
Sol. The given differential equation is y—X Fy; -

2 2
x“dx + y*dy — =
) sy=agasecggy=y Sol. The given equation can be written as

3 3
= d(x—)+d(y—]—ad(xy)=o xdx+ydy=ydx—xdy.i
3 3 (xz +y2)2 yz x*
3 3
Integrating, we get f—+y——axy=k = Id(x2+yz)=zf 1 d(i
; 33 3 (x* +y2)° leyz y
= x"+y —3axy=3k=C Integrating both the sides, we get
x2 IO S +C
1 Example 52 Solve (2xlog y)dx+| —+ 3y2)dy =0. (x2+y%)  (x/y)
y
Sol. The given differential equation is = Loy 1o

x x2+y2

2
X 2

(log y)2x dx + —dy +3y° dy =0
y 1 Example 56 The solution of

= (logy)d(x®)+x*d(logy)+d(y)=0 W} )

, 2 3 ;
= d(x*logy)+d(y*)=0 e v {xy‘dy+y dx}+{ydx — xdy}=0,is
= x*logy+y’=C (a)e:yy+e"7+C=0 Ay

c)e¥ +e'/* +C= ¥ _e¥*ic=
(integrating both the sides) @ (C b e e rc=0
)]
1 Example 53 Solve x dx+y dy =xdy —y dx. Sol. Here, e 7 -y*{xdy+ydx}+ {ydx — xdy}=0
Sol. The given equation can be written as = e . y* - {xdy + ydx} + e*'” {ydx — xdy} =0
1 2 v Lo | _}i -
Ed(x +y)=x d(x) or e’y-{xdy+ydx}+e”’—{ydx zxdy}=0
y
2x?d| =
& dix+yh_ (xJ or e"~d(xy)+e”’-d[£J=0
X +y X +y y
d(x*+y") _ 2d(y/x) °r Bl
= P ~q4 v/ %) Integrating both the sides, we get

. f5 e +eXY +C=0

= log (x* + y*)=2tan [’;)+C Hence, (a) is the correct answer.
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1 Example 57 The solution of
x2dy — y2dx+xy? (x— y)dy =0, is

2
log| X=X |=X_+c (ylog| 2L |=%X+c
(a)log 5 5 (b)log x—y| 2
— 2 -
(c) log i 4 P (d) log S & RV
Xy 2
Sol. Here, xzyz(%—%)+x2y3(%—.l_)dy=0

Integrating both the sides, we get
log 1 -LlleZ +C
x Yy

Hence, (a) is the correct answer.

1 Example 58 The solution of the differential equation

ydx — xdy + xy? dx =0, is

2
@ZX+x2=2 e XL
y y 2

= (d) None of these

Sol. Given equation is, ydx — xdy + xy® dx =0
Which could be converted into exact form
ie. y_dgd_y + xdx =0

b 4

- e

Integrating both the sides, we get

x  x°
-+ —2— = constant

2
(c)——x7+5—=}~
2y

y
2
or EpX =2
y 2

Hence, (b) is the correct answer.

| Examele 59 The solution of differential equation
xdy (y2e® +e*/¥)=ydx (e*? —y%e¥),is

(b)x? /y =log (e*/” + )
(d) xy? =log (e*/¥ + )

(a) xy =log (" +A)
(©) xy =log (€ +2)

Sol. The given equation is

(xy%e™)dy + (xe*?)dy = (ye*'?)dx - (y’e™)dx
=  y’e? (xdy +ydx)= e*!Y (ydx — xdy)

dx — xd.
- e (d(xy) =™ (y——z’y]

y
x
= e”'(d(xy))=e””-d[—;)
= d(e?)=d (™)
Integrating both the sides, we get
e =7+ A

= xy =log (e"” +2)

Hence, (c) is the correct answer.

1 Example 60 The solution of the differential equation

(y+xﬁy(x+y))dx+(yJ7y_(x+y)—x)dy=O, is

2 2
(a)&+2tan'I ’L =C
2 2y
2 2
)XY 4 2tan! F:C
2 y

x2+y2 1 X
C)——=—+2tan"" |—=
(c) 7 an ’y (of

(d) None of these

Sol. The given equation can be written as
(ydx — xdy) + x [xy (x + y) dx +y Jxy (x + y)dy =0
= (ydx = xdy) + (x + y) {Jxy (xdx + ydy) =0

dx —
= L+dy+(£+l)_‘lzd x? 4+ y? -
e 4 y y 2
2
d(i)+d x*_'_yz Xaal | E=b
y 2 y y

[/

[=}
"

25l ()

Integrating both the sides, we get

x%+y?
= Y +2!an"Jz=c
2 y

Hence, (b) is the correct answer.
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Exercise for Session 4

1.

10.

The solution of xdy + ydx + 2x%dx =0, is

2 4

(@)xy + x* =C (b) xy + _; x*=C © X+ % =C (d) None of these
y

The solution of, ydx — xdy + (1+ x2)dx + x2 sin y dy =0, is given by
(@)x+1-y?>+cosy+C=0 (b)y+1-x*+xcosy+C=0
(c)£+—1—y+cosy+c=0 (d)Z+_1-x+cosy+C=0

y vy x X
The solution of(1+ x x4+ y?)dx + (- 1+ |x2 + y?) ydy =0,is
@2x-y*+ 2 (x +y)¥2=C (b)y2x-y+= (x +y2)2=C
©2y-x*+% (x +y3)¥2=C (d) None of these

The solution of xdy = [% - 1) dx, is given by
24?2 (x%+y

(a)tan“(5)+x=c (b)tan'1(1)+x=c (c)tan-‘(¥)+xy=c (d)tan“[z)+x2=c
y x X X

The solution of ye*' dx =(xe*'¥ + y? sin y)dy, is given by
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(@e*Y =—cosy+C (b)e*’Y + 2cosy=C (c)e*’Y =xcosy +C (d)e*"Y =2cosye*’Y +C

The solution of x sin( % ) dy ={ y sin( % ] -X } dx, is given by

(@) logx ~cos (£} =1ogC (b)logx — sin (y ) c  (©@log (y] cos (%) =1ogC(d) None of hese

X x
The solution of XX * 2 dy _ [a%- x ,is given by

xdy - ydx
(a)sin™ (yx2 + y?)=a tan” (%) ) sin™! (Jx? + y?) = M an-t ( y ) +C
a x
2
(c)sin”" [ _—M J: tan™" ( Y ) +C (d) None of the above
a X

The solution of (1+ e*'Y ) dx + e*'¥ (1 - 3) dy =0,is given by
(a)x - ye*'Y =C (b) x + ye*'V = )y - %8"’ =C (d) None of these

x +ydyldx xsin?(x?+y?)
The solution of yey = - ,is given by

y —xdyldx y

2
(a)—cot(x2+y2)=(1) +C (b) tan (x? + y2)=x2y? + C
y
(c)cot (x% + y )— +C (d) None of these
y

The solution of 4 +¥L= ——1——2 ,Is given by

d. x (1+logx +logy)

(@) xy (1+ log (xy)) =C  (b) xy? (1+ log (xy))=C (c) xy (1+ log (xy))? =C (d) xy (1+ (log xy)*) =C



Session 5

Splving of First Order and Higher Degrees, Application of
Differential Equations, Application of First Order

Differential Equations

Solving of First Order
and Higher Degrees

Differential Equation of First Order
and Higher Degrees

A differential equation of first order is of the form

f(x,y, P) where P =dy / dx.If in the equation degree of P
is greater than one, then the equation is of first order and
higher degree.

The differential equation of first order and higher degree
can be written in the form

P" +F(x,y) P" ™' +...+ F,_1(x,y) P+ F,(x,y) =0
The differential equations of these category can be solved
by one or more of the following methods :

(i) Equations solvable for P.
(ii) Equations solvable for y.
(iii) Equations solvable for x.
(iv) Clairaut’s equations.
Now, we shall discuss these cases.

(i) Equations Solvable For P

If the equation
P" + Fy(x,y) P" ' +...+ F,_1(x,y) P+ F,(x,y) =0,
is solvable for P,then LHS expression can be resolved
into n linear factors and hence can be put in the form
(P = filx. YN(P = fo(x,y) ... (P = fulx,y)) =0.

Equating each of these factors to zero, we get n differential
equations of the first order and first degree.

dy dy dy

—=fH{xy)——=[2 XY= = X,

e 1(x,y) In fa(xy) e fa(x1y)
Let the solutions of these obtained equations are

‘h(x-}’-cl) =0, ¢2(X-Y- CZ) =0,..., Q.(X.y,C,.) =0

respectively.

Hence, the general solution is given by

A (x, 7€), 02(x, 3,0 ta (X, 3, €) =0
Here, the arbitrary constant ¢, ¢,,..., ¢, are replaced by a
single arbitrary constant c because every first order
equation has only one arbitrary constant in its solution.

1 Example 61 Solve (p—x)(p—e*)(p—-1/y)=0;

dy
where p=—-
P=x
Sol. The component linear equations zu'ep:x.p:e"'_p:l
o 4
dy x?
If E:x, thendy = xdx = y=—2—+Cl
dy _ x x
If E:e,thendy=e dx = y=e*+C,
dy 1 2
If —Z==, then ydy= R
dxyenyydx:ozx-*-C,

. The required solution is

x? 2
(y—7+C)(y—e'+C)[y7—x+C)=0

1 Example 62 Solve x?p? + xyp —6y? =0.
Sol. The given equation is
x2pz +x-yp—6y2 =0
Solving as a quadratic in p, we get

_(Cxyxyxy? +24xy?) 2y 3%

P a2,
2x? x X

“‘P:zi‘thend_y=2_y.=)ﬂ=?‘_t"

x dx «x y X

y y =i

= 1()[,‘-.\‘—1- —kﬂy=C,.\"
|fp=—§x.thcndi=—ﬂ=ﬂ=_£

X ax X y X
= '\Jy=C2

* The required solution is (y - Cx?) (x*y - C) =0,



1 Example 63 Solve xy? (p? +2)=2py > + x*.
Sol. The given equation can be written as
(’p* - x*) +2(xy* - py*) =0
= x(y*p? = x*) +2y* (x - py) =0
= (py = x) Ix (py + x) - 2y"} =0
Ifpy-x=0thenydy-xdx=0=y’ - x*=C,
If xyp + x? = 2y? =0,then2yd—y—i=—2x
dx x
dt 4

= ———t=-2x
dx

where t = y? =e‘“’”‘=%
x

Itssolutionist[i‘ ):J.—Zx-de
x x*

1

—+

ie. C, ie. yP=x"+C,xt

Hence, the required solution is
O -x*-C)(y* - x* - Cx*)=0

(i) Equations Solvable For y

Equation that comes under this category, can be expressed
in the form
y=g(x.p)

(i.e. an explicit function y in term of x and p) ...(i)
Differentiating Eq. (i) w.r.t. x, we get

dy dp

——=p=F| x,p,—
dx & ( . dx
Which is a differential equation of the first order
containing x and p. Let us suppose that its solution is

¢(x’ P c) =0 (ll)

Then, the solution is obtained by eliminating p between
y = g(x, p) and ¢(x, p, c) =0. However, if eliminating of p is
difficult express x and y as a function of the parameter p.

1 Example 64 Solve xp? —2yp +ax =0.

Sol. The given equation can be written as,

xp  ax ;
=L 4= (1)
% 2 2
dy p x dp  a ax dp
ZL =L . e -
dc 2 2 dx 2p 2p* dx
d,
= p(p’—a)=x(p’-a)-d—p
Ix
= Q:L:)p:Cx

dx x

Chap 04 Differential Equations 261

(The equation p? — a =0 gives us singular solution in
which we are not interested).
The substitute p in Eq. (i), we get the required solution

a
2y=Cx’+—
¥ c

1 Example 65 Solve y =2px—p’.

Sol. Differentiating the given equation w.r.t. x, we get
dy dp _,, dp
—=2p+2x—-2p—

i PTG T
or z(x—p)gg+p=0
dx
dx 2

or —+—x=2
dp p

It is a linear equation in x and p.
I
IF=e¢ ? =ezlogp=pz
g a2 2 2 3
.. The solution is xp =J. p°-2dp =§p +C
Thus, the solution of the given equation is

x = 2 p +Cp~ %, where p is parameter.

(i) Equations Solvable For x

This type of equation can be put in the form

x=g(y.p) (i)
Differentiating w.r.t. y, we get

1 _dx dp
—_—_——= X, p,—
( "dx)

which is a differential equation of 1st order containing y
and p and its solution is

Wy, pc) =0
Then, the solution is obtained by eliminating p between
x =g(y, p) and §(y, p, ¢) =0. However, if eliminating of p is
difficult express x and y as a function of the parameter p.
1 Example 66 Solve y =2px + y?p>.
Sol. Solving for x, we get
x=XL_YP
2p 2
Differentiating Eq. (i) w.r.t. y, we get

(i)
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o dedagiacyl e |
P2 2p? dy
or (l+2)1r’)p=—y(l+2p’y)-d—p
dy
or d—P+d—y=0=py=C=p=£
p Yy 2 4
Substituting this in the Eq. (i), we get
2 2
x=)——c— = y'=20x+C?
2C 2

(iv) Clairaut's Equation

The differential equation y = px + f(p) is known as
Clairaut’s equation. The solution of equation of this type
is given by y = ex + f(c).

Which is obtained by replacing p by c in the given
equation.

Remark
Some equations can be reduced to Clairaut's form by suitable
substitution.

I Example 67 Solve y =px+ B
J1+p?

Sol. Its solution is, y = x + =
1C

1 Example 68 Solve W =tan(px-y).
Sol. The given equation is
Ji+p7 =tan(px-y)
or px—y=tan”' (J1+p°)
or y=px—tan” (fi+p7)

Its solution is, y=cx—tan"' (y1+¢?)
1 Example 69 Solve y?logy =pxy +p’.
Sol. Let logy=l.Thele.=.d_'
y dx dx
So, l'f—di =p.lhen£—=p
dx y
Substituting these in the given equation, we have
Yit=y-pxy+p'y' or t=px+p!
Which is in Clairaut’s form.
Thus, the required solution is
t=cx+c’ or logy=ex+c?

(c being an arbitrary constant.)

Application of Differential
Equations

Differential Equation of First Order
But not of First Degree

1. The most general form of a first order and higher
degree differential equation is
P AR Y A PR + P, =0 where P, P,,
....... P, are function of x, y and p =dy/dx. If a Ist
order any degree equation can be resolved into
differential equation (involving p) of first degree and
1st order, in such case we say that the equation is
solvable for p.

Let their solution be
gi(xy.¢1) X g2 (X, . €2) X oo X ga(X,y.€4) =0,
(where ¢, €24 veevinene , cn. are arbitrary constant) we
take ¢, =¢; =..... = ¢, =c because the differential
equation of 1st order Ist degree contain only one
arbitrary constant. So solution is
g1(x.y,¢) X ga(x,y,€) X... X ga(x,y,€) =0

2. The most general form of a first order and higher
degree differential equation is
p"+P p" + P, p" % +...+ P, =0, where P, P,,
...... , P, are function of x, y and p =dy/dx. If
differential equation is expressible in the form
y = f(x, p), then

Step 1 Differentiate w.r.t. x, we get p % x, p. fiﬁ)
dx dx

Step2 Solving this we obtain ¢(x, p,c) =0.
Step3 The solution of differential equation is
obtained by eliminating p.

Application of First Order
Differential Equations

Growth and Decay Problems

Let N(t) denotes the amount of substance (or population)
that is either growing or decaying. If we assume that
dN /dt, the time rate of change of this amount of
substance, is proportional to the amount of substance
present, then
dN N @
—_— =K r
dt
Where k is the constant of proportionality. We are

assuming that N(t) is a differentiable, hence continuous,
function of time.

dN ;
— —kN = )
dt 0



1 Example 70 The population of a certain country is
known to increase at a rate proportional to the
number of people presently living in the country. If
after two years the population has doubled and after
three years the population is 20000, estimate the
number of people initially living in the country.

Sol. Let N denotes the number of people living in the country

at any time t, and let N, denote the number of people
initially living in the country. Then, from Eq. (i)

dN
— —kN=0
dt
Which has the solution N = Ce** ()

Att =0, N = Ny; hence, it follows from Eq. (i) that
Ny = Ce*® or that C = N,.

Thus, N = N ...(ii)
Att =2, N =2N,. Substituting these values into Eq. (ii), we
have

2N = Nge? from which k = % In 2=10.347

Substituting this value into Eq. (i) gives
N = N, e©@34D¢ i)

Att =3, N =20000. Substituting these values into Eq. (iii),
we obtain

20000 = N,e(370)

] Example 71 A certain radioactive material is known
to decay at a rate proportional to the amount present.
If initially there is 50 mg of the material present and
after two hours it is observed that the material has
lost 10% of its original mass, find (a) and expression
for the mass of the material remaining at any time t,
(b) the mass of the material after four hours, and (c)
the time at which the material has decayed to one half
of its initial mass.

Sol. (a) Let N denotes the amount of material present at time

t. Then, from Eq. (i)

N _ vwa

dt
This differential equation is separable and linear, its
solution is

N=Ce" )

At t =0, we are given that N = 50. Therefore, from

Eq. (i), 50 = Cek® or C =50.

Thus, N=50e" (i)
At t =2, 10% of the original mass of 50 mg or 5 mg has

decayed. Hence, at t =2, N = 50 — 5 = 45. Substituting
these values into Eq. (ii) and solving for k, we have
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1, 45
45=50e* or k=-In—=-0.053
2 50

Substituting this value into Eq. (ii), we obtain the
amount of mass present at any time t as
N = 50e0-053¢
Where t is measured in hours.
(b) We require N at t = 4. Substituting t = 4 into Eq. (iii)
and then solving for N, we find N = 50¢~ 0059 )

(c) We require t when N = 50/2 = 25. Substituting N =25
into Eq. (iii) and solving for t, we find 25 = 50¢ 70053

....(iii)

or -0053t = ln% or t=13h

1 Example 72 Five mice in a stable population of 500
are intentionally infected with a contagious disease to
test a theory of epidemic spread that postulates the
rate of change in the infected population is
proportional to the product of the number of mice who
have the disease with the number that are disease
free. Assuming the theory is correct, how long will it
take half the population to contract the disease?

Sol. Let N(t) denotes the number of mice with the disease at

time t. We are given that N(0) =5, and it follows that

500 — N(t) is the number of mice without the disease at
time t. The theory predicts that

% = kN (500 — N) )

Where k is a constant of proportionality. This equation is
different from Eq. (i) because the rate of change is no longer
proportional to just the number of mice who have the
disease. Eq. (i) has the differential form

dN
———— —kdt = ii
N(500— N) 0 ..(id)
Which is separable. Using partial fraction decomposition,
we have
1 - 1/500 " 1/500
N(500-N) N  S00-N
Hence, Eq. (ii) may be rewritten as
e E ° SR E
500(N  500- N &=9
| 1 1
It solution is — || — + ———— - =
o (v s 0~ frar =
1
or —(n|N| - - —kt=
500( | N| =1n|500 - N|) -kt =C
Which may be rewritten as
—— | =500(C +
500- N ( &)
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N  _ £S0(C +k) )
500- N
But e50C *5) = ¢50 ok gepting C, = ¢5°C, we can write Eq.
(iii) as
N
= e’k iv
500-N )

Att =0, N = 5. Substituting these values into Eq. (iv), we
find

A g o,

495
So, C, =1/99 and Eq. (iv) becomes
N
=1 sooke )
500—-N 99

We could solve Eq. (v) for N, but this is not necessary. We
seek a value of t when N = 250, one half the population.
Substituting N' = 250 into Eq. (v) and solving for t, we
obtain

gl oS00kt
99

ort =0.0091/k time units. Without additional

information, we cannot obtain a numerical value for the

constant of proportionality k or be more definitive about t.

In99 =500kt

Geometrical Applications

Let P(x,,y,) be any point on the curve y = f(x), then
d

slope of the tangent at P (= tan y) = (—XJ and

dx (x1.3)

hence we find the following facts.
(x1.y1)
3 y=10

Fig. 4.2

(i) The equation of the tangent at P is,

y=¥ =ﬁ(x — x,;) when it cuts x-axis, y =0.

-. x-intercept of the tangent = x, =y, (%{J
Y

y-intercept of the tangent =y, —x; EJ}-:-

(ii) The equation of normal at P is,
_y, =———(x —x;) x and y-intercepts of
Yy=W (dy / dx) 1

d dx
normal are; x; +¥ E;y? and y; +x; ‘—i;

(iii) Length of tangent = PT = | y1 |41+ (dx /dy)(thyl)

(iv) Length of normal = PN =|y1 | ‘/1 +(dy / dx)(thyl)
Y1 ( J
(x1. )

Y1 )
(x1. )

I Example 73 Find the curve for which the area of the
triangle formed by the x-axis tangent drawn at any
point on the curve and radius vector of the point of
tangency is constant equal to a’.

Sol. Tangent drawn at any point (x, y) is

&%

(v) Length of subtangent =ST =

¥e

(vi) Length of subnormal =SN =

(vii) Length of radius vector = x12 + ylz

v-y=2(x-x

y

P(x.y)

X

Q *.0)

When Y=0,X=x—y£
dy

Area of A =24° (given)

ie. \_l..x.y =2a2
2
. dx
N
dy
: d
ie. xy - y? X o
dy
dx 2a°



*. The solution is x - l—ji— —dy
¥ y ¥

-2

2%y

2
-t +C, i.e.x=Cy+a—
y -2 y

1 Example 74 Find the curve for which the intercept

cut off by any tangent on y-axis is proportional to the
square of the ordinate of the point of tangency.

Sol. The equation of tangent at any point (x, y)is
Y-y= & (X -x)
dx
dy .
When X =0;Y =y - x . = y-intercept
x

Itis givenY o< y®.ie. Y = ky?
(k being constant of proportionality)

i dy 2
"5 - L=k
1Le. y xdx y
. dy 1 k't
e dx xy x
le: —y'zd_y+l.l=.,£
dx x y x
d d k
Let —1-=z sothat,-—l;-d—y— 2o Eglal
y y* dx dx dx x x
1
Zdx
IF=eI‘ =el8* = x
.. The solution is zx=J'E£dx=kx+C
x
= Xekxe+C
4
= x =kxy+Cy
Cy=k < W
= x—Cy=kxy =  x
C
= Q+&=1 (wherel=C2and——=Cl)
x y k k

I Example 75 For any differential function y = f(x),

d’y (dy ) d’x.
s -—=is equal to
the value of 5 +( o ) & is eq

@y by 2

X
2
dy (d?*x
(c)yE;"'[dyz]

(d) None of these
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Sol. We know %}i =[ —:—— ) , differentiating both the sides
x
dy_ (Y d(d) dy
or d__ - dy dy dy ) dx
_ dx dzx dy
- dy dyz dx
4y e
= dx? dy* ( dx )
d’y [ dy J’ d*x _
or XX e
dx? dx dy

Hence, (d) is the correct answer.

dy  dy (Y’
1 Example 76 The solution of y = x — i (dx ,
is
(@y=(x-17? (b) 4y = (x +1)?
©(y-1?*=4x (d) None of these
Sol. The given equation can be written as

y=xp+p-— pz; where p = :—Z .(i)

Differentiating both the sides w.r.t. x, we get
dp

B (x+1-2p)=0
dx

~Either P_o0ie p=c ...(ii)
dx

or x+1-2p=0 ie, p=%(x+1)...(iii)

Eliminating p between Egs. (i) and (ii), we get
y=Cx+C-C?

As the complete solution and eliminating p between Egs. (i)
and (iii)

——(x+1)x+ (x+1)-—(x+l)2

ie, 4y =(x +1)? asthe singular solution.

Hence, (b) is the correct answer.
1 Examele 77 The solutlon of

(%) +(2x+y)——+2xy 0,is

(@) (y + x? -Cy)(x+logy +y? +C;)=0
(b)(y +x* =Cy) (x=logy —C3) =0
©(y+x2=C)(x+logy-C;)=0

(d) None of the above
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Sol. The given equation can be written as

d
'S +(2x+y)p+2xy=0,wherep=ﬁ

ie. (p+2x)(p+y)=0

2 p +2x =0, otherwise p +y =0

= d—y+2x=0 or ii—z+y=0
dx dx

= Idy+2fxdx=C, or Id—y+Idx=C2

y

= y+x2=C or logy+x=C,
(y+x2-C)=0

or (x+logy—-C;)=0

= (y+x2=C)(x+logy—C;)=0

is the required solution.
Hence, (c) is the correct answer.

1 Example 78 A curve y = f(x) passes through the
origin. Through any point (x, y) on the curve, lines are
drawn parallel to the coordinate axes. If the curve
divides the area formed by these lines and coordinate
axes in the ratio m:n. Then the equation of curve is

@y =cx™" (b) my? =cx™"

©y3>=cx"" (d) None of these

Areaof OBPO _ m

Sol. - =—
Area of OPAO n

X
xy—| ydx "
= XL-=-— = nxy=(m+n)'|'o ydx
I ydx R
0
Differentiating w.r.t. x, we get

n(xd—i+y)=(m+n)y

d

dy
= nx—==m

dx Y

d ;
- mix b integrating both the sides

n x|y
y= meln

Hence, (a) is the correct answer.

1 Example 79 The equation of the curve passing
through the points (3a,a) (a> 0)in 'the form x = f(y)
which satisfy the differential equation;

2
a_.ﬂ=£+l—2,is

48y K 1+’ %
(a)X=y+0( ::e,-k ) (b”‘”""[m

y-k
(c)y=x+a[l£—TJ (d) None of these
1-e’~
2
dx
Sol. Here, a e Tl
dy y x
dy 2 2
2= (x*+y*-2xy)
= a dx( y
dy d
= (X—y)z'%=a,putx—y—v 1—;}':‘1:
= vz(l—.d_v)=az
2
= vz—az—vz-d—v Vdvz—dx
dx vi—-a
= 1+ =dx
[ 'Vz-HZJ
Integrating both the sides, we get
v+Zlog V—al=x+c
2 v+a|
= (x—y)+ﬂlog(m)=,+c
2 x—-y+a
= y+C=£log x—y—a (@)
2 x-y+a
It passes through (3q, a)
= a+C=ﬂlog(l)
2 3
= C=—a+—log[l)
= C=_a(2+log3)
2

y=3(2+log3)+1og["_1‘_2)
2 x—y+ta

X =y —a -
= IYoa_ -k -a
pym——— ,where k 2(2«|-log3)
x—y_l+e’7*
a 1-e¥ %

1+e¥~ %
1-e?"k

= X=}’*°( }wherek=§(2+log3)

Which is required equation of curve.
Hence, (b) is the correct answer.



1 Example 80 The family of curves, the subtangent at
any point of which is the arithmetic mean of the
coordinates of the point of tangency, is given by

@(x-y?=cy (b)(y = x)? =Cx
©(x-y)* =Cxy (d) None of these
Sol. Let the family of curves be y = f(x)
an 6 = LPP)
1(TP")
| y=f)

o] /7 2

_I(PP')
T 1(TP)
f(x)
()
x+

2
,_ 2y
- x+y

1 (subtangent) =

b4 (given)

2.
",

Y
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dy_ o e, %ty ()

= dx x+y “dy 2xy

It is a homogeneous differential equation.
o Put x = vy
Differentiating w.r.t. y, we get

Koyry (i)
dy dy

In Eq. (i) replacing :—; by Eq. (ii), we get

P A A LR
v ydy 2y 2
dv _1+v _1+v-2v_1-v
= dy 2 2 2
=5 Ldv:—dl
1-v y
Integrating, %v—l=log|y|+log Cy(C,>0)
~2log|y - x| +2log|y|=log|y|+logC,
= log|y - x|* =log|y| - log C;
= log|y - x|* =log|y| +logC,

where log C = - log C,

= . logly-x|*=log|yC|

=(x - y)* = Cy, is the required equation of family of
curves.

Hence, (a) is the correct answer.
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Exercise for Session 5

1.

2

The equation of curve for which the normal at every point passes through a fixed point, is
(b) an ellipse

(a) a circle
(d) None of these

(c) a hyperbola
If the tangent at any point P of a curve meets the axis of x in T. Then the curve for which OP = PT, O being the
origin is
(a) x =Cy?
(c)x=Cyorx=Cly
According to Newton's law, the rate of cooling is proportional to the difference between the temperature of the
body and the temperature of the air. If the temperature of the air is 20°C and body cools for 20 min from 100°C
to 60°C, then the time it will take for it temperature to drop to 30°C, is
(a) 30 min (b) 40 min
(c) 60 min (d) 80 min
Letf(x, y) be a curve in the x-y plane having the property that distance from the origin of any tangent to the
curve is equal to distance of boint of contact from the y-axis. If f (1,2) =0, then all such possible curves are

(b) x? - y? = 5x
(d) All of these

(b)x=Cy?orx=Cly?
(d) None of these

(a) x? + y? = 5x
(c) x%y? = 5x
Given the curves y = f(x) passing through the point (0, 1)and y = J'_X f(t) passing through the point( 0,% ) The
tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve
y=Ff(x)is

@f(x)=x*+x+1

N

(b)f(x) = :_X
(c)f(x)=e%* (d)f(x) = x — e
A curve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the
y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the
product of square of the slope of the tangent and the subtangent at the same point, is given by

£2.[yTx (b) X = et ylx

(a)x=e
(d)xy+e’’*-1=0

(©)y=e""" -1
Consider a curve y =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of
tangent drawn at any point P(x,f(x)) and the line y =3 gets bisected by the line x + y =1 then the equation of
curve, is
@y*=9(x-y)
© (y+3)?=9(1-x-y)
Consider the curved mirror y =f(x) passing through (0, 6) having the property that all light rays emerging from
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is

(b) y* = 4(1-x) or y? = 36(9- x)
(d) None of these

®) (y-3)* =9(1-x-y)
@) (y-3)*-9(1+ x +y)

(a) y? = 4(x - y)or y? = 36(9+ x)
(c) ¥ = 4(1+ x)or y* = 36(9- x)



JEE Type Solved Examples :

Single Opt_ig[\“[_:.g_rrect Type Questions

© EX. 1 The order of the differential equation of family of
curvesy = Cysin”'x + C,cos™! x+Cy tan™" x + C,cot™ x
(where C,,C,, C3 and C, are arbitrary constants) is

(a) 2 ()3

(c) 4 (d) None of these
Sol. Here, y =Cysin™ x + Cycos™ x + Cytan™ x + Cy cot ™ x

o n i
=y =Csin™' x+ Cz(;—sin lx)+C3l'zm"x+ Q(%-tan" x)

=(C —Cy)sin™ x + (C; = Cy)tan™ x + (C; - C, )g

There are only two independent arbitrary constant order of the
differential equation is 2.

Hence, (c) is the correct answer.
® EX. 2 The solution of the differential equation
dy 1 -
o A S |
dx  xy(x?siny? +1)
(a) x*(cosy? — siny? — 2ce'72) =2
(b) y*(sinx? — cosy? — 2ce'72)= 2
(c) x*(cosy® — siny? — e_yz) =4c
(d) None of the above

sol. Hie Za xy(x*siny® + 1)
dy
1dx 1 __ . 3
;;E—_x—zy_ysmy
1 2 dx _dt
Ler e

2
i
a +2t-y =y-siny2,I.F.=e“2’dy"
dy

So, required solution is

)
te = IZy siny? x e’ dy = Eey (siny? = cosy”) + C

2
= 2t =(siny® — cosy®) +2C e
izl
= 2 =—x¥siny? — cosy® + 2ce™")
2
= x¥(cosy? —siny? —2ce™ ) =2

® Ex. 3 The curve satisfying the differential equation

3
g Yy} and passing through (4,-2) is

dx  x(y’-x)
(a)y2=—2x (b)y ==-2x
(©y*=-2x (d) None of these
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Sol. Here, (xy®-x%)dy =(xy +y*)dx
=  y*xdy — ydx) - x(xdy + ydx =0)

= xzy’d(l) -xd(xy)=0
X

dividing by x%y?, we get

1 x
= X d (1) Ty .d(_]
E x x%y y
1 2 1
= 2 d(l) * d(—) -0
2 x xy

Now integrating, we get

2
1(2) W
2\x xy
It passes through (4, —2)
= Aot w B
8 8
~ y* =—2xis required curve.

0

® Ex. 4 Spherical rain drop evaporates at a rate propor-
tional to its surface area. The differential equation corre-
sponding to the rate of change of the radius of the rain drop,
if the constant of proportionality is K >0, is

dr dr
—+K=0 b)—-K=0
(a)dt ()dt

d
(© d—: =Kr (d) None of these
dv
Sol. — =—kanr*

R r (i)

But vaiges

3

dv dr

= —=4nr® — -(id
dt r dt @

Therefore, e ==K
dt

Hence, (a) is the correct answer.

® Ex. 5 A functiony = f(x) satisfies the differential equa-
tion f(x) - sin2x —cos x +(1+ sin? x) f’(x) =0 with initial
condition y (0) =0. The value of f(1/6) is equal to

(a) 1/5 (b) 3/5

(c) 4/5 (d) 2/5

Sol. y sin2x — cosx + (1 + sin’x) % =0 where y = f(x)

dy sin 2x
ks s | i 73
dx 1+sinx 1+ sin‘x

COosXx
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J- sin 2x & ]ﬂ
[Foe ltsin’x _ 1 _n+sin’x)

=1+ sin’x (by putting 1 + sin*x =1)
y(1+sm2x)=fcosxdx
y (1 +sin’x) =sinx+ C;y(0)=0=> C=0
- sinx (1:)_2
l+sinzx'y 6) 5

Hence, (d) is the correct answer.

Therefore,

; Ex. 6 The general solution of the differential equation
dy _ 1-x

is a family of curves which looks most like which

dx
of the following?
Sol. [ydy =[a-x)dx
2 2
Y -x-Zic
2 2
x*+ yz -2x=C
(x-1?+y*=C+1=C
Hence, (b) is the correct answer.
Remark

Family of concentric circles with (1, 0) as the centre and
variable radius.

® Ex. 7 Water is drained from a vertical cylindrical tank
by opening a valve at the base of the tank. It is known that
the rate at which the water level drops is proportional to the
square root of water depth y, where the constant of propor-
tionality k >0 depends on the acceleration due to gravity and
the geometry of the hole. If t is measured in minutes and

1 s g 5 ;
k= =L then the time to drain the tank, if the water is 4 m

deep to start with is

(a)30 min (b)45min  (c) 60 min  (d) 80 min

Sol.%:-k y;whent=0,y=4
ody_ ]
LW— k!odl

t

2yl =—kt=-—

7R L
0-4=-+
15
= t =60 min

Hence, (c) is the correct answer.

© Ex. 8 Number of straight lines which satisfy the differ-

dy dy)’
tial equation—— + x| — | —y =0lis
ential equ. I (dx) y
(a)1 (b)2 (c)3 (d) 4
dy
= r —=k
Sol. y=kx+b e
= kx + b=k + xk? = k=k*andb=k
k=0 or k=1

Hence, (b) is the correct answer.

® Ex. 9 Consider the two statements :
Statement | y = sinkt satisfy the differential equation

y” +9y =0.
Statement Il y =e* satisfy the differential equation
y”+y’ =6y =0.

The value of k for which both the statements are correct is
(a)-3 (b)o (c)2 (d)3
Sol. Statement I y =sinkt, y’ = k cos kt; y” = — k’sinkt
— k?sinkt + 9sinkt =0
sinkt [9-k?]=0 = k=0,k=3,k=-3
Statement Il y =", )" = ke*; y” = k%"
K% + ke —6e =0
Mk* +k-6]=0
(k+3)(k-2)=0
k=-3 or 2
Common value is k = = 3.
Hence, (a) is the correct answer.

X
® Ex. 10 Ify= m (where c is an arbitrary constant) is

the general solution of the differential equation

d
d—i =§ + (b(;) , then the function ¢(§) is
y
2 2
x X 2 2
@Wr O-% 0L w4

Sol. Inc+In|q==
y

Differentiating w.r.t. x, - = ¥ =%

Hence, (d) is the correct answer.



® Ex. 11 IfJ;x ty(t) dt = x? +y(x), then y as a function of
X is
Xz —ﬂz 2 2

(@)y=2-(2+a%)e ? (b)y=1—(2+az)ex ;n

(©y=2-(1+a)e ? (d) None of these
Sol. Differentiating both the sides, we get
xy (x) =2x - y'(x)

Y = ,
Hence, —-xy=-2x [y (x) = y(x) =y]
—x?
]IF-eI-’”br=eT
=
ye 2 =I—2xe 2 dx
= 2
Let e 2 =t = -xe ? dx=dt
I=I2dl
2 XZ
ye 2 =2 2 +C
£
y=2+Ce?

Ifx=a = a*+y=0 = y=-a*(from the given equation)

JEE Type Solved Examples :

Chap 04 Differential Equations 271
ﬂz dz
Hence, -a’=2+ Ce_z';Cc_Z- =-@2+ad?)
Bz Xz ‘ﬂz
C=-(@2+a%e 2;y=2-(2+a%)e 2
Hence, (a) is the correct answer.
h R
® Ex. 12 The differential equation Z—y =YY deter-
X y
mines a family of circles with [IIT JEE 2007]

(a) variable radii and a fixed centre at (0, 1)
(b) variable radii and fixed centre at (0, —1)
(c) fixed radius 1 and variable centres along the x-axis
(d) fixed radius 1and variable centres along the y-axis

dy _yi-y*

Sol. - g 3
x
= Iﬁdy:fdx:—%-z,ll—y2=x+c
= —\/l—y2=x+C=91—y2=(x+C)2

=  (x+C)P?+y*=1

Therefore, the differential equation represents a circle of fixed

radius 1 and variable centres along the x-axis. Hence, (c) is the
correct answer.

More than One Corre;:} Option Type Questions

® Ex. 13 A curvey = f(x) has the property that the

perpendicular distance of the origin from the normal at any

point P of the curve is equal to the distance of the point P

from the x-axis. Then the differential equation of the curve
(a) is homogeneous

(b) can be converted into linear differential equation with
some suitable substitution

(c) is the family of circles touching the x-axis at the origin
(d) the family of circles touching the y-axis at the origin

Sol. Equation of normal
y_y=__l-<X—x) = -—my+my=X-x
m
X+my—-(x+my)=0

PiX.y)

ol

+
Perpendicular from (0, 0) = xT’:}LZ =y = x*+2ym=y°
+m

dy y? - i

—_—=—

; 5 omogeneous

d:
Also, x-2y- D 2o
4 dx =y

d dt  dt
Puty?=t, & _ 4 At

y i x—+ xP =t

dt 1 e
= t =— x which is linear differential equation.

Hence, (a), (b) and (d) are the correct answers.

® Ex. 14 A differentiable function satisfies
flx)= jo { f(t)cost —cos (t - x)} dt. Which is of the follow-
ing hold good?

(a) f(x) has a minimum value 1-¢

(b) f(x) has a maximum value 1-¢™"

o (3)-

Sol. f(x)= I:U'(l) cos t = cos (t = x)} dx

= L £(t) cos t dt — I:cos(— t) dt [J': fx)dx= J‘: fla-x) dx]

(@) £ =1
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flx)= f:f(t) cos t dt —sinx
Differentiating both the sides, we get
f'(x) = f(x) cosx = cosx

Let ) =y; fx) = Z_i’

dy
— Ty COosX =-—cosx
dx

(LDE)
IF = e-Icos xdx = sinx

Therefore, y-e™*"* = — Ie"i" * cosx dx;

y_e-sinx =C+ e—sinx;y =Cesinx F1
Ifx=0; y=0 (from the given relation)
=5 C=-1
Therefore, f(x)=1-¢""*

Now, minimum value=1-—e¢
1

(when x =m/2)

Maximum value =1 —e~ (when x =-m1/2)

f/(x)=—€""% cosx
Therefore,  f’(0)=-1
f"(x) =—[coszx4e‘i"’—e‘i"'-sin X]

-

Hence, (a), (b) and (c) are the correct answers.

® Ex. 15 Lel‘gZ +y = f(x) wherey is a continuous func-
Ix

e ™, if0<x<2

tion of x with y(0) =1and f(x) ={ 3 . Which
e ", ifx>2

is of the following hold(s) good?
@y(n=2¢" by ()=-e"
©y@)=-2" dy'(3)=-2"
Sol. %+y=f(x) = IF=¢"
ye* = fe‘f(x) dx+C

Now, if 0 < x <2, then ye” =Ie' e dx+C

= ye*=x+C
x=0,y(0)=1,C=1
ye¥ =x+1 (i)
x+1 2 ,_ef=(x+1)e”
=Im=t - =t
" e—2 -e 1
A -

y=e?+Ce”

As y is continuous.

x+1

lim

x—=2 e

3e2=e?4+Ce? = C=2

= lim (e% + Ce™)
& x—2

& forx>2
y=el+2eF
Hence, y@)=2e" + et =€ +1)
y'=-2e"
y'3)=-2¢

Hence, (a), (b) and (d) are the correct answers.

® Ex. 16 A curvey = f(x) passes through (1, 1) and

tangent at P(x, y) cuts the x-axis and y-axis at A and B
respectively such that BP: AP =3:1, then [IIT JEE 2006]

(a) equation of curve is xy” —3y =0
(b) normal at (1, 1)isx +3y =4
1
(c) curve passes through (?, g)
(d) equation of curve is xy” + 3y =0
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is

0o
** Thus, cuts the x-axis at A and y-axis at B.
dy
Al T2 @,
dy a7
dx
BP:PA=3:1
dy
3[x— -
M*_lxo
- (dy/dx)
4 4
= x—y+3y=0
dx
d
= I—y=J'—3E
y x
= logy =—3log x + logC
= s
B

~* Curve passes through (1,1) -, C =1
+ Curve is x®y =1 which also passes through (2. lJ .
8

Hence, (c) and (d) are the correct answers.



JEE Type Solved Examples :
Statement I and || Type Questlons

® Ex. 17 Let a solutiony = y(x) of the differential equa-

tion x/x* =1dy —y \Jly? =1dx=0 satisfy y(2) =%.
3
[IIT JEE 2008]

Statement | y(x)=sec [sec X- E)

Statement Il y(x) is given by 2J— }

(a) Statement | is true, Statement Il is also true; Statement
Ilis the correct explanation of Statement .

(b) Statement | is true, Statement Il is also true; Statement
Il is not the correct explanation of Statement I.

(c) Statement | is true, Statement Il is false.
(d) Statement | is false, Statement Il is true.

xJx®=1dy -y Jy*—1dx=0

Which can be rewritten as T = dy

x\'xz—l y yz—l

JEE Type Solved Examples :
Passage Based Ouestlons

Passage
(Q. Nos. 18 to 20)

A curve y = f(x)satisfies the differential equation
(1+x2 )% + 2yx = 4x? and passes through the origin.
18 The function y = f(x)

(a) is strictly increasing, V x € R

(b) is such that it has a minima but no maxima
(c) is such that it has a maxima but no minima
(d) has no inflection point

19 The area enclosed by y = f 7'(x), the x-axis and the
ordinate at x =2/3 is

(@) 2In2 (b)glnz ©3 2in2 (d)sllnz

20 For the function y = f(x) which one of the following

does not hold good?

(a) f(x)is a rational function

(b) f(x) has the same domain and same rage
(c) f(x)is a transcendental function

(d) y = f(x) is a bijective mapping

Chap 04 Differential Equations

dy
Integration yields, =
¢ [—— h—x i
= sec” x=sec'y+C
= sec™'(2) =sec™! (2/3)+ C
1

= ﬁ = E +C = C=—

3 6 6

_ Ry T
Thus, sec™' x =sec ly+—6-

S -
=y y =sec sec X";
1

273

o]

1
. Ji-

( g 1:]_ 1
cos|cos ——— —
x 6 X

1

1——

¢

1 _£+__Vr
2x 2

= —=
y

Hence, (c) is the correct answer.

Sol. (Q. Nos. 18 to 20)

2
d_y+ 2x i 4x
dx 1+ x? 1+ x%

2x

IF:CH:’

=eln+x)

=(l+x2)
y(1+x") = [ax? fnd® o
3

Passing through (0,0) =C =0

_ ax®
31 + x%)
dy _4|a+ x?)3x? - x*.2x
dc 3 (1+ x%)?
_43x+ x| a3+ XY
Q+x*)?| 30+ x?)?

Hence, Q—>0,Vx==0;d—y=0atx=0
dx dx

M| =

N | =

and it does not change sign = x = 0 is the point of inflection

y = f(x) is increasing for all x € R.
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3
X—)00, Yy —»00; X —>—00 y —)—00 A:E—i 1 X zdx
3 3791+x
¥

Put 1+x*=t = 2xdx=dt

23 P z_gJ-Z(r—l)d,
ot

3 3

Area enclosed by y = f(x), x-axis and ordinate at x = 2
3

JEE Type Solved Examples :
S_!ngle Integer pnswer Tyge Ougg.tions

@ Ex. 21 Lety = f(x) be a curve passing through (4, 3)
such that slope of normal at any point lying in the first
quadrant is negative and the normal and tangent at any
point P cuts the Y -axis at A and B respectively such that the
mid-point of AB is origin, then the number of solutions of
y = f(x) andy =I5 —| x|, is
Sol. Equation of tangent at any point (x;, y;) of curve y = f(x) is
=) = f(x)x—x) so B0,y — xf'(x))

*. number of solutions for y = f(x)and y =|5 —|x||

1
Equation of normal at (x;, 1) is (v, 1) = ——m(", x,) so, . number of solutions are 2.
1
A =(0. nt —fT)(ﬁ—)) mid point of AB is origin, so ® Ex. 22 A real valued function, f(x), f: 0’% SRt
X1
, satisfies the dgferential equation xf’(x)=1+f(x){x2 f(x)7"}
- 4 -_—— = T
2y XI(_f (%) f'(xl)) 0 and f(?) = e then :lrl—T) f(x), is
Thus differential equatit:n of curve y = f(x), is Sol. Here, xf"(x) =1+ x*f2(x)~ f(x)
,("_Y) —y® _x=0 R X f)+ ) _ |
dx dx ErET TN ) =
i dy yt \’xz + yz Integrating both sides
us, = :
& * [ L e o
In first quadrant, x > 0, y >0,‘;—Z>O, 1+ (x f(x))
= tan™! = i
8y d_y=y+\/x2+y2 — an” (xf(x) X+C.as/‘(4) —
o = = tan™'1 = E +C
dv  vx+ xyl+ v 4
= v+ x; = —T— = Cc=0
= I dv =I dx x f(x) =tanx
;}1 +v? x = fx)= ta:x
2

tan x

x

. P |

on solving we get . aiid lin':,f(x) =1 =
Eand x=0 x



o Ex. 23 Ifthearea boundedbyy:f(x),x:l x=£and

the X-axis is A sq units where f(x) = x +§x + ; al Zx°

2 4 6 7

fol S x' +...00,| x| <1,Then the value of[4A] is (where[-]

2 2 4
()=1+2x*+=-4x* + 2. 2.6x° + ... 0
f 3 35

=1+ {%(Xf(x)))

= flx)=1+x le’(x) + f(x)|
= (1-x%)f(x) =1+ xf(x)

Subjectivelype Oggstions

® EX. 24 For a certain curve y = f(x) satisfying
2

5— =6x—4; f(x) has a local minimum value 5 when x =1.
Ix

Find the equation of the curve and also the global maximum

and global minimum values of f(x) given that0 < x < 2.

d’y dy
Sol. Int ting, =6 4, we get = =3x’—4x+C
ntegrating, —= = 6x — g

when x=1,d—y=0.SoLhatC=1
dx

Hence, =3x?—4x+1 .(i)

dy
dx
Integrating, we get

y=x*-2x*+x+C, whenx=1,y =5,
so thatC; =5

Thus, we have y=x'-2x*+x+5

1
Form Eq. (i), we get the critical points x = C x=1
1 dYy .
itical point x = —, —= is (-ve).
At the critical poin s

Therefore, at x = % , ¥ has a local maximum.
2,

Atx=1, % is (+ ve).

Therefore, at x = 1,y has a local minimum.
Also, fay=s

1) 139
= f(;) Y
f(0)=5, f2)=7

Hence, the global maximum value =7, the global minimum
value =5.
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T lign-g
= LA '}'=Lz. l.l?:er‘"rz =e? =V1-x*
dx 1-x° x
] - sA1-x* +C
-X
=5 yV1-x? =sin"' x+ C,as f(0)=0=C=0
sin ' x
=5 y=
1= n
J3/2 sin” Ty n/3 2 1| n® n?
= = Ttdt= == —-—
=A% T b (}524 36
6
[4A]=1

® Ex. 25 If&(x) is a differentiable real-valued function
1.
satisfying ¢’ (x) + 2 ¢(x) <1, prove that §(x) — 3 isa

non-increasing function of x.

Sol. O'(x)+2¢(x)<1
= e ¢'(x) + 2 O(x) e < e
= %(ez ¢(x)—%ez")$0

1). 7 : .
= (¢(x) - E) is a non-increasing function of x.

1. § s 4
= ¢(x) - = is a non-increasing function of x.

® Ex. 26 Determine all curve for which the ratios of the
length of the segment intercepted by any tangent on the
y-axis to the length of the radius vector is a constant.

Sol. Let y = f(x) be the equation of the required curve.

=2
Given that —=———— =k (a constant)
Jxt+y?
2
= Z-Laifis( 2]
dx «x x
= dv 2
Lety-vx,thenv+x;=v:tk 1+v
d
= hd =tkd—x.imegratingwe get
,’1+vz x
= logl v+ \}1 +v2 |=iklnx+C
I I T
I log| 2INX *Y | s kimxsC
x

Which are the equations of the required curves.
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® Ex. 27 Letu(x) andv(x) satisfy the differential equa-

. d
tions d—u + p(x) u= f(x) andﬂ + p(x) v = g(x), where
Ix dx

p(x), f(x) and g(x) are continuous functions.

Ifu(x,) >v(x,) for some x, and f(x) > g(x), for all x > x,,
prove that any point(x, y), where x > x,, does not satisfy the
equationy = u(x) and y =v(x). [HT JEE 1997]

Sol. Given that

d
-—'-{+p(x) u= f(x) and —+p(X) v =g(x)

Subtracting, we bl.l

d
LEZ 4 ). (=) = 1) = )

Multiplying by rtaee , we get

Ip(x)dx d(u V) plx)dx
dx

SM=V) L =)y d

={f(x) - g(x)}- cfl’(x) de
Le. % {u=-v) efl"*) ={f(x) - g(x)} elotae

Since, exponential function takes only positive values and
f(x) > g(x) for all x > x;, RHS is + ve; x > x;
?:: {w-v-el#*) =0

ie, (u=v)- e'["(")d’r is increasing function.

Hence, ife!"(”)'ix = ¢(x), then for x > x;

We have,  {u(x) = W(x)} ¢ (x) > {ulx;) = ®x1)} @ (x1)

e u)— o) > AN g 1 ) > v(x,)
&(x)

Thus, u(x) >Hx),V x>x

ie. u(x) # Ux),V x> x

Hence, no point (x, y) such that x > x; can satisfy the equations
y =u(x)andy = «(x).

© Ex. 28 A normal is drawn at a point P(x,y) of a curve. It

meets the x-axis at Q. If PQ is of constant length k, then
show that the differential equation describing such curves is,

y %}1 =% -\/kz —y? and the equation of such a curve pass-

ing through (0, k). [IT JEE 1994]

Sol. Let y = f(x) be the curve such that the normal at P(x, y) to this

curve meets x-axis at Q. Then,
PQ = length of the normal at P

PQ=k

2
y 1+(%) =k

But

d;
= % =z*dx
=¥
Integrating both the sides, we get
- Jk? —=y® =% x + C,since it passes through (0, k) > C=o.

-y -yt=tx

. P
= x* + y? = k? is required equation of the curve.

or k*

® Ex. 29 A curve passing through the point (1, 1) has the
property that the perpendicular distance of the normal at
any point P on the curve from the origin is equal to the
distance of P from x-axis. Determine the equation of the
curve. [IIT JEE 1999]

Sol. Let P(x,y) be any point on the curve y = f(x). Then, the
equation of the normal at P is,

1
—y=— X -
V=T Ay ) (X -x)
dy dy )
or X+Y— —+x [=0 i
e ( YETE @
It is given that distance of Eq. (i) from origin = Distance from
x-axis (i.e. y)
. 0 —( y (‘:._y +x )
ie. g
1+( d )
dx
y dy
= =%
= x? 4 2x y LU y
i\‘ .
or dl = "' = ‘\J
dx 2xy

which is homogeneous differential equation and we can solve
by homogencous or by total difterential,

Here, using total difterential,
2xy dy = y? dx = = 3% dy

1) YL B
- xd (y )_, y ‘I‘-—(lv

X
R
= (I[L)-—ul.\'
X
Integrating both the sides, we get
K
- LA (i)
X
It passes lhrmmh (1,1) = Cw2

T-—\r.ory-—\ + 2N

= x4 p? = 2x = 0,18 required equation of curve.



® Ex. 30 A country has a food deficit of 10%. Its population
grows continuously at a rate of 3% per year. Its annual food
production every year is 4% more than that of the last year.
Assuming that the average food requirement per person
remains constant, prove that the country will become
self-sufficient in food after n years, where n is the smallest

integer bigger than or equal to log, 10 -log. 9
(log . 1.04)-0.03

Sol. Let B, be the initial population, Q, be its initial food produc-
tion.

JUT JEE 2000]

Let P be the population of the country in year t and Q be its
food production in year t.

dP _3p dP 3
—=— op

=

dt 100 P 100 '
Integrating, we get

logP=i1+C
100
Att=0,we have P =P,

= C=log PR
= P=P, c0.03: (‘)

It is given that the annual food production every year is 4%
more than that of last year.

4 t
= = 1+ —
0-a( 1+ ]
Let the average consumption per person be k units.
90
=kB| — |[=09kR
=9 Q ° ( 100 ) o

o Q=09 kP, (1.04) (i)
This gives quantity of food available in year t. The population

in year t is,

P =P, "% [from Eq. (i)]
*. Consumption in year, t = kPoeo'oa' (i)
The country will be self sufficient, if

Q2P
= 0.9k B, (1.04)" > kPe®*
= 2 (1.04)f 209
10

= (1.04)' ¢~ 003 2?

= t log (1.04) = 0.03 t 2 log (l;-)

= t{log(1.04) - 0.03) > log (%)
log 10— log 9
log (1.04) - 0.03

Thus, the least number of year in which country becomes self
sufficient.

=

_ log10-log9

= G DT
log (1.04) - 0.03
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® Ex. 31 A right circular cone with radius R and height H
contains a liquid which evaporates at a rate proportional to
its surface area in contact with air (proportionality constant
=k >0), find the time after which the cone is empty.

[IIT JEE 2003]

Sol. Let the semi-vertical angle of the cone be 0 and let the height
of the liquid at time ‘' be ‘h’ from the vertex V and radius of
the liquid cone be r. Let V be the volume at time ¢. Then,

mB
A -

V= 1 nr’h

3
= V=l1lr° cot © ( ran9=£)

3 h
Let S be the surface area of the liquid in contact with air at time ¢.
Then, S=nr?
= d_V o< S

dt

\'4
= e = —kS, k is constant of proportionality.

= i(lm’cote)=_kﬂri
dt\ 3

d
= nr'd—:co:e=—km’=>cotedr=-kd:

On integrating, we get cot 8 I: dr=-k I T ar
0
= Rcot =+ kT, where T is required time.

= T=H/k (astan 8= R/ H)

® Ex. 32 Solve the equation
xjo y(t) dt =(x +1).[0 ty(t) dt, x >0.
Sol. Differentiating the equation w.r.t. x, we get
() +1- [ 7 yE)dt=(x+ 1) xplx) + 1 ) ty@ar
ie. jo’ Y(t) dt = x? y(x) + _[o’ ty(t) dt
Again, differentiating w.r.t. x, we get
y(x)=x* y'(x) + 2xy(x) + xy(x)
2
ie. (1 -3x) y(x) = =)
dx

(1 -3x)dx - dy(x)
x! y(x)

Integrating, we get y = % o Vx
x

ie.



278  Textbook of Integral Calculus

® Ex. 33 If(y\ y,) are two solutions of the differential
d

L +Px)-y=Q)

dx

Then prove thaty =y, + C (y,

equation

—y2) is the general solution

of the equation where C is any constant. For what relation

between the constant o, B will the linear combination
ay, +By, also be a solution.

Sol. Asy,, y, are the solutions of the differential equation;

d;

T+ Px)-y = Q%)

d;

T+ Py = Q)
d

and 224 P(x)-y; = Qx)

From Eqs. (i) and (i), (d" d"‘) +P(x)(y —y,)=0

d:
;(J' =N+ P(x)-(y-y)=0
4 d
From Egs. (ii) and (iii), = 01 —y2) + P(x) (1 —y2) =0 ..
d
T o-n) y-y
From Egs. (iv) and (v), dxi = 1
—(y, = =)z
e 01 - y2)
d d
=5 ;(}' )'l)=dx(yl )'z)
b A /| 4 S f
Integrating both the sides, we get
log (v — 1) =log (. — y2)
y=n+COr-y2)

Now y= ay, + By, will be a solutions, if
o (a)’l +By2) + P(x) (ay; + Byz) =A%)

or

(‘:’: +P(x) y,) +B( + P(x) y:) QAx)

o Qx) + B QAx) = Ax)
(o +B) x) =Ax)
a+f=1

or

Hence,

® Ex. 34 Find a pair of curves such that
(a) the tangents drawn at points with equal abscissae
intersect on the y-axis.
(b) the normal drawn at points with equal abscissae
intersect on x-axis.

(c) one curve passes through (1, 1) and other passes
through (2, 3).

..(i)
..(id)
<.(iii)

.(iv)

(v)

[using Eqs. (ii) and (iii)]

Sol. Let the curve be y = fi(x) and y = f,(x) equation of tangents

with equal abscissa, x are

o - i) = 1) (X = x)
and Y - filx) = £ 0 (X - x)
These tangent intersect at y-axis,

= —x f(x)+ fix) == x f"3(x) + folx)
= fix) = folx) = x (f 1(x) = f "2(x))
Integrating both the sides, we get

= In| fi(x) = f(x)|=In| x|+ C
= [ - f(x) =% C x
Now, equations of normal with equa] abscissa x, are
o — X -
y - filx) 7 ( ) ——X-x
and - falx) = W ( ) - x)

As these normal intersect on the x-axis,

x+ fi(x) () =x+ fi(x): f2x)

= F(x)- £ (x) = fo(x)- £, (x) Integrating
= fi@-£A=0

_ G _; G ;M
- A T BT e T

[using Eq. (i)
From Egs. (i) and (ii), we get

=2 (2 cx) 202 2-cx)

X x

We have, fin=1 and  fy(2)=3

= =2y and fid=2+x
X x

0)

)

® Ex. 35 Given two curvesy = f(x) passing through (0, 1)

andy = J'_: f(t) dt passing through (0,

/ n). The tangents

drawn to both the curves at the points with equal abscissae

intersect on the x-axis find the curvey = f(x).
Sol. Equation of the tangent to the curve; y = f(x) is
Y =y)=f"(x)(X - x)
Equation of tangent to the curve g(x) = y, = I_: f(t)dtis

(Y =y) =g"(x) (X = x) = flx) (X -

Given that tangent with equal abscissas intersect on the x-axis.

= PR A /W
f(x) f(x)
f(x) N
. Jx) _n o
0 7 e
. [0 _F) | g _ £
n o flx) gx)  fx)
gx) _ .
= m =k = glx)=Ce®
= gx)=kCe = fx)=kcet

¥ = f(x) passes through (0,1) = kC =1
= g(x) passes through

(0,1/n)=’C=-‘-=ak=n
n

=

flx)=e™



® Ex. 36 A normal is drawn at a point P(x,y) of a curve. It
meets the x-axis and the y-axis in point A and B, respec-

. 1 1
tively, such that — + — =1, where O i igi
vkl where O is the origin, find the

equation of such a curve passing through (5, 4).

Sol. The equation of the normal at (x, y) is

dy
X=-x)+(Y-y)—==0
( y)dx
= 5 + 4 =1
x+yd—y (x+ydy/dx)
dx dy [ dx
+y—=
dy (x
= OA=x+y—,0B=
i 5
dx
1 1 d d;
Also, — + —=1 LY, ay
TR =l+dx x+ydx

= (y—l)%+(x—l)=0

Integrating, we get
¥-12+(x-17%=C

Since, the curve passes through (5, 4), C =25.

Hence, the curve is (x —1)* + (y —1)* =25.

@ Ex. 37 A line is drawn from a point P (x,y) on curve

54

2)

y = f(x), making an angle with the x-axis which is supple-

mentary to the one made by the tangent to the curve at

P(x, y)- The line meets the x-axis at A. Another line perpen-
dicular to the first, is drawn from P(x, y) meeting the y-axis

at B. If OA = OB, where O is origin, find all curve which

passes through (1, 1).

Sol. The equation of the line through P(x, y) making an angle

with the x-axis which is supplementary to the angle made by

the tangent at P(x, y) is
Yoy i =)
M

where it meets the x-axis.

Y=0 X=x+
** dyrdx

The line through P (x, y) and perpendicular to Eq. (i) is

Y—y=‘—ix-(x-x)
dy

where it meets the y-axis.

X=0.Y=y—x-idi = OB=y—x£
dy

Since, OA = OB
=> x+y£=y—x£
dy dy

or (y—x)=(y+x)-d—x-
dy

= OA=x+y£x-
Y

dy

i)

(i)

(i)

Chap 04 Differential Equations

or d_y_=u. puty =vx
dx y-x
dv_1+2v-v*
= X —=—
dx v=-1
(1—v)dv2+£=0
1+2v-v x
= log (1 +2v—v?) + log x=G
= x?+2xy -y*=C

where C, = log J©
Since, curve passes through (1,1)>C=2

. Required curve, xt—yt+2xy=2
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® Ex. 38 The tangent and a normal to a curve at any point
P meet the x andy axes at A, B,C and D respectively. Find
the equation of the curve passing through (1, 0) if the centre
of circle through O, C, P and B lies on the line y = x (where O

is origin).
Sol. Let P(x,y) be a point on the curve.
= (&) E( x+y d—y 0 )
dx
dy J
Ba| 0,y -x—
( 4 dx

Circle passing through O, C, P and B has its centre at

m@d-point of BC.

B>

D

Let the centre of the circle be (o, B).

= 2(!=x+y%

and 2B=y—xd_y
dx
andsinceB:a,y—xd—y=x+yd_y
x dx
= dy _y-x
dx y+x
2
Let y=vx = xﬂ:-“"’_")
dx 1+v
= lz+vdv=—d—x
vi+1 x
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Integrating both the sides, we get lim f(x)=3'“. ALso,f'(X)Zf3(X)+L,then
Lo PR -y £6)
¥l * @b-a>m/4 (b)b-a<m/4a
-a< d) None of these
= ljf_"d”I dv =—J’5 (Ob-a<m/24 (d) None
it et Vil x Sol. Since,
1
, 3
- %log|v2+1|+ tan~! | v| == log x + C F@2 @4
= log {(Jv* +1) x} + tan™' v=C = fix) flx) 21+ f(x)
2 2 1Y _ = f(x)f’(x)ZI
= log,[x +y° + tan x_c —1+f‘—(x)
Asx=landy=0, On integrating w.r.t. ‘x’ from x =ato x=b.

logl+tan ' 0=C=C=0

. Required curve, (log ,,xz +y%) +tan”! ( Y ) =i
x

> tan™ (F G)E 2 (6 - a)

or (b-a)< % { lin:- (tan™*(f ¥(x))) — l.im’(tan"(f z(x)))}
® Ex. 39 If f(x) be a positive, continuous and differentia-
ble on the interval(a, b). If lim f(x)=1 and

x—a*

or (b—a)<m/24

Hence, (c) is the correct answer.



si_“g'? Option Correct Type Questions

1.

If the differential equation of the family of curve given
by y = Ax + Be®*, where A and B are arbitrary
constants, is of the form

(1-2x) % (3—;‘: + ly) +k (j—i + ly) =0, then the ordered
pair (k, ) is

(@) (@2 -2) (b)(-2,2)

(c) (2,2) (d)(-2,-2)

A curve passes through the point (1, %) and its slope at

y

any point is given by Y _ cos z(—) . Then, the curve has
x

x
the equation

(a)y = xtan™ (l.n %) (b)y = xtan™" (In 2)

©y= L tan™! (ln i) (d) None of these

x X
The x-intercept of the tangent to a curve is equal to the
ordinate of the point of contact. The equation of the
curve through the point (1, 1) is

x

(a) ye; =e (b) xe” =e
P4 P4
(c) xex =e (d) ye* =e
A function y = f(x) satisfies the condition

£ (x)sin x + f(x)cos x =1, f(x) being bounded when
2

x—0IfI= j:v f(x)dx, then

1:2

2
T ki3 n
2= i —<I<
@5 <I<% ®) 7 -

(c)l<l<§ do<I<1

. A curve is such that the area of the region bounded by

the coordinate axes, the curve and the ordinate of any
point on it is equal to the cube of that ordinate. The
curve represents

(a) a pair of straight lines
(c) a parabola

(b) a circle
(d) an ellipse

The value of the constant ‘m’ and ‘¢’ for which

y = mx + c is a solution of the differential equation
D%y -3Dy-4y=-4x.
(a)ism=-1;c=3/4

(c) no such real m, ¢

(b)ism=1;c=-3/4
(d)ism=1;c=3/4

7.

10.

11.

@ Differential Equations Exercise 1:

The real value of m for which the substitution,
y =u™ will transform the differential equation,

2x'y -i—y + y‘ =4x°® into a homogeneous equation is
X

(b)ym=1
(d) No value of m

(am=0
(c)m=3/2

. The solution of the differential equation,

1
xz-d—y--cosl—ysin—=— 1,
dx x X

where y— —1as x = cois

1 x+1

(a)y =sin - - cos— b)y= 1
x x xsin—

x

1 x+1
(©y =sinl + cos— dy=——m—m
= % xcos —
x

. A wet porous substance in the open air loses its

moisture at a rate proportional to the moisture content.
If a sheet hung in the wind loses half its moisture during
the first hour, then the time when it would have lost
99.9% of its moisture is (weather conditions remaining
same)

(a) more than 100 h

(b) more than 10 h

(c) approximately 10 h

(d) approximately 9 h

A curve C passes through origin and has the
property that at each point (x, y) on it, the normal line at
that point passes through (1, 0). The equation of a
common tangent to the curve C and the parabola

2 =4xis
(@Q)x=0
©y=x+1

®)y=0
Wx+y+1=0

A function y = f{(x) satisfies

2

(x+1)-f'(x) - Ax* + x) f(x)=
If (0) =5, then f(x)is

(a)(Bx * 5)1‘,
x+1

6x+5 a
(c)((n 1)’}c

el’

+1)

(b)(6x+ 5)%‘:
x+1

N
x+1

WVx>—-1
x
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12. The curve, with the property that the projection of the

13.

14.

15.

ordinate on the normal is constant and has a length
equal to ‘d, is

(a) x—aln(m\fy):C

b x+Ja?-y*=C

©(-a)i=Cx

(d)ay =tan™ (x + C)

The differential equation corresponding to the family of
curves y =e* (ax + b)is

dy

dl
(3)_);*2;‘)’=0 (b)d -2—=+y=0

dx
dy d?y d

A T 2= Y =
() e Y= (d)d.xz de y=0
The equation to the orthogonal trajectories of the
system of parabolas y = ax? is

x* 2 2
@ +y'=C (b)x’+y?=c

2 2
X 2 P
o = d a X

(C)2 y =C (d) x - (64

A function f(x) satisfying j; f(tx)dt = n f(x), where
x>0is

1-n _n_
(@ f(x)=C-x ™ ®) fx)=C-x"""!

1

© fx)=C-x» @ fx)=C-x""

16.

17.

18.

The substitution y = z* transforms the differential

equation (x*y? —1)dy + 2xy*dx =0 into a homogeneous
differential equation for
(@Ao=-1 (b) 0
(c)a=1 (d) No value of o0
A curve passing through (2, 3) and satisfying the
differential equation J: ty(t)dt = x2y(x),(x >0)is
9
(@) x* +y* =13 (b))/z='2"r
xZ yl
I+l d) xy =6
(0 T T (d) xy

Which one of the following curves represents the
solution of the initial value problem Dy =100 — y, where
y(0)=50?

y Y. r
______ 00 . 100
(@ N80 ® s
0 X e
y Y1L
100 100]

(c) SO (d)

so,

= Differential Equations Exercise 2
More than One Optlon Correct Type Questlons

19.

20.

The differential equation x Q + 73; =y?

dx
(b) is of degree 2
(d) is non-linear

(a) is of order 1
(c) is linear
The function f(x) satisfying the equation
FHx)+4f(x)- S+ () =0

() f(x) =C-e® P

() flx) =C-e* "

(0 flx) = C.e3-ox

@ fix) =C-e* P

where C is an arbitrary constant.

21.

22,

Which of the following pair(s) is/are orthogonal?
(a)16x* + y* =Cand y* = kx
b)y=x+Ce*andx+2=y + ke

()y =Cx*and x® + 2y% =k

(d)x* -y*=Cand xy =k

Family of curves whose tangent at a point with its
intersection with the curve xy = ¢? form an angle of—- is

(@) y*-2xy -x*=k
(b)y* +2xy - x* =k

(c)y = x—2ctan™ (-{) +k
c

(d)y=cln e
pe

x
-x+k
x




23. The general solution of the differential equation,

d
T
(a)y = xe! =
(b)y - xeli-Cx
(c)y =ex-e
(d)y = xe&

where C is an arbitrary constant.
24. VVhich of the following equation(s) is/are linear?
(a) Didomx

(b)y(—)+4x=0
dx
(c)dx+dy=0

2
(d)%=cosx

25. The equation of the curve passing through (3, 4) and
satisfying the differential equation,

dy\’ dy
Ll +(x-y)—=-x=0
(L) -

can be
(@Ayx—-y+1=0
(b) x% + y2 =25
(c)xz+yz -5x—10=0
dx+y-7=0
26. Identify the statement(s) which is/are true?

(@) fxy)= er* + tan% is homogeneous of degree zero.

2
(b) x-log Y dgx + Lsin™' £ dy = 0is homogeneous
x x X
differential equation.
(©) flxy)= x? + sinx- cosy is not homogeneous.

d) (x*+y?) dx - (xy? - y*) dy = 0is a homogeneous
differential equation.

27.

28.

29,

30.
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The graph of the function y = f(x) passing through the
point (0, —1) and satisfying the differential equation

& + y cos x = cos x is such that

dx

(a) it is a constant function

(b) it is periodic

(c) it is neither an even nor an odd function

(d) it is continuous and differentiable for all x

A function y = f(x) satisfying the differential equation

dy

: sin
—-sinx —ycosx+ =0
dx

is such that, y —0as x — oo, then the statement which is
correct?

(@) lim f(x)=1 ®) [ fx) dis less thanlzt—

(c) '[:Iff(x) dx is greater than unity
(d) f(x) is an odd function

Identify the statement(s) which is/are true?

42
(a) The order of differential equation ,/1 + —d—Jzi =xis 1.
x

(b) Solution of the differential equation
xdy —ydx=mdxisy + W=Cx2.

(c) Y, (% —y) is differential equation of family of
curves y =e” (Acosx + Bsinx).

(d) The solution of differential equation
1+yH)+(x— 2¢tn ™" ) % =0is xe™ ' Y=Y 4k

Lety =(A + Bx) % is a solution of the differential

dZ
equation—y +m 4y +ny=0,mnel, then
dx? dx

(am=-6
(cym=9

(b)n=-6
(dyn=9
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Directions
(Q. Nos. 31 to 40)

For the following questions, choose the correct answers from
the codes (a), (b), (c) and (d) defined as follows :

31.

32.

33.

(a) Statement I is true, Statement II is true and Statement II is
the correct explanation for Statement L.

(b) Statement I is true, Statement II is true and Statement II is
not the correct explanation for Statement I.

(c) Statement I is true, Statement II is false.

(d) Statement I is false, Statement II is true.

A curve C has the property that its initial ordinate of
any tangent drawn is less than the abscissa of the point
of tangency by unity.

Statement I Differential equation satisfying the curve
is linear.

Statement II Degree of differential equation is one.

Statement I Differential equation corresponding to all
lines, ax + by + ¢ =0 has the order 3. ,

Statement II General solution of a differential

equation of nth order contains n independent arbitrary

constants.

Statement I Integral curves denoted by the first order
dy 1 g

linear differential equation d_y — — y = - x are family of

X X
parabolas passing through the origin.

Statement II Every differential equation geometrically
represents a family of curve having some common

property.

Statement I The solution of (y dx — x dy) cot (iJ
Y
=ny? dxissin [_x_] =Ce™
y

Statement II Such type of differential equations can
only be solved by the substitution x = vy.

Differential Equations Exercise 3 :
*= Statement | and Il Type Questions

35. Statement I The order of the differential equation

36.

37.

38.

39.

whose general solution is
. 2
y =¢ cos2x + czsm2 X + cqe”+ cse

Statement II Total number of arbitrary parameters in
the given general solution in the Statement I is 6.

2x + cg is 3

Consider differential equation (x%+ l)'p s
Statement I For any member of this family y — o as

X —> oo,

Statement II Any solution of this differential equation
is a polynomial of odd degree with positive coefficient of
maximum power.

Statement I Order of differential equation of family of
parallel whose axis is parallel to Y-axis and latusrectum
is fixed is 2.

Statement II Order of first equation is same as actual
number of arbitrary constant present in differential
equation.

Statement I The differential equation of all

2
non-vertical lines in a plane is d—: =0.
d;

S.tatement II' The general equation of all non-vertical
lines in a plane is ax + by = 1, where b # 0.

Stat.ement I The order of differential equation of all
conics whose centre lies at origin is, 2.

Statement II The order of differential equation is same
as number of arbitrary unknowns in the given curve.

. Statement I y = asin x + bcos x is general solution of

y”+y=0.

Statement Il y = asin x + b cos x is a trigonometric
function.
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m| Differential Equations Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 41 to 43)
Let y= f(x)satisfies the equation

fx)=(e™ +e*)cosx— Zx—f: (x—1t) f(t)dt.
41. y satisfies the differential equation
d
(a) d_i +y =e" (cosx —sinx) — e *(cos x + sinx)
dy x : = .
(b) d_x —y =¢" (cosx —sinx) + e *(cosx + sinx)
dy x . oz i
(c) e +y =e" (cosx + sinx) — e *(cosx —sinx)
dy x 2 = 2
(d) — —y =€ (cosx —sinx) + e"*(cos x —sin x)
dx
42. The value of f”(0) + f(0) equals to

(a) -1 (b) 2
(c)1 (d)o

43. f(x)as a function of x equals to
o : e* . s
(a) e (cosx—smx)+?(3cosx+smx)+§e
2 : e* ; 2 x
(b) e *(cosx + sinx) + —5-(3cosx—smx) —;e
X

e* < 2 s
(c) e *(cosx —sinx) + —5- (3cosx —sinx) + ; e

x 2 _
(d) e *(cosx + sinx) + % (3cosx —sinx) — 3 TR
Passage I1
(Q. Nos. 44 to 46)
dy
For certain curves y = f(x)satisfying ? =6x—4, f(x)has

local minimum value 5 when x =1
44, Number of critical point for y = f(x) for x € [0,2]

(a0 (b)1
(©)2 d)3

45. Global minimum value of y = f(x) for x € [0, 2] is
(@)5 (b) 7
(c)8 d)9

46. Global maximum value of y = f(x) for x € [0, 2] is
(a)5 (b) 7

(c)8 (d9

Passage III
(Q. Nos. 47 to 49)
If any differential equation in the form
FOA G DA 0 N+ 02 (6 ¥ A2 y) +...=0
then each term can be integrated separately.

For example, :
x x 1(x
in xy d(xy - Zl==-cosxy+—-|—| +C
_[sm d( )+I (y]d(y) cos Z(y)

47. The solution of the differential equation

xdy—ydx=1[xz —yz dx is

(b) xe

e

P4
x

(@Cx=e =C

in1 2

(c) x+ e’ *= (d) None of these

48. The solution of the differential equation
(xy* +y)dx — xdy =0is

(b) = o : =C
4 3\y
4 1 3 3 2
(c)"_-_[ﬁ) =c @=-_LZ%| =g
4 2\y 4 2\y
49. Solution of differential equation
(2x cos y + y? cos x) dx +(2ysin x — x? siny)dy =0is
(a) x*cosy + y?sinx =C
(b) xcosy — ysinx =C
(c) x*cos® y + y*sin®x=C
(d) None of the above

Passage IV
(Q. Nos. 50 to 52)
; ; . d)
Differential equation ;y = f(x) g(x)can be solved by
dy
g(»)

separating variable

= f(x)dx.

50. The equation of the curve to the point (1, 0) which
satisfies the differential equation (1 + y?)dx — xydy =0
is
(a) x* +y* =1
(©)x*+y*=2

(b) x* -y =1
d)x*-y*=2
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51. Solution of the differential equation LA RES 0is
dx ,/ 1-x?
(@ tan y +sin”' x=C
®tan x+sin”'y=C
(c)tan™ y-sin”' x=C
(d) tan™" y=-sin x=C

d
52. Ifa% =1+x+y+xyand y(-1)=0, then y is equal to

a-x? a+x)?
(@)e 2 be 2 -1
(©)In(1+x)-1 (d)1+ x

Passage V

(Q. Nos. 53 to 55)
Let C be the set of curves having the property that the point of

83. 1fC,,C,eC
C,: Curve is passing through (1, 0)
C,:Curve is passing through (-1,0)
The number of common tangents for C, and C, is

(@)1 (b) 2
(©)3 (d) None of these
54. IfC;eC

C,:is passing through (2, 4). (e +% = 1. is tangent to
a

C,, then

(a) 25a +10b* —ab® = 0

(c)13a +25b—16ab =0
55. If common tangents of C; and C, form an equilateral

triangle, where C,,C, € C and C,: Curve passes through

(2, 0), then C, may passes through

(b)25a +10b —13ab = 0
(d)29a+b+13ab=0

intersection of tangent with y-axis is equidistant from the point (a)(-1/31/3) (b)(-1/3,1)
of tangency and origin (0, 0) (c)(-2/3,4) (d)(-2/3,2)
@ Differential Equations Exercise 5 :
Matching Type Questions
56. Match the following :
Column | Column 11
(A) xdx+ ydy_ @ -x*-y () y=£e-llx
xdy — ydx xt+ ) <
i n T 33
(B)  solution of cos? x % —tan2x: y= cos® x, where |x| < % and y(g] = T @ sz + yz =asin {C + tan™! (f)}
(C) The equation of all possible curves that will cut each member of the family ® x*+)y*+Cy=0
of circles x2 + )* — 2¢cx = O at right angle
(D) Solution of the equation x -[: We) de = (x + I)J';ty (&) dt,x>0is () ,—__ Sin2x

T 2(1-tan’x)

57. Match the following :

Column | Column 1l
(A) Er::t::ar plate is expanded by heat from radius 5 cm to 5.06 cm. Approximate increase in (p) 4
(B) Side of cube increasing by 1%, then percentage increase in volume is @ 0.61t
(C) If the rate of decrease of %z — 2x + 5is twice the rate of decrease of x, then x is equal to ® 3
(D) Rate of increase in area of equilateral triangle of side 15 cm, when each side is increasing (s) 33

at the rate of 0.1 cr/s; is




58. Match the following :
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Column | Column Il
(A) The differential equation of the family of curves y = ¢* (4 cosx + Bsinx), where 4, B ® 21
are arbitrary constants, has the degree n and order m. Then, the values of nand m are,
respectively
(B) The degree and order of the differential equation of the family of all parabolas whose @ 1,1
axis is the x-axis, are respectively
(C) The order and degree of the differential equations of the family of circles touching the o 22

x-axis at the origin, are respectively

(D) The degree and order of the differential equation of the family of ellipse having the same (s) 1,2

foci, are respectively.

@ Differential Equations Exercise 6 :

~ Single Integer Answer Type Questions

59. Find the constant of integration by the general solution
of the differential equation (2x*y —2y*) dx

+(2x* +3xy*®) dy = 0if curve passes through (1, 1).

60. A tank initially contains 50 gallons of fresh water. Brine
contains 2 pounds per gallon of salt, flows into the tank
at the rate of 2 gallons per minutes and the mixture kept

uniform by stirring, runs out at the same rate. If it will

take for the quantity of salt in the tank to increase from

40 to 80 pounds (in seconds) is 206, then find A.

61. If f : R— {1} —>and f is differentiable function which
satisfies :
flx+ f@)+ xf (M) =y+ f(x)+yf (x)V x,yeR={~1},
then find the value of 2010 [1 + £(2009)}

62.

63.

64.

65.

If & x) is a differential real-valued function satisfying
¢’ (x) +2¢(x) < 1, then the value of 2¢(x) is always less
than or equal to ......... s

The degree of the differential equation satisfied by the

curves,/1+x—a,/l+y=l,is ......... .

Let f(x)be a twice differentiable bounded function
satisfayi2f * (x)- 7 (x)+2(f* (x))* - 3(x) = £ (x). 1
f(x)is bounded in between y = k, and y = k,, Then the
number of integers between k, and k, is/are (where
fO)=f(0)=0).

Let y(x) be a function satisfying d®y / dx? —dy/ dx

+e%* =0,3(0) =2and y’(0) = 1. If maximum value of Mx)
is y(a), Then Integral part of (20t) is

Differential Equations Exercise 7 :

Subjective Type Questions

66. Find the time required for a cylindrical tank of radius r
and height H to empty through a round hole of area ‘a’
at the bottom. The flow through a hole is according to
the law U(t)=u JZgT(t} where v(t) and h(t) are

respectively the velocity of flow through the hole and

the height of the water level above the hole at time ¢ and

g is the acceleration due to gravity.

67. The hemispherical tank of radius 2 m is initially full of

water and has an outlet of 12 cm? cross-sectional area at
the bottom. The outlet is opened at some instant. The
flow through the outlet is according to the law

v(t) =0-6 /2gh(t), where v(t) and h(t) are respectively
velocity of the flow through the outlet and the height of
water level above the outlet at time ¢ and g is the

acceleration due to gravity. Find the time it takes to
empty the tank.
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68. Let f : R* — Rsatisfies the functional equation
flxy)=e? ¥ (¢? f(x)+e* f(IV x,yeR".If
f’(1) = e, determine f(x).

69. Let y = f(x) be curve passing through (1, /3) such that

tangent at any point P on the curve lying in the first
quadrant has positive slope and the tangent and the
normal at the point P cut the x-axis at A and B
respectively so that the mid-point of ABis origin. Find
the differential equation of the curve and hence
determine f(x).

70.

(i) JEE Advanced & IIT-JEE

73. A solution curve of the differential equation

If y, and y, are the solution of differential equation
dy/dx+Py=Q,

(x? +xy+4X+2y+4)%‘y’ =0, x >0, passes

through the point (1, 3). Then, the solution curve

71.

72.

76.

[More than One Correct 2016]

(a) intersects y = x + 2 exactly at one point
(b) intersects y = x + 2 exactly at two points
(c) intersects y =(x + 2)?

(d) does not intersecty = (x + 3)?

74. Let f :(0, <) — Rbe a differentiable function such that

fi(x)= 2—f( )forallxe(o o) and f(1) # 1. Then
(a) lim

e )-1
(b) lim xf( ) 2

(c) hmmxzf(x)=o
(d)| f(x)| S2for all x €(0,2)

Let y(x) be a solution of the differential equation
(1+e*)y’ +ye* =11f (0) =2 then which of the
following statement(s) is/are true?

[More than One Correct 2016]

75.

78.

[More than One Correct 2015)

@)y (-4)=

(b)y(-2)=0

(c) y(x) has a critical point in the interval (-1, 0)
(d) y(x) has no critical point in the interval (-1, 0)

7.

where P and Q are function of x aloneand y, =y, z,
[ Lax

then prove thatz=1+c-€ no,

where c is an arbitrary constant.

Lety= f(x)bea differentiable function V x € Rand

satisfies :

flx)= x+.[ x zf(z)dz+J' xz? f(z)dz.
Determine the function.

Iff:R-(-1— Rand f is differentiable function
satisfies :

f(x)+ f+x f)=y+ f(x) +yf(x)V x,
y€ R— {1 Find f(x).

@ Differential Equations Exercise 8 :
Questlons Asked in Prevmus 10 Years Exams

Consider the family of all circles whose centres lie on the
straight line y = x. If this family of circles is represented by
the differential equation Py’ + Qy” + 1 =0, where P, Q are
dy ., _d%
i ).
then which of the following statement(s) is/are true?
[More than One correct 2015]

the functions of x, yand y’ (here, y’ =

(@QP=y+x

b)P=y-x

(O P+Q=1-x+y+y'+(y’)

@P-Q=x+y-y - ()

The function y = f(x) is the solution of the differential
dy xy x* +2x

equation—+T
X" =1 q1-x?

in (—1,1) satisfying

f(0)=0.Then, flj: f(x)dx is  [Only One correct 2014]
i ry

n 3

@3- ©3-3 ©I-8 (LB

Let f:[1/2,1] - R(the set of all real numbers) be a
positive, non-constant and differentiable function such
t}lmt f'(x)<2f(x)and f(1/2) = 1. Then, the value of

e f(x)dx lies in the interval [Only One Correct 2013]
(a) (2¢ -1, 2e) (®) (e-1,2e-1)
e—-1

(d)

ool

7



79. A curve passes through the point (1, %) Let the slope of

the curve at each point (x, y) be 2 sek:(l L, x >0. Then,
x x

the equation of the curve is

(a) sin (ZJ =logx + 2 (b) cosec (Z) =logx+2
x 2 X

2
(c) sec (%) =logx+2 (d) cos (Zy) =logx + %

X

® Directions (Q. Nos. 80 to 83) Let £ :[0, 1] > R (the set of
all real numbers) be a function. Suppose the function f is

twice differentiable, £(0) = f(1) =0 and satisfies
fx)=2f"(x)+ f(x) 2 e* , x €0, 1]
P ge Based Questi

[0,1]at x =1/ 4, then which of the following is true?
@) f(x) < fx), % <x <% (b) f(x)> f(x), 0 < x <i

@ f @< fe.0<x< @ F@<fmd<x

81. Which of the following is true?
@0<f(x) <o ®) -2 < fx) <2

(c)—i<f(x)<l (d) = oo < f(x) <0

82. Which of the following is true?
(a) g is increasing on (1, c°)
(b) g is decreasing on (1, =)
(c) g is increasing on (1, 2) and decreasing on (2, <)
(d) g is decreasing on (1, 2) and increasing on (2, =)

83. Consider the statements.
I. There exists some x € R such that,
f(x)+2x =21+ x?)
II. There exists some x € R such that,
2f(x)+1=2x(1+x)

(ii) JEE Main & AIEEE

88. If a curve y = f(x) passes through the point (1, — 1) and
satisfies the differential equation, y(1 + xy)dx = x dy,

then f [- %) is equal to

2 4 2 4
(a)— £ (®) - T (c) 5 (d) =

89. Let (x) be the solution of the differential equation
(xlog x)? +y=2xlog x,(x 2 1). Then, y(e) is equal to
x

[2015 JEE Main]

(a)e (b) o (c)2 (d) 2e

[Only One Correct 2013)

2013]

80. If the function e ™ f(x) assumes its minimum in interval

[2016 JEE Main]

84.

85.

86.
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(b) L is true and II is false
(d) Both I and II are false

(a) Both I and II are true
(c) Lis false and I is true

If y(x) satisfies the differential equation
y’ —ytanx =2 xsec x and »{0), then

[More than One Correct 2016]
2
T T
@y (7) Y

[(m)-
(b)y(?)'xs
n? (m)_4n  2n’
(0 y(-:‘)=7 @ y(?)_ Y]

Let y’(x) + y(x) g’ (x) = g(x) g’ (x), M0) =0, x € R, where
d f(x)
dx

differentiable function on R with g(0) = g(2) = 0. Then,
the value of (2)is ...... [Integer Type 2011]

Let f : R— R be a continuous function, which satisfies

=" dt. Then, the value of f(In5)is ... .
f) '[° £ i f[lntegerTypezoosl

f’(x)denotes and g(x)is a given non-constant

= Direction For the following question, choose the correct
answer from the codes (a), (b), (c) and (d) defined as
follows

87.

90.

(a) Statement I is true, Statement II is also true; Statement II is
the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II is
not the correct explanation of Statement 1.

(c) Statement I is true; Statement 11 is false.

(d) Statement I is false; Statement II is true.

Let a solution y = y(x) of the differential equation
x\/xz -1dy- nyz —1dx = 0satisfy y(2) = -

V3
Statement I y(x) =sec (sec-l x - %) and

Statement Il y(x)is given by 2 & - j1— 53
y x x?

[Stat 1t Based Questi

2008]

Let the population of rabbits surviving at a time t be
governed by the differential equation

dp(t) 1
% = EP(‘) =200.If p(0) = 100, then p(t) is equal to

, [2014 JEE Main]

(a) 400 — 300e2
t

2

(b) 300 - 200e

t
(¢) 600 — 500¢2
t
(d) 400 - 300e 2
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91. At present, a firm is manufacturing 2000 items. It is
estimated that the rate of change of production P with

respect to additional number of workers x is given by

gﬁ =100 — 12V/x. If the firm employees 25 more workers,

e

then the new level of production of items is
[2013 JEE Main]

(a) 2500
(c) 3500

(b) 3000
(d) 4500

92. The population p(t)at time t of a certain mouse species
satisfies the differential equation d—ZQ =0.5(t) — 450.1f
t

p(0) =850, then the time at which the population
becomes zero is [2012 AIEEE]
(a) 2log 18

1
~log 18
() 5 log

(b) log 9
(d) log 18

93. Ifd—y =y+3>0andy(0) =2 then y (log 2) is equal to
dx [2011 JEE Main]

(a5 (b) 13
(02 (d)7

94, Let I be the purchase value of an equipment and V (t) be
the value after it has been used for t years. The value
V(t) depreciates at a rate given by differential equation
dv

—d(—Q =—k(T —t), wherek >0isaconstantand T is
t

Exercise for Session 1

1.(d) 2.(a) 3.(d) 4. (a) 5. (d)
6.(a) 7.(b) 8. (a) 9.(a) 10.(b)
Exercise for Session 2
1.) 2.(c) 3.(a) 4.(a) 5.(c)
6.(a 7.(a) 8. (a) 9.(a) 10.(a)
1. (b)) 12.(c) 13.(a) 14.(b) 15.(b)
Exercise for Session 3
1. 2.(a) 3.(b) 4. (b) 5.(c)
6. (c) 7. (a) 8. (c) 9. (a) 10. (c)
Exercise for Session 4
1. 2. 3.(a) 4. (b) 5. (a)
6.a) 7.(c) 8. (b) 9.(a) 10.(d)
Exercise for Session 5
1.@ 2.(c) 3.(c) 4. (a) 5.(c)
6. (a) 7. (b) 8. (c)
Chapter Exercises
1. 2.(a) 3.(a) 4.(a) 5.(9)
6. (b) 7.(c) 8. (a) 9.(c) 10. (a)
11.(b) 12.(a) 13.(b) 14.(a) 15.(a)
16.(a) 17.(d) 18.(b)  19.(a,b,d)
20. (c,d) 21.(a,b,c,d) 22. (a,b,c,d)
23. (a,b,c) 24. (a,c,d) 25. (a,b)

the total life in years of the equipment. Then, the scrap

value V (T) of the equipment is [2010 AIEEE]
i _k@=p?
O () I =

1

KT 2_1

(c)e @T T

95, Solution of the differential equation
cos xdy = y(sin x —y)dx, 0<x<—72—r, is [2010 AIEEE]

(a) sec x =(tanx+ C)y
(b) ysecx =tanx+ C
(c) ytanx =secx+C
(d) tanx =(secx+ C)y

96. The differential equation which represents the family of
curves y = c,e?*, where ¢, and c, are arbitrary
constants, is [2009 AIEEE]
@y =y b))y =y"y
©@yy"=y @ yy"=0""

97. The differential equation of the family of circles with
fixed radius 5 units and centre on the line y =2is

[AIEEE 2008]

(a) (x—2)y”? =25—(y—2)°

®) (y-2)y” =25-(y -2)*

(©) (y=2)*y? =25-(y —2)?

(d) (x-2)°y? =25-(y-2)

Answers

26. (3,b,) 27. (a,b,d) 28. (a,b,c)
29. (b,c,d) 30. (a,d) 31. (b)
32.(d) 33.(d) 34. (c) 35. (c) 36. (a)
37.() 38.(d) 39.(d) 40.(b) 4l.(a)
42.(d) 43.(c) 44.(c) 45.(2) 46.(b)
47.(a) 48.(b) 49.(a) S0.(b) 51 (a)
52.(b) 53.(c) S54.(a) 55.(2)

56. (A) = (@), (B) = (5), (C) = (1), (D) = ()
57. (A) = (@), (B) = (1), (C) = (p), (D) = (5)
58. (A) = (s), (B) = (s), (C) = (@), (D) = (P)

59.(1) 60.(8) 61.(1)  62.(1) 63.(1)
64.(3) 65.(1)
66.0=" [2H
ma \ g
7 x 10°
67.t=
! 135 g

68. f(x)=¢" log x

69.x+ f()f' (@) =*® + f2(x) and f2(x) = 1 + 2x
20x

1. =—
f(x) 15 (4 + 9x)

2. f) ==

1+ x
73. (a, d) 74. (a) 75.(a,¢) 76.(b,c) 77.(b)
78.(d) 79.(a) 80.(c) 81.(d) 82.(b)
83.(c) 84.(d) 85.(0) 86.(0) 87.(c)
88.(d) 89.(c) 90.(a) 91.(c) 92.(a)
93.(d) 94.(a  95.(a) 96.(d) 97.(c)



Solutions

1. y e =Axe ™ + B
~2x

ey —2ye™ = A —2x e7%)

Cancelling e®* throughout

Y —2y = A(l -2x)

Differentiating again Y2 -2y, =-2A

= Azz}’l"J’z

On substituting A in Eq. (i)

Ay, —2y)=Qy, - y2) (1 —2x)

2y, — 4y =2y,(1 —2x) — (1 - 2x)y,
dy

J+2(3

Hence, k=2andl=-2

dy

d
1-2x)—| = -2
( X)dx(d y

X

= Ordered pair (k, l) =(2, -2)

2. d—y=z—coszly=vx
dx x x

dv 2
v+ x—=v-—cos'v
dx

dv dx
J=52+
cos® v x

:an1+1nx=c
x

e
Ifx=1,y=1t.: CcC=1 = tan¥-=l—].nx=ln—
4 x x

14
=xtan'|In—
y X tan ( x)

3. Y —y =m(X — x). For X-intercept Y =0

—= -2y
Ix

—=C = tanv+Ilnx=C

X=x-—l
Thercfore.x-l= y
YA
&)
(0] \
or ﬂ’—“’y_
dx x-y
ROt g ¥ dx 1-v

i)

dv v v-v+v?
X — = -—y=—
dc 1-v 1-v
[ av=[&
v x
-l mv=mx+cC
v
X _mZ=mx+c = -Z=my+cC
y x Y.

x=1,y=1=>C=-1
1-Z=lny = y=ee™”
y

e~ XY = = yexly =e

£
4

4. sinxd—y- +ycosx=1
dx

2

O

dy
— + ycot x = cosec x
dx

cotx dx i
[F=ef =60 —ginx

y sin x =Ic0sec x-sinx dx

ysinx=x+C
Ifx=0,yisfinite -. C=0

¥ = x(cosec x) = L
s

inx
nz
Now, I<=— and I>%
4 2
n n?
Hence, —_<J<—
2 4
5. rf(x) dx = y*. Differentiatin, =3y2. %
o . g f(x) =3y e
Pixy)
xy)

dy
=3y X o y=
y =3y . y=0
or 3y dy =dx

3y?
.3 =x+C = Parabola

(rejected)



dy d?
6.y=mx+cL=m¥_
y G m;

dxl

aowe o dY d
Substituting in ——3—y-—4 S
g o ax y 4x
0-3m—4(mx+c)=-4x
—3m—4c - 4mx = - 4x
—(Bm + 4c) = 4x(m —1)
Eq.(i)istrueforallrealx,ifm=+1andc=-3/¢
7.y=um=d—y=mu"'_ld_y
dx dx

. - du
Since, 2x* -u™-mu™1 . ZE 4 y0m — 408
du _ 4x® —y'™
dx  2mx* u¥™!

= am=6 = m=:2
2
3
and 2m—-1=2 = m=5
dy y. 1 11
8. — - = tan—=-sec ——
dx x* «x x x*
de 1
[ an_de

Ify = —1,thenx — o

1
= C=-1>= y=sinl—cos—
x x
9. %M-=—KM = M=Ce™ whent=0;M=M,
t
= C=M,
=» M=Mge™
M,
whenr=1.M=—22
= k=In2
Therefore, M = Mye™* 2
when =ﬂ,thcn t =log, 1000 =998
1000

= 10h approximately

10. Slope of the normal = Y "
x -

Y

P (xy)

0| 00N

Chap 04 Differential Equations

—_
I
1]

=x-—+C

N[ RIS
<

Nl’*N

Eq. (ii) passes through (0, 0).
Thus,C=0
2+ yz -2x=0

Now, tangent to y* = 4x

y=mx+ L
m
If it touches the circle
4
—X
ON (10

xz+y2—2x=0

Then, m+Q/m)
,h+m’
= 1+ m?=m?
= m—eo
Hence, tangent is y-axis ie, x = 0.
" 2x(x +1 <
M. fro-254D gy
x+1 (x+1)
[F=el_z'd'=e"z
= ) dx
fl)-e =
J‘(x+l)z
= flre =L ¢
x+1

Atx=0, f(0)=5 = C =6
f(x)=[6x—+5)_e,l
x

+1

12. Ordinate = PM. Let P =(x, y)

Projection of ordinate on normal = PN
¥

293
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294 Textbook of Integral Calculus

PN =PN cosB=a (given) Iny+lhx=InC
y —a xy=C
1+ tan’@ At point (2, 3),
2x3=C=>C=6
= y=a,’l+(yl)z xy =6
dy _y’-a’ 18. (- = (ax
= =  a J’100 -y -[
- ady =J'¢ix —ln(lOO—y)=x+C
Jyz—az In(100-y)=—x+C
Also x=0, y=50
= aln|y +{y*-ad*|=x+C C=1In50
13. y =e*(ax +b) i) x=1In50—In (100 — y)
Differentiating w.r.t. x, we get = In 30—
100 —
%=¢'(ax+b)+e'-a or %=y+aex ...(ii) . 050 y= .
Again, differentiating both the sides 100 -y
§Z_>Z’=d_y s ox i) = 100 — y =50e”~
= dc®  dx = y =100 —50e™
From Eq. (iii) - Eq. (ii) (R ’
ﬂ_gi}:+ -0 19. Here,x(ﬁ) -3yz(zxx)+3=0
& a7 '
is required differential equation. has order 1, n:egree 2 and non-linear. .
14 D mgar=2x Xy WD 20. Here, (f(x))* + 4f'(x)- f() + (fx))* =0
, L =2ax=2x"—7; —=—"3
dx x* dx x f(x) 2 F(x)
dy x dy x = =t vhd| = 10
Now, m=—===1 = m=—— = —=—— f(x) f(x)
dx 2y dx 2y
, flx) 4% 16-4
yz = x +C f(x) 2
15. J.l (tx) dt =n- f(x) ’ = &Q=—2i\/§
et ’ f)
Put,x=y = dt= - dy Integrating both the sides
x log | f(x)] = (-2 £ ¥3) x + G,
L [*fty) dy =nf(x) JEEG
x 70 = flx)= o2t Va)x | c
Iof(y)dy=x-n-f(x) 21. (a) 32x+2yd—y=o
Differentiating, fx)=n[f(x)+xf (x)] dx
fx) (@ =n)=nx f(x) = Y iy 5K
), 1—n dx y
flx) nx and 16y" Y _
1-n 1-8 dx
Integrating, In f(x) =( ) InCx=In(Cx) " ; dy k
n = Lem=—
158 dx 16y
=Cx "
flx)=Cx =165k x
16. (x%2% —1) az® 'dz +2x 2> dx =0 y 165 e
or ox? 2% —2% ") dz +2x2°% dx =0 __x ¥y :
for homogeneous every term must be of the same degree, 4 Y x
i - L D
3211,+1—u 1= a 1 (b)dx_l ce*=1=(y - x)=—(y - x—1) [usingce"=y-xl
17. Differentiate, xy (x) = x’y’(x) + 2 xy(x)
2 s and Q k dy -y
or xy(x)+ x°y'(x)=0 i -Ee =

dy - dy
xE;+y—0 Z[l_k;y]:l



or [l—(x+2-y)]‘;—i=l [usingke™ =x -y +2]
gx:pnz: 1
dx y-x-1
= mm, =-1
(c).l—zq=2x._y?=2_y=m,
x* x
Also, 2x+4yd—y=0 = Q:—i:,nz
dx dx 2y
Hence, mm, =-1
(d) xt-y?=c
—Zyd—y=0 = d—=£=m.I
dx Ix y
xy=k
dy dy __y
X—+y=0 = —=-==
dx 5 dx x "
mm; ==1
Hence, (a) (b), (c) and (d) are all correct.
22. Letm=

E be the slope of tangent (x, y) to the required curve.

m, =slope of the tangent at xy = c*

aefia @
x  x
2
¢
m+— SR 4
Hence, X_=+1 or X =t1 )
c
1-—m 1-=m
x* x

Consider y?-2xy-x*=k
dy dy) =
2L -2ly+x—|-2x=0

= 2y dx (y dx

Y y-n=x+y
dx

=
=5 dy _xty _p, (say)
dx y-x
From Eq. (i)
Xty ¥
tHs=—2=F =
_2’_ x+y
=
2 2
=22 _iRus
X +y

Similarly option, (b), (c) and (d) safisfy

23.xgz-=ylog(x)Q—:-y-log(z-),puty:vx
dx x)dx «x x

d—y=v+ xi‘(

= dx dx

v+ x%:vlogv = x%=v(logv—l)

24,

25.

26.

Chap 04 Differential Equations

j- dv dx I dt Idx
_=—_- =2 |—=|—
v(logv—1) x t-1 x
letlog v=t
= log (t =1) = log (x)+log C
=) log (t — 1) = log (xC)
= t=1+xC
= log¥=1+xC
x
= y=X'2l+Cx
or y=X‘Cl-Cx
and log L =log e + Cx
x
= y=ex-ecx

d O
Clearly, (a) and (c) are of the form d—i- + Py = Q, which is
linear in y.
’ d
Also, (d) is % = cos x, on integrating d—i =sinx+ C
which is also linear in y.

dy _ -0t fx-yV+axy

dx 2y

= —=1 or —=-——
dx dx y

= x-y+1=0 and x*+y?=25
(a) f(x, tx) = ¢' + tan”'(t), independent of x.
= Homogeneous differential equation.

(b)log( )dx+-—sm"y -dy=0

=

log (t)
t*sin™ ()
=> Homogeneous differential equation.
© flx,y)= x4+ sinx - cosy
f(x, tx) = x* + sinx- cos (tx), not independent of x.

f(x: tx) =

, independent of x

= Not homogcneous differential equation.
+
@ flxy) = —’,
Xy =y

= f(x. tx) is not independent of x.
= Not homogeneous differential equation.

295
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e] cos x dx n x

=¥

27. Integrating Factor =
or y-c“’"=’[e”‘"" cosx=—e" " 4 C
At point (0, -1),
—1e°=-e"+C=0

sin x sin x

yet = —¢
=-1
d p
28. —y—y cotx=—¥
dx x
Integrating Factor = el ~®tx 4 = g~ logsinx _ LU
sinx
.. Required solution is y ; = I ~ox L dx +C
sinx x sinx
; = _‘. +C
sinx x
Asx 500,y 5 0=C=0
y =% o lim f(x)=1 Q)
x x—0
/2 si
jET] s LS
0 X
Since, SIAX s decreasing, when x > 0

X
= f(x) < f(0)
= J':/ff(x)<%andx<§
T /2
= fx)> j(-z-) = jo F(x)dx>1

(a) Order of the differential equation is 2.
xdy — ydx

29.

xdy — ydx x? _dx
(b) —_——=dx B ————=—
'xz+y2 l+y_2 x
xZ
y2
InfZ+ 1+ %]=In|cx|
x X
2 2
Yoo AxX BV A
x x
i.e. y+xt+y?=Cx*

() y=¢"(Acosx + Bsinx)

%}i =e* (Acosx + Bsinx) + e*(~Asinx + Bcosx)
x
=y + " (-Asinx + Bcosx)
d'y _dy

+ e* (- Asinx + Bcosx)
dx* dx

+ e* (- Acosx - Bsinx)
diy _dy

=-—= + ¢* (- Asinx + Bcosx) -
dx®  dx ( )=y

dy . dy (dy )
L LEN0) LSRN, | W) 1
; + n Y= dx ¥

30.

31.

32.

33.

34.

dy an”' y

d) 1 +y%) =+ x=2e

() ( y)dx

dx 1 ey

= =—f———mX®——
dy 1+y 1+y

1

F=e l0y2 =eun")'

1
ey

l+y2

dy

= 1an~!
= xe™ Y =2fe v.

1 1

tan” y:gn‘n_ Y+ k

= xe

%Y _3(A+ Bx) ™ = Be™
dx
= %+ my =(3+ m) (A + Bx) &* + Be’

2
= u+méx+ny=(9+3m+rl)(A+Bx)e3x

dx* dx
+B@6+m)e* =0

= 3m+n+9=0 and m+6=0

= m=-6 and n=9
Equation of tangent
Y-y=m(X-x)
Put X =0, Y=y-mx
Pxy)
(o}

Since, initial ordinate is

y-mx=x-1
= mx—-y=1-x
% - i Y= l—Tx which is a linear differential equation.
Hence, Statement I is correct and its degree is 1.
= Statement II is also correct. Since, every st degree
differential equation need not be linear, hence Statement II is
not the correct explanation of Statement 1.
Statement I The order of differential equation is 2.
.. Statement I is false.

Integral curves are y = ex — x?
The _differential equation does not represent all the parabolas
passing through origin but it represents all parabolas through

origin with axis of symmetry parallel to y-axis and coefficient
of x* as =1, hence Statement I i false.

Statement II is universally true.
ydx — xdy
)2

or Icoti-d(i]:]‘x,jx

-co!-{=xdx



35.

or Icoltdx=n.\'+C
In (sint) = nx + C;sin Xoce™
y

=, C082X + ¢;sin’ x + cycosx + ¢ e + o
y=q 2 3 4 H

S 1- 2
E% wp i Cz[ c:s x] bty [cos sz + l]

+ oo™ + e e
. ¢ € ¢
=(c, -2+ —’) cos2x + (—’ + —‘) +(cy +c's) e
2 2 2 2
=X cos2x + Ae®™ + A,

= Total number of independent parameters in the given
general solution is 3.

36. The given differential equation is

‘(2)
dx __2x
d_}' xt+1
dx
= ln(j—y)=ln(xz+l)+lnC.C>0
X
= d—y=C(x2+1)
dx
x!
= y=C(?+x]+C'.C'ER

Obviously y — o0, as x = es;as C > 0

37. (x — h)* = 4b (y — k) here b is constant and h, k are parameters.

38. The general equation of all non-vertical lines in a plane is

39.

ax + by =1, whereb # 0.

Now, ax+ by =1

= a+b % =0 (differentiating w.r.t. x)
b &y =0 (differentiating w.r.t. x)

= - gt
2

- dy., (asb #0)

2
2,

d
Hence, the differential equation is I}; =0.

The equation ax? + 2hxy + by? =1 represents the family of all
conics whose centre lies at the origin for different values of a,

hb.

. Order is 3.

Thus, Statement [ is false and Statement 11 is true.
Hence, option (d) is the correct answer.

40. y =asinx + b cosx

d ;
4 =acosx - bsinx
dx

4

g d—y1~=-acosx—bsinx=—y
x
d?

= d—:;+y=0

But Statement II is not the correct explanation of the Statement [,

41.
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flo)=2
f(x)=(e* + ™) cosx—2x - [xj: fA) dt —jﬁ, £ dt]
[}
f(x)=(e"+ ™) cosx —2x = [x(f(x)=f(0) = {t- f(t)]] -j:f(f)rﬂ)]
f(x) =(* + €7¥) cosx —2x — xf(x) + 2x +[x f(x) - I:f(l) d']

f(x)=(e* +e™) cosx - j:j(:) dt i)
On differentiating Eq. (i)

F/(x) + f(x)=cosx (¥ —e™*) =(e* + e ") sinx (i)
Hence, d . y =e* (cosx —sinx) — e* (cosx + sinx)
dx
42. f'(0)+ f(0)=0-2-0=0
43. IF of Eq. (i) is e*
y-ef= Ic"(cosx —sinx) dx — I(cosx + sinx) dx
y-e* = Ie"(cosx —sinx) dx —(sinx — cosx) + C
Let I= Iez"(cosx —sinx) dx = e**(Acosx + Bsinx)
Solving, A=3/5and B=-1/5andC =2/5
y=e* (% cosx — é sinx] —(sinx —cosx)e™™ + g e
Solutions (Q. Nos. 44 to 46)
. dYy
Integrating, —= =6x — 4,
:4 g ol
dy 2
weget;=3x -4x+ A
When x =1, %:o sothat A =1.
d.
Hence, =X =3x'-4x+1 O

Integrating, we get y = x> —2x% + x + B,
Whenx=1,y =5,sothat B=5
Thus, wehavey = x* ~2x* 4 x + 5

From Eq. (i), we get the critical points x = -1- x=1
3
2
At the critical point x = l dy is negative.
3 dx?

1
Therefore, at x = 3 ¥ has a local maximum.

d’y . i
Atx=1, d—x}; 1s positive. Therefore, at x = 1,y has a local

minimum,

Also, f(1)=5, /G):% f0)=5, f@2)=7

Hence, the global maximum value = 7.
and the global minimum value = 5.
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47. xdy - ydx =+/x* -y® dx

y =,h—(y/x)’ diy/x) _(dx
= d(x) et dx = I—-r_—l—(y/x)z —I =

= sin? L =Inx=InCorCx=¢" ¥*
x

48. (xy‘+y)dx—xdy=0
= xyldx+ydx-xdy=0
2
= x* dx — (5) d(i):g
Jeaesflc] als
A 3
= LA e
4 3\y
49. 2x cos ydx — x* siny dy + y? cosx dx+ 2y sin xdy =0
= Id(xzcosy) + Id(yzsmx) =0
= x%cosy + y’sinx=C
50. .
x 1+y
= lnx=§-ln(l+yz)+c
From the given condition, C = 0
" 2 —y?=1
dy 1+y?
51. -+ =0
dx ,/l—xz
d: dx
= ——y—2+ = =0
1+y 1-x
= tan”' y +sin” x=C
(a+x)?

52_%=(1+x)'(1+y)givesy=e 2 -1

53. Tangent at point P(x,y),isy -y = f'(x)(x = x)
Q:(0,y —x f'(x))
Then, PQ=0Q
= X+ x(f(x)? =y + 2 (f(x)? =2xy(f'(x)
= x’=y?-2xy- f'(x)

2 2
y -x -
dy/dx = , puty =1Ix
or dy By puty
pacdt _dy
= dx dx
dt  t*-1
t+x—=—
dx 2t
dt _-(+1’) | 2t d'__ld_x
. dx 2t 1412 x
2
= f-=l+y—z=xz+y2—cx=0
x X

54. Cy(x-5)" +y* =5°

Tangent, bx + ay —ab = 0, length of perpendicular to tangens
from centre = radius,

= |sb - ab] =5ya* + b*
= a%bh* —10ab* =254*
= ab*-10b* =25a

55, C:x*+y*-2x=0
Cpx*+y*-Cx=0

R M (1,0

ZQRM =30°

sin30°=;=>OR=l
1+O0R

sin30°=%=QM=1/3

1-0.
radius of C, =1/3=C=—2/3,C,:xz+yz+-:2;x=0
Point (—1/3,1/3) will satisfy C,.
56. (A)Let x=rcosf y =rsin6

x* + y% =r? (sin®0 + cos? 6)=r* i)
and tan6=2 )
x

d(x* + y*) =d(r?)
From Eq. (i), x dx + y dy = rdr ..(iii)

From Eq. (ii),
d (Z) =d (tan6)
x

= Xdy;zydx =Sec2 0do
x
xdy -y dx = x” sec’0 dO
=r?cos?Bsec?0dd = r’d® (V)
From Egs. (iii) and (iv)

sin™! (1) =0+C
a

= r=asin(0+ C)

= W = asin {C + tan™! (%)}



(B) o sec? x tan 2xy = cos’x
dx

2tan x
g =
Ilaanuec xdx tan’
e =e

x sec? x dx
IF= ==l
&t

=e ', wheret=tan® x -1

=" = t] = Jtan? x -1
. T
Given that, | x| <:
tan® x <1
IF=1-tan® x
Solution is y (1 — tan? x) = Icoszx (1 — tan®x) dx
=I(coszx—sinzx) dx

sin 2
il

=Ic052xdr=

T
whenx=—y=—
3 y

ﬁ(l_l);x_uc
8 2
sin2x
2(1 - tan®x)
(© X +y?-2ex=0 i)

2x+2y%—2c=0

C=0 = y=

or Cc=x+¥% ...(ii)
dx

d;
From Egs. (i) and (ii), x2+y? —2(x+ %) x=0

or—x*+y? —2xy % = 0 is the differential equation

representing the given family of circles. To find the orthogonal
trajectories.

=—2 dx
y = xydy
or y?dy = x* dy —2xy dx
d (x%) - x* d
or _dy=y( )2 y
2
x
or —dy=d(—)
y
2
or —y=x—+C
Yy
= X +y*+Cy=0
= Orthogonal trajectory.

(D) Differentiating the equation w.r.t. x, we get
xy (@) +1 [y dt=(x+1) 2y () + 1 [CGE

Again, differentiating, w.r.t. x, we get
y (x) = x%y’(x) + 2xy(x) + xy(x)
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x’dy(x)
123 =20
or (1 -3x) y(x) =
oF (1 —3:) dx B dy(x) or y= % e Vx
x y(x) x

57. (A)r =5cm, 8r = 0.06, A = r’

8A =2nr 8r =107 X 0.06=0.67

B)v=x>

Sv =3x% 8x

2)(100 35_x_x100 =3x1=3

v

dx
=2 —=2—— = x=4

©)(x-2) 0
(D) A= ‘{f 2

da_3 dx V3 .1 33

a2 a2 10 4

58. (A) j—y =¢* (Acosx + Bsinx) + e*(~Asinx + Bcosx)
Ix

=y + e* (~Asinx + Bcosx)

: d L 2 Lo + e*(—Asinx + Bcosx) +e*(—Acosx — Bsinx)

Tdd dx

2(g)r(8)
= e —y=2|2<-
dx (dx Y)7r="ax 7
So, degree =1 and order =2
(B) The equation of the family is y* = 4a (x — b)
where a, b are arbitrary constants.
2
2y %:40 or (%) + y‘:x}z'
So, degree =1 and order =2
(C) The equation of the family is
(x—c)z +y2 =c?

2 2

x"+y
x

or x*+y?-2x=0 or =2

(ZHZ}' Z—y)x—(xzwz)q
= X . =0
x

So, degree =1and order =1

2 2
(D) The equation of the family i xs Y bzy X =1 because

they have the same foci (£ ,’a - b%,0).
2% s 2y dy _
d*+ A bP+ A dx
x yp _d}']
or + =0 Let p=—
a®+A b+ ( P=ax
or x(b2+l.)+yp(a2+ A)=0

On differentiating,
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—b*x —a’yp

= A=
x+yp

.. The differential equation is

2 2

z P yz 7 =1
az+—bx—ayp b2+—bx—ayp

x+yp x+yp
- Mx+yp)  yix+yp)

d-b®  (bP-d)p

So, order = 1 and degree =2

59. 2x% dx —2y* dx + 2x*dy + 3xy* dy =0
Dividing throughout by x%y , we get
zd_x

293 2
-L]dx+2-d—y+§—y?dy=0
X x y x

- ZQ:.*_zd_y_‘ﬁy2 %! dy—Zy’x’dx=o
y x*
2.2 5,3
=g z£+2d_y+w—‘2ym=o
x
3
= 2d(lnx)+2d(lny)+d(y—zJ=0
x
yJ
= 2In|xf +2Inlyl+ 25 =C

whenx=1,y=1S0, C=1
60. Let the salt content at time ‘t’ be ulb, so that its rate of change
is du/dt.
=2galx2lb=4Ib/min
If ¢ be the concentration of the brine at time t, the rate at which
the salt content decreases due to the out flow
=2galx clb/min
=2clb/min
L =4-2c (1)
dt
Also, since there is no increase in the volume of the liquid, the

c=—

concentrations
50

. du 2u
. Eq. (i) becomes T 4- =
Separating the variables and integrating, we have

far=2s [ a8
100 —u
or t=-25In(100 —u) + K
Initially whent =0,u =0
=-25In100+ K

Eliminating ‘K’ from Egs. (ii) and (iii), we get

t=25In 190
100 - u

Taking t = t; when u = 40 and t = t, when u = 80, we have
100 100

t=25In| — d t,= it

' (60) we e 25["(20)

...(ii)

(i)

61.

62.

5
. The required time (t, — ;) =25 (ln 5-In 5) =25In3

=25%1.0986= 26 min 28 s
=1648 s =206 X 8 =206 X A
A=8

flx+ f) + @) =y + f(x) + () Q)
Differentiating w.r.t. x and y is constant
Flx+ fO)+ xf ) (A + FON = () + ¥ (x)
From Eq. (i) again differentiating w.r.t. y as x is constant
Flx+ fo)+ @)+ x) f) =1+ fx)
From Egs. (ii) and (iii)
1+ fly) _(+y) f1x)
1+x)f 1+ fx)
A+ FO) _ 1+ f0
1+ fiy) (@ +x) f(x)

Fo) =IO ang fr = L2 SD
1+y

)

...(if)

M1+ x)
fe _, 1
1+ f(x) 1+ x

Integrating both the sides f(x) =C(1 + x) -1
FromEq. (i) putx=y =0

F(£(0)) = £(0)
From Eq. (i), f(0)=C -1
So, flcC-1)=C-1
Cc=0,1 (taking +ve sign)
So, f(x)=—-1and f(x)=(1+ x)—1=xandC =1

f)=+x)"'-1=—21
b I

1
A=— = A=%1 ..
A

Hf(x)=1+l-—x

1+ £(2009) =
2010
O'(x) + 20(x) < 1

™ ¢'(x) + 20 (x) e < e

d
;(eh ¢(X) _%ebr] <0

2 (2010) (1 + £(2009)) =1

. 1 H
o (cz‘ o (x) - E) is a non-increasing function of x.

1,
= ¢ (x)- 3 is a non-increasing function of x.

. 20 (x) is always less than or equal to 1.

1 = a d
63 —(1+x)"2-Z(14y)y2 % _
2( ) 2(l y) =0

1 a dy Ji+y
= = N & = . g 1
J1+x 1+y dx ks M+ x dy/dx

Putting this value in the given equation,

b frx-l1ty _dy

dx N iy



64.

65.

66.

= (1+x)-dl=l+y+,h+xd_y
dx dx

= (1+x—‘[1+x)%y-=1+y
x
. Degree of the given equation is 1.

Here, 2*(x): f/(x)-[L+ (f ()] = £"()

4(x)d(F ol 8
= LMD = e
- |73 = [ dan™(£ o)

6,
= L0 ctan (@) as 10 = @) =0 = c =0

= £ (x) = tan”'(f"(x))

6,
P
2" 18 2

1/6 1/6
3n 3n
—_— < <=
{Z) <sn<(Z)
=> Number of integers between k; and k; are 3.
Put,dy/dx=t

dt/dx—t+e =0, LF. = ¢l =
e *dx+C

x

Solution is, t-e™* = I—ez"

= te*=-"+Cy'(0)=1C=2

2-¢” x 2x
dy /dx === [dy = [(2e* —e*")dx
e—Xx

2x
= y=z'*-eT+c‘.y(o)=z=>c' =1/2

B | 5 _
y(x) =2e _T+E = y(x)szforx—logz
[2x] =[2log2] = [log4] =1
Let in time dt the decrease in water level in the tank is dh, then
amount of water flown out in time dt = 7tr’ - dh

Now, through the hole the amount of water flown
= (Volume of cylinder of cross sectional area ‘a’

and length vdt).
Ly
H
St
=a.v.dg=ap‘[2gh dt
Hence, Ha \f2gh dt = - n r’dh

p= 2
= dt=_Tr
Ha |2g

R~V dh

67.

68.
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Now, whent=0,h=Hand whent=t,h=0

k _'ﬂ'-’ -1z
Thus, ju dt = T j K2 dh
s s
x=—-2~/ﬁ
= pa (__Zg Wh)y
nr® [2H
= t=——+ |—
a Y g

Let at time t the depth of water is h; the radius of water surface
is r.

Then, r?=R*-(R-h)’

= r? =2Rh -k’

Now, if in time dt the decrease in water level

is dh, then
—nr?dh=06.2gh-adt
(a is cross- sectional area of the outlet)
= (2Rh - hz) — dt

(06) J—

2 _ 1/2 eif*
PR J@J"* (h** = 2R K"y dh J'o dt

n 2 4 °
= ———=| Zh?-—Rn¥? | =t
(06) a Jz‘g[ 5 3 X
- n [O_Rsn(g_i) _7mx10°
(06) a V2g 5 3)] 1358

We have been given,
fly) =" e f(x) +e* f)V xyeR* (@)
Replacing x =1, y =1in Eq. (i), we get
fO=e""efM+efW=f)=0
Now, f'(x)= lim L&*+M-f(x)
h—0 h

h—>0
e € R e e 0+ W)~ ()
h—0 h
- -h-ox
_ Sfre | x -f(1+£)—f(x)
=hh—£n0 h
- —ﬁix
s ({14 8) - o)
= :
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h-l-ﬁq»x(f(l + h) f(l))
e x — -
p— f(X)(e"—l)+ lim x
A0 h h—=0 h
L B
x
x =1 ’ x
=f(x)+e'—f(1)=f(x)+e_
x x
- £10-f@=<
& CLW-f@e 1
e x
= i(&);
dx\ e* x
Integrating both the sides, we get
& x4 c
e
Since, f)=0=C=0
Thus, f(x)=¢€"-In(x)

69. Let P (x, f (x)) be a point lying on the curve in first quadrant.

Equation of normal and tangent at P are

1
(Y _f(x))——m(x —x) and
(Y = f(x)) = f "(x) (X — x) respectively.

—%,0),85(1-’- f(x) f’(x),0)
Since, the mid-point of segment AB is origin.

fx) L =
f’(x)+f(x) f'x)=0

= FEUE @ +2x f/(x)-fx)=0

-2xt ,}4x2 +4f%(x) Wt 14 ,sz + fi(x)
2f (x) fx)

Negative sign been neglected as f “(x) > 0

Thus, we have, x + f (x)- f " (x) = "xz + fZ (x)
= L@ =@
x
A+ f2E) g
22+ f2(x)
Integrating both the sides, we get ,/ 4+ fA(x)=x+A
It passes through (1, V3).
Hence, A+1=2=A=1
.. Curveis x* +f2(x)=(x+ 1)? or yz =1+2x
70. We have been given,

= A=s| x

= 2x —

= flx)=

=

4y, dy,
e A =Q, ==+ Py, =
7 + Py, =Q, dx y2=Q
dy, dz dy,
= — - + i
Now, Y2=Nz= n Y o dx
dz dy,
—_—t ==+ z=
=N dx z dx P e

71.

72

d
=>y,~d—z+2(l+Pyn)=Q

dx dx
dz
= n-—+z0=0
dx
dz
=> y12;2=Q(l_z)
d
- _Z_=_de
1-z »n

= In|z-1|= ~j' ygdx + A, ‘A’ being constant of integration
1

2a
= z=1+ce N
1
We have, f(x)=x+ xzjol z f(z)dz + on 2% f(z)dz
f)=x+x*AM+xh, (say)
Now, M =j°' zf(z)dz:Inl A+ )z +22 M) zdz
=1+7L2 +ﬁ
3 4
= 9N —4A,=4 ...(0)
Also, }.Z=‘|'0l 2% f(z) dz
=Io' (@ +A) 2%+ 2% A) dz
_+dg) A
4 5
= 15 kz‘—4}1 =5 ...(ii)
From Eqgs. (i) and (ii),
WP w6l
"9 2= 119
= f(x)=x+8_0x2+6_1x=2°_x(4+9x)
119 119 119

fEHfOI+xfON=y+fX)+y f(x)

Keep y constant and differentiating the expression w.r.t. x, we
get

fr&+fOI+xONA+ FON=F"(x)0+y) ~A)

Similarly, differentiate the expression w.r.t. ‘y’ and keep x
constant, we get

x4+ fO)+ x fON(F 0 A+ x) =1+ f (x)) (i)
Dividing Eq. (i) by Eq. (ii), we get
1+f0) _fx@+y)
F'Ma+x)  a+ f(x)
= 1+ f(y) =f’(x)(1+x)=c
Froa+y) 0+ f(x)
vy [ 1+ £ ) N, A
= ' C[ T4y ]andf(x)—Cm
= C=é=c=tl
f'(x) 1

@ T iis

= fE) =M1+ -1



73.

Replacing x, y — 0 in the Eq. (i), we get
FF©)=f(0)

Now, fER=M0+x)* -1= f0)=2 -1
and FUEO)=fA-1)=22" -1
Since, FEO=FOMN" ~1=2 -1
= Alri=)
By taking +ve sign, we get A; = 0,1
= fx)=-10r f(x)=x
By taking — ve sign, we get A, =1
1 x
= f(X)=1+x—1=_1+x

Given, (x*+xy+4x+2y+ 4)3—" -y*=0
x

= [(x*+ 4x + 4)+y(x+2)]‘;—y—y2=o
x

= [(x+2)z+y(x+2)]dd—y—y2 =0
X
Putx+2=Xandy =Y, then
dY
X:+XY)—-Y%=0
( )dx

= X2dY + XYdY -Y*dX =0
= X*dY + Y(XdY - YdX) =0
dY  XdY - YdX
= -_—
Y X
= —d(o m)—d(i)
& X

On integrating both sides, we get

—]og|Y|=;‘;—+C,wherex+2=Xandy=Y

y i
= —log|y]—m+c (1)
Since, it passes through the point (1, 3).

% -log3=1+C
= C=-1-log3=-(loge + log 3)
=—log 3e

. Eq. (i) becomes
y —
I +—— —log(3e) =0
og |y| P g (3¢)

= log(m)+L=0
3e x+2

Now, to check option (a), y = x + 2 intersects the curve.
= log (M) + x+2. 0

(i)

3e x+2
= log(|x+2|)=—l
3e
= Ix+2 _ o _1
3e e

|[x+2|=3 or x+2=1%3

x =1,-5 (rejected), as x > 0 [given]
" x=1only one solution.
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Thus, (a) is the correct answer.

To check option (c), we have y =(x+2)?
Iyl) y
1 — |+ =0
anl o8 (Je x+2
Ix+2° |, (x+2)° _
IXTED | A2 RSl g
= log [ 3e x+2 :
+2?
- Tog [u]=_(x+ 2)
3e
= (_’H'_z)z_ = e D or (x+2)% -2 =3¢
3e
x+2 _ 3e
= (x+2)
Y
8"2
e
984 3e/(x+2)?
X
0o
Clearly, they have no solution.
To check option (d), y = (x+ 3)*
2 2
ie. log Ix+3] + (x+3)° _ 0
3e (x+2)

To check the number of solutions.

2
Let  g(x)=2log(x+3)+ (::Tsz)) — log (3¢)

g'(x)=L+((X+2)~2(x+3)_(x+ 3)z~1)_0
x+3

(x +2)°
__2 +(x+3)(x+l)
x+3 (x+2)?

Clearly, when x > 0, then, g’(x) > 0
&(x) is increasing, when x > 0.
Thus, when x > 0, then g(x) > £(0)
g(x)>log(2)+2>0
e 4

Hence, there is no solution.
Thus, option (d) is true.

74. Here, f'(x)=2- fix)
x

dy .y :

or - + e 2 [i.e. linear differential equation in y)

. o I _1'4' — Slog x
Integrating Factor, [F=¢’ * =¢l8¥ =
<. Required solution is y - (IF) = IQ(IF)dx +C
= y(x)=jz(x)dx+c
= yx=x*+C

(e
y=x+-; [+C#0as f1) #1]
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@ lim f'(l) = lim (1-Cx%) =1
x—0" x x—0"
.. Option (a) is correct.
®) lim x/(1)= lim (1 +Cx?) =1
x—0* X x— 0"
. Option (b) is incorrect.
(© lim x*f(x)= lim (x*-C)=-C=#0
x—0* x— 0"

.. Option (c) is incorrect.
(d)f(x)=x+£,C¢0
x
ForC>0, lim f(x)=e
x—0*

.. Function is not bounded in (0, 2).

. Option (d) is incorrect.
75. Here, 1+e" )y +ye*=1
y , < dy .
= =g =—t =1
ax Y
= dy + e*dy + ye* dx =dx
= dy + d(e*y) =dx

On integrating both sides, we get
y+efy=x+C

Given, y(0)=2
= 2+e”-2=0+C
= C=4
y(l+ef)=x+4
- XA
1+e"
-4+
Nowat x=-4y= =
% 1+¢™*
y(-4)=0
dy
For critical points, —=0
o p e
. dy (1+€*)-1—(x+ 4)e”
ie. ———— =
dx 1+ ¢*)?
= e*(x+3)-1=0
or e *=(x+3)
Y
y=e~

/y=x+3

(-1e)
(-1.2)

Y
>

A

.
[¢)
Yy

Clearly, the intersection point lies between (- 1, 0).
. y(x) has a critical point in the interval (- 1, 0).

0

76. Since, centre liesony = x.
. Equation of circle is x*+y*—2ax-2ay +c=0
On differentiating, we get
2x +2yy’ —2a —2ay’=0

= x+yy' —a—ay’=0
a_x+yy'
= 1+y’

Again differentiating, we get

U+ Y+ yy ) ]+ yy)-07)
- (a+ y,)z

=+y) 1+ + " 1-(x+ )1 =0

= 14y’ [0 +y +1]+yy -x) =0

On comparing with Py” + Qy” + 1 =0, we get

P=y-x

Q=0 +y'+1

Q+Py=Qis
dx

0

and

77. (i) Solution of the differential equation

y-(F) = [Q-(F) dx + ¢

where, IF = e'[ e

@) [ fexyde=2 [7 flx) dx,if f(=x) = f(x)

Given differential equation

dy % _ x* +2x
dx  x*-1 "1 -x?
This is a linear differential equation.
x
X i g3
[F:ej' x% =1 =e;l.n|x -1|= 1—x2

=> Solution is
yi-< =] %"?%)-Jx-xz dx
y,h—xz =I(x‘ +2x)dx=x?s+ X +c

f0)=0=c=0

= f(x‘)-,'l—xz =x?5+xz

VET 3z X2
Now, ‘Lﬁ/zf(x)dx i ﬁl = dx [using property]
NEY) x?
= 7 de
L=
n3sin O
=2 Io s::s g ¢ 0.d0 [taking x =sin 6]

n/3
=2 j'o sin?0d = I:"(l — cos 26) d8

=(e_5‘“2")""= n_sin2n/3_n V3
2 3 =

0 2 3 4



78.

79.

80.

Whenever we have linear differential equation containing
inequality, we should always check for increasing or

decreasing,
|.e~ford—+Py<0 = d—y+Py>0
dx dx

Multiply by integrating factor, i.e. eI P
differential equation.

Here, f'(x) <2f(x), multiplying by e/ 24

fr)-e™ —2e f(x) <0 = dix(f(x)-e"‘) <0

and convert into total

x) = f(x)e™ is decreasing for x E[%, l]

Thus, when x > %

o00) < «»[%] = e f(x) <e /(%)

= flx) <e®™™.1, given [(%) =1
= 0<[ flxdx< [ e tax
' g2x-1 1
= 0<Imf(x)dx<( s ]
12
= 0<J'l‘/2f(x)dx<e2;1

To solve homogeneous differential equation,
i.e. substitute £ =v
x
= & v+x
=vx —_—= s
y dx dx

Here, slope of the curve at(x, y) is
D22
x x

dx
Put Yoy

x

dv

v+ x— = v+ sec(v)

dx

dv
=> x;:sec(v) = Isccv I =
= jcosvdv = I— = sinv=logx + loge

= sm( ) log(cx)
x
As it passes th:ough( ) = sm( ) logc
= loge = 1
2
sin( )

Let ¢(x) =™ f(x)

¢’(x) <0, x€ (0, 1)
4

logx+-

Here,

81.

82.

83.
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and

¢’(x)>0,x€ G, 1)
=e f(x)-e " f(x)<0,x€ (0, %)

=af’(x)<f(x).0<x<%

Here, f"(x) —2f'(x) + f(x) 2 €”
= frx)e™ - fi(x)e* - fl(x)e™ + f(x)e™* 20

- L (e} 4 ) 21
= -i—{f’(x)c" - f(x)e*}21
= :x—zz {e* f(x)}21,Vxe[01]
= ¢ (x) = e”*f(x) is concave function.

£0)= f) =0
= #0)=0=f(1)
= d(x) <0
= e* f(x)<0

flx)<o

Here, f(x)=(1—- x)? -sinfx+ x220,V x

and g(x) = Lx[%—logt) fltydt

- v

For g’(x) to be increasing or decreasing.

log x} - f(x)

+ ve

Let Mx):—z(x—l)—logx
x+1
Sy =4 _l= —-(x-1)
v (x+1)? x x(x+1)
¢ (x)<0,V x>1
= d(x)<o@) = ¢x)<0

From Egs. (i) and (i), g(x) < 0, x €(1, =)
- g(x) is decreasing on x € (1, o).
Here, f(x) +2x =(1 — x)?-sin®x + x* + 2x
where, I: f(x) + 2x =2(1 + x)?
21+ x*) =(1 - x)*sin®x + x? + 2x
= (1-x)sin®x=x*-2x+2
=  (1-x)sin’x=(1-x)+1
= (-x)Pcos’x=-1
which is never possible.
- Lis false.
Again, let h(x) =2 f(x) + 1 = 2x(1 + x)
where, h0)=2f(0)+1-0=1
h(1) =2(1) + 1 = 4 = =3 as [k(0)K1) < 0]
=> h(x) must have a solution.
& LS true,

305
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(i)

(i)
<(ii)
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84. Linear differential equation under one variable.

D opy =g BT
dx

. Solution is, y (IF) = [ Q- (IF)dx+C

y’—ytanx =2xsecx and y(0)=0
= £i—)i—ytanx =2xsecx
dx
IF= Ie""“'dx: eloBlosd = cogx

Solution is y- cosx=j?.xsec x-cosxdx+C

= y-cosx=x2+C
As y(0)=0
= C=0
y = x*secx
n n
Now, —|=—
y(4) V2
FEATE. .5 (n) 2n?
= —|=—t— = —|==
y(4) AN ATy
- (E) an zn
Y3 Y
dy

85. e I g'(x) = g(x) g'(x)

[F=eI’ (Xdx _  g(x)
Solution is y (e £*) =Jg(x)-g'(x)-c‘(’) dx+ C
Put g(x)=t g'(x)dx=dt
P(eEX) =It-e‘ dt+C=t-¢ —J‘lle' dt+C
=t-e - +C
y e8® =(g(x) —1) e8P + C

Given, ¥(0) =0, g(0) = g(2) =0
Eq. (i) becomes,
$(0)- 5@ =(g(0) - 1)-e5® + C

= 0=(-1)-14C = C=1
y(x)-e5® =(g(x) - 1) es™ 41
= y(2)-e‘(z’ =(g2)-1) e5@ 41, where g(2) =0
= y@2)-1=(=1)-1+1
y@)=0

86. From given integral equation, f(0) = 0.
Also, differentiating the given integral equation w.r.t. x

f'(x)=f(x)
If flx)#0
= ‘;—’((:7)=1 = log f(x)=x+c¢
= f(x)=¢‘€e*

f(0)=0 = € =0, acontradiction
f(x)=0,Vx€R = f(In5)=0

87.

88.

89.

Alter
Given, f) = [ f@ de
= f0)=0 and f'(x)=f(x)
If f(x)#0 o
= m:l = In f(x)=x+c
= flx)=¢-e*

flo=0

= ¢° =0, a contradiction
f(x)=0,VxeR = f(In5)=0
dy_yly’-1

Given,
ive i i g
y y? —1 Ix;}x -1
= y=sec1x+c
At 2, +c = ¢ =
o &y BT c i
== J' 6 3 6

( 1:) [ a1 -1 \/5]
Now, y =sec|sec' x —— |=cos| cos™ — — cos "
x

= cos| cos™" —+ I—L 1—2
x* 4

V31 1
y=— +-_1- —2
2x 2 x
Given differential equation is

¥+ xy)dx = x dy

= ydx + xy?dx = xdy
= L dud L NS
y
dx - xd
= I, i i):m
¥ Y
On integrating both sides, we get
2
x _x
-——=—4+C i)
et @i
It passes through (1, —1).
1
l=—+C=>C=l
2 2
2
Now, from Eq. (i) —i=£—+1
y 2 2
= 1= y=- 2%
xt+1

Given differential equation is
dy
xlogx)—+y =
(xlog )dx y =2xlogx,

= L
dx  xlogx




90.

91

92.

This is a linear differential equation.

I—l—dt
IF=e xlogx =clog(l\vgx) - logx
Now, the solution of given differential equation is given by

y-logx= Ilogx-de

= y'logx=2j‘logxdx
= y-logx=2[xlogx-x]+¢
At x=lc=2
= y-logx=2[xlogx - x] +2
At x=e

y=2e—e)+2
= y=2

. dj
Given differential equation d_‘t’ —% p(t) =—200is a linear

differential equation.

Here, p(t)= 12‘-.Q(r) =200

IF= el{l’}“ = e—‘z

Hence, solution is
p(t).TF = [ Q) IFdt

t t
plt)-e? =J‘—zoo-e 2dt

t t

p(t)-e 2=400e 2+ K

= p (1) = 400 + ke™'2
If p(0) =100, then k =-300

t
= P (t) = 400 — 300e2
Given, .o (100-12x)
dx
= dP = (100 — 12Vx) dx
On integrating both sides, we get
[dp =[ (100 - 12x) dx

P =100x -8x"*+C
When x = 0, then P =2000
= C=2000
Now, when x =25, then
P =100 x 25 -8 x (25)* + 2000
=2500 — 8 X 125 + 2000

=4500 - 1000 =3500
Given

(i) The population of mouse at time 't satisfies the
differential equation p(t)= @ = 05p(t) — 450
t
(i) Population of mouse at time t = 0 is
£(0) =850

93.

94.

Chap 04 Differential Equations 307

To find The time at which the population of the mouse will
become zero, i.e. to find the value of ‘" at which p(t) = 0.
Let's solve the differential equation first

py=20

dt
2dp(t)  _
p(t)—900
J- 2dp(t)  _ f ”
p(t) =900
= 2log | p(t) —900| =t + C, where Cis the constant of
integration.
To find the value of ‘C’, let’s substitute t = 0.
= 2log| p(0)-900|=0+C
= C =2 log | 850 —900|
= C=2log 50
Now, substituting the value of Cback in the solution, we get
2 log | p(t) =900 | =t + 2 log 50

Here, since we want to find the value of t at which p(t) =0,
hence substituting p(t) =-0, we get

=05 p(t) - 450

2log|0-900|=t+ 2 log 50

= t=2log =
50
= t=2log18
Here.d—y=y+3>0andy(0)=2
dx
= A =Idx
y+3
= log|ly +3|=x+C
Since, y(0) =2
= loge [2+3|=0+C
C =log.5
= log. |y + 3| = x + log,5
When x =log,2
= log. |y + 3| =log,2 + log,5=log,10
= y+3=10
= y=17
Given, d_{;"(;)] ==k(T-1)

- d{V(t)} == k(T —t)dt
On integrating both sides, we get

vy =-+T= ¢
2(-1)

= V(r)=§(T—t)’+C
Att=0,V(t)=1

I=§(T-0)‘+C
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= c=1-Xr2
2

k k
V) ==(T-t)*+I1--T?
() PGl s

Now, V(T)=1I -g'rz
95. Since, cosx dy = ysinx dx—y?dx

1 d;

= —z—y—ltanx=—secx
ytdx y

Put—l=z

S 1dy_de

y®dx dx

= Lt +(tanx)z = —sec x

dx

This is a linear differential equation.

Therefore,
IF =e[unxdx =elogs¢cx =secx

Hence, the solution is
z-(secx) = J‘—secx-secx dx+ G

1
= ——secx = —tanx+ G
y

= secx =y(tanx+C)

96.

97.

Given, y=¢e

= ¥’ = cpee”

= y'=cy (i)

= ¥ =cy (i)
"2 ,

= y= o) [from Eq. (i), ¢, = y_]
y y

= w'=0)

Equation of circle having centre (h, k) and radius a is
(x—h)?+(y—k)*=a"
The equation of family of circles with centre on y =2and of
radius 5 is
(x-a)* +(y-2)* =5
= x*+o’-20x+y’+4-4y=25
On differentiating w.r.t. x, we get
dy _,dy
2x—-200+2y——-4-—=0
Yax

= a=x+ d—y( y—=2)
dx
On putting the value of o in Eq. (i), we get

[x-x—ﬂ(y -2)]2 +(y-2)? =57
dx

d 2

= ¥y -2)* =25-(y -2)?

()



